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if (FSDT==.true.) then
DO M=MAXM+1, 2*MAXM
DO N=MAXN+1, 2*MAXN
! dGxz/dx is deducted for Kxx calcuation:
curv(1)=curv(1)+A(M,N)* (M*PT/LA)*SIN(M*PI/LA*X)*SIN(N*PI/LB*Y)
educted for Kxy calculation:

L/
!‘?‘h &, ¢

L/ L
o,

gl

&

DO M=2*MAXM+1,
DO N=2*MAXN+1, 3*MAX
! dGyz/dy is deducted for 1%
curv(2)=curv(2)+A(M,N)*(N*PI/LB)*SIN
! dGyz/dx is deducted for Kxy calculation:
curv(3)=curv(3)-A(M,N)*(M*PT/LA)*COS (M*PT/LA*X)*COS (N
END DO
END DO
end if
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Sandwich PULS — development of a semi-analytical method
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Ocean Engineering

NIKLAS BLOMGREN AND MATEJ PREVC

Department of Shipping and Marine Technology

Division of Marine Technology

Chalmers University of Technology

ABSTRACT

The use of fibre-reinforced polymers (FRP) composite sandwich structures is desirable
because of their advantages compared to using steel structures. Many of the advantages
are due to reduced weight, for example improved stability, lower fuel consumption,
higher top speed, and increase in payload. Other advantages such as lower maintenance
and long fatigue life contribute to an overall lower lifetime cost. A sandwich plate is a
three-layer geometry consisting of two thin faces separated by a thick core.

The purpose of this thesis is to develop Sandwich PULS; a semi-analytical calculation
tool for predicting the ultimate limit state (ULS) of FRP composite sandwich plates.
This was done by extending and improving DNV GL’s semi-analytical non-expert
calculation tool Composite PULS, which is used for quick estimation of the ULS for
unstiffened composite plates. ULS was evaluated in terms of the first buckling load and
the first ply failure (FPF).

The Sandwich PULS code was developed by implementing formulations for sandwich
plate theory. First-order shear deformation theory (FSDT) was implemented in
Sandwich PULS to include the transverse shear deformations that are highly important
for sandwich plates with poor shear stiffness of the core. The Sandwich PULS code was
evaluated against non-linear finite element analyses (FEA).

It was concluded that Sandwich PULS shows good agreement with FEA predicted
critical buckling loads. For all inspected plates, Sandwich PULS shows improved
results compared to Composite PULS. Differences between Sandwich PULS and FEA
are caused by the difference in evaluating shear stiffness. It has been shown that
neglecting shear stiffness of faces results in good agreement between Sandwich PULS
and FEA, while use of conventional shear correction factors proved to be unfavourable
for sandwich plates.

It was found that Sandwich PULS is limited in terms of slenderness. Sandwich plates
with soft core should not have slenderness below 20 to assure an accurate solution. FPF
loads according to Hashin-Rotem failure criteria are on the conservative side, but
differences compared to FEA are up to 40% for sandwich plates. It was concluded that
a more extensive investigation of failure initiation load prediction should be performed
for better understanding.

Key words: Buckling, fibre-reinforced polymers, first-order shear deformation
theory, sandwich plates, semi-analytical method, shear correction
factor, ultimate limit state.
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Notations

Roman upper case letters

A
{4}
[4]
[4s]
B
[B]
C
Dy
[D]
E

{G}

ij
(K]

[K€]
(K]

PN
QN
[Q]
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Displacement amplitude
Displacement amplitude vector
Extensional stiffness matrix
Shear stiffness matrix

Shear strain amplitude (xz-plane)
Extension-bending coupling stiffness matrix
Shear strain amplitude (yz-plane)
Section stiffness (Abaqus)
Bending stiffness matrix
Young’s modulus

Airy’s stress function

Shear modulus

Incremental load vector

Shear correction factor

Shear stiffness (Abaqus)
Incremental stiffness matrix
Geometric stiffness matrix
Material stiffness matrix

Number of degrees of freedom along the
longitudinal direction

Number of degrees of freedom along the
transverse direction

Preload

Reference load

Stiffness matrix

Shear strength

Internal potential energy

Bending strain energy contribution

Membrane strain energy contribution

[mm]
[mm or -]
[N/mm]
[N/mm)]

[Nmm]

[Nmm]

[MPa]

[N]

[MPa]

[N/mm or N]

-]

[N/mm]

[N/mm or N or Nmm)]
[N/mm or N or Nmm)]

[Nmm or -]

[-]

-]

[N]

[N]
[MPa]
[MPa]
[Nmm]
[Nmm]
[Nmm]



Unmp Extension-bending coupling energy contribution  [Nmm)]
U, In-plane strain energy contribution [Nmm]
U, Shear strain energy contribution [Nmm]
w Load potential from external forces [Nmm]
X Longitudinal strength [MPa]
Y Transverse strength [MPa]
Z Out-of-plane strength [MPa]

Roman lower case letters

a Length [mm)]

b Breadth [mm)]

d Vertical distance between the midplane of two [mm]
sandwich plate faces

h Thickness [mm]

k Curvature [-/mm)]

l Characteristic length on the surface of the shell [mm]

m Number of half-sine waves along the longitudinal [-]
direction

n Number of half-sine waves along the transverse  [-]
direction

q Dimensionless displacement (rotation) amplitude [-]

t Thickness [mm)]

w Out-of-plane displacement [mm]

Wo,init  Initial out-of-plane displacement (imperfection)  [mm]

X Longitudinal coordinate [mm)]
y Transverse coordinate [mm)]
z Out-of-plane coordinate [mm)]

Greek upper case letters
A Eigenvalue [-]

11 Potential energy [Nmm]
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Greek lower case letters

y Shear strain
An Incremental step/Arc-length parameter
€ Normal strain
& Membrane/Mid-plane strain
Ai Load multiplier
v Poisson’s ratio
o Normal stress
T Shear stress
[0) Rotation
Subscripts
1 Longitudinal-to-fibre direction
2 Transverse-to-fibre direction
3 Out-of-plane-to-fibre direction
c Core
C Compression
f Face
S Step
S Symmetric
T Tension
X Longitudinal direction
y Transverse direction
zZ Out-of-plane direction
Abbreviations
BC Boundary Condition
CLT Classical Laminate Theory
DOF Number of Degrees Of Freedom
FCSR  Face-to-Core Stiffness Ratio
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FEA Finite Element Analysis

FFF First Fibre Failure

FPF First Ply Failure

FRP Fibre Reinforced Polymers

FSDT  First-order Shear Deformation Theory
FW Face Wrinkling

HOT Higher Order Theories

MO International Maritime Organization
LPF Last Ply Failure

LT Layer-wise Theories

LTR Length-to-Thickness Ratio

MT Matrix Tension failure

MTs Mixed Theories

PULS  Panel Ultimate Limit State

SC Shear Crimping

SOLAS Safety Of Life At Sea

SPS Sandwich Plate System

ULS Ultimate Limit State
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1 Introduction and motivation

This chapter gives a brief introduction to the problem and motivation behind the work
of this thesis.

1.1 Background

Fibre-reinforced polymers (FRP) composites and sandwich structures are becoming
more and more used in a large number of applications. Commercial aircraft, such as the
new Airbus A350, wind turbine blades and bridges made partially or primarily out of
FRP composites have been known and used for many years. In the future, a significant
growth in the use of such materials is expected in automotive segments as well. The
first fiberglass boats appeared in the early 1940s and FRP composites have been used
in boats, yachts, high-speed light craft, naval ships and submarines ever since, Marsh
(2006).

As described in Job (2015), the use of FRP composites in the shipbuilding segment is
still in its beginning stages. Their use in marine applications has so far been limited to
naval vessels and non-structural components in commercial vessels, such as cabins on
cruise ships, lifeboats and hatch covers on bulk carriers. Here and in many other
applications, FRPs are usually combined with other materials and form so-called FRP
sandwich plates. Those are plates with FRP composites used in thin faces and combined
with a thick core material, such as balsa wood, PVC foam, honeycomb, etc.

The most commonly used structural material in the shipbuilding segment today is steel.
Using FRP composite materials instead of steel can have many advantages, for
example:

¢ higher strength vs. self-weight ratio: reduced weight of structures for the same
strength,

corrosion resistance: no need for corrosion addition to thicknesses,
long-lasting: lower lifetime costs,

long fatigue life,

tailor-made structural components with desired properties,

reduced magnetic, radar and infra-red signatures,

dimensional stability: no thermal shrinking or swelling,

nonconductive: does not conduct electricity,

thermal isolation: does not conduct heat.

In most cases the important advantage of using FRP composites is structural weight
savings, which can be reflected in different ways. One of them is reduced fuel
consumption and reduced fuel costs. Hand-in-hand with reduced fuel consumption goes
a reduced carbon footprint. Having fluctuating oil prices in mind, another and maybe
more intriguing reason is the increase in payload, which results in a shorter payback
time. The latter is of great importance especially for cruise ships, since the only
possibility to increase their payload is to build up. That is due to the draught, breadth
and length limitations for ships in canals and ports. To avoid reduction of ship stability,
the use of light-weight structural materials above the waterline is a way to overcome
the problem. On the other hand, for naval ships reduced structural weight is of
importance to allow for increased speed of the vessel. Adding the fact that composites
reduce magnetic, radar and infra-red signatures, one can see why the use of these
materials as a structural material has been increasing in naval ships.
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Compared with steel, FRP composites have higher upfront costs, but the maintenance
and lifetime costs are much lower, Job (2015). Since composites are not corrosive there
is not the same need for extensive maintenance, which is another reason why higher
initial investment has a rather short payback time. In an investigation done by Evegren
et al. (2011), extra structural costs of the composite superstructure on the cruise ship
under investigation will be compensated by fuel savings in 5.9 years, but if extra cabin
capacity and an increased payload due to this is taken into the calculation the break-
even is after about 2.5 years.

One major drawback why composites are not used for commercial ships is fire safety.
SOLAS requires structural materials to be non-combustible, which seems to represent
an insuperable obstacle for FRP composites. An amendment to the fire safety chapter
of SOLAS, see IMO (2004), has loosened this obstacle a bit and paved the way for
extensive research and development projects and product development, the goal of
which has been to demonstrate the equivalent fire safety for composite applications,
Job (2015). Despite all the efforts, no structural FRP solution has been built for a
commercial ship.

Another reason for why using FRP composites is rather difficult are their orthotropic
properties. On the one hand, structures made out of composites can be tailor-made for
its specific use, which is a great advantage. On the other hand, this makes it harder to
compare and standardize properties, behaviour and structural response of composite
structures. Several research papers can be found on comparing composite plates made
under the same circumstances but having different material properties, Hayman et al.
(2011).

Estimating ultimate limit state (ULS), which is defined by Hollaway et al. (2001) as the
load where the structure fails due to reaching its maximum strength, is even more
cumbersome. Furthermore, agreement between results obtained with FEA and
experimental results are rather bad and ultimate strengths are often overestimated,
Boyle et al. (2001). Due to these uncertainties, definition of the ULS is not the same in
literature. It might be referred to as the first buckling load, the first fibre/ply failure
load, or, as previously mentioned, the maximum load-carrying capacity.

Current design approaches stated in class regulations for marine single-skin FRP and
sandwich constructions are based on the first ply failure or the first buckling load, DNV
(2013). To increase safety of such structures and to ensure that these loads will not
occur during normal operation, additional safety factors are applied on these loads to
obtain the limit load, as illustrated in Figure 1.1.
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Figure 1.1  Principal load-displacement curve showing different load states for
current traditional design approaches, from Braaten and Bostrom
(2013).

The limit load as defined in Figure 1.1 is in many cases overly conservative since FRP
composites show additional post-buckling residual strength, which has been the focus
of many researches. If uncertainties behind the estimated collapse load are minimized
and the estimation of the ULS agrees with experimental results, a less conservative limit
load can then be set in class regulations. This is the goal and the idea behind future
design approaches, as illustrated in Figure 1.2, which will result in a more optimized
but still safe structure.

Load
_____________ = s | i i i i i e ==t (COllAPSE l0ad /ULS
Safety
factor | @ |[eeemssrmssmmosglomrosmenes FPF
First buckling load
L Limit load
operation

Longitudinal end-shortening

Figure 1.2 Principal load-displacement curve showing different load states for
future design approaches, from Braaten and Bostrom (2013).

While obtaining the FPF and the first buckling load is a rather simple and computational
undemanding task, the ULS estimation is a highly complex task, especially for FRP
composite structures. In the post-buckling zone non-linear response caused by the large
deflection theory and material degradation have to be accounted for, which results in a
high computational cost.

The DNV GL’s code PULS (Panel Ultimate Limit State), see Steen et al. (2004), has
been developed having these high computational, modelling and post-processing times
in mind, which is why it comes with certain limitations. PULS is limited to the load
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bearing capacity assessment of steel or aluminium thin-walled stiffened panels used in
ship and offshore constructions. It is further limited to rectangular, not curved plates.
PULS is a recognized buckling evaluation tool and its main purpose is to be a user-
friendly, non-expert analyses tool with a low computational cost. The PULS code is
implemented and used for automatic buckling controls as part of the DNV GL’s
Nauticus Hull commercial programs.

Until 2013, the PULS code could only evaluate the buckling response of steel and
aluminium panel structures. Since then, a new Composite PULS code, see Braaten and
Bostrom (2013), based on the PULS code has been developed in order to evaluate the
ultimate strength of unstiffened composite plates.

The Composite PULS code has certain limitations: it is only applicable to thin
symmetric laminates, since the classical laminate plate theory (the Kirchhoff’s plate
theory) and symmetrical ply degradation model are implemented. It is further limited
to simply supported plates and it has been developed for one material only. The purpose
of this thesis is to extend the Composite PULS code towards becoming a computational
tool that can, with tolerable accuracy and within reasonable computational time,
estimate the ULS capacity of FRP composite sandwich plates.

1.2  Objectives

The main objective of this master’s thesis project was to develop the semi-analytical
method Sandwich PULS based on the Composite PULS code in order to predict the
ULS capacity of FRP composite sandwich plates. A comparative investigation of
formulations for PULS against non-linear finite element simulations, the Composite
PULS code and other existing formulations should be carried out. In order to satisfy the
main objectives of the project, the following three main aims have been identified.

¢ The developed code should incorporate a set of formulations for the PULS
code in order to predict the first buckling load of FRP composite sandwich
plates.

e The developed code should incorporate a set of formulations for the PULS
code in order to predict the FPF of FRP composite sandwich plates.

e The developed code should be validated against an advanced FE analysis
based on the same failure initiation criteria.

Further, the project aims for the Sandwich PULS code to remain a computational tool
that can with tolerable accuracy, i.e. within approximately 10%, and preferably on the
conservative side predict the ULS of sandwich plates. Calculation time of the developed
Sandwich PULS code should maintain reasonable, i.e. less than one minute and/or be
reasonably faster than commercial FE software.

