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1 Introduction

The systematic investigation of the supersymmetric backgrounds of standard [1]-[3] and
massive [4] ITA supergravity has been initiated in [5] where the maximally supersymmetric
backgrounds have been classified. Furthermore, in [6] it has been shown, following a similar
result for IIB supergravity in [7], that all backgrounds preserving 31 supersymmetries
are maximally supersymmetric. More recently, it has been found in [8], using spinorial
geometry [9], that there are four different types of massive (ITA) backgrounds preserving
one supersymmetry each associated to one of the four types of non-trivial orbits of the spin
group Spin(9, 1) on the 32-dimensional Majorana spinor representation. Furthermore, the
geometry of backgrounds associated to orbits with isotropy groups Spin(7) and Spin(7) x R®
has been described [8].

The main purpose of this paper is to present the geometry of (massive) ITA backgrounds
preserving one supersymmetry which are associated to the orbit with isotropy group SU(4).
The geometry of the backgrounds whose Killing spinor represents the remaining orbit,
whose isotropy group is G, will be presented elsewhere. A spinor representative of the
orbit with isotropy group SU(4) is

e=f(1+ei234) + g1 (e5 + €12345) +ig2 (€5 — €12345) (1.1)



where f, g1 and g9 are real constants with f # 0, g2 # 0, which later will be promoted to
spacetime functions. Note that if go = 0, then the isotropy group enhances to Spin(7).

The spacetime of backgrounds preserving one supersymmetry does not necessarily un-
dergo a reduction of its structure group. Typically, one expects that the Killing spinor will
change orbit type from patch to patch. As the Killing spinor solves a parallel transport
equation, it is no-where vanishing on the spacetime provided that the fields are smooth.
However, the mere existence of a no-where vanishing section of the Spin bundle does not
impose a topological restriction on the spacetime. In particular, the G-structure of the
spacetime does not necessarily reduce. This is because the rank of the Spin bundle is
much larger than the spacetime dimension and so no-where zero sections are allowed. Nev-
ertheless, the spinors with the four different isotropy groups describe locally all possible
geometries of backgrounds preserving one supersymmetry. Furthermore, there are back-
grounds for which the Killing spinor does not change orbit type. The structure group of
such backgrounds reduces to a subgroup of the stability group of the corresponding orbit.

Having identified a representative spinor of the SU(4) orbit that we shall investigate, we
apply spinorial geometry [9] to turn the Killing spinor equations (KSEs) into a linear system
for components of the fluxes and the spin connection. In this case, all these components
are automatically expressed in representations of SU(4). The solution of the linear system
reveals the conditions on the geometry implied by the existence of a Killing spinor as well
as an expression for the fluxes in terms of the geometry. The conditions on the geometry,
given in (2.3), (2.6), (2.7) and (2.8), for the existence of a Killing spinor with isotropy group
SU(4) are rather mild. In particular, it is required that the spacetime admits a time-like
Killing vector field which leaves all the fluxes invariant as well as the Killing spinor itself.
In particular, the latter condition implies that the spinorial Lie derivative of the Killing
spinor along the time-like Killing vector bilinear vanishes. The two additional conditions
will be described later.

The expression of the fluxes in terms of the geometry is not particularly illuminating.
This is in contrast to the Spin(7) and Spin(7) x R cases in [8] for which the expressions are
rather simple. Because of this, we do not solve the linear system for the fluxes completely.
Nevertheless the vast majority of the fluxes are expressed in terms of the geometry and it
is only a few equations that are maintained in their linear system form.

Apart from the generic SU(4) backgrounds described above, there is a special class of
SU(4) backgrounds for which g; = 0. This special class of backgrounds is not an artefact of
the gauge used to put the Killing spinor in the form (1.1) as these backgrounds can also be
characterised by the vanishing of a scalar bilinear. The linear system in this special class of
SU(4) models undergoes a dramatic simplification reminiscent that of the IIB backgrounds
associated with a pure spinor. The conditions on the geometry are the same as those of
the generic backgrounds above. Now however, the expression of the fluxes in terms of
geometry is much simpler. We shall exploit this fact to completely solve the linear system
and express the fluxes in terms of the geometry.

