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Constraining the level density using fission of lead projectiles
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The nuclear level density is one of the main ingredients for the statistical description of the fission process.
In this work, we propose to constrain the description of this parameter by using fission reactions induced by
protons and light ions on 208Pb at high kinetic energies. The experiment was performed at GSI (Darmstadt),
where the combined use of the inverse kinematics technique with an efficient detection setup allowed us to
measure the atomic number of the two fission fragments in coincidence. This measurement permitted us to obtain
with high precision the partial fission cross sections and the width of the charge distribution as a function of the
atomic number of the fissioning system. These data and others previously measured, covering a large range in
fissility, are compared to state-of-the-art calculations. The results reveal that total and partial fission cross sections
cannot unambiguously constrain the level density at ground-state and saddle-point deformations and additional
observables, such as the width of the charge distribution of the final fission fragments, are required.

DOI: 10.1103/PhysRevC.92.044612 PACS number(s): 21.10.Ma, 24.10.−i, 25.85.Ge

I. INTRODUCTION

A complete description of the fission process still represents
a challenge, despite the recent progress based on microscopic
quantum dynamical [1–3] and time-dependent Hartree–Fock
models [4,5]. Statistical models, proposed soon after the
discovery of fission [6], provide a tool to describe fission
probabilities at excitation energies around the fission barrier.
This approach is justified because, under such conditions,
statistical times dominate over the typical timescales for
the coupling between intrinsic and collective degrees of
freedom (∼10−21 s−1). At high excitation energies, pre- and
postscission particle emission [7–9] and fission probabilities
[10–13] indicate that simple statistical approaches are not valid
anymore and models describing the dynamics of the process
are required [14]. Even in this case, statistical approaches
including a time-dependent fission decay width that mimics
the evolution of the fission flux across the barrier [15,16],
as described by transport equations (e.g., Fokker–Planck or
Langevin) including dissipative and stochastic terms [17–20],
provide a good description of the fission rate [16]. Statistical
approaches are also used to describe the mass and charge
distributions of the fission fragments, using a phenomenolog-
ical description of the mass-asymmetry potential energy [21],
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and the observed broadening of these distributions with the
excitation energy of the fissioning system [22–24].

Reliable statistical calculations require an accurate descrip-
tion of the potential-energy landscape and level densities;
in particular at ground-state and saddle-point deformations.
Fission barriers can be calculated reasonably well by using
macroscopic [25] or microscopic [26] approaches. Level
densities can be constrained at ground-state deformation by
using neutron-induced resonances [27]; however, no direct
experimental validation exists for the deformed nucleus at the
saddle point. A description of the level density based on the
Fermi gas model [28] can yield reasonable results provided
that a realistic description of the level-density parameter is
used [23,29,30]. In the present context, volume and shape
dependencies of this parameter are particularly important to
correctly describe the level density at saddle-point deformation
[31–34].

Despite this rather global agreement on the description
of the level-density parameter, several recent works propose
empirical modifications of this parameter in order to describe
fission rates [35,36]. These authors claim that fission rates
can be described, even at high excitation energies, without
considering any transient time for fission. This conclusion
contradicts the well-established role of dissipative effects in
the ground-to-saddle fission dynamics to explain pre- and
postscission neutron multiplicities [7], γ -ray emission [8],
multiplicities of charged particles [9], as well as fission and
evaporation residue cross sections [10–13].

The origin for such contradictory conclusions could be that
an effective reduction of the level-density parameter at the
saddle point with respect to the ground-state value could mimic
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the fission hindrance induced by dissipative effects. Therefore,
many authors claim that conclusions based only on the use of
fission rates to constrain the different parameters contributing
to the description of this process may lead to ambiguous results
[10,23,29,30,37,38].