1.3 Methodology

To predict the ULS of FRP sandwich composite plates the theories behind the existing
Composite PULS code had to be extended. First, an extensive investigation on
theoretical background was performed on the topic of buckling of single-skin and
sandwich plates as well as a detailed study of the principles of the existing Composite
PULS code. The extension of the code was done by implementing formulations for
sandwich plate theory, as well as replacing the classical laminate theory (CLT) with
first-order shear deformation theory (FSDT), see Chapter 3.
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The comparative investigation of formulations implemented in Sandwich PULS was
performed in three phases:

¢ Phase 1: Eigenvalue analysis: compare the first buckling loads.
¢ Phase 2: Load-displacement analysis: compare non-linear model response.
¢ Phase 3: Failure initiation analysis: compare failure initiation loads.

In every phase, results were compared to non-linear finite element analyses (FEA) and
the existing Composite PULS code. The first phase was to perform the eigenvalue
buckling analysis. Four plate models with different material setups and geometries, see
Appendix A, were used to validate the eigenvalue buckling analysis. The first buckling
load was registered for the different plates subjected to different load cases of biaxial
or combined longitudinal uniaxial/in-plane shear loading. The second phase was to
perform the load-displacement analysis where plates were subjected to uniaxial
compression, assuming linear elastic material properties, to investigate model response
of the implemented formulations. The same plate models were used in the load
displacement analysis as for the eigenvalue buckling analysis. The third phase was to
perform failure initiation analyses for the FRP Sandwich plate 2, see Appendix A,
subjected to either biaxial or combined longitudinal uniaxial/in-plane shear loading.
Finally, a set of sensitivity studies was performed in order to investigate the validity
and limitations of the Sandwich PULS code.

The implementation of FSDT and sandwich theory into the Composite PULS code was
done using the programming language Fortran 95. The non-linear FEA was done in
Abaqus standard version 6.14-2, see Dassault Systemes (2014). In the non-linear
Sandwich PULS analysis and FEA the shape of the lowest buckling mode from the
buckling analysis was used as an initial imperfection for the load-displacement and
failure analyses.

1.4 Limitations and assumptions

The thesis was carried out in corporation with DNV GL and limited to extending the
already existing Composite PULS code. This chapter covers the limitations and
assumptions made for the development of the code towards predicting the ULS of
sandwich plates.

With the objective of developing the Sandwich PULS code for sandwich plates, the
structures investigated were geometrically limited to unstiffened rectangular plates with
symmetric layups. The development of the code was limited to ULS in terms of failure
initiation from face wrinkling, shear crimping and the Hashin-Rotem failure criterion
presented in Chapter 2.4.

The thesis was further limited to only study simply supported plates under uniformly
distributed uniaxial, biaxial or combined uniaxial longitudinal/in-plane shear loads,
from here on referred to as axial/shear loads. It is believed that these load cases create
a good representation of the in-plane loading conditions that occur in a largescale ship
structure. Since buckling of plates was of major interest, the thesis was limited to
studying in-plane loads only. Disregarding out-of-plane loads, e.g. hydrostatic pressure,
wave loads etc., made the analysis less conservative.

Neither simply supported nor clamped boundary conditions are considered as realistic
representations able to reproduce the behaviour of hull plates in a largescale ship
structure. Plates that are simply supported underestimate the structural stiffness, while
clamped plates make it too stiff. The real response lies somewhere in between the two.
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Simply supported plates were chosen because they produce lower ultimate loads and
by that a conservative result in comparison to clamped plates, Misirlis (2012).
Moreover, application of the Rayleigh-Ritz approximation method for clamped plates
1s difficult, since problems with convergence occur.

Four different plate models were used in the study:

Sandwich Plate System (SPS): layer-wise isotropic,
single-skin FRP Composite plate: orthotropic,

FRP Sandwich plate 1: isotropic core, orthotropic faces,
FRP Sandwich plate 2: isotropic core, orthotropic faces.

All four plates have various slenderness, i.e. thickness-to-breadth ratio, aspect ratio,
material properties and different layups, see Appendix A. Material behaviour was
assumed to be linear, while geometrical non-linearities were considered. All plates were
assumed to have an initial imperfection in the shape of its first buckling mode, with an
amplitude of 0.1% of the plate breadth. Verification of the developed Sandwich PULS
code was limited to results created in the FEA software Abaqus. The models in Abaqus
were limited to using shell elements.

1.5  OQOutline of the thesis

In Chapter 1, an introduction to the problem and motivation behind the work is
presented. Objectives, methodology, together with the project’s limitations and
assumptions are included.

In Chapter 2, the theoretical background that the thesis is based on is presented. It gives
a general description of composite materials and a description of their failure modes
and failure criteria. Related work done by others authors and the existing PULS code is
presented here.

In Chapter 3, the newly developed Sandwich PULS code is presented. Main changes in
the code due to the implementation of FSDT are described as well as sandwich plate
theories and solution procedures.

Chapter 4 presents the FE model and analysis procedure used for validating results with
Abaqus. The chapter includes a model set-up, a description of loading cases and
boundary conditions, choice of element type, mesh convergence study and analysis
steps.

In Chapter 5 results and discussion of results are presented. Results obtained with
Sandwich PULS are compared with Composite PULS and validated against Abaqus.

In Chapter 6 conclusions of the thesis are presented.
Chapter 7 presents recommendations for future work.

The Appendix chapters contain material data for plates that have been analysed in this
thesis. Further, a description of the theories and derived mathematical expression that
have been implemented in Sandwich PULS are presented.
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2  Theoretical background

This chapter gives a brief introduction to composite and sandwich materials, a
theoretical framework behind the existing PULS code as well as theories and
conclusions from related work done by other authors.

2.1 Composite materials

This chapter presents definitions for composite and sandwich materials based on work
done by Agarwal et al. (2006) and Zenkert (1997).

A composite material is defined as having two or more distinct constituent materials or
phases, but is mostly recognised as a composite material when there are significant
differences in the physical properties of the constituent phases. It is the combination of
properties from two or more materials that in many cases make them advantageous in
comparison to other materials considering strength-to-weight ratio, stiffness, toughness,
insulation, among other properties, Agarwal et al. (2006).

These properties vary with the type of constituents and the way the composite is
composed. Composites usually consist of a continuous phase embedded with one or
more discontinuous phases. Most commonly the discontinuous phases have superior
material properties acting as reinforcement, while the continuous phase termed as
matrix protects and keeps the reinforcement in place. Depending on geometry, the
reinforcing material can be categorized as either particles or fibres. Fibre-reinforced
composites are defined by the number of fibre layers as well as the orientation of the
fibres, Agarwal et al. (2006).

Composites with reinforcement embedded in matrix, yielding similar properties
through the thickness of the geometry, are referred to as single-skin designs. In contrast
to single-skin designs, composites also appear in discontinuous constellations with
layers of different material.

A sandwich element is defined as a three-layer geometry consisting of two thin faces
separated by a thick core, see Figure 2.1.
v

S R

A
d Ec’ Gc tc

1Y
*Atf

Figure 2.1 Sandwich plate. E is the Young’s modulus, G is the shear modulus, t is
the thickness and d is the distance between midplanes of the two faces.
Core properties are denoted with subscript c and properties of faces are
denoted with subscript f, from Zenkert (1997).

E LT
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The faces most commonly consist of the same stiff and strong material, while the core
consists of a light and comparatively weaker material. Both faces and core can be either
isotropic material or consist of composite materials with varying properties.

A sandwich element is designed so that the faces consisting of high-performing material
are situated as far as possible from the neutral axis and the centre of bending, hence the
faces will counteract external bending moments more efficiently. The core stabilizes
the faces against buckling and wrinkling, see Chapter 2.3, as well as resists shear,
keeping the faces bounded together, Zenkert (1997).

2.2  ULS prediction of composite and sandwich plates

The classical laminate plate theory (CLT), see Reddy (2004), is only valid for thin
plates, for which shear deformations can be neglected. This is not the case for sandwich
plates, which are usually considered as thick plates, and therefore the shear
deformations should be accounted for to capture accurate plate behaviour, see Zenkert
(1997). It is the poor shear stiffness of the core material that makes the transverse shear
deformations important.

Carrera and Brischetto (2009) presented and assessed a large variety of plate theories
for capturing composite and sandwich plate behaviour under bending and vibration.
The theories assessed are Classical laminate theory (CLT), First-order shear
deformation theory (FSDT) and Higher order theories (HOTs) with refinements
including higher order terms in the kinematic assumptions made for the displacements
field and by that creating a better representation of deforming sandwich plates. Further,
Layer-wise theories (LTs), where the number of variables is independent for each layer
as well as Mixed theories (MTs) including inter-laminar continuity of shear and normal
stresses at the interface of two adjacent layers, are assessed.

Carrera and Brischetto (2009) concluded that there are two independent sources of error
in the 2D modelling of sandwich structures, one related to length-to-thickness ratio
(LTR) and the other related to face-to-core-stiffness ratio (FCSR). For increasing FCSR
the kinematics of the two faces become increasingly independent. Errors caused by
FCSR cannot be reduced using even HOTs. To increase the accuracy, where FCSR
causes errors, LTs analysis becomes necessary. To reduce the errors due to LTR, HOT's
can be conveniently used.

For the plates investigated by Carrera and Brischetto (2009) with FCSR in a range of
10%-10°, CLT and FSDT are never reliable for thick or moderately thick plates. For thin
or very thin plates, accuracy of results is very much subordinated to the FCSR. It was
concluded that “CLT and FSDT are not suitable for application to sandwich plates, even
when very thin plates are considered”, Carrera and Brischetto (2009).

Compared to HOTs, FSDT is relatively simple to apply to semi-analytical methods for
predicting post-buckling response of composite plates, as it was done in work by Yang
(2014). Several material degradation models have been investigated by this author to
obtain an estimation of the ultimate strength. It was shown that a ply region degradation
model based on the FSDT assumptions yields accurate results for thicker plates, while
the strength estimations for thinner plates are underestimated. Yang’s suggestion for
future work is to implement his semi-analytical tool and degradation model into PULS.
He also suggests extending his methods to ultimate strength analysis of sandwich plates.

The key factor when FSDT is applied is the determination of the transverse shear
correction factor (K) that will yield accurate results and give good representation of the
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plate’s behaviour. K is used to compensate for the FSDT assumption that the transverse
shear strains are constant through the plate thickness. A generally proposed value of the
shear correction factor for single-skin layups is 5/6, Agarwal et al. (2006).

Birman and Bert (2002) discussed the importance of the shear correction factor (K) for
sandwich structures and how to evaluate it. Six methods for the estimation of K for
sandwich structures have been compared. These methods are based on:

1. the comparison of natural frequencies,

the comparison of average stresses throughout the cross section,
the minimization of the quadratic error of the shear stress,
modelling the sandwich structure as a discrete mass system,

the comparison of the shear strain energies and

the comparison of the average strains.

Methods 1-3 yield K = 1. Method 4 yields K = 1 for sandwich plates with very thin
faces only. If the thicknesses of the core and faces are in the same order, values of the
shear correction factor are even larger than 1. Methods 5 and 6 give an estimate of K as
a function of the stiffness and geometry. Both methods 5 and 6 yield low values of K if
the shear stiffness of the core is low compared to the shear stiffness of the faces, which
is usually the case for sandwich structures.

QbW

Structures, in this case plates, are seldom perfect and usually have small initial
geometrical imperfections. In a post-buckling analysis it is important to include initial
imperfections as the load-carrying capacity may be greatly overestimated when starting
out with a “perfect” structure, Bathe (1996). According to Bathe (1996) the lowest
calculated buckling load may be a reasonable estimate of the actual collapse load,
assuming that pre-buckling displacements are small. Therefore, defining initial
imperfections similar to the lowest buckling modes on a “perfect” structure could
greatly reduce the load-carrying capacity but also make it much more realistic.

Miisirilis (2012) developed an approach for progressive collapse analysis of composite
structures based on nonlinear FEA. During development, the effect on compressive
strength from boundary conditions, initial imperfections and material configurations
were investigated.

In his findings Misirlis (2012) presents the effects and importance of initial geometric
imperfection. ULS of composite plates is greatly affected by geometrical initial
imperfections when the plate is thick. The effect on ULS from amplitude of the
imperfection reduces with the slenderness of the plate. Irrespective of the slenderness,
ULS is greatly affected by the shape of the initial imperfection. Like Bathe (1996),
Misirilis (2012) concluded that the shape of the first buckling mode is a conservative
assumption, but not the most conservative one. The possibility of wrinkling and local
instabilities for laminates could cause further reduction of plate strength lower than that
of first-buckling mode shape imperfection. Misirilis (2012) also concluded that a
simply supported boundary condition is more conservative than a clamped condition,
as a clamped condition (and all investigated boundary conditions that constrained
unloaded edges) resulted in higher ultimate loads.

The only obtained source with regards to ultimate strength experimental results for
sandwich plates was Boyle et al. (2001). Boyle et al. (2001) presented experimental,
numerical and analytical results for buckling and post-buckling of orthotropic
rectangular sandwich plates with an aspect ratio of 1.33 or 2.0. The plates were made
of FRP faces with either an orthotropic balsa wood or isotropic foam core. The
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sandwich plates were subjected to uniaxial compression with clamped loaded edges and
simply supported unloaded edges. Boyle et al. (2001) concluded that there is good
agreement between analytical, numerical and experimental results of the buckling load.
Regarding post-buckling behaviour, there is poor agreement between the numerical and
experimental results.

2.3 Failure modes

For composites, failure can be initiated in many different ways; often internal material
failure occurs long before any changes in behaviour can be observed. Internal failure is
initiated through one or several of the following modes, as defined by Agarwal et al.
(2006):

1. breaking of fibres,

2. microcracking of the matrix,

3. debonding: separation of fibres from the matrix,

4. delamination: separation of lamina from each other in a laminated composite.

The severity of the failure modes differs greatly from one composite to another, highly
dependent on the material composition, reinforcement, geometry, layup and the kind of
loading applied to the geometry. Depending on the fibre volume fraction, failure tends
to be initiated in different ways for different loads.

For longitudinal tensile loading the most common failure initiation is fibre breakage at
the weakest cross section. Composites with fibre volume fraction under 40% exhibit
brittle failure, a fibre volume fraction between 40% and 65% yields brittle failure with
fibre pullout and a fibre volume fraction over 65% yields brittle failure with fibre
pullout and shear failure or debonding, Agarwal et al. (2006).

Subjected to longitudinal compressive loads composites with a fibre volume fraction
less than 40% exhibit matrix yield and/or matrix microcracking and debonding of
constituents. With a fibre volume fraction over 40% failure is initiated through
transverse tensile failure due to Poison’s ratio effects, shear failure or fibre
microbuckling. The fibre microbuckling occurs with either matrix still elastic, preceded
by matrix yielding or preceded by debonding of constituents, Agarwal et al. (2006).

For composites subjected to transverse tensile loads failure initiation occurs most
commonly by matrix tensile failure or debonding combined with the possibility of fibre
splitting. Composites subjected to transverse compressive loads exhibit matrix shear
failure or matrix shear failure combined with debonding and possibly fibre crushing.
Composites under in-plane shear loading fail either by matrix shear failure, debonding
or a combination of both, Agarwal et al. (2006).