This paper has been organised as follows. In section two, we explain the solution of the
KSEs for generic SU(4) backgrounds and describe the geometry of spacetime. In section
three, we present the solution of the KSEs for the special class of SU(4) backgrounds with



g1 = 0. In appendix A, we describe our conventions and give some useful formulae. In
appendix B, we give the spinor form bilinears of the SU(4) invariant spinors. In appendix C,
we present the linear system for a generic SU(4) invariant Killing spinor, and in appendix D
we give the solution of the linear system for the special case g1 = 0.

2 Solution of the KSEs for generic SU(4) backgrounds

To solve the KSEs of (massive) ITA supergravity we promote f, g1 and g2 to real spacetime
functions and substitute the spinor € in (1.1) into the KSEs.!'2 We assume that f, go do
not vanish while g; may vanish at some points but otherwise it is generically non-zero.
Then we apply the spinorial geometric technique described in [9] to turn the KSEs into
a linear system which contains components of the fluxes and of the spin connection as
variables. All these components are naturally expressed in SU(4) representations and so
no further work is required to re-express the linear system in terms of the representations
of the isotropy group of the Killing spinor. Then, the linear system is solved by expressing
some of the components of the fluxes in terms of the spin connection. In addition, the
linear system imposes some conditions on the geometry of the spacetime. In the context of
spinorial geometry these appear as linear equations which involve only the components of
the spin connection as well as the functions f, g; and g2 and the dilaton ®. Typically these
geometric conditions can be re-expressed in many different ways; one such way involves the
differentials of the fundamental forms of SU(4).

We do not present the linear system associated with the KSEs of (massive) ITA su-
pergravity for the (1.1) spinor in its original form as this is derived from the application
of spinorial geometry. Instead, we give a refined version which approaches the solution of
the linear system in appendix C, and in what follows we shall explore the properties of
this solution.

2.1 Geometry of spacetime

To describe the geometry of spacetime, first note that from spinorial geometry considera-
tions there is a frame e such the spacetime metric can be written as

ds? =2eTe™ + ds%B) = —(e")? + () + ds%S) , (2.1)

where ds%s) = 25a56a65 is a metric transverse to the lightcone directions e™ and e~ and
a,B=1,...,4 are holomorphic SU(4) frame indices. Of course such a splitting is only on
the tangent bundle of the spacetime and the metric potentially depends on all spacetime
coordinates.

Next let us consider the form bilinears of the Killing spinor € in (1.1). These are given
in appendix B. Before we proceed observe that under a boost in the 5 direction, which is
a gauge symmetry of the theory, f — £f while g1,g2 — ¢~'g1,¢ 1gs. As a result, we can
choose the gauge f? = g% + g5. In this gauge, one finds that the 1-form bilinears become

K= %", X =f2%, (2.2)

after an additional trivial numerical normalization.

! Throughout this paper we follow the conventions of [8] for the fields, spinors, KSEs and field equations.
2To get standard (non-massive) ITA supergravity, put the mass parameter S = 0 in what follows.



It now turns out that the geometric conditions (C.15), (C.16), (C.21), (C.23), (C.39),
(C.41), (C.53) and (C.58) imply that K is associated with a Killing vector field, i.e.

ViaKp =0. (2.3)

In fact, this vector field leaves invariant all the other fields of the theory. This was expected
as it is well known that this 1-form bilinear generates a symmetry of the theory [10-12].
In addition, the geometric conditions imply that

[X,K]=0. (2.4)

This is significant even though X does not generate a symmetry for the backgrounds, as it
is possible to adapt local independent coordinates for both K and X so that the expression
for the fields can be simplified. For example, if K = 0, and X = J,, the spacetime metric
can be written as

ds? = —f4(dr +m)? + fH(do +n)?® + ds(28) , (2.5)

where m and n are 1-forms and ds%s) is a metric in the directions transverse to X and K.
All the components of the metric do not depend on 7 but they can depend on ¢ and all
the remaining coordinates of the spacetime.

Furthermore, one can verify that the geometric conditions (C.15), (C.16), (C.17),
(C.22), (C.40), (C.41) and (C.50) can be expressed as

Lre=0, (2.6)

where Ly is the spinorial Lie derivative associated with the Killing vector field K, i.e.
Lig =KV, + % V. K, I'". Therefore, the Killing spinor € is invariant under the motion
generated by K.