In order to contribute to this discussion in this work, we take
advantage of the complete characterization of both fragments
produced in proton-induced fission reactions on 208Pb recently
investigated with the SOFIA setup at GSI [39,40]. The inverse
kinematics used in this experiment gave us access for the first
time to the determination of the velocities, atomic numbers,
and mass numbers of both fission fragments. With these
measurements we can define observables constraining the role
of the level-density parameter in these reactions. Moreover, the
relatively high fission barriers of the fissioning nuclei produced
in these reactions also contribute, minimizing the impact of
collective excitations in the level densities and enhancing
dissipative effects.

II. EXPERIMENT

Spallation and fragmentation reactions of 208Pb provide
us an excellent tool for investigating level densities together
with dissipative effects. As discussed in the pioneering work
of Grangé and collaborators [17], the optimal conditions
for investigating low-deformation dissipative and transient
effects in fission are the use of spherical fissioning systems
with low angular momentum and high excitation energies
(E∗ > 100 MeV). Fortunately, these conditions also represent
a good approach to study the effect of the level densities on the
experimental observables, such as the fission cross sections,
partial fission cross sections, and width of the atomic-number
distribution of the fission fragments, because the effect of the
rotational and vibrational excitations on the level densities
washes out at excitation energies ∼40 MeV [46,47]. For this
purpose, the reactions 208Pb(370A, 500A, and 650A MeV) +p
and 208Pb(500A MeV) + 27Al were selected to investigate the
evolution of the previous observables with each energy and
entrance channel.

The experiment was performed by the SOFIA collaboration
at the GSI facilities in Darmstadt (Germany), where the
SIS18 synchrotron was used to accelerate ions of 208Pb up to
650A MeV with an intensity around 105 ions/s. The primary
beam was then guided to the experimental setup where fission
reactions were induced in different targets. A cylindrical
target filled with liquid hydrogen (∼85 mg/cm2) was used
to investigate spallation-induced fission, while fragmentation-
induced fission was investigated by using an aluminium target
(∼1080 mg/cm2).

The use of the inverse kinematics technique allowed
us to separate fission from other reaction channels and
also facilitates the identification of both fission fragments
[13,41,42]. Fission events were identified by using energy-
loss measurements performed with a double multisampling
ionization chamber (twin MUSIC) [43–45], providing the
atomic number of the two fission fragments with a resolution
better than 0.43 charge units full width at half maximum
(FWHM) [42]. In addition, the tracking capabilities of this
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FIG. 1. (Color online) (a) Comparison of the fission cross sec-
tions for the reaction 208Pb +p as a function of the bombarding
energy with different model calculations (lines). The data are taken
from Refs. [13,48–52]. (b) Same as panel (a) but for the the reaction
natPb +n. The data are taken from Refs. [53,54].

detector permitted us to select fissions produced at the target
position [13].

III. RESULTS AND DISCUSSION

Total fission cross sections are the most widely used ob-
servable for the characterization of the level-density parameter
at ground-state and saddle-point deformations [30,35–37]. In
our case we employed total cross sections for proton-induced
fission reactions on 208Pb at 370A, 500A, and 650A MeV
obtained in the present experiment [13], as well as previous
measurements in direct and inverse kinematics of the same
reaction covering kinetic energies up to 1000 MeV [48–52].
This set of data, shown in Fig. 1(a), was completed with the
neutron-induced fission cross sections on natPb [53,54] shown
in Fig. 1(b).