Due to the differences in composition between sandwich plates and single-skin
composites, see Chapter 2.1, sandwich structures can fail in additional ways. The most
common failure modes for sandwich plates acting as beam elements are shown in
Figure 2.2 when exerted to different loads or load combinations, Zenkert (1997). One
can notice that for buckling loads different local buckling instabilities can occur in
addition to the global buckling - the instabilities which are of importance in this thesis.

10 CHALMERS, Shipping and Marine Technology, Master’s Thesis 2015:X-15/325



(a) (b) (c) (9) (h)

Figure 2.2 Failure modes for sandwich plates acting as beams under different
loads. (a) Face yielding under bending, (b) core shear failure under
shear loads, (¢ & d), face wrinkling under compression & bending, (e)
general buckling under compression, (f) shear crimping under
compression, (g) face dimpling under compression and (h) local
indentation due to lateral load, from Zenkert (1997).

2.4 Failure criteria

Local buckling failure criteria for sandwich plates, face wrinkling and shear crimping,
are presented in this chapter. Generally used failure criteria for orthotropic/composite
materials, the Hashin-Rotem and the Hashin failure criteria, are briefly described here
as well.

2.4.1 Face wrinkling

Several different expressions for the face wrinkling, local instability as seen in Figure
2.2d, can be found in literature. The one presented by Harris and Crisman (1965)
includes amplitude of initial waviness and distinguishes between core tension, core
compression and core shear failure. It can be applied to orthotropic material facings
under uniaxial compression. A similar yet simpler and more conservative expression
for the face wrinkling critical stress was proposed by Zenkert (1997). It states that face
wrinkling will occur when the compressive stress in face reaches the critical wrinkling
stress, defined as:

G_f,cr,x = 05 3\[ E_fxEchcx [MPa] (2 1a)
Gf,cr,y = 05 3\[ Ef)'Ecchy [MPa] (21b)

More detailed formulae for the biaxial loading case can be found in literature, but
according to experimental work presented in Allen (1969), Equations (2.1a) and (2.1b)
give good predictions and are on the conservative side. For combined loading cases
Sullins et al. (1969) suggested that the following interaction equation should be used:

3
o o,
( L1 ] +( L2 le (2.2)
O-f,cr,x O-f,cr,y
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where 0, and O , are the major and minor principal compressive stresses in the faces
defined as:

) 05
o, to, O, .—0,
Oy =L J_r[( fx -/ j +;§!X)} [MPa] (2.3)

2 2

2.4.2 Shear crimping

The core thickness and shear modulus must be adequate to prevent the shear failure in
the core under compressive loads as it can be seen in Figure 2.2(f). The described local
instability is known as shear crimping. Zenkert (1997) proposed a simple expression
for the shear crimping critical stress, which can be expressed as:

O =
foer [MPa] 2.4)
2,

where S is the shear stiffness of sandwich plate, which will be later described in
Chapter 3.3.

2.4.3 Hashin-Rotem and Hashin failure criteria

The Hashin-Rotem failure criterion, see Hashin (1973), and the Hashin failure criterion,
see Hashin (1980), are based on experimentally observed failures for different loading
conditions. Both are mode-dependent, i.e. different failure modes are being
distinguished.

The expressions for the Hashin-Rotem failure are rather simple and only in-plane stress
contributions are taken into the consideration. In addition, the Hashin failure criteria
include interlaminar stresses, i.e. out-of-plane normal and shear stress contributions.

Failure in fibre tension

Hashin-Rotem criterion:

2
LTI - (2.50)
XT
Hashin criterion:
2 2 2
(&j + (_Tn + TBJ —1 (2.5b)
XT SIZSI3

Failure in fibre compression

Hashin-Rotem and Hashin criterion:

2
0y

— | =1 2.6
) e
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Failure in matrix tension

Hashin-Rotem criterion:

2 2
(&] J{&J —1 (2.72)
YT S12

Hashin criterion:

2 2 2 2
o, +0 Ty, — 0,03 T +7T
( 22 33) + 23 222 33 + 12 13 — (27b)
YTZT S23 S12S13
Failure in matrix compression

Hashin-Rotem criterion:

2 2
(&J J{&J —1 (2.82)
YC Sl2

Hashin criterion:

2
[YCZC ] lj(% + 033j+(022 s %j PImTTOn T T y og,
282, Y. Z, 28, S, S12S1

According to Agarwal et al. (2006), the interlaminar stresses are negligible in the
regions away from the free boundary, i.e. free edges, holes, and joints, etc. If neglected
the described failure criteria are then almost the same, only the expression for fibre
failure in tension differs.

2.5 The PULS and Composite PULS codes

Panel Ultimate Limit State (PULS) is a semi-analytical calculation tool used for the
ultimate capacity prediction by estimating non-linear buckling response developed by
DNV GL. Only a brief description of the methods behind the PULS and Composite
PULS codes are presented here; more thorough descriptions can be found in works by
Byklum and Amdahl (2002), Byklum (2002), Steen and Byklum (2005) and Steen et
al. (2004).

The PULS code was first developed for unstiffened, regularly and non-regularly
stiffened and corrugated steel plates under uniaxial or biaxial compressive, tensile,
shear and/or out-of-plane loads. It is limited to simply supported rectangular non-curved
plates. Clamped plates can be modelled by adding springs to the plate edges with the
risk of obtaining inaccurate results if spring stiffness is poorly estimated. PULS was
extended to Composite PULS for the ULS prediction of unstiffened composite panels,
see Braaten and Bostrom (2013).

The PULS and Composite PULS codes are written in Fortran 95 programming language
and use MS Excel user-interface, which makes them both computationally efficient and
user friendly. The PULS and Composite PULS codes are based on CLT, i.e. the
Kirchhoff’s plate assumptions. To capture the non-linear post-buckling response of
plates, the large deflection plate theory, to account for initial imperfections Wy, 1S
implemented. The initial imperfection is set to take the shape of the first buckling mode,
while the amplitude of the imperfection can be selected (e.g. wg inie = b/1000).
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Energy methods, see Appendix D, are used to describe the non-linear plate response
due to the large deformation theory in the PULS and Composite PULS codes. Using
the principle of minimum potential energy a set of non-linear equilibrium equations is
developed, which can be solved by using the Rayleigh-Ritz method, see Appendix E.

If assuming CLT, as for the PULS and Composite PULS codes, the total potential
energy is expressed only by the mid-plane deflection w, which is approximated by using
a series of admissible functions together with unknown amplitudes. It is more
favourable to express the potential energy with as few approximated functions as
possible. Adding more functions results in more terms and consequently in a higher
computational cost, as explained in Braaten and Bostrom (2013).

The extensional and shear stiffness coupling contributions, i.e. terms A4 and A,¢ of
the extensional stiffness matrix, as defined in Appendix C, are not implemented in the
Composite PULS code. This simplification is reasonable, since there is no such
coupling if cross-ply layups are used. According to Agarwal (2006), for cross-ply
layups Q¢ and Q,¢ terms will cancel each other out if there is an equal number of plies
orientated at a positive and negative ply orientation angle 8 and having the same
thickness. Positions of these plies in such laminates are irrelevant.

Based on findings by Ashton (1969), additional simplification to not implement D¢
and D,¢ terms of the bending stiffness matrix, as defined in Appendix C, was made in
the Composite PULS code. For a general case there is a coupling between in-plane
stresses and shear strains and these terms should be included, as mentioned by Hareide
(2014). Therefore, terms D;¢ and D, are not to be neglected especially if layups that
include plies with +45°/-45° orientations are being investigated.

Stresses and displacement field are obtained in the PULS and Composite PULS codes
using the Airy’s stress function F, after which different failure criteria can be evaluated.
For the PULS code, the von Mises yield criterion is evaluated, while for the Composite
PULS code the Hashin-Rotem failure criterion is implemented, see Braaten and
Bostrom (2013).

A complete degradation model with instantaneous degradation was implemented in the
Composite PULS code. Symmetrical ply degradation was assumed in order to keep the
model conservative and because the PULS code cannot capture asymmetry (i.e. [B] =
0 or no coupling between strain and curvature is assumed). The implemented
degradation model was not fully validated and is not included. Only the first buckling
load and the Tsai-Wu failure criterion for FPF are being evaluated in the Composite
PULS code.
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3 Sandwich PULS

In this chapter, the further development of the PULS and Composite PULS codes is
presented. The new code is called Sandwich PULS. The main change compared to the
other two codes is the implementation of first-order shear deformation plate theory

(FSDT), which relaxes some assumptions of the Kirchhoff’s classical laminate plate
theory (CLT).

FSDT has been assumed even though HOTs would be preferred, as concluded by
Carrera and Brischetto (2009). Since one of the objectives of this thesis is that Sandwich
PULS should remain a computational tool with a low computational cost, it is believed
that implementation of HOTs would have made computational costs too high. Even the
implementation of FSDT could have a high computational cost as it was implied from
work done by Yang (2014).

Changes needed for this and implementations to the existing Composite PULS code are
briefly presented and highlighted in equations with dashed lines. Full derivations and a
more thorough explanation of theories implemented in Sandwich PULS can be found
in appendices as referred to in the text. General differences between the PULS,
Composite PULS and Sandwich PULS codes are presented in Table 3.1.

Table 3.1 General differences between the PULS, Composite PULS and Sandwich
PULS codes.
PULS Composite PULS Sandwich PULS
.. . . Sandwich/
Panel type Steel or aluminium Single-skin Multiple materials
Plate theory CLT CLT FSDT
. Rectangular, Rectangular, non-curved, unstiffened,

Geometries i

non-curved symmetrical layup

Simply supported, .

BCs “clamped” Simply supported
ULS Ultimate strength FPF/FFF/LPF FPF/FW/SC
Failure von Mises Hashin-Rotem/ Hashin-Rotem/
criteria Tsai-Wu FW/FC

The plate schematic geometry is presented in Figure 3.1 where notations used in this

chapter are indicated and described.
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Figure 3.1 Plate geometry where a is the length, b is the breadth, h is the thickness,
m is the number of buckling half-sine waves along the longitudinal
direction and n is the number of buckling half-sine waves along the
transverse direction.

3.1 Kinematics and displacement field

Composite PULS uses Kirchhoff’s assumptions, which are valid for thin plates only.
For thick plates and plates where shear deformations are not to be neglected, i.e. for
sandwich plates, first-order shear deformation theory (FSDT) needs to be implemented
in Sandwich PULS under the assumptions presented in Appendix B.

Since the PULS and Composite PULS codes are based on the large deflection plate
theory, the non-linear terms are added to the membrane strain in order to acquire better
approximation for the deflections that are large compared to the plate thickness. Due to
the implementation of FSDT the bending strains are dependent not only on the
derivative of the deflection, but also on the shear strains. The following extended strain
field is then defined as:

e =e"+z7k = %+l(a—wj2+%a—w +{a¢xj [-] (3.1a)
T * ox 2\ dx ox ox ax__ ) e
v 1{ow) ow. . ow 8¢
— 0 k - 220 4 ~| = it T FRRA R _
£, =& +zk, % +2(ay) + o o +z£ X ] [-] (3.1b)

--------- -

Vo =Vy +ik, =

du, dv, Owow Oow, . ow Ow, ow) {d¢ 0@ 3 [-1 (3.lc)
=l —+—+——+ " —+ " — |+ =+
dy dx dxdy ox dy 9y dx) 39y Ox]
V=S T8 il (3.1d)
H X E
Eyyz _a_y+¢y ['] (316)

16 CHALMERS, Shipping and Marine Technology, Master’s Thesis 2015:X-15/325



Displacement functions are represented in the form of truncated, i.e. finite number of
approximation terms, double Fourier series as:

M N

w=YYA, sin% sin% [mm] (3.22)
m=1 n=1

g E

. =YYB, cos%sin% ) (3.2b)

R ML=l e L

B |

=22 Cosin ™ cos T [] (3.20)
m=1 n=1

where M and N are the numbers of degrees of freedom used in the Rayleigh-Ritz
approximation method, see Appendix E.

There is no coupling between the membrane and the bending strains for symmetric
layups. Therefore there is no need for implementation of the in-plane displacement
fields, u and v, and only the three displacement functions, shown in Equations (3.2a),
(3.2b) and (3.2c), are used to describe the buckling problem when FSDT is applied.

3.2 Energy contributions

The principle of minimum potential energy is reformulated using the Rayleigh-Ritz
method in order to solve the buckling problem. Total potential energy consists of
separate energy contributions from in-plane (Up) and shear strains (Us) and energy
contribution from external forces (W) as:

...........

=0, #U W [Nmm] 33)

The in-plane strain energy contribution can be further divided into three contributions
associated, respectively, with the membrane strain energy U,,, the bending strain
energy U, and the strain energy U,,; due to bending-stretching coupling, as can be seen
in Equation (3.4). The latter is non-zero only for non-symmetric plates, which are not
within the scope of this thesis.

v, -1 JleF lolav - ! j j{g} (O e}dzda -
= [l Yt} oY 1Bl B Do = TN G4
=U,+U,, +'Ub

The implementation of FSDT into the Sandwich PULS code only influences the energy
contribution from the bending strains, since they are dependent on the curvatures, which
are further based on the FSDT assumptions, see Equation (B.5). The energy
contribution from the membrane strains and the potential from external loads are not
dependent on the implemented FSDT and is therefore kept unaltered, as presented in
Byklum (2002). As presented in Chapter 2.5, terms D, and D,¢ of the bending stiffness
matrix should be accounted for and are implemented in the Sandwich PULS code.
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The expanded bending strain energy contribution is expressed as:

U, = [ [Yichaa =

1 a b
2] D (k. + 2D,k k, + Dy (k, f +2D,k &, +
00
+ 2D,k k, + Dy, F Jdxay
il (2 Y, (2 Y
290 "lox® iaxl oyt igvi
wop [0 v 90w (9¥) [Nmm] (3.5)
Plox® fox i\ ay? oy

The shear strains are neglected in the Composite PULS code since CLT was assumed.
If FSDT is assumed, the shear strain contribution to the total potential energy has to be
implemented. It can be expressed as:

'UA . : %"[{K }T{O-J }dv : ....................................... \

hi2

— | [oY ey )dzan-

A-h/2

- [ (Yo Jon =

[Nmm] (3.6)

= % f [A44 (7. F +2A57.7, + A (7. ) ]dszé
............. -

Full derivations of the bending and shear strain energy contributions after the Rayleigh-
Ritz method is applied are shown in Appendix E.

3.3  Shear stiffness implementation

As mentioned in Chapter 2.2 the shear correction factor (K) has to be used to
compensate for the FSDT assumption that the transverse shear strains are constant
through the plate thickness. In Sandwich PULS shear correction is accounted for and
implemented inside of the transverse shear stiffness matrix [Ag] calculation, i.e. inside
terms Agy, Ays and Ass.
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Dependent on the type of plate being analysed in Sandwich PULS, a different shear
correction approach is used. For a general single-skin orthotropic plate this is done by
applying the shear correction factor K to the shear stiffness matrix as:

(1=Kl )=2 (4] (N/mm) (.70

where K = 5/6 is a general valid and accepted value for orthotropic plates, see Agarwal
et al. (2006).