The two conditions above provide a geometric description of all conditions imposed by
the KSEs on the geometry of spacetime apart from (C.18) and (C.20). For the former one
can show, after some calculation, that this condition can be expressed as

i

05 10gg = 3'£5(Re 6A1A2A3A4)Im6A1A2A3A4 , (2.7)

where g = g1 +ige. Similarly, (C.20) can be written as
1
95® = 05 log(gg) — gRe (72T, €57075ma) - (2.8)
This concludes the discussion of the geometry.

2.2 Fluxes in terms of geometry

The solution of the linear system also expresses some of the components of the fluxes in
terms of the geometry. As these components are already in SU(4) representations, the
solution of the linear system presented in appendix C is already in the required form.



In particular denoting collectively the 2-form, 3-form and 4-form field strengths with G¥,
k = 2,3,4, we first decompose them as

G* = " Ne® AGl_g)+ " NGG_1y + € AGE 1y + Gl
= €+ ANe A G](ﬁk72) +e A Gli(k*l) + €+ N Gﬁ»(k‘fl) + G]({k) s (29)

where the subscript in the brackets denotes the degree of the form in the directions trans-
verse to e? and e® or equivalently et and e~. Furthermore each component G’(“k_Q), G’g( K1)
G’g(kfl) and G’fk), or equivalently Gl(Ck—2)7 Gﬁ(kfl), G’i(kil) and G’(“k), is decomposed fur-
ther in SU(4) € SO(8) representations. The resulting components are given in terms of
the geometry as in appendix C. It may appear that the corresponding expressions are not
covariant as they contain components of the spin connection. However this is not the case.
All the components of the spin connection that appear in the expressions for the fluxes in
appendix C actually transform as tensors under SU(4) gauge transformations. So provided
that the spacetime has an SU(4) structure these expressions patch in a covariant manner
on the spacetime manifold M.

For example the (1,2) and traceless part of G‘i(?’) and Gi(3) are given in (C.62)
and (C.63), respectively, in terms of the geometry and the (1,2) and traceless component of
H (33). Note that this component of H ?3) is not restricted by the KSEs. In a similar way one
can read the remaining equations in appendix C. However, solving the equations involving
the P~ and P projections in appendix C, although possible, does not give an illuminating
answer. As a result, we shall not attempt to give the full expression of the fluxes in terms
of the geometry. The form already presented in appendix C is more economical.

3 Solution of the KSEs for a special case of SU(4) backgrounds

The special backgrounds that we shall be considering are those for which the scalar bilinear
o in appendix B vanishes. As f # 0, this condition implies that g; = 0. As the vanishing
of a scalar is a covariant statement, it can be imposed globally on a manifold because it
is consistent with the patching conditions. So this special class of backgrounds does not
depend on the choice of representative for the spinor € in (1.1).

These special ITA backgrounds are reminiscent of the IIB backgrounds in [13] which
admit a pure spinor as Killing spinor. In particular, the linear system, as in the IIB case,
simplifies considerably. This particularly applies in the gauge gg = f? that we shall use
throughout. As a result f? = g2 and so f = +go. In what follows we shall take f = go; the
other case can be treated symmetrically.

3.1 Geometry of spacetime

The geometry of spacetime is as that described in the generic case after imposing g1 = 0
on all geometric conditions in section 2.1. The only significant change is in equation (2.7)
where now 95 log(g/g) = 0.



3.2 Fluxes in terms of geometry

The expression of the fluxes in terms of the geometry is somewhat simpler in this case.
The linear system can be solved and the solution has been presented in appendix D.

It can be seen from the solution that not all components of the fluxes are given in
terms of the geometry. For example the traceless (1,1) component of Gif@) and the
traceless (2,2) component of G‘(l4) are not given in terms of the geometry and so they are
not constrained by the KSEs. The components of the fluxes that are given in terms of the
geometry have been expressed in terms of components of the spin connection as well as in
terms of components of the fluxes that are not constrained. There are various ways to re-
express these fluxes, for example in terms of the spinor form bilinears given in appendix B.
For this one has to use the relation of these to the components of the spin connection as
given in appendix A.
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A Conventions and useful SU(4) formulae

The conventions for the fields, KSEs and field equations of standard [1]-[3] and massive [4]
ITA supergravity that we use are as those in [8] which have been adapted from the string
frame formulation of the theory as in [14] and [15].