The measurements depicted in Fig. 1(a) are overlaid with
model calculations using several assumptions to describe the
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level-density parameter. All calculations were done using
the code INCL4.6 [55] to describe the first stage of the
reaction induced by energetic protons and neutrons according
to an intranuclear-cascade model. The resulting remnants were
deexcited by using the code ABLA07 [56]. This statistical
code describes the emission of γ rays, neutrons, light-charged
particles, and intermediate-mass fragments (IMFs) according
to the Weisskopf formalism [57], which provides a good
description of the evaporation residues produced in spallation
and fragmentation reactions of nuclei from iron to uranium
[29,55,58–62]. The fission decay width is described by using
an analytical approximation of the solution of the Fokker–
Planck equation describing fission as a diffusion process
across the fission barrier [15]. Fission barriers are calculated
according to the finite-range liquid-drop model of Sierk [25].
Finally, if fission is reached the mass- and atomic-number
distributions of the fission fragments are described by the
semiempirical model proposed in Ref. [21] where, according
to a statistical picture [63], the width of the atomic-number
distribution of the fission fragments is parametrized as a
function of the temperature at the saddle point (Tsd) as

σ 2
Z = Z2

fissTsd

16d2V/dν2
, (1)

where d2V/dν2 is the second derivative of the potential with
respect to the mass-asymmetry degree of freedom at the saddle
point ν = (4/Afiss)/(M − Afiss/2) and is obtained from the
systematics of the width of mass distributions measured in Ref.
[64]. Afiss and Zfiss correspond to the mass and atomic numbers
of the fissioning nucleus, respectively, and M represents the
mass number of the corresponding fragment. This parametriza-
tion was validated in Refs. [21,65–67] by using the mass
distributions of the fragments produced in neutron-induced
fission on actinides at low energies [68,69] and the charge
distributions of the fragments produced in Coulomb-induced
fission on several actinides and pre-actinides [70].

Level densities in ABLA07 include intrinsic and collective
excitations. Intrinsic excitations are described by using the
Fermi-gas formulation [28] with shell [71,72] and pairing
[73,74] corrections while contributions from vibrational and
rotational levels are formulated according to Ref. [47]. The
level-density parameter includes volume and surface depen-
dencies [32,33] parametrized by Ignatyuk and collaborators as

a = avA + asA
2/3Bs, (2)

where av and as are the volume and surface coefficients of the
single-particle level densities, respectively, and Bs is the ratio
between the surface of the deformed nucleus and the surface of
the spherical equivalent one taken from Ref. [31]. The values
of av = 0.073 MeV−1 and as = 0.095 MeV−1 were taken from
Ref. [32].

For the present study, the code ABLA07 was modified in
order to calculate fission rates using also the Bohr–Wheeler
statistical approach [6] as formulated by Moretto [75]. More-
over, different parametrizations of the level-density parameter
were used.

The results of the different calculations for proton-induced
fission on 208Pb are shown in Fig. 1(a). The dot-dashed and
double-dot-dashed lines represent statistical model calcula-
tions using two deformation-independent parametrizations of
the level-density parameters, A/8 and A/12, respectively.
These calculations provide a reasonable description of the
measured cross sections at low proton energies but clearly
underestimate the data for energies above 300 MeV. In any
case, these parametrizations of the level-density parameter
are not realistic because they do not consider modifications
due to the different deformations at the ground-state and at
saddle-point configurations.

The same statistical model calculation using Ignatyuk’s
parametrization for the level-density parameter (solid line)
shows an overestimation of the data that increases with the
proton energy. Finally, the dotted line corresponds to another
calculation where the level-density parameter at ground-
state deformation (ag.s.) was obtained using Ignyatyuk’s
parametrization while the same parameter at saddle-point
deformation (asd) was obtained as asd/ag.s. = 1.034 following
Ref. [35]. One can observe that this calculation describes the
data for proton energies above 400 MeV rather well, but
it overestimates the data at lower energies. This fact could
indicate that the factor between the level-density parameters
at the ground state and saddle is not constant with energy due
to the difference in the fissioning system for increasing proton
energy.