For a sandwich plate the method presented by Birman and Bert (2002), which is based
on the comparison of the shear strain energies, is used to evaluate the shear correction
factor. If the sandwich core has low stiffness, both axial and shear, compared to the
stiffness of the faces, the shear stiffness matrix can then be obtained as:

11~ 2< O
[AS]:K[AS]—2.35G

[A'] N/mm] (3.7b)
f

Two different options for sandwich plates to compensate for the assumption of constant
shear stress through the thickness are presented in Zenkert (1997). Both options assume
that a sandwich plate has thin faces, i.e. ty < t., weak core, i.e. Ef > E, and that the
shear moduli G of the faces are large. An assumption that A,5 = A5y = 0 can also be
made since most core materials are at least orthotropic (for example balsa, honeycombs)
or even isotropic (for example most foams). For an isotropic core the terms A,4 and
Ass are equal and Zenkert (1997) proposes two options for how to obtain them:

A, =As =Gt [N/mm] (3.7¢)

2

Gd
A, =As= ‘t [N/mm] (3.7d)

c

All four options for the shear stiffness evaluation are implemented in the Sandwich
PULS code. Results from sensitivity studies dependent on these options are presented
in Chapter 5, where the options are denoted as:

Koptl: shear stiffness evaluated using Equation (3.7¢),
Kopt2: shear stiffness evaluated using Equation (3.7d),
Kopt3: shear stiffness evaluated using Equation (3.7b),
K=5/6: shear stiffness evaluated using Equation (3.7a).

3.4  Solution procedure

A presentation of the solution procedure that is used in the Sandwich PULS code
follows the methodology of this thesis, as presented in Chapter 1.3. First, the procedure
for solving the eigenvalue problem is presented, which is to be used for defining the
imperfection shape and represents one of the ULS loads, see DNV (2013). The
incremental solution procedure, which is needed for capturing the buckling and post-
buckling behaviour of the plate, is presented next. The procedure to obtain the failure
initiation load is presented last.

The eigenvalue analysis and the incremental solution method are completely separated
calculation processes in the PULS codes, even though almost the same theoretical
principles and similar problem formulations apply for both. Because of that, the
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implementations of the FSDT in the eigenvalue analysis and the load-displacement
analysis are presented in separate sections.

Only parts that have been changed in the solution procedure due to the implementation
of FSDT are presented in this chapter. Further and more detailed descriptions of the
procedure can be found in Yang (2014), Byklum (2002) and Steen (1998).

3.4.1 Eigenvalue analysis

The eigenvalue, i.e. first critical buckling load, is obtained after solving the following
system of equations written in a general matrix form:

(& ]- Alxe fat={0} (3.8)

where [K™] is the material stiffness matrix, [K¢] is the geometric stiffness matrix, A
is the eigenvalue and {4} is the corresponding eigenvector.

The displacement field corresponding to FSDT, shown in equation (3.2), has 3
displacements: the out-of-plane displacement and the additional shear strains. The
displacement vector corresponding to the eigenvalue and to the assumed displacement
field can be written as:

(3.9)

Due to the expanded displacement field, the material and geometric stiffness matrices
are 9-times larger. The material stiffness matrix is obtained after the in-plane strain
energy contribution is derived twice with respect to the displacement amplitudes, as
shown in Equation (3.10).

U i U o°U

, . a 2U ....... U 2U :
;aBijaA,d aBijaBkl 9B ijackl
) 2U 0 2[] 82U :

]-

[N/mm or N or Nmm)] (3.10)

In a similar manner, the geometric stiffness matrix is obtained. It should, however, be
noted that the geometric stiffness matrix is not dependent on the implementation of
FSDT. The matrix is expanded with terms equal to zero in order to match the material
stiffness matrix dimensions, since the external load potential is dependent only on the
out-of-plane displacement.
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The exact size of the stiffness matrices, i.e. the exact size of the eigenvalue system of
equations, depends on the chosen number of terms, i.e. degrees of freedom, for the
Rayleigh-Ritz trial functions, see Appendix E.

Derived final expressions for the stiffness sub-matrices are shown in Appendix F and
are implemented in the Sandwich PULS code. The material and geometric stiffness
matrices are evaluated and sent to the eigenvalue solver, which is a built-in Fortran
subroutine. As a result, the eigenvalue for a certain loading case is obtained.

3.4.2 Incremental solution method

The perturbation incremental method, see Steen (1998), is applied to predict pre- and
post-buckling behaviour in the PULS codes. This method makes it possible to solve the
non-linear plate equilibrium equations in increments by computing the rate form of
these equations with respect to the perturbation parameter. The latter one is varied from
0 to 1 within each stage, which makes the load path piecewise linear. If the perturbation
parameter is sufficiently small, i.e. if a sufficiently large number of load stages is used,
any load history can be approximated by using this procedure, Steen (1998).

If the arc length parameter An is used as the perturbation parameter, the relation linking
the change in the arc length parameter with a change of the external load and a change
of displacement and shear strains, must be satisfied:

AN +Ag2, =AR° [-] (3.11)

As mentioned, here q,,, are not only the displacement amplitudes, i.e. A,,, as in the
PULS and Composite PULS codes, but also the shear strain amplitudes, i.e. By, and
Cinn. since FSDT is applied. The displacement amplitudes are to be made non-
dimensional with respect to the plate thickness as:

9 = % [_] (3 12)

As the increment size goes towards zero, the relation is found by combining Equation
(3.11) and Equation (3.12) and thus arriving at:

. A : : e
N+ =54 B+ Cri=l ] (3.13)
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3.4.3 Procedure for solving incremental equations

Here the procedure for solving the first-order incremental equations is briefly described,
based on the work done by Yang (2014). First, incremental equilibrium equations need
to be established in a similar manner as for the eigenvalue analysis. The principle of
minimum total potential energy should be written in the rate form as:

— | ausssssssssssssssssssssssssssssEnan -

T i 9 0’1
9A,,0A, 104,98, 9A,0C,
i o'l o’ 9’ L A=fo) G.14)
:0B,,04, 0B,0B, 0B,dC," E '
P 0Tl 0’Il 0°I1
Jacm"aAkl ..... aCmnaB J2 8 g’.”!’?.g}"h_

Or rewritten as:
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(KA, }+{G}A ={o} (3.15)

where [K] is the incremental stiffness matrix, {G} is the incremental load vector and A
is the rate of load parameter.

The incremental stiffness matrix can be rewritten as:

(K] (Kl (K]
[K]: [KBA] [KBB] [KBC] [N/mm] (3.16)

[Kei] [Kes] [Kec]

All implementations are based on the conclusions made and discussed in Chapter 3.2
when explaining the potential energy contributions.

Due to the relaxed in-plane rotation assumptions of FSDT, the incremental stiffness
submatrices are dependent on the energy contribution from the bending strains, which
are redefined as shown in Equation (3.5). The energy contribution from shear strains,
which are redefined as shown in Equation (3.6), is included in the [Kpg] and [K] sub-
matrices. The membrane strains and the external load potential only influence the [K4 ]
sub-matrix, which has not been affected by the implementation of FSDT. Derived
expressions for the bending and shear strain-based stiffness matrices are shown in
Appendix F.

With FSDT applied, the system of (3 - M - N) equations, see Equation (3.14), has (3 -
M - N + 1) unknowns. An equal number of terms is assumed for the three displacement
fields, i.e. DOF = M - N for each displacement or shear strain. DOF along the shorter
plate edge, i.e. N, is set manually, while DOF along the longer plate edge is dependent
of the plate aspect ratio, i.e. M = a/b - N.

The last equation needed to solve the linear system of equations is Equation (3.13) that
has been previously extended due to the implemented FSDT. After Equation (3.15) is
inserted into Equation (3.13) the arc length increment / can be obtained as:

t

> ([x ]‘I{G})ZE [-] (.17

A=+

One should observe that the additional summation over shear strains term is present in
(3.17) due to the implementation of FSDT.

The load parameter and the displacement and shear strain amplitudes for the next stage
are calculated as:

(s+) _ A(s) A,
AT =A" +AUW [mm or -] (3.18a)

A" =AY + Ang oA
o7

[mm] (3.18b)

Equations (3.18a) and (3.18b) can be written in the expanded Taylor series form, but if
a small increment size is used it is enough to take only the linear terms and still keep
sufficient accuracy. Using the second and higher order terms will only increase
computational cost, as concluded in Byklum (2002). Due to this simplification, the
estimated deflections are smaller than the real ones for all PULS codes, if a small
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enough increment size is not used. This effect becomes more significant in the areas
where change in deflection is large, i.e. where the non-linear Taylor series terms
become non-negligible.

3.4.4 Failure initiation

The incremental procedure is stopped when a given failure criterion is reached. Since
sandwich plates are in the scope of this thesis, the face wrinkling (see Chapter 2.4.1)
and the shear crimping (see Chapter 2.4.2) local instability failure criteria have been
implemented in the Sandwich PULS code. The Hashin-Rotem failure criterion (see
Chapter 2.4.3) was already implemented in the Composite PULS code and can be
evaluated in the Sandwich PULS code as well.

To satisfy sufficient accuracy in the PULS codes when close to failure, the increment
parameter A7 is made smaller until stress from the applied external loads is within 1%
of the failure stress.

CHALMERS, Shipping and Marine Technology, Master’s Thesis 2015:X-15/325 23



24

CHALMERS, Shipping and Marine Technology, Master’s Thesis 2015:X-15/325



4  Finite element analysis

This chapter presents the FE model and analyses used to compare and validate the
PULS, Composite PULS and Sandwich PULS codes. All models and analyses were
made in the FE software Abaqus/Standard, see Dassault Systemes (2014).

4.1 Model set up

All geometries, in this study all rectangular plates, were modelled as two-dimensional
deformable planar shell elements. In order to define the composite materials, the
composite-layup tool in Abaqus was used. To analyse the different loading cases,
uniaxial, biaxial and axial/shear loading, two different set ups were used. All plates
were simply supported for all loading conditions and for details about boundary
conditions and model set-up see Chapter 4.2.

All plates were modelled using conventional shell elements with both displacement and
rotational degrees of freedom. Element types supported for analysis of laminated
composite plates are based on first-order shear flexible theory. In this theory the
transverse shear strain is assumed to be constant through the thickness of the shell. In
order to estimate interlaminar shear stresses the shear correction factor was derived in
Abaqus from the distribution of transverse shear stresses, see Dassault Systemes (2014).
To obtain interlaminar stresses, the shell was numerically integrated during analysis
using Simpson’s rule allowing integration points at the interface of two layers. Three
integration points were defined through the thickness for each layer, at the top, in the
middle and at the bottom.

To investigate the validity of the shell theory, i.e. if the assumption that plane sections

remain plane is satisfied, Equation (4.1) where the left side is the material, a slenderness
ratio was used.
Kl

——>100 [] 4.1)

(a+3)(a+3)

Ki; is the shear stiffness, D;; is the section stiffness and [ is a characteristic length on the
surface of the shell. If the expression in Equation (4.1) is satisfied, the shell theory is
sufficient. If the expression is not satisfied, membrane strains will not vary linearly
through the section and shell theory might give inaccurate results. The shear stiffness,
Kij, and section stiffness, D;j, were obtained from the Abaqus data file filename.dat after
running a data check of the analysis with defined pre-processor output. All plates used
in the study, see Appendix A, fulfilled the expression in Equation (4.1), hence the shell
theory is valid.

4.2 Load cases and boundary conditions

In this section the boundary conditions for different load cases are presented. Figure 4.1
shows the load cases applied to the plate models.
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Figure 4.1 Loading conditions investigated: biaxial (a-left) and axial longitudinal/
in-plane shear (b-right).

4.2.1 Uniaxial and biaxial load cases

For the uniaxial and biaxial load cases, loads were applied in a reference point outside
the geometry as concentrated forces. The boundary conditions were set up so that one
edge was free to move and another was restricted in the longitudinal and transverse
directions, respectively, see Table 4.1. The loads in the longitudinal and transverse
directions were each applied uniformly distributed over the edges by using equation
constraints between the reference point and the edge free to move in the respective
direction. By defining all edges as sets, the edges were made sure to remain straight
when loads were applied.

Table 4.1 Boundary condition set-up used for simply supported plate under bi-
axial load cases where a is the length, b is the breadth and UI-U3 are
the displacements in the respective dirrections.

X=0 X=a Y=0 Y=b
U3=0 U1=U3=0 U3=0 U2=U3=0

4.2.2 Axial longitudinal/in-plane shear load cases

For the axial/shear load cases both axial loads and shear loads were applied as uniformly
distributed shell edge loads. All edges were simply supported to restrict out-of-plate
displacement. Instead of restricting edges in the longitudinal and transverse direction,
two nodes in corners were restricted, which allowed for deformations caused by the
shear loading. The boundary conditions for axial/shear loading are explained in Table
4.2.

Table 4.2 Boundary condition set-up used for simply supported plate under axial/
shear load cases where a is the length, b is the breadth and Ul-U3 are
the displacements in the respective dirrections.

X=0 X=a Y=0 Y=b X=0,Y=0 | X=a, Y=0
U3=0 U3=0 U3=0 U3=0 U1=U2=0 U2=0

4.3 Element type

For 2D planar shell models in Abaqus/Standard one can assign either triangular mesh
elements, quadrilateral mesh elements or quad-dominated mesh elements. A quad-
dominated element shape primarily uses quadrilateral elements but allows for element
degeneration to triangular elements in transition regions. The elements supported for
the modelling of composite shells all use five or six DOF. Elements using five DOF are
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only suitable for “thin shells”, where thin-shell theory is assumed, and take no out-of-
plane shear contribution into consideration. Solutions for “thick plates” can be
inaccurate using elements with five DOF, why these elements were disregarded. Most
element types come with the option of reduced or full integration. Reduced integration
is indicated by “R” in the element name, with fewer integration points in each element.
Full integration is advantageous when greater solution accuracy is required, but requires
more computational effort.

With the option to choose geometric order, the available elements are a three-node
linear or six-node quadratic triangular element, or a four-node linear or eight-node
quadratic quadrilateral element, see Figure 4.2. Triangular elements provide accurate
results in most situations but might require high mesh refinement in order to do so. That
is due to utilizing constant bending and membrane strain approximations, why solutions
involving large strain or high strain gradients might yield inaccurate solutions. S3 and
S3R refer to the same 3-node triangular shell element that is a degenerated version of
S4R, compatible with both S4R and S4. A drawback using degenerating elements is
that when connection between elements change as they degenerate, the solution
accuracy can be slightly off. Only using rectangular plates in this study, element
degeneration is not considered necessary, why triangular elements are disregarded. The
quadrilateral element types considered are four-node linear S4 or S4R and eight-node
quadratic S8R, all using six DOF.

Linear Quadratic

VANAN

Triangular

Quadrilateral

Figure 4.2 Triangular and quadrilateral element shapes with three, six, four or
eight nodes, from Dassault Systemes (2014).

S4 and S4R are both linear quadrilateral elements based on four-node elements,
accounting for finite membrane strain and suitable for large strain analysis. S4 elements
are fully integrated, having four integration points per elements, compared to one
integration point per element for elements using reduced integration, for example S4R
and S8R.