Our spinor conventions and in particular the null basis we use to express the spinor
representative (1.1) of the SU(4) orbit are as in [9] and [16]. In these works, it is also
explained how to realise the spinors in terms of forms.

The components of the spin connection that appear in the linear system that arises
from the solution of the KSEs in the context of spinorial geometry can be expressed in
terms of tensors on the spacetime and their covariant derivatives. In particular, we have

that the Nijenhuis tensor is given by
N5y = 8055, (A1)

and the Lee forms of the Hermitian form w and of the (4,0) fundamental SU(4) form x = 4e
are given by

(gw)a = 297,7047 (AQ)
(eRex)a = Q’YWOC - Qaﬁyv (A-S)

respectively. The covariant derivative of the Hermitian form is

VAOJB»—Y = 0, <A4)
VAW&Y = 2iQA75,y, (A5)



where w, 5 = —ig,3. Furthermore, we have

NPV €y = 240, v ; (A.6)
e (A.7)
NN, e =6 Q'y ﬂ 7 (A.8)
ENIIT ) €y = 607, (A.9)
€a T VA €ayiang = 6 9a5 QA777 ' (4.10)
€6 Vg €100 = 60, Ada (A.11)
€a " VA €ayinpys = 6 QY 0a (A-12)
a7V €apiygns = 2 Q305 = 2955 Py’ s (A.13)
@ Vo oprms = 20, g ~ 298 g, (A.14)
€2 BV €0Biars = 4945, 9511,777 (A.15)

where a € {0,5}. All these formulae can be used to express the solutions of the linear
system in terms of the spinor bilinears. These formulae have also been used to describe
the geometry of the supersymmetric backgrounds.

B Spacetime forms from spinor bilinears

To compute the form spinor bilinears of € in (1.1), first note that we can define another
spinor € = I'11¢, which need not be Killing, but is nevertheless defined on the spacetime.
Using the Dirac inner product and after an appropriate normalisation of €, we find a 0-form

o(e.€) =—2fg, (B.1)
two 1-forms
rle,€) = f2(e =€) + (g + g3)(” +¢7),
R(e, &) = —f2(e” = €”) + (91 + g3) (e’ + ), (B.2)
a 2-form
w(e, €) = 2fg1e® A ed — 2fgow, (B.3)
a 4-form
C(e,8) = 2fgoe® Ae® Aw — 2f Re((g1 +ig2)X) + forw A w, (B.4)

and two 5-forms

7(e,€) = f2(e” —e) ARex + (97 — g3)(e” + €°) ARex — 2g1g2(e” + €7) ATm x
1 1
—§f2(eo—e5)/\w/\w—Q(g%+g§)(eo+e5)/\w/\w, (B.5)
7(6,&) = —f2(e” —e’) ARex + (91 — 93) (e +€°) ARex — 2g192(e” + €°) ATm x

1 1
+§f2(eo—e5)/\w/\w—§(g%+g§)(eo+e5)/\w/\w, (B.6)
where w = —i)"_ e® Ae® is the Hermitian form and x = 4e! Ae? Ae3 Ae? is the (4,0)-form

both of which are the fundamental forms of SU(4).



C The linear system for generic SU(4) backgrounds

Here we present a refined form of the linear system associated with the KSEs for generic
SU(4) backgrounds, i.e. g1 # 0. This arises after substituting (1.1) into the KSEs and after
some further re-arrangements of the resulting equations. The expressions presented are
nearly in the form of a solution to the linear system. The formulae are organised according
to representations of SU(4). Moreover, we impose the gauge f? = gg throughout.