In the same figure, the dot-long-dashed line represents a
calculation considering dissipative and transient-time effects
with a reduced dissipation parameter β = 4.5 × 1021 s−1,
according to our previous work [13]. In these calculations
the level-density parameter at ground-state and saddle de-
formations was obtained from Ignatyuk’s parametrization.
These calculations provide a satisfactory description of the
total fission cross sections for the complete range in proton
energy covered by Fig. 1(a). The same results were also
obtained by Ye and Wang for fusion-fission cross sections
of pre-actinides using the Langevin approach [30] and several
different descriptions of the level-density parameter. From the
comparison of these model calculations with the data, Ye and
Wang also found that Ignatyuk’s parametrization provides
a better description of the evolution of the fusion-fission
cross sections with the excitation energy, using a value of
(4.0 to 4.5) × 1021 s−1 for the reduced dissipation parameter.

The same conclusion is obtained when we compare our
calculations with the fission cross sections induced by neutrons
on natPb [53,54], as shown in Fig. 1(b). Here we depict only
the results of two of the calculations previously discussed,
the statistical model calculation with a constant value of the
ratio of the level-density parameter at ground-state and at
saddle-point deformations asd/ag.s. = 1.034 (dotted line), and
the calculation based on the description of the fission dynamics
as a dissipative process using the parametrization of Ignatyuk
to determine the value of the level-density parameter at the
ground-state and saddle-point deformations (dot-long-dashed
line). As observed for proton-induced reactions, the statistical
model calculations with a constant ratio for the level-density
parameter at the ground-state and at saddle-point deforma-
tions overestimate the measured cross sections for neutron
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FIG. 2. (Color online) Proton-induced fission cross sections of
different nuclei obtained from Refs. [12,13,77] at 500 MeV as a
function of the fissility. The lines indicate different model calcula-
tions. In the inset we show the ratio asd/ag.s. obtained by our model
calculations as a function of the fissility.

energies below 400 MeV. The dynamical calculation with
a deformation-dependent level-density parameter provides a
satisfactory description of the data in this energy range. At
higher energies both calculations yield similar results. In this
case, the measured neutron-induced fission cross sections seem
to be affected by the absence of references for the absolute
normalization above 400 MeV [53,76].

To investigate a possible dependence of the ratio of the
level-density parameter at ground-state and at saddle-point
deformations with the fissility, in Fig. 2 we compare our
model calculations with proton-induced fission cross sections
obtained for several actinides and pre-actinides between 181Ta
and 237Np at a bombarding energy of 500 MeV, taken from
Refs. [12,13,77]. These data allow one to cover a large range
in fissility.

In the figure one can observe that a statistical model
calculation with a deformation-dependent description of the
level-density parameter based on the parametrization of
Ignatyuk (solid line) overestimates the data, while a statistical
model calculation with a constant value for the ratio of the
level-density parameter at ground-state and at saddle-point
deformations asd/ag.s. = 1.034 (dotted line) underestimates
the fission cross sections for nuclei below 208Pb. However,
we can describe the fission cross sections by using the
same calculation with a fissility-dependent ratio asd/ag.s. = fa

(triple-dot-dashed line). On the other hand, we can also
describe the data by using a dynamical calculation with
a reduced dissipation parameter β = 4.5 × 1021 s−1 (dot-
long-dashed line). In the inset of the same figure we rep-
resent the ratio asd/ag.s. calculated according to Ignatyuk’s
parametrization (dot-long-dashed line) and the variable ratio
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FIG. 3. (Color online) Fission cross section of the reaction
208Pb +p at 500A MeV as a function of the atomic number of the
fissioning nuclei (open circles). The lines represent different model
calculations.

(fa) used in the statistical model calculation (triple-dot-dashed
line) as a function of the fissility. The observed offset between
the displayed ratios could be related to the reduction in the
stationary fission decay width induced by dissipation.

Another observable we propose for this investigation is
the evolution of the partial fission cross sections according to
the sum of the atomic numbers of the two fission fragments.
The sum of the atomic numbers of the two fission fragments
(Z1 + Z2) corresponds to the atomic number of the fissioning
system, assuming no proton evaporation beyond the saddle
point. This assumption is justified because the fission frag-
ments are neutron rich [42,78] and deexcite mainly by neutron
emission. This observable shows a strong correlation with
the impact parameter and, correspondingly, with the initial
excitation energy of the fissioning system [22,24]. Therefore,
it can be used to constrain model calculations for fissioning
systems with different fissilities and excitation energies.