S8R is a second-order element developed for analysis of thick shells limited to small
strain. Being limited to small strain, solution accuracy using S8R elements might
degrade as the strain increases. In order to function properly, transverse shear flexibility
is required, Dassault Systemes (2014). Having eight nodes per element, the same
accuracy can be obtained with fewer elements for plates under large deflection
compared to linear quadrilateral elements with four nodes.

An analysis of the FRP Sandwich plate 2 under uniformly distributed uniaxial
compression was performed for 3200, 5000 or 20000 number of elements of type S4R,
3200 elements of type S8R or 3200 elements of type S4. Figure 4.3 shows 3200 number
of elements of type S4R, Figure 4.4 shows 20000 number of elements of type S4R.
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Figure 4.3  FRP Sandwich plate 2 (900x1800 mm) under uniformly distributed
uniaxial compression for 3200 number of elements of type S4R showing

out-of-plane displacement. The deformation was scaled with a factor of
7 in all directions.

3
+2.051e+01

Figure 4.4  FRP Sandwich plate 2 (900x1800 mm) under uniformly distributed
uniaxial compression for 20000 number of elements of type S4R showing

out-of-plane displacement. The deformation was scaled with a factor of
7 in all directions.

The five cases of different numbers of elements and element type are compared in terms
of load-displacement for end shortening and maximum out-of-plane displacement, see
Figure 4.5, as well as the first buckling load and the FPF load, see Table 4.3.
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Figure 4.5  Load-displacement for FRP Sandwich plate 2 (900x1800 mm) under

uniformly distributed uniaxial compression with different element types
and number of elements for plate end shortening (a-left) and maximum
out-of-plane displacement (b-right).

Table 4.3 First buckling load and FPF load for different element types and number
of elements.
S4R-3200 | S4R-5000 | S4R-20000 | S8R-3200 | S4-3200
Buckling load [MPa] 31.27 31.25 31.23 31.23 31.24
FPF [MPa] 28.35 28.33 28.30 28.03 28.34

For the FRP sandwich plate under investigation, FPF occurs before buckling and the
limitation to small strain for S8R elements does not influence the results. Element type
S4 gave the same solution as S4R, indicating that increased solution accuracy is not
required. S4 outperforms S4R as well as S8R in terms of range of solution as the
analysis for both S4R and S8R abort at about the same value, while S4 keeps going.
This indicates that for analyses further than FPF, full integration using S4 elements
might be advantageous.

Element type S8R was the most conservative even though differences were small. At
the point of FPF the difference between S8R and the others element types was about
1%. The difference between type S4R with 3200 elements and 20000 elements is less
than 0.2% for FPF. The S4R element was chosen as it was concluded to give results
with sufficient accuracy for FRP Sandwich plate 2, having the lowest computational
time. FRP Sandwich plate 2 had the most complex set-up of all plates investigated, see
Appendix A, experiencing the most shear effects. Therefore, FRP Sandwich plate 2 was
considered to require the most advanced element type, why element type S4R is
considered to give results with sufficient accuracy for all plates.
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4.4  Analysis steps

In this section the analysis procedures for each analysis step, eigenvalue analysis, load-
displacement analysis and post buckling analysis up to first ply failure are presented.

In Abaqus the eigenvalue buckling problem is solved by finding buckling loads using
linear perturbation. The buckling analysis is initiated at the base state, with a preload
PY subjected to the geometry. In this eigenvalue analysis where critical buckling loads
are to be found, preloads are set to zero. In the buckling analysis, reference loads Q¥
are scaled by load multipliers 4; in order to find the number of requested buckling
modes.

The critical buckling loads can be defined as:
PY+ 40" =0 (4.2)

N is a number of degrees of freedom and i indicates the buckling mode. With zero
preloads and the reference load Q¥ = 1 MPa each eigenvalue yielded the external force
subjected to the geometry, which is the critical buckling load for every buckling mode.
Figure 4.6 shows the first buckling mode obtained for the FRP Sandwich plate 2 under
uniaxial loading.

u,uz
+1.000e+00

Figure 4.6 Out-of-plane displacement for the first buckling mode of FRP sandwich
plate 2 (900x1800 mm) under uniformly distributed uniaxial loading in
the longitudinal direction.

In Abaqus, an eigenvalue buckling analysis can sometimes result in negative
eigenvalues corresponding to negative buckling modes. In most cases the occurrence
of negative eigenvalues is the software’s feature to indicate that the same load applied
in the opposite direction would make the structure buckle. One of the most common
cases is a plate under shear loading, where the same eigenvalue is reported both positive
and negative, which indicates that the plate would buckle at the same shear load if
applied in the opposite direction, Dassault Systemes (2014).
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In many cases the physical behaviour of negative buckling modes can be understood
when displayed. Sometimes negative eigenvalues correspond to buckling modes not
possible to explain in terms of physical behaviour, which could be if a preload is applied
that causes geometrical nonlinearities. In such cases a geometrically nonlinear load-
displacement analysis could be performed to investigate the possibility of unstable
collapse. A way to avoid negative buckling modes could be by applying a preload,
Dassault Systemes (2014).

In a few cases with axial/shear loading the eigenvalue buckling analyses yielded
negative eigenvalues as well as positive ones. This problem occurred especially for the
SPS plate where for some load combinations no positive eigenvalues could be found
without greatly increasing the number of iterations and by that the computational time.
To avoid this problem the eigenvalue solver method was changed from Subspace to
Lanczos, which allowed minimum eigenvalue of interest to be specified. In that way
negative eigenvalues were bypassed and the positive eigenvalues found without
significant difference in computational time.

The load-displcement analyses were performed using the Static Riks analysis
procedure, which accounts for geometrical and material non-linearities. Static Riks is
an incremental solution method with a reference load that scales with a load
proportional factor for each increment. The incrementation is based on arc length
allowing the Riks method to solve for loads and displacements simultaneously,
Dassault Systemes (2014).

Automatic arc length incrementation was used to allow the analyses to shorten step
length when required and to increase the step when allowed in order to save
computational time. The initial arc length increment was 0.1, minimum 0.001 and
maximum 1 to assure continuous output without having too large steps.

For the load-displacement and post-buckling up to first ply failure analyses the buckling
shape corresponding to the first buckling load was used as initial imperfection with an
amplitude of 0.1% of the breadth for each plate, respectively. Initial imperfection was
implemented by adding the string *NODE FILE, U to the keywords in the buckling
analysis, which logs the shapes of all the buckling modes requested for in the analysis.
The initial imperfection used was chosen by adding the string *IMPERFECTION,
FILE=file name, STEP=I, followed by the buckling mode requested and the
imperfection amplitude into the keyword of the analysis.

In the third step of the analysis, post-buckling behaviour up to first ply failure was
investigated. This analysis step was performed for the FRP sandwich plate 2, see
Appendix A. Damage initiation for fibre-reinforced composites based on Hashin’s
damage initiation theory was added to the model. The failure initiation criteria can be
set to follow either the model proposed by Hashin and Rotem by setting the parameter
a=0, or the model proposed solely by Hashin, taking out-of-plane normal and shear
stress contributions into consideration, by setting a=1, see Appendix G. For this study
the Hashin failure criteria, see Chapter 2.4.3, was used to register failure initiation.

4.5 Mesh convergence study

A mesh convergence study was performed in order to investigate the required mesh size
for convergence of Abaqus results, and at the same time keep the number of elements
down in order to maintain computational efficiency. The convergence study was
performed by computing the eigenvalue corresponding to first buckling load for a set
of mesh sizes under biaxial or axial/shear loading. As the four plates used in the study
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have different aspect ratios, the number of elements was determined along the breadth.
Each plate was assigned mesh with 10, 15, 20, 30, 50 and 100 elements over its breadth,
respectively, as well as an initial mesh size generated by default settings in Abaqus. The
range of the initial default meshes varied from 10 to 25 elements along the breadth for
the four different plates. The mesh convergence study was performed with S4R
elements used in the study, see Chapter 4.3. Figure 4.7 shows the mesh convergence
for the FRP Sandwich plate 2.
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Figure 4.7  Mesh convergence for FRP Sandwich plate 2 (900x1800 mm) subjected
to biaxial (a-left) or axial/shear (b-right) loading. The chosen mesh size
is indicated with a red square in the figures.

All but one initial mesh size for the four plates showed less than 1% difference for first
buckling load compared to the finest and converged mesh with 100 elements along the
breadth. The value not below 1% difference was the single-skin FRP composite plate
under axial/shear loading, where the buckling load was 2.3% higher. The mesh was still
believed to give results accurate enough for the eigenvalue analysis. For the load-
displacement analysis a new mesh was regenerated for the single-skin FRP Composite
plate so that all plates contained a mesh with at least 20 elements along the breadth,
which assured less than 1% difference in results compared to the finest and converged
mesh size. For the FRP Sandwich plate 2, a mesh size with 40 elements along its breadth
was assigned for the failure initiation analysis. 40 elements along the breadth
correspond to 3200 number of elements in total with element sizes of 22.5x22.5 mm.
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5 Results and discussion

This chapter presents the results from all numerical simulations and calculations using
the different versions of the PULS codes and the FE models presented in Chapter 4.
Together with the results, detailed discussions of observations made are presented. The
different versions of the PULS codes are referred to as C-PULS (Composite PULS,
described in Chapter 2.5) and S-PULS (Sandwich PULS, developed in this thesis as
described in Chapter 3). The structure of this chapter follows the methodology of this
thesis, which is presented in Chapter 1.3.

Results presented as interaction curves for the plates under biaxial loads show
interaction for the applied uniformly distributed longitudinal and transverse loads.
Interaction curves for the plates under axial/shear loads show interaction for the applied
uniformly distributed uniaxial longitudinal and shear loads.

In Chapter 5.1 the eigenvalue analysis results are presented and discussed for all four
plates investigated, see Appendix A. The discussion is focused on the agreement
between the first buckling loads from S-PULS and Abaqus, as well as on the differences
between the first buckling loads from S-PULS and C-PULS. The first buckling loads
are presented as interaction curves for varying combinations of biaxial or axial/shear
load cases. “SigmaX,crit.” and “SigmaY ,crit.” denote the first buckling loads in the
longitudinal and transverse directions, respectively. “TauXY,crit.” denotes the first
buckling load, when the plates are subjected to shear load.

In Chapter 5.2 the load-displacement analysis is presented. Load-displacement curves
are obtained, describing model response, for all four plates, see Appendix A, under
uniformly distributed uniaxial longitudinal compression denoted as “SigmaX”.

Chapter 5.3 presents the failure initiation analysis. The FPF and sandwich failure loads
are presented as interaction curves for the FRP Sandwich plate 2, see Appendix A,
under varying combinations of biaxial or axial/shear loads. “SigmaX.,fail.” and
SigmaY ,fail.” denote the failure initiation loads in the longitudinal and transverse
directions, respectively. “TauXY,fail.” denotes the failure initiation load, when the
plates are subjected to shear load.

Final parts of this chapter cover sensitivity studies performed on the FRP Sandwich
plate 2 presented in Chapter 5.4, which provide an assessment of the Sandwich PULS
code validity for different breadth-to-thickness, face-to-core shear stiffness and aspect
ratios.

As explained in Chapter 3.3, different options for the shear stiffness evaluation of
sandwich plates are implemented in the Sandwich PULS code and used for the FRP
Sandwich plate 2. Results dependent on these evaluation options and are denoted as:

Koptl: shear stiffness evaluated using Equation (3.7c),
Kopt2: shear stiffness evaluated using Equation (3.7d),
Kopt3: shear stiffness evaluated using Equation (3.7b),
K=5/6: shear stiffness evaluated using Equation (3.7a).
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5.1 Eigenvalue analysis

Validation of the Sandwich PULS code, after the implementation of FSDT, for the
eigenvalue analysis was done in steps for plates with increasing complexity. The
Sandwich PULS code was tested and validated for the SPS, single-skin FRP Composite
plate, FRP Sandwich plate 1 and for the FRP Sandwich plate 2. Plate dimensions and
material properties for the plates can be found in Appendix A. Sandwich PULS (S-
PULS) is compared to Composite PULS (C-PULS) and validated against Abaqus.

5.1.1 Sandwich Plate System (SPS)

For the biaxial load cases, differences between S-PULS and Abaqus results are up to
13%, see Figure 5.1, while for the axial/shear load cases differences are below 5%, see
Figure 5.2. For the SPS plate the importance of transverse shear deformations is large.
S-PULS shows good agreement with Abaqus, while C-PULS gives overestimated first
buckling loads.
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Figure 5.1 The first buckling load interaction curves for the SPS plate under biaxial
loads for C-PULS and S-PULS, validated against Abaqus.
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Figure 5.2 The first buckling load interaction curves for the SPS plate under
axial/shear loads for C-PULS and S-PULS, validated against Abaqus.
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The different buckling modes, i.e. different numbers of half-sine waves in the
longitudinal direction, yield different first buckling loads as presented in Figure 5.3. In
S-PULS the first buckling modes shift from four half-sine waves (m = 4) to only one
half-sine wave (m = 1) in the longitudinal direction. Abaqus yields a buckling mode
shifting in steps from four to one half-sine waves, which can explain the disagreement
between the S-PULS and Abaqus predicted first buckling loads in this region.
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Figure 5.3  Shifting between different buckling modes for S-PULS and Abaqus,
where m is number of half-sine waves in the longitudinal direction.

5.1.2 Single-skin FRP Composite plate

Both C-PULS and S-PULS show good agreement with Abaqus for biaxial and
axial/shear loading cases. For biaxial loading differences between S-PULS and Abaqus
are at most 2.1%, see Figure 5.4. For the axial/shear loading case, shown in Figure 5.5,

differences between the results are up to 9%; a majority of the results still differ less
than 5%.
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Figure 5.4  The first buckling load interaction curves for the single-skin FRP
Composite plate under biaxial loads for C-PULS and S-PULS, validated
against Abaqus.
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S-PULS is more conservative for positive shear loads, while for opposite shear loads it
is less conservative, see Figure 5.5. Results obtained with C-PULS and S-PULS are
symmetric, i.e. an opposite direction of the shear load gives the same eigenvalue, while
the Abaqus interaction curve is shifted down.
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Figure 5.5  The first buckling load interaction curves for the single-skin FRP
Composite plate under axial/shear loads for C-PULS and S-PULS,
validated against Abaqus.

Since the single-skin composite plate analysed is considered as a thin plate, the effect
from shear strains accounted for in S-PULS is small, resulting in very similar results
for C-PULS and S-PULS.

5.1.3 FRP Sandwich plate 1

The FRP sandwich plate 1 shows good results under both biaxial loading, see Figure
5.6, and axial/shear loading, see Figure 5.7. In both cases the differences between S-
PULS and Abaqus are less than 2%.
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Figure 5.6 The first buckling load interaction curves for the FRP Sandwich plate 1
under biaxial loads for C-PULS and S-PULS, validated against Abaqus.
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Figure 5.7  The first buckling load interaction curves for the FRP Sandwich plate 1

under axial/shear loads for C-PULS and S-PULS, validated against
Abaqus.