Scalar representation. The conditions that arise in the scalar representation of
SU(4) are

Orlogf =0_logf, (C.1)
1
Ot log f = 504 —, (C.2)
Q4 =—-Q 4, (C.3)
dylogg = 0-logg, (C.4)
VR 1 ~ 1
8+ lOgg = — Q"D’Y + 59 A+ §Q%+ + §Q+,_+ 5 (C 5)
Q7 197 19 T=0_7 1(27 1Q K C.6
= +§ S A S P 0 +§ AT 9Tt ()
dd, =do_, (C.7)
1
APy = =5 (V7 + Q0 7) + Qi (C.8)
O =0t . (C.9)

In addition the following equations restrict components of the H field strength

H_' =20_., (C.10)
Hiym =2(Q7 1 =0y "+ Q7). (C.11)

There are also some additional conditions which restrict the remaining fluxes

1, oo _
@(QE’YHWSMG%%%% - 9671727374G71"/273’Y4) - \/§f(9%+7 - Qﬂ/,—v) =0, (0‘12)
f 1
g(dd_ +Q, ) + 475(1«1+ —EY -G 4, + §Gﬂ§5 (C.13)
1
+6671’Y273’Y4G71727374 + S) =0,

f
E(2F_+ FEY =G —28)+29(Q, T —Q_.) =0. (C.14)



It is convenient for the investigation of geometry to rewrite the first set of condition

in the 05 frame. One then finds
80 log f =0 s

1
Oslog f = —3 Qo .05,

Oologg =0,
1 1 1
Oslogg = —5 Qo5 — <95,wV + 505 - 297757) )
ddy =0,
1 1
dbs = —Qo05 — 5075, — 5057
Q505 = 0,
1 1
v v v _
QON +§Q 0y T 9ty T 0,

Q’Y’O,Y + Q’Y,O’y — 0 .

Note also that the conditions on the H flux can be written as

H0v7 = 97,57 - 97,57’
Hy =20 " = Hy " 20,7 .

This concludes the description of the conditions in the scalar representation.

(C.15)
(C.16)
(C.17)

(C.18)

(C.19)
(C.20)
(C.21)
(C.22)

(C.23)

(C.24)
(C.25)

Fundamental representation. The conditions that lie in the fundamental representa-

tion of SU(4) are
Hera = ZQf,Jrom
Q—i—,—a = Q—,—i—aa

1 1
Qa —4 = —59_7_04 + §Q+’+o¢ s
1

1 1 1
O log f = 5804 log gg = ZH—-&-a - §Qa,—+ - 59—,—047

1 . .
Do log% =z <€ + 1) € Hy 5555 + (g - 1> €a " Ay, 3555

6 \g
—Ha,ﬂ — 29a7,+ ,
1 1 v 1 V17273
0.,P = §H—+a + 1 T 75 € Hy 505 — 5

1 1 - _
—gﬂow7 + Q7 e + iﬁawmg Q51 5075 -

9(G—a + G—avv) = L(Hoa77 = 2Qa," +20- _a),

V2

(C.26)
(C.27)
(C.28)

(C.29)

(C.30)

(C.31)

(C.32)



%GQ%%%G—%%% = jﬁ(HOW'Y - 290&777 - 29—,—04) ) (0‘33)
1 -
5(3(}—@ —G_oy) = % (HM7 = 5t P Hyynyys + 2007 o Ea’yrﬁ%Q%ﬁf/B) 7
(C.34)
f 1 (. ' _ 1707
5BGa +Gray?) = NG GHory" = Sea " Hyy 5, — 2007 o — g€ 051 505, )
(C.35)
9 i i
geamw’ng-‘r%%% - —Q(G+a - G-"—OC’Y'Y) - Qﬁfg-‘rﬂ-a ) (C36)
f

o B 1 g s 1
TﬂﬁammGHﬂm = 9<3aq’ —5H-ta - mna) — & <6H’7ﬂ2“73 + Q%ﬁﬂs) -
(C.37)

As in the scalar case, it is convenient to re-express the first four equations in the 05
frame to find

Hosa = Q0,00 — 25,50, (C.38)
Q5,004 = _Qa,057 (C.39)
Q500 = 20050 + 205 (C.40)

1
8a logf = —5 QO,Oa . (0.41)

Note that (C.40) and (C.41) follow directly from Lxe = 0; and (C.39) and (C.41) follow
from the Killing condition V(4 Kp) = 0.