In Fig. 3 we compare the partial fission cross sections of
the reaction 208Pb(500A MeV) + p (open circles) with the
model calculations described previously. The partial fission
cross sections were obtained by normalizing the yields of
the fissioning system [42] to the total fission cross section
measured in the present experiment [13]. Calculations based on
a statistical description of the fission decay width and using the
deformation-dependent parametrization of the level-density
parameter proposed by Ignyatuk et al. [32] overestimate the
fission cross sections except for the heaviest fissioning nuclei
with the lowest excitation energies (solid line) [24]. All other
calculations provide a reasonable description of the data. One
should notice that this set of calculations includes dynamical
and statistical approaches to describe the fission decay width as
well as different prescriptions for the level-density parameter.
This benchmark indicates that this observable does not show
a clear sensitivity to different descriptions of the level-density
parameter.
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From these calculations, we could conclude that the fission
cross sections can be described by two approaches: a statistical
model with a modified ratio asd/ag.s. and a dissipation model
with a deformation-dependent ratio asd/ag.s. calculated within
Ignatyuk’s parametrization. Therefore, total or partial fission
cross sections alone cannot be used to disentangle between
these two approaches and additional observables are needed.

An observable that was used previously to investigate
ground-to-saddle dissipative effects is the width of the charge
distribution of the fission fragments. According to Eq. (1),
this observable depends on the temperature at the saddle
point (Tsd) which is related to the excitation energy at saddle
(E∗

sd) as Tsd = √
E∗

sd/asd. Therefore, the width of the atomic-
number distribution could also represent a useful probe to
investigate the description of the level-density parameter at
the saddle point, providing another important constraint for
model calculations.

In Fig. 4(a) we display the width of the atomic-number
distribution as a function of the atomic number of the fissioning
system (Z1 + Z2) for the different reactions measured in
this work: 208Pb +p at 370A (open crosses), 500A (open
circles), and 650A MeV (open diamond), and 208Pb + 27Al
at 500A MeV (open triangles). As can be seen, the width
of the atomic-number distribution increases with decreasing
Z1 + Z2, as expected from Eq. (1), if we consider that lighter
fissioning systems are produced with higher temperatures.
Moreover, for all the reactions we obtain very similar values
for the width of each Z1 + Z2. This result indicates that,
for a given fissioning system (Z1 + Z2), the width of the
atomic-number distribution of the final fragments depends on
neither the entrance channel nor on the bombarding energy
of the projectile, supporting then its statistical interpretation.
The range in Z1 + Z2 covered in each reaction is different
because it reflects the initial violence of the reaction, and
consequently the evaporation probabilities from the increase
of excitation energy. Similar conclusions have been pointed
out in a recent work [24] using proton- and deuteron-induced
fission of 208Pb. Therefore, this observable clearly provides
an important constraint for model calculations describing the
evolution of the fissioning system from the ground state to the
saddle point.

In Fig. 4(b) we compare the data shown in Fig. 4(a) with
the different model calculations discussed in this work. The
calculations for the reaction 208Pb(500A MeV) + 27Al were
performed with the code ABRABLA07 that consists of the
coupling of the abrasion model developed by Gaimard and
Schmidt [79] to the deexcitation code ABLA07 [56].

The first conclusion we obtain is that, for the heaviest
fissioning nuclei with the lowest excitation energies, there is no
sensitivity to the parameters used in the different calculations.
The same conclusion was obtained when this observable was
used to constrain ground-to-saddle dissipative effects [24]. The
reason is that, at low excitation energies, close to the fissioning
system Z1 + Z2 = 82, the fission delay induced by dissipation
is negligible when compared with the statistical time.