It can be noticed that C-PULS and S-PULS show very similar results. As for the single-
skin composite plate the FRP Sandwich plate 1 is considered as a thin plate, where the
effect from shear strains is small. Additionally, the plate does not fulfil assumptions of
the sandwich plate theory implemented in S-PULS, presented in Chapter 3.3, since the
faces are not thin compared to the core thickness.

5.14 FRP Sandwich plate 2

The FRP sandwich plate 2 shows good agreement between “S-PULS, Koptl”, “S-
PULS, Kopt2” and Abaqus under biaxial load cases, see Figure 5.8, and axial/shear
load cases, see Figure 5.9. C-PULS gives overestimated critical buckling loads, while
“S-PULS, Kopt3” results are over-conservative for all load cases. “S-PULS, Koptl”
shows better agreement for the plate under biaxial loads, while “S-PULS, Kopt2” gives
better results for the plate under axial/shear loads compared with Abaqus.
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Figure 5.8  The first buckling load interaction curves for the FRP Sandwich plate 2
under biaxial loads for C-PULS and S-PULS with different shear
stiffness evaluation options, validated against Abaqus.
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Figure 5.9  The first buckling load interaction curves for the FRP Sandwich plate 2
under axial/shear loads for C-PULS and S-PULS with different shear
stiffness evaluation options, validated against Abaqus.

FRP Sandwich plate 2 fulfils the assumptions of the sandwich plate theory implemented
in S-PULS, presented in Chapter 3.3, having thick and soft core and thin faces. The
effect from shear strains is great and “S-PULS, Koptl” and “S-PULS, Kopt2”
outperforms C-PULS. “S-PULS, Koptl” is more conservative compared to “S-PULS,
Kopt2”, since the latter one accounts for some of the face thickness, which slightly
increases shear stiffness, see Chapter 3.3.

5.1.5 Concluding remarks

It was found that for the SPS plate and the FRP Sandwich plate 2, where the effects
from shear strains are considerable, CLT is no longer adequate and the difference
between C-PULS compared to S-PULS and Abaqus is significant. For FRP Sandwich
plate 2 critical buckling loads predicted by S-PULS are within a 10%, mostly below a
5%, difference compared to results obtained in Abaqus.

In few cases, S-PULS and Abaqus yield different first buckling modes, i.e. a different
number of half-sine waves. An investigation with increased degrees of freedom for the
approximation functions in S-PULS was performed as an attempt to increase the
accuracy, but showed no effect on the results. It is therefore believed that a slight
difference between S-PULS and Abaqus evaluated shear stiffness of the plate is the
reason for differently predicted first buckling modes.

For the FRP Sandwich plate 2, the first buckling loads are slightly on the conservative
side for “S-PULS, Kopt1”, while for “S-PULS, Kopt2” the first buckling loads are
slightly on the non-conservative side. The “S-PULS, Kopt3” shear stiffness evaluation
option is over-conservative.

5.2 Load-displacement analysis

The load-displacement analysis with linear material properties was performed in order
to validate the model response for Sandwich PULS (S-PULS). The maximum out-of-
plane displacement was investigated for all four plates, see Appendix A, subjected to
uniformly distributed uniaxial compression. Results were compared to Composite
PULS (C-PULS) and validated against Abaqus. To distinguish between pre- and post-
buckling behaviour, first buckling loads are represented by dashed horizontal lines.
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It should be mentioned that the PULS codes underestimate displacements in general.
This is due to the Rayleigh-Ritz method that has been used to approximate
displacements, which results in a stiffer model, see Appendix E.1.

5.2.1 Sandwich Plate System (SPS)

As for the eigenvalue analysis, S-PULS gives a significantly better estimation of the
model response than C-PULS, see Figure 5.10. Even though the S-PULS and Abaqus
predicted first buckling loads are close, the differences between the predicted out-of-
plane displacements at the first buckling loads are large. The differences are due to
different shear stiffness estimations, as established in the eigenvalue analysis, see
Chapter 5.1.1. In Figure 5.10 it is seen that the difference between S-PULS and C-PULS
is not only at the point of first buckling load, as differences are present throughout the
plate response. The load-displacement curves for S-PULS and C-PULS do not converge
toward Abaqus due to the different shear stiffness estimations.
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Figure 5.10  Maximum out-of-plane displacement (@L/8) curves for the SPS plate
under uniaxial compression for C-PULS and S-PULS, validated against
Abagqus.

5.2.2 Single-skin FRP Composite plate

The single-skin FRP Composite plate shows similar results for S-PULS and C-PULS.
Both PULS codes deviate the most at small out-of-plane displacements, while they
converge towards the Abaqus plate behaviour for larger out-of-plane displacements, see
Figure 5.11. As explained in the eigenvalue analysis, see Chapter 5.1.2, the differences
between S-PULS and C-PULS are small due to the small effects of shear strains for the
single-skin FRP Composite plate. As concluded by Braaten and Bostrom (2013),
differences between Abaqus and C-PULS are partly due to the Rayleigh-Ritz
approximation method in combination with the perturbation method, where the non-
linear contribution from the large deflection theory is neglected. S-PULS being based
on C-PULS, see Chapter 1.4, inherits the same weaknesses.
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Figure 5.11  Maximum out-of-plane displacement (@L/6) curves for the single-skin
FRP Composite plate under uniaxial compression for C-PULS and S-
PULS, validated against Abaqus.

5.2.3 FRP Sandwich plate 1

As with the single-skin FRP Composite plate, see Chapter 5.2.2, the differences
between C-PULS, S-PULS and Abaqus, see Figure 5.12, can be explained by the
Rayleigh-Ritz and linear perturbation methods implemented in the PULS codes. There
are noticeable differences between S-PULS and C-PULS, which are due to the reduced
sandwich plate shear stiffness implemented in S-PULS, see Chapter 3.3. The effect of
shear strains is relatively small, since the plate is rather thin, which is explained in the
eigenvalue analysis of the same plate, see Chapter 5.1.3. For larger out-of-plane
displacements, i.e. more than 10 mm for this case, the C-PULS and S-PULS plate
responses converge towards the Abaqus-predicted plate response. The C-PULS and S-
PULS curves remain parallel to each other for the larger displacements due to different
estimates of shear stiffness.
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Figure 5.12  Maximum out-of-plane displacement (@L/4) curves for the FRP
Sandwich plate I under uniaxial compression for C-PULS and S-PULS,
validated against Abaqus.
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5.24 FRP Sandwich plate 2

The FRP Sandwich plate 2 is considered as a thick plate with thin faces and soft sore,
which is why the effect of shear strains is great and significant differences between C-
PULS and S-PULS occur, see Figure 5.13. Different options for shear stiffness
evaluation have been used in S-PULS, see Chapter 3.3. “S-PULS, Koptl” and “S-
PULS, Kopt2” give a good plate response, which is close to Abaqus. As with the
eigenvalue analysis of the plate, presented in 5.1.4, the “S-PULS, Kopt3” curve gives a
too weak plate response, while C-PULS gives to stiff a plate response. Small enough
incremental steps have been used to reduce the weakness of the PULS codes when
neglecting the non-linear terms from the large deflection theory.
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Figure 5.13  Maximum out-of-plane displacement (@L/6) curves for the FRP
Sandwich plate 2 under uniaxial compression for C-PULS and S-PULS
with different shear stiffness evaluation options, validated against
Abaqus.

End shortening curves for the FRP Sandwich plate 2 under uniaxial compression are
shown in Figure 5.14. When “S-PULS, Kopt3” reaches a critical buckling load, see
Figure 5.14 at around 8 MPa, the other options are still predicting linear plate response.
After a load of 30 MPa is reached “S-PULS, Kopt1” and “S-PULS, Kopt2” reach their
critical buckling load approximately together with Abaqus. The effect of shear strains
is not accounted for in C-PULS, which results in a too stiff plate behaviour and the C-
PULS plate response remains in the linear pre-buckling behaviour. Other curves are
deep in the post-buckling behaviour when C-PULS reaches the critical buckling load,
not seen in Figure 5.14.
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Figure 5.14  End shortening curves for the FRP Sandwich plate 2 under uniaxial
compression for C-PULS and S-PULS with different shear stiffness
evaluation options, validated against Abaqus.

5.2.5 Concluding remarks

S-PULS predicts a better model response than C-PULS, especially for the FRP
Sandwich plate 2 where the effect from shear strains is large. Compared to Abaqus, S-
PULS predicts a stiffer model response for the SPS plate, single-skin FRP Composite
plate and FRP Sandwich plate 1.

For the FRP Sandwich plate 2, the shear stiffness evaluation option “S-PULS, Kopt1”
is slightly on the conservative side, “S-PULS, Kopt2” is slightly on the non-
conservative side and “S-PULS, Kopt3” is over-conservative, in agreement with the
eigenvalue analysis.

5.3 Failure initiation analysis

This chapter presents failure initiation interaction curves for biaxial and axial/shear load
cases for the FRP Sandwich plate 2. Due to the small shear strain effect for the FRP
Sandwich plate 1 and because it does not fulfil the assumptions of the sandwich plate
theory, see Chapter 3.3, only the FRP Sandwich plate 2 was chosen for the failure
initiation analysis. Failure initiation is defined as the first ply failure (FPF) according
to the Hashin-Rotem criterion and as the face wrinkling and shear crimping critical
loads in Sandwich PULS (S-PULS), see Chapter 2.4. Abaqus registers FPF according
to the Hashin failure criterion, see Appendix G.

5.3.1 Hashin-Rotem failure criteria

Results of FPFs under biaxial load cases are presented in Figure 5.15, and under
axial/shear load cases in Figure 5.16, as interaction curves. S-PULS registers failure
initiation much earlier than Abaqus, especially when a longitudinal compressive load
is dominant, i.e. when g, > 0;, or g, > Ty,,. There is only a small difference between
“S-PULS, Kopt1” and “S-PULS, Kopt2”.

The FPFs are initiated before the first buckling loads for most load cases. Due to the
soft core, loads are taken by the FRP faces, which are thin. From a design point of view,
it is believed that to reach the post-buckling plate behaviour, i.e. an FPF load higher
than first buckling load, either a stiffer core or faces with increased thickness should be
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used. Post-buckling behaviour can also be reached if FFF is evaluated or if a
degradation model until LPF would be implemented in the S-PULS code, which is not
within the scope of this thesis.
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Figure 5.15 FPF interaction curves for the FRP Sandwich plate 2 under biaxial
loads for S-PULS with different shear stiffness evaluation options,
validated against Abaqus.
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Figure 5.16  FPF interaction curves for the FRP Sandwich plate 2 under axial/shear
loads for S-PULS with different shear stiffness evaluation options,
validated against Abaqus.

Positions where the FPFs are initiated in the plate are the same for S-PULS and Abaqus.
The FPFs occur at the place of the maximum out-of-plane displacement, i.e. at the
extremes of half-sine waves, and are initiated by matrix tension failure. The matrix
failure is initiated in the same plies both for S-PULS and Abaqus in most load cases,
see Table 5.1 and Table 5.2.

For rectangular plates with an aspect ratio of 2 and symmetrical layup, FPF can be
initiated at two different positions. If ply failure is initiated at the position of a maximum
positive half-sine wave, the ply that is on the opposite side of the midplane most likely
fails at the same time, but at the position of the maximum negative half-sine wave. This
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occurs for some load cases for the FRP Sandwich plate 2 analysed, see Table 5.1 and
Table 5.2.

Table 5.1 Ply numbers and fibre orientation (in parenthesis) where the FPFs occur
for biaxial load cases. The relationship between the components of the

reference loads for biaxial load cases are indicated in the first two

columns. MT indicates matrix tension failure.

SigmaX [MPa] SigmaY [MPa] S-PULS Abaqus
0.87 -0.50 MT - 10 (0°) MT -1, 10 (0°)
0.97 -0.26 MT - 10 (0°) MT - 10 (0°)
1.00 0.00 MT -1, 10 (0°) MT - 10 (0°)
0.97 0.26 MT -1, 10 (0°) MT -1, 10 (0°)
0.87 0.50 MT -1, 10 (0°) MT - 10 (0°)
0.71 0.71 MT -1, 10 (0°) MT - 10 (0°)
0.50 0.87 MT - 10 (0°) MT - 10 (0°)
0.26 0.97 MT - 10 (0°) MT - 10 (0°)
0.00 1.00 MT - 10 (0°) MT -7 (90°)
-0.26 0.97 MT -7 (90°) MT -7 (90°)
-0.50 0.87 MT -4, 7 (90°) MT -7 (90°)
Table 5.2 Ply numbers and fibre orientation (in parenthesis) where the FPFs occur

for axial/shear load cases. The relationship between the components of
the reference loads for axial/shear load cases are indicated in the first
two columns. MT indicates matrix tension failure.

SigmaX [MPa] TauXY [MPa] S-PULS Abaqus
0.87 -0.50 MT - 8 (45°) MT - 10 (0°)
0.97 -0.26 MT - 10 (0°) MT -1 (0°)
1.00 0.00 MT -1, 10 (0°) MT - 10 (0°)
0.97 0.26 MT - 10 (0°) MT -1 (0°)
0.87 0.50 MT -9 (-45°) MT - 10 (0°)
0.71 0.71 MT -9 (-45°) MT -9 (-45°)
0.50 0.87 MT -2, 9 (-45°) MT -9 (-45°)
0.26 0.97 MT -2, 9 (-45°) MT -2 (-45°)
0.00 1.00 MT -9 (-45°) MT -2 (-45°)
-0.26 0.97 MT -2, 9 (-45°) MT -9 (-45°)
-0.50 0.87 MT -9 (-45°) MT -9 (-45°)

According to DNV (2013), matrix failure is not a preferred failure mode and is to be
avoided. Structural design principles suggest that the layup shall be designed in such a
way that loads are carried mainly by the fibres, so that fibre failure is critical. Here, the
FPFs are initiated by matrix failure, which is expected for compressive loads, see
Chapter 2.3.
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The differences between the S-PULS and Abaqus results presented in Figure 5.15 and
Figure 5.16, might be explained by how the stresses in each ply are calculated, i.e. based
on how the curvatures are obtained in the S-PULS code. The “S-PULS, Kopt1” and “S-
PULS, Kopt2” results are based on the FSDT defined curvatures, see Equation (B.5).
If neglecting the in-plane shear strain derivatives, i.e. the curvatures dependent on the
second derivative of the out-of-plane displacement only, as done in “S-PULS, Kopt2,
d2w only”, there is good concordance between S-PULS and Abaqus for the biaxial load
cases, see Figure 5.15. For the axial/shear load cases there is good concordance between
S-PULS and Abaqus only for the longitudinal uniaxial load case, i.e. g, > 0, T4, = 0.
The other FPF results for axial/shear load cases are over-predicted, see Figure 5.16.

5.3.2 Sandwich failure criteria

Sandwich failure criteria, the face wrinkling and shear crimping criteria, are evaluated
for the biaxial and axial/shear load cases using the shear stiffness evaluation option
“Kopt2”, see Figure 5.17 and Figure 5.18. These failure criteria are designed for
compressive (and primarily uniaxial) loads only, as explained in Chapters 2.4.1 and
24.2.