(0, 2) representation. The conditions that lie in the skew-symmetric product of two
fundamental SU(4) representations are

Q[&ﬁ]— - Q[&,BH +Q 45— 45=0, (C.42)
Hde — H+d3 + 29[54,3]7 + 29[5[7B]+ == 0, (C43)

1 _
5/ Fas = Gosag) + (PF = P7) (9(H a5 +2.5)) =0, (C.44)
P~ (H—&B — QQ—@B) =0, (C.45)
P~ (g(H,ys5+2Q, 45)) =0, (C.46)
P (f(Fag — Gap,” + G_rag) + 4200055 ) =0, (C.47)
P (9(Fug+ Gap, + Giag) = 4V2f Q. ) =0, (C.48)

where the P* projectors are defined as follows
PgGag) = - (9Gas+ 2 gam® 5 C.49
(g aﬁ) =5 9Gap 59 €5172a8 | > (C.49)

on any (0,2) tensor G. In the 05 frame the geometric condition above can be rewritten as
Qoap + g pp =0 (C.50)

One can easily see that this follows from Lxe = 0.

,10,



Symmetric product of fundamental representations. The conditions that lie in the
symmetric product of two fundamental SU(4) representations are

Q(aug)+ = Q(avﬁ)f’ (051)

ge(aﬁﬁﬂgGﬂ)%%% = Gﬁfg(oé,ﬁ)-l- : (0-52)

These conditions can be re-expressed in the 05 frame as
Q(a’ﬁ)o — O, (C53)
9€@ ’”WA’SG B)nTa7s = = 6fQp)5 - (C.54)
We note that geometric condition (C.53) follows from the Killing condition V,Kg) = 0.
Traceless (1,1) representation. Given a (1,1) tensor Gaﬁ it can be decomposed in a

(Hermitian) traceless G op Dart and a trace part as G.5 = Ga,@ + 7 gaﬁG . Using this
notation, the conditions on the fields and geometry can be written as

Qa,-f—B + QB,+a Qa e + Q/B —a? (055)
H 5= H 5 +29,5_ +20,5, =0, (C.56)
! (éaﬁ ~G,5 G +a5) fg( L+ 2(20[75) . (C.57)

Taking the real and imaginary parts of (C.57) in the 05 frame, the above conditions can
be re-expressed as

Q0o =0, (C.58)
Hyop Qg5 (C.59)
A v _ o591 192 T 90
Gupy = 2% o+ 75 (As5 =220 50) (C.60)
~ ~ a1 (5 ~ (91— g1+ f) «
Gap+ Cosas = 5 (Ass =20 50) — ot Yaps e (COD)

The geometric condition (C.58) follows from the Killing condition Vi, Kjp) = 0.

Traceless (1, 2) representation. Every (1,2) tensor can be decomposed into a traceless

aBy = GQBW
component. Using this, the conditions that transform under the traceless (1,2) represen-

component and a trace one as G + % ga[BG;/](;‘S, where G denotes the traceless

tation are

Y .- — 0 NV2 _ o Ty
\/igG*Oéﬁlﬁz o fHaﬁlﬁz 2f Qaﬁlﬁz T3 f( 515271’7290‘ o 66152771’729 ' 2a> ’
(C.62)
Y172

V271G

a 65152’717729a%72) :
(C.63)

~ 2
+afifa — B1B2 29 Q065152 B §g (65152’71729

This concludes the description of all conditions on the fields and geometry that arise from
the Killing spinor equations.

— 11 —



D Solution of the linear system for special SU(4) backgrounds

The Killing spinor (1.1) for special SU(4) backgrounds is simplified further as g; = 0 and
thus g = igs. Imposing f2 = ¢g, one concludes that f = +go. To derive the conditions on
the fields and geometry, we have chosen f = gs.

Scalar representation. Imposing f = g2 on the scalar conditions of the previous section,
one finds that

Orlogf =0_logf, (D.1)
1
Ot log f = S8, (D.2)
Q4= 4, (D.3)
Q 197 IQ T=0 D4
-y +§ 7_7_5 ¥, — - b ( )
1 1
Q7+ 59774—7 h §Q%+v =0, (D.5)
dd, = dd_, (D.6)
1
dd, = ) (waﬂ + Q%Jj) +Qy 4, (D.7)
QX+, =0, +0Q, 7. (D.8)

Also there is some simplification of the conditions on the G and F' fluxes which can be
expressed as

=5, (D.9)

H 7 =20_,7, (D.10)

H. ) =-20,,7, (D.11)

Gy =F7+ \@i(Qw,ﬁ—’y +Q47), (D.12)

G5 = 4V2i(Q 7 — Q) — 48, (D.13)