For fissioning systems lighter than Z1 + Z2 < 76 we
observe a sensitivity to the different descriptions of the
level-density parameter and the fission decay width. Statistical
descriptions of the fission decay width (short-dashed line
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FIG. 4. (Color online) (a) Width of the atomic-number distri-
bution of the final fission fragments measured in spallation and
fragmentation reactions of 208Pb as a function of the atomic number
of the fissioning nuclei for different entrance channels and projectile
energies. (b) Same as panel (a) but for the data of the reaction
208Pb(500A MeV) + 27Al (open triangles) and 208Pb(500A MeV) +
p (open circles). The lines represent different model calculations.

for the reaction 208Pb(500A MeV) + p and dotted line for
the reaction 208Pb(500A MeV) + 27Al) clearly overestimate
the width of the charge distributions even when using the
phenomenological description of the level-density parameter
that reproduces fission cross sections (triple-dot-dashed line).
Only calculations considering dissipative effects in the fis-
sion decay width and a deformation-dependent level-density
parameter following Ignyatuk’s parametrization provide a
satisfactory description of the width of the charge distribu-
tions of the fission fragments [solid line for the reaction
208Pb(500A MeV) + p and dot-long-dashed line for the
reaction 208Pb(500A MeV) + 27Al)], but also of the previous
observables discussed in this work.

Similar results and conclusions were obtained in other
works [16,23,24], where the authors compared the widths of
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the charge distributions of the fission fragments with statistical
and dissipative calculations by using a dynamical description
of the level-density ratio based on the parametrization of
Ignatyuk. Moreover, those works indicated the need of a
dissipative calculation with transient-time effects to achieve
a complete description of the data, which is in good agreement
with our results. Recently the authors of Ref. [38] also pointed
out a similar conclusion when combining the multiplicities of
the light-charged particles with fission and evaporation residue
cross sections.

IV. SUMMARY AND CONCLUSIONS

In the present work, we have investigated spallation-
and fragmentation-induced fission of 208Pb in inverse kine-
matics at different bombarding energies by using a highly
efficient detection setup that permitted us to measure the
atomic number of the two fission fragments in coincidence
with good resolution [42]. With these measurements we
can determine with high accuracy the total fission cross
section as well as partial fission cross sections and the
width of the charge distribution of the fission fragments as
a function of the sum of the charges of the two fission
fragments.

We then used these data to benchmark different model
calculations to describe the fission decay width and the level
density at ground-state and at saddle-point deformations. In
particular, we used a purely statistical description of the fission
decay width based on the transition-state method and a dynam-
ical description of the process in terms of a time-dependent
fission decay width produced by the coupling between the heat
bath describing the excited fissioning nucleus and its collective
degrees of freedom through a dissipation parameter. As for
the level densities, we used a back-shifted Fermi gas with
different descriptions of the level-density parameter; values
proportional to the mass number of the nucleus with a constant
ratio between the level-density parameters at ground-state and

at saddle-point deformations as well as a complete description
of this parameter at the saddle and scission configurations by
using Ignyatuk’s prescription.

The analysis of the reactions proton- and neutron-induced
total fission cross sections of 208Pb and natPb, respectively, as
well as partial fission cross sections as a function of the sum of
the charges of both fission fragments show that it is possible
to combine different models that describe the fission decay
width and parametrizations of the level-density parameter to
describe the data. This can be understood because we try to
describe a multiparametric problem with a single boundary
condition. It is then clear that an unambiguous benchmarking
of fission models requires several independent observables.

In this work we used the width of the charge distribution
of the fission fragments as additional constraint for model
calculations. By using these two observables we show that fis-
sion of 208Pb at high excitation energies can only be described
properly by using dissipative and transient effects together with
a realistic description of the level-density parameter taking into
account the deformations of the ground-state and saddle-point
configurations.
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