The sandwich failure results obtained by S-PULS are somewhat satisfactory. They are
only compared to the Hashin FPF criterion, since the face wrinkling (FW) and shear
crimping (SC) criteria do not exist in Abaqus. For both load cases, face wrinkling will
occur in the plate before shear crimping when longitudinal axial loads are dominant,
i.e. when oy > dg,, or oy > Ty,. When transverse axial loads are dominant, i.e. when
ox < 0y, there is almost no difference between the criteria for the biaxial load cases,
see Figure 5.17.

For the axial/shear load cases the FRP Sandwich plate 2 will fail due to the shear
crimping local failure in most cases, see Figure 5.18, which is not satisfactory.
Generally, the face wrinkling should occur in a plate significantly before the shear
crimping. On the other hand, the shear crimping failure is defined to be used for
compressive loads only, which is why results for when shear loads are dominant cannot
be considered as being valid.
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Figure 5.17  Sandwich failure initiation interaction curves for the FRP Sandwich
plate 2 under biaxial loads for S-PULS with shear stiffness evaluation
option 2, compared to Abaqus (Hashin FPF). SC denotes shear crimping
and FW denotes face wrinkling sandwich failure.
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Figure 5.18 Sandwich failure initiation interaction curves for the FRP Sandwich
plate 2 under axial/shear loads for S-PULS with shear stiffness
evaluation option 2, compared to Abaqus (Hashin FPF). SC denotes
shear crimping and FW denotes face wrinkling sandwich failure.

5.3.3 Concluding remarks

The S-PULS FPF loads according to the Hashin-Rotem failure criterion are on the
conservative side, but differences compared to Abaqus are up to 40%. For the FRP
Sandwich plate 2 failure is initiated before the first buckling loads. If shear strains are
neglected when calculation of stresses in each ply is performed for S-PULS, predicted
FPF loads show good agreement with Abaqus. Predicted failure initiation loads are then
within 15%, but S-PULS is on the non-conservative side.

Face wrinkling and shear crimping critical loads are not validated, only compared to
the Hashin-Rotem failure criterion. The face wrinkling and shear crimping failure
criteria are formulated for uniaxial compressive loads only. When performing the
sandwich failure criteria analysis for multiple interacting loads, the accuracy of results
is uncertain.

5.4 Sandwich PULS sensitivity studies

This chapter presents the sensitivity studies performed in order to determine the range
of accuracy of the Sandwich PULS (S-PULS) code regarding the face-to-core stiffness
ratio, aspect ratio and breadth-to-thickness ratio. All sensitivity studies were performed
on the FRP Sandwich plate 2 subjected to uniaxial compression.

5.4.1 Breadth-to-thickness ratio

Five cases with a different breadth-to-thickness ratio for the FRP Sandwich plate 2 were
analysed in order to investigate the S-PULS sensitivity to slenderness. The analysis was
performed including different shear stiffness evaluation options, see Chapter 3.3. “S-
PULS, Kman” refers to Sandwich PULS with shear stiffness, which was set manually
as the value predicted by Abaqus. Figure 5.19 shows the critical buckling loads obtained
for different plate slenderness.
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Figure 5.19  First buckling loads of the FRP Sandwich plate 2 for S-PULS with
different shear stiffness evaluation options for various slenderness under
uniaxial compression, validated against Abaqus and compared to (a-
left), and without (b-right), C-PULS and S-PULS with K=5/6.

Figure 5.19a shows the difference between C-PULS, Abaqus and S-PULS with
different shear stiffness evaluation options. Both C-PULS and “S-PULS, K=5/6"
greatly deviate from the other cases. The deviating S-PULS curve, i.e. “S-PULS,
K=5/6", shows the major importance of choice of shear stiffness evaluation option
when sandwich plates are analysed.

Figure 5.19b shows the S-PULS critical buckling loads with different shear stiffness
evaluation options, which are validated against Abaqus. C-PULS and “S-PULS, K=5/6"
are excluded in Figure 5.19b. “S-PULS, Kopt1” and “S-PULS, Kopt2” both show good
agreement with Abaqus down to a slenderness of 20. “S-PULS, Kopt3” deviates the
most from Abaqus, being over-conservative for all slenderness options. “S-PULS,
Kman” shows the greatest agreement with Abaqus. An Abaqus analysis needs to be
performed to set “S-PULS, Kman”, which is why it is only used for comparison and is
not a valid option for implementation.

“S-PULS, Kopt1”, “S-PULS, Kopt2” and “S-PULS, Kman” agree well with Abaqus
for slenderness 25 or higher. For slenderness values lower than 25 the S-PULS curves
start to deviate from Abaqus, see Figure 5.19b. Using the Abaqus shell validity theory
check, see Equation (4.1), slenderness 20 is just on the limit. Slenderness less than 20
does not fulfil the criterion, which is why the accuracy of the shell theory used in
Abaqus cannot be guaranteed. It is believed that the plate theory used in the S-PULS
code is valid for the same limits.

5.4.2 Face-to-core stiffness ratio

This chapter presents the analysis of a set of material configurations with a different
face-to-core stiffness ratio. Six different face-to-core stiffness ratios, which is defined
as the ratio between the shear stiffness of the faces and the shear stiffness of the core,
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were used by altering the core shear stiffness. The Young’s modulus of the core was
scaled accordingly, while the face stiffness properties were kept constant, see Table 5.3.
The material properties of the FRP Sandwich plate 2 correspond to a face-to-core shear
stiffness ratio, i.e. G¢#/Ge, of 120.

Table 5.3 Material properties with a face-to-core shear stiffness ratio (G¢/G¢),
shear stiffness (G.) and Young’s modulus (E.) of core are shown.

Gt/Ge Gc [MPa] Ec. [MPa]
120 40 125
100 48 150
75 64 200
50 96 300
25 192 600
10 480 1500

Figure 5.20 shows the critical buckling loads for S-PULS and Abaqus. In Figure 5.20a
it is seen that for a lower core stiffness the S-PULS results approach the Abaqus results.
This is because the assumptions of the sandwich plate theory implemented in S-PULS,
see Chapter 3.3, assuming strong faces and weak core, are fulfilled. For a lower face-
to-core stiffness ratio, i.e. for a stronger core, the effect from shear stiffness is reduced
and S-PULS and Abaqus start to approach the same solution, see Figure 5.20b.
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Gce [MPa] Gf/Ge
—o—S-PULS, Kopt2 —#— Abaqus —o—S-PULS, Kopt2 —#— Abaqus

Figure 5.20  The first buckling loads under uniaxial compression for different core

shear stiffness (a-left) and a face-to-core shear stiffness ratio (b-right),
for the FRP Sandwich plate 2.

From Figure 5.21 to Figure 5.23 end shortening and maximum out-of-plane
displacement load-displacement curves for the FRP Sandwich plate 2 with a face-to-
core stiffness ratio of 10, 50 and 100 are shown. For all face-to-core stiffness ratios S-
PULS agrees well with Abaqus for end shortening. For out-of-plane displacement one
can see that S-PULS starts to deviate from Abaqus slightly before the critical buckling
load for all stiffness ratios. The difference is believed to be caused by the difference in
evaluated shear stiffness as the shear effect becomes apparent when the plate starts to
deform out-of-plane.
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Figure 5.22  End shortening (a-left) and out-of-plane displacement (b-right) for the
FRP Sandwich plate 2 with Gf/Gc=50 under uniaxial compression.
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Figure 5.23  End shortening (a-left) and out-of-plane displacement (b-right) for the
FRP Sandwich plate 2 with Gf/Gc=100 under uniaxial compression.

It can be seen in Figure 5.24 that the face-to-core stiffness ratio has little effect on the
validity of S-PULS. The response due to different face-to-core stiffness is phased, lower
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face-to-core stiffness ratio, i.e. stiffer core, does not influence S-PULS model response
in other ways than giving a stiffer response. Different face-to-core stiffness ratios can
be related to the importance of how the shear stiffness is evaluated for sandwich plates.

For a lower core stiffness, occurrence of the second buckling mode can be observed in
Figure 5.24a when curves change slope for the second time, and in Figure 5.24b when
curves suddenly bend upwards. By example, this occurs for Gf/Ge=120 at
approximately 43 MPa, see Figure 5.24.
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Figure 5.24  End shortening (a-left) and out-of-plane displacement (b-right) for the
FRP Sandwich plate 2 with different face-to-core stiffness ratios under
uniaxial compression for S-PULS.

5.4.3 Aspect ratio

The FRP Sandwich plate 2 was modelled maintaining the breadth of 900 mm, while the
length was altered to obtain aspect ratios of 1, 2, 3, 4 and 5. Figure 5.25 shows the first
buckling loads for S-PULS and Abaqus for different aspect ratios. The results differ
most for the square plate where S-PULS and Abaqus generate different shapes of the
first buckling mode. For the other aspect ratios, i.e. aspect ratios 2-5, the S-PULS and
Abaqus predicted shapes of the first buckling mode are the same. For S-PULS the
square plate buckles as two half-sine waves, while in Abaqus as one half-sine wave.
Despite the different buckling mode shapes for aspect ratio of one, the first buckling
loads for all aspect ratios predicted by “S-PULS, Koptl” and “S-PULS, Kopt2” are
within 4-7% of the Abaqus results. As before, “S-PULS, Kopt3” shows bad agreement
with Abaqus being over-conservative.
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the FRP Sandwich plate 2 with an aspect ratio of 1-5.

In Figure 5.26, the computational times for S-PULS and Abaqus for the plates with a
different aspect ratio are compared when scaled for 100 increments, in order to evaluate
efficiency. It can be seen that the efficiency of S-PULS is decreased for an increasing
aspect ratio. In general, S-PULS is still much faster than Abaqus.

It should be noted that pre- and post-processing are not accounted for, where Abaqus is
considered to be even more time-consuming than S-PULS.
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Figure 5.26  S-PULS and Abaqus calculation times for 100 increments for the FRP
Sandwich plate 2 with aspect ratio of 1-5.

S-PULS calculation time increases exponentially with the aspect ratio, see Figure 5.26.
This can be explained by how the number of degrees of freedom that is used for the
approximated displacement fields, see Chapter 3.1, is defined in the PULS codes. Since
the number of degrees of freedom in the longitudinal direction, i.e. M, is dependent on
the aspect ratio, i.e. M = DOF - a/b, the stiffness matrices, see Chapter 3.4, increase
in size and more computational effort is needed to solve the problem.
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Compared with C-PULS, the S-PULS calculation time is approximately 9-times longer.
Due to the implemented FSDT, which makes the system of equations 9-times larger in
S-PULS, see Chapter 3.4, calculation time is increased. The increase of calculation time
when implementing FSDT is in accordance with the expectations presented in Chapter
3.

5.4.4 Concluding remarks

S-PULS is limited in terms of slenderness, as well as the shell theory used in Abaqus.
The FRP Sandwich plate 2 with a slenderness of 25 fulfils the shell theory validity
check and the S-PULS results are satisfactory. For a slenderness below 20, the physical
interpretation of buckling modes is unknown and results are uncertain.

For the FRP Sandwich plate 2 with a slenderness valid for the shell theory, neither face-
to-core stiffness ratio nor aspect ratio influences the quality of S-PULS results. Aspect
ratio only influences calculation time, which increases exponentially with the aspect
ratio. The latter can be explained by the increase in size of the stiffness matrices, which
are dependent on the chosen number of degrees of freedom and thus dependent on the
plate aspect ratio.
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6 Conclusions

The main objective of this master’s thesis project was to develop a semi-analytical
method based on the Composite PULS code in order to predict the ULS capacity of
sandwich plates. First-order shear deformation theory, which relaxes the Kirchhoff’s
assumptions used in the Composite PULS code, has been implemented in the newly
developed Sandwich PULS semi-analytical computational tool.

It was concluded that in order to fully validate the Sandwich PULS code, more
sandwich plate layups should be investigated. Further, the development has been
limited to verification by Abaqus, lacking experimental data. It has been shown that
Sandwich PULS shows good agreement with Abaqus predicting the critical buckling
loads for both biaxial and combined uniaxial/in-plane shear load cases. For all inspected
plates, Sandwich PULS shows improved results compared to Composite PULS. The
small differences between Abaqus and Sandwich PULS are assumed to be caused by
the slight difference in the evaluated shear stiffness.

For sandwich plates with thin faces and soft thick core, the sandwich plate theory, where
shear stiffness of the faces is fully or partly neglected, is applicable. For this kind of
plates Sandwich PULS shows good correlation with Abaqus. It was concluded that
“Kopt1” or “Kopt2”, should be used for the shear stiffness evaluation when sandwich
plates are being analysed. It should be mentioned that Sandwich PULS evaluates shear
stiffness independent on the axis direction. Implementation of a shear stiffness
evaluation method that yields values dependant on the axis direction is believed to give
a more realistic representation.

It has been shown that the use of only one shear correction factor for all plates does not
yield satisfactory results. If K = 5/6 is used, the critical buckling loads are over-
predicted and the predicted sandwich plate response is too stiff. For “Kopt3”, results
are significantly under-predicted. If the use of a uniform shear correction factor is
preferred, it is believed that values between 0.4 and 0.5 are considered to give a good
response for FRP Sandwich plate 2 specifically.

It was concluded that Sandwich PULS failure initiation predictions are not satisfactory.
FPF loads according to Hashin-Rotem failure criteria are on the conservative side, but
differences compared to Abaqus are up to 40%. Additionally, failures occur before the
first buckling loads. The aim that failure predictions should be within 10% is therefore
not fulfilled. Face wrinkling and shear crimping critical loads were not validated, only
compared to the Hashin-Rotem failure criteria. The sandwich failure criteria predicted
loads are not satisfactory and a definite conclusion cannot be given. It has been shown
that a more extensive investigation of failure initiation load prediction should be
performed for better understanding.

With FSDT implemented in Sandwich PULS, the displacement field is extended with
additional two shear strains. Calculation time is directly dependant on the size of the
matrix that needs to be solved. It has been shown that it takes approximately 9-times
longer in Sandwich PULS compared with Composite PULS to perform the same
analysis.

It was concluded that calculation time is very much dependent on the plate aspect ratio,
which is due to an increased number of degrees of freedom that is needed for obtaining
a solution. For square plates differences in calculation times between Composite PULS
and Sandwich PULS can hardly be noticed, whereas for rectangular plates the
calculation time increases exponentially with the aspect ratio. The Sandwich PULS
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calculation time remains significantly shorter than Abaqus, even for larger aspect ratios.
Pre- and post-processing times are not taken into consideration in the investigation. If
so, use of Sandwich PULS would be even more advantageous in terms of time
efficiency. To keep calculation time within reasonable time limits, it is recommended
to use Sandwich PULS for plates with an aspect ratio of up to 3.

From the sensitivity studies performed, it was concluded that Sandwich PULS is limited
in terms of slenderness. Plates should not have a slenderness below 20 in order to assure
accurate solutions. Otherwise, higher order theories should be implemented in PULS,
as FSDT is no longer adequate and validation by Abaqus should in that case be done
by modelling sandwich plates as solids.
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7 Recommendations for future work

Additional sandwich plate layups and material configurations should be investigated to
get a better judgement about Sandwich PULS performance, validity and limitations in
the code. Especially the part with failure initiation needs to be within the first scope of
future work. Sandwich PULS could be extended first to first fibre failure or further to
last ply failure. If last ply failure will be of interest, a material degradation model needs
to be implemented in Sandwich PULS.