%(671’727374(;71727374 4 1727374 G%%%%) _ \/5(9—,“17 + Qﬁﬂ) , (D.14)
%(E’YWQ’YBMG’YWT)’BM — NGy ap55) = 1Y — \}ﬁ(QV,H + Q) +2vV20

(D.15)
It may appear that there is an additional geometric constraint in this special case. However,

this is not the case. The number of geometric constraints is the same as for the generic
backgrounds.
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Fundamental representation. The conditions in the fundamental representation can
be expressed as

H_1,=20__1,, (D.16)
Q+,704 - Qf7+a, (Dl?)
1 1
Qo4 = —5977,04 + §Q+,+a , (D.18)
Oulog f = ~0uloggd = ~H 40— 0 Lo (D.19)
o 108 - 2 o 108 g9 = 4 —ta 2 o,—+ 9 —,—Q .
0= _2606;{1%739%,72% - HOW’Y — 200, (D.20)
1 1 1 - .- 1
0a® = iH—+a + 4 pry B EEQ’YWM?’HM%% - 59—7—a
1 1 - - -
58"+ D ga + S 0y, 505 (D.21)
1
i(G_o + G,MV) = 72(H0,Y7 — 20047 + 2Q0_ _4), (D.22)
i 2 == 1
§6a71’y2’y3G,»§,17y2»73 = 72(Ha,y,y — 2Qa7'y,y — 297’7(1) s (D23)
1 i 1 - - o
5(3G70‘ —Goay’) = NG <HO“V7 - QGO‘VWWSH%%% +207 50 + ea%W%th’Y?%)
(D.24)
1 i 1 - - o
5BG+a+Gray’) = V2 < — Hoy? = g€V Hyy 505, + 260 ya — Ga“wam,mj ’
(D.25)
P .
—eaVBG s 505 = (G — Giay?) — 2V204 14, (D.26)

3

N , 1 i (1
€ PG 795 = —1(8a¢>—2H_+a_mna> _260[717273(H’7172’73+Q’71,’7273> '

6v/2 6
(D.27)

Note that a simplification arises because the derivative of ¢g/g vanishes.
(0, 2) representation. These conditions can now be rewritten as

Vag- ~ Yagi+ T as — Leas = 0, (D.28)

H_gp = Hiap+ 2a 51— + 2005+ = 0, (D.29)

Fag =G _yap T 2\/§i(9+,a6 + Q[a,BH) =0, ( )

P~ (H 55—29_453) =0, (D.31)

(D.32)

(D.33)

(D.34)

P (Hiap+ 20 45) =0,

(Fap = Gapy + G yap +4V2i 0y

9

0
0,

P )
Pt (FaB + Gapgy" + Giap +4V2i Q[WH)

where P¥ is defined in (C.49).
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It is the simplification of these equations which allows for a rather simple solution of
the linear system. In particular, two equations are automatically satisfied because g1 = 0
and the remaining conditions are simplified.

Symmetric product of fundamental representations. It is straightforward to see
that the conditions now become

Qs = Vap)- » (D.35)
%%%G/B)%”—m% _ —i\/ﬁg(aﬁ)— . (D.36)

2

3!

(1, 1) traceless representation. The conditions now read as

QCY,-FE "‘ QE7+C¥ — QCX,—B + 987_0[ 5 (D37)
H_aB - H+a5 + 29[0’,6}— + QQ[O%B}'F — O, (D38)
- - 5 5 . .
G gat Gyl =Gy = V2 (I 5, +20, ) . (D.39)
(1, 2) traceless representation. Finally, the conditions of this representation sim-
plify as
f[———2f2——+g<e—— 0172 — €. - 97172>—i\/§é z 3 (D.40)
afBi1B2 afifz g\ Brfenyz @ B1B27172 a) —aBiB2” ’

- - 2 o -
i o i _ 3= o e - Y1y — S
lHaﬁlﬁz +2i Qaﬂlﬁz 13 (661525'1'72 o 651ﬁ2’717290‘ 1 2) - \/§G+aﬁ152' (D41)

As we shall see all the above conditions can now be solved to express the fluxes in terms
of the geometry.
D.1 Fluxes in terms of geometry

To continue let us decompose the fluxes as in (2.9). Furthermore, these can be decomposed
in SU(4) representations. In particular for the 4-form field strength, we have

Gy = [GHO] +[GCY + G | Gugy =[GV + 62V, (D.42)
Gio = (G2 + 61, (D.43)

where the square brackets denote the addition of the complex conjugate of the term included
in the bracket. These representations can be further decomposed taking the hermitian
traces as we have already explained.

First, we find from (D.40) and (D.41) that

_ i . _ 9 - o
. = | —= _ _ _ Y2 o V1Y
G—a5152 B ﬁ( Haﬁlﬁz T 290651/32 3 <€,31,327ﬁ2904 o 6515271?29 ' 20‘)) , (D.44)
_ i _ _ 2 - o
. = | = _ - R — R Y1V2 o Y1y
G+aﬂ162 - \/Q( Ha,@h@z QQaﬂlﬁz + 3 <661ﬁ271’729 e Eﬂlﬁz’_yﬁzga ' 2)) - (D.45)
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Noting that

- 1 . - - -
GozB'yS = GanS + 5(906307566 - gochWBee - g’yBGaS: + g’ngaBee)
1

+E(9a3975 - g'yBgogS)GGGCC ’ (D46)

eq. (D.39) gives
Gopy) = V2i(H_,5+20,5 ), (D.47)
G_yop = Fup +2V21Q4, 5. (D.48)

The component C;“(LZ %) is not restricted by the KSEs as well as all the other components of

the fluxes F'; H and G that appear in the right-hand-side of the above equation.
Next, we have

Ly 35
Gﬁ’?ﬂz% = EXWE 19273 T §G5 715297318 » (D‘49)
where
Xap = €@ P Gpyyi505, = _61\/59(0475)— ) (D.50)
which follows from (D.36).
Next from (D.28) to (D.34) follows that

H_ 5= 20,5 4P* (Q_,@g + Q[&,B]—) )

| (D.51)
Hya = 294 o5+ 490,50 — 4P (2 a5+ Yoy ) (D.52)
G_tap = Fag +2V2i (2 a5 + Qas) (D-53)

(D.54)

Gag," = 2(P™ = P*)Fag + 221 P* (0 a5+ 3 5 )

Q\
||

&M
~2V2i P (R 5+ 3% 1 ) -
Again the F' flux which appears in the right-hand-side of the last two equations above is
not restricted by the KSEs.
Next let us consider (D.20) and (D.21) to find
Ha’y’Y = —92¢ 717273Q:y1 5073 29a,—+,

1 1 ;
EEQ’YYYQ’Y&HWV_YT% = —8a‘1) -+ 6a logf + 59—,—&-& - 590‘777 + Qf—y”ya . (D55)

Next we shall solve (D.22) to (D.27) using the above expressions for the H flux.
First (D.23) gives

i
—e, 1RBG

1
3 NY2Y3 = E(
Then one finds that

— 9% 7172%9%77273 20,4 — 20,7 — 297,704) . (D.56)

i
Gooy' = 2\/5(46 o0, fa5s + 500, — 602 P

+ 605 10g f 4+ 30— 10 —30Q- o +4Q57,) (D.57)
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and
i

2v/2

and similarly

F .= (—Qa,—4+ + 404" =30 10 — Q- 4 + 60, — 60, 1log [ —4Q57,) ,

(D.58)

1~ = 1 1797
66047”273G+’71’72’73 - %(2801 log f — Q*Hra - Qa,'Y’y + 60171727397717’72’73) ’ (D'59)
i
Fro = 75 (Rt + 20,7 = Qo = Qi

+30,® — 40, 1og f — 20574, (D.60)
i _
Gioy = ﬁ(%amﬂm% A27s + Qa,—4 + 30,2
—3Q_ 10 + 30 4o —2057,) . (D.61)

Furthermore the scalar conditions give

F =S, (D.62)
H . =207, (D.63)
H.) =20, .7, (D.64)

G = F) +V2i(Q 40 +Q,47), (D.65)
G750 = 4V21(Qy ) —Q_ 7)) — 48, (D.66)

i

1
5B = s (W + ) V2

2v2

i V2
Ialvﬂg%G%vﬂgm = 7(9—,77 + Q457 +
(D.67)

Again the component of the F' flux and S that appear in the right-hand side of the above
equations are not restricted by the KSEs.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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