With no experimental data from tests performed for FRP Sandwich plates, preferably
experiments should be performed in order to fully validate Sandwich PULS. To analyse
non-symmetrical sandwich plate layups, the stretching-bending coupling matrix [B]
should be implemented in Sandwich PULS. Implementation of [B]-matrix would be
beneficial if degradation models are implemented since non-symmetrical degradation
can be described. This will increase computational time even more, since two additional
in-plane displacements need to be added to the displacement field when describing the
buckling problem.

The difference in results between Sandwich PULS and Abaqus are mostly based on a
different shear stiffness evaluation, which is why methods for evaluation of sandwich
plate shear stiffness need to be further investigated. Shear correction factors should be
evaluated dependent on the axis direction, i.e. evaluating K4, K45 and Kss. An
evaluation method based on strain energy distributions of actual shear strain and stress
resultants across the cross section, could be one implementation option.

Further development of the code in terms of reducing computational time should be
investigated. One way of achieving a shorter computational time would be to combine
routines used for computation of the stiffness matrices. As it is now, these routines are
completely separated in Sandwich PULS for the eigenvalue analysis and for the
incremental solution method. Optimization of the PULS code in general should be a
priority for future work.
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Appendix A — Material data

All material data for the plates that has been used in this thesis is presented here. The
SPS plate (Chapter A.1), single-skin FRP composite plate (Chapter A.2) and FRP
Sandwich plate 1 (Chapter A.3) were only used as validation for the eigenvalue and
load-displacement analyses during the implementation process. The FRP Sandwich
plate 2 (Chapter A.4) was used in the eigenvalue analysis, the load-displacement
analysis and the failure initiation analysis to give final evaluation of the Sandwich
PULS code.

A.1 Sandwich Plate System (SPS)

The Sandwich Plate System (SPS) consists of thin steel faces and thick polyurethane
elastomer core. The SPS has been used in shipbuilding due to its many advantages
compared with conventional structures, such as:

improved corrosion and fatigue performance,
better strength-to-weight ratio,

increased impact, blast and ballistic resistance,
vibration damping and acoustic insulation,
built-in fire protection.

Figure A.la shows SPS layup and Figure A.1b shows an example of the difference
between a conventional steel structure and a SPS structure.

Figure A.1  Layup of the Sandwich Plate System (SPS) (a-left), a conventional
stiffened steel (b-top right) and a SPS structure (b-bottom right), from
Intelligent Engineering Ltd. (2015).

Plate dimensions are:

a =2970 mm

b =990 mm

I =1, =4mm
t, =25mm
alb=3.0
blt=30.0
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Steel faces material properties are equal to:
E, =208 GPa
v, =0.30
Elastomer core material properties are equal to, from Hareide (2014):
E.=0.75GPa
v.=0.30

It should be noted that a sandwich plate with thin faces, weak core and the fact that the
shear modulus of the faces is large is assumed for this case. SPS shear stiffness matrix
is evaluated according to Zenkert (1997) as:

A.2 Single-skin FRP Composite plate

A single-skin FRP Composite plate with a quadriaxial layup [05/4+45/90/—45],, is
used in the validation process.

Plate dimensions are:

a=1920 mm
b =480 mm

t, =24mm

plate
alb=4.0
b/t=20.0

FRP material properties are:
E, =49627 MPa
E, =15430 MPa
G, =G, =G =G =4800 MPa
v, =027

The single-skin FRP Composite shear stiffness matrix is evaluated according to
Agarwal et al. (2006) as:

=26

total 6 total

A=A, =KGt

A=A, =0
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A.3 FRP Sandwich plate 1

The FRP Sandwich plate 1 used in the validation process has similar material properties
as investigated plates in Boyle et al. (2001) in order to be able to recreate and compare
their results.

Plate dimensions are:

a =1840 mm
b =920 mm
! e =19-1mm

ty =t;, =32mm
t, =127 mm

alb=2.0
bl/t=48.2

FRP faces material properties: Certainteed/Seemann 625 E-glass woven roving (225
yd/Ib), from Juska et al. (1993), Derakane 8084 vinyl ester resin, from Ashland Inc.
(2011):

Layup: [04]s

t,, =0.8mm

n,, ! face=4
E, =24.1GPa
E, =24.1GPa

G, =G, =G =G =3.65GPa
v,y =0.115

V=V =0.331

Xcrrp =Y pgp =331.0 MPa
Xy prp = Yy prp =351.6 MPa

S =36.2 MPa

Core material properties: Divinycell HT-70 PVC foam, from Boyle et al. (2001) and
MatWeb (2015 a):

E. =0.896 GPa
G, =0.393GPa
v =0.15
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XC,foam = YC,f()um =1.15MPa

XT,foam = YT,f(,am = 2 1 MP(,I

S, =0.9MPa

foam

A sandwich plate with thin faces, weak core and with a large shear modulus of the faces
compared to the core shear modulus can be evaluated according to Zenkert (1997). FRP
Sandwich plate 1 shear stiffness matrix is then evaluated as:

A=A =Gy,
A45 = A54 =0
A.4 FRP Sandwich plate 2

The FRP Sandwich plate 2 used in the validation process and failure analysis has the
following properties:

Plate dimensions are:

a=1800mm
b =900 mm
! pise =36 mm

L=t =3mm

t, =30mm
alb=2
blt=125

FRP faces material properties: Pre-preg E-glass fibre/epoxy, from Hayman (2011):
Layup: [0/—45/+45/90],
t,, =0.75mm
n,, ! face=4
E, =49627 MPa
E, =15430 MPa
c.rrp =915 MPa

X
X, pp =968 MPa
Y, e =118 MPa
Yy pep = 24 MPa

S pop =65 MPa
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Core material properties: Divinycell H 100 Semi-rigid PVC foam, from MatWeb
(2015 b):

E, =125MPa
G. =40 MPa
=0.32

14

X pram = Ye_joum =3.1 MPa
X1 o =Yy joun = 1.7 MPa
S

=14 MPa

oam
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Appendix B — First-order shear deformation theory

The classical laminate plate theory (CLT) or better known as the Kirchhoff plate theory
is only valid for thin plates, for which shear deformations can be neglected. This is not
the case for sandwich plates, which are usually considered as thick plates, and shear
deformations thus need to be accounted for. In this thesis, the Mindlin-Reissner or the
first-order shear deformation plate theory (FSDT) has been chosen for the
implementation in the Sandwich PULS code. The chapter is summarized and adopted
from Reddy (2004) and Agarwal et al. (2006).

The first-order shear deformation plate theory is an extension of the Kirchhoff plate
theory. The kinematic assumptions of the Kirchhoff plate theory, as found in Reddy
(2004) and seen in Figure B.1, are:

e Straight lines perpendicular to the mid-surface (i.e. transverse normals) before
deformation remain straight after deformation.

¢ The transverse normals do not experience elongation - they are inextensible
(i.e. thickness of a plate does not change during a deformation).

¢ The transverse normals rotate in such a way that they remain perpendicular to
the mid-plane after deformation.

The first two assumptions imply that the transverse displacement is independent of the
thickness and that the transverse normal strain &,, is zero. The third assumption shows
that the transverse shear strains are zero, i.e. &, = &, = 0.

Figure B.1 Undeformed and deformed geometries of an edge of a plate under the
Kirchhoff assumptions, from Reddy (2014).
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When formulating the laminate plate theory, additional assumptions or restrictions
should be added to the initial Kirchhoff’s assumptions:

* The layers are perfectly bonded together.

* The material of each layer is linearly elastic and has three planes of material
symmetry, i.e. orthotropic.

* Each layer is of uniform thickness.

e The strains and displacements are small.

* The transverse shear stresses on the top and bottom surfaces of the laminate
are zero.

It should be pointed out that these assumptions are only valid for thin plates, where
shear deformations are rather small and can therefore be neglected. With thick plates in
mind, the first-order shear deformation plate theory was established, which relaxes the
third Kirchhoff assumption in a way that the transverse normals can freely rotate but
are still to remain straight after a deformation, as seen in Figure B.2. As a consequence
of this relaxation, transverse shear strains need to be included in the strain field.

Figure B.2  Undeformed and deformed geometries of an edge of a plate under the
assumptions of the first-order shear deformation plate theory, from

Reddy (2014).

According to FSDT a displacement of a point in a plate can be defined as:

u(x,y,z) =u,(x,y)+z¢.(x,y) [mm] (B.1a)
v(X, ¥,2) =V (X, ¥) +20,(x,y)  [mm] (B.1b)
w(x,y)=w,(x,y) [mm] (B.1c)
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The actual cross-sectional rotations, i.e. @, and ¢, , are obtained by differentiating the

in-plane displacement field, as shown in Equations (B.2a) and (B.2b).

d
¢x :a_u [_] (B.2a)
Ve
d
9, = a—v [-] (B.2b)
Z

The strain-displacement relation can be divided into the mid-plane strains, i.e.
membrane strains, and the plate curvatures as follows:

£ e’ k

let=1e, =9 ok, ¢ [ (B.3)
7/xy 72 kxy

=

X

where the mid-plane strains are:

duy
8? gx
fet=ie"t=9 S 1 (B.4)
) dy
7o) | duy  ovy
dy oOx
and the plate curvatures for FSDT are:
99, w07,
k. aax aécz aax
{K'}: kv = ¢y =— 9 ‘;V— 7yz [-/mm] (B.5)
k’ dy dy dy
|9 +% , 0w 9y, 97
dy  Ox oxdy dy  Ox
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Appendix C — Anisotropic plate theory

This chapter presents plate theories for anisotropic plates based theories presented in
Agarwal et al. (2006) and Reddy (2004).

The stress-strain relation can be rewritten for a lamina as follows:

o, 0, 0, O €,

o, :[Tl ]: 0, 0Oy 0 [Tz ]k € 1=

Txy r 0 O Q66 7/xy
o MPa] (C.D
0, On 0O €,

= Qe 0n Oule
O Oy D sy

k

Where [Tl ]_l and [Tz] in Equation (C.1) are inverse of the stress-transformation matrix
and strain-transformation matrix defined for each lamina with ply orientation angle &

as:
cos’ @ sin” @ —2sinfcos @

[]'=| sin*@ cos’ @ 2sinfcosf | [-] (C.2)
sinfcos@ —sin@cosf cos’>@—sin’ b
cos’ @ sin’ @ sin @cos @

[1,]=] sin’@ cos’ @ —sin@cos@ | [-] (C.3)

—2sin@cos@ 2sinBcosf cos® @—sin’ O

Resultant forces and moments acting on a laminate cross section are obtained by
integrating the corresponding stress through the laminate thickness % (for resultant
forces) and multiplying with the moment arm with respect to the mid-plane (for
resultant moments):

Nx hl2 O-x n hk O-x

N, t= [ 10,pdz=" [0, dz [N/mm] (C4)
—h/2 k=1p, |

N, T, 7o),

Mx hi2 O-x n M O-x

M, = j o, zdz:Zj o, zdz [N] (C.5)
—h/2 k=1 p, |

M, T, Tl
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After inserting Equation (B.3) into Equations (C.4) and (C.5) the following relation is
obtained:

~

k=1 Ty

N, [N/mm] (C.6)

{z o] hfdz}{g(,}{g ol hfzdz}{z«}

v -5 o e b e -

Ty Ty

M) .

M, = { _[ [QL{S() Jedz+ HQL {x}z* dz} =

M, = U ey N o
- L: [éL hfzdz}{eoh {;@ hfzz dz}{’(}

Three new matrices can be defined and Equations (C.6) and (C.7) can be rewritten as:

N, Ay Ay Ay g? B, B, By| k,

Nyr=|Ay Ay Axp€ ? +| B, By By ||k, [N/mm] (C.83)
N, A Ay Ag 70) B, By By ||k,

M, B, B, B, 8? Dy, D, Dy||k,

M, =B, By By g? +| Dy, Dy, Dy |k, [N] (C.9)
M, B By By 70) Dy Dy, Dy ||k,

Where the extensional stiffness matrix [A], the stretching-bending coupling stiffness
matrix [B] and bending stiffness matrix [D] are defined as follows:

All A12 Alé_ n o

[Al=| A, A, Ag|=Yl0)0y -h,) Nmm] (C.10)
_A16 Ay A66_ =
‘B, B, Bg] W

[B]: B, B,, By|= [Q]k(hkz kz,]) [N] (C.11)
_B16 By 366_ =
D, D, D W

[Dl=|D, D, D, |=Y[0)l’~r) [Nmm] C12)
D16 D26 D66 “
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Combining Equations (C.8) and (C.9) with Equations (C.10)-(C.12) one can rewrite the
total plate constitutive equation in a relatively simple form as follows:

= [N/mm or N] (C.13)
M B D|l «x

According to FSDT, shear stresses are not equal to zero. It is assumed that the transverse
shear strains are constant through the laminate thickness. As a consequence of this
assumption the shear stresses must be constant as well. However, this is not the case
with plates in reality, where the shear stresses follow square function through the plate
thickness, see Figure C.1. Therefore, the shear correction factor (K) has to be used to
compensate for this assumption, as is shown in Equation (C.16).

T = const.
z
N a) b)

T

max

&
r=/(2)

Figure C.1  The shear stress distribution through the plate thickness as in reality (a)
and after compensated for a parameter K (b).

Shear stresses can be obtained on a lamina level as:

=7} -E1 o o0 fl-

XZ Q45 QSS
0. o , MPa] (C.14)
= _44 _45 . = é shear .,k
{Qu Qﬁl{nj'[]"{ﬂ

Where [Tl] is the rotational matrix, which is used for shear stress- and shear strain-
transformation, and defined for each lamina with a ply orientation angle € as:

~ cosf —siné
[Tl]{ } [-] (C.15)

sind cos@
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Shear forces are obtained by integrating the shear stresses through the thickness of a
laminate:

R, ~ hi2 y.|
{R;} B K_J/Z[Q]Xhear,k dz {}/XZ} =
R nor_ h,
- K{z J.[Q]Shear,k dZ } {7/%} = K{z [Q]Shear,k IdeH?/yz}
k=t by }/xz k=1 W 7/xz

Equation (C.16) can be simplified similar as before by introducing the shear stiffness
matrix as follows:

R :
{ ”}:[A]s{;:’“} [N/mm] (C.17)

R .

Xz

[N/mm] (C.16)

A A nor—
[A], =K[ o\ A‘“}KZ[Q]M,k (A, —h_,) [N/mm] (C.18)
45 55 k=1
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Appendix D — Energy principles

In this chapter an overview of different energy principles are presented and summarized
from Reddy (2004), Byklum (2002) and Yoo and Lee (2011).

D.1 Potential energy

The potential energy of a system describes the amount of work that the system can
perform, which depends on the internal/elastic strain energy and the potential of applied
loads. The applied load has a potential if the load has the capacity to do work on a
system during displacement in the system.

The potential energy for a static problem can be written as:
II=U+W [Nmm] (D.1)

where U is the internal strain energy and W is the load potential. For a dynamic
problem, kinetic energy has to be added to the expression for the potential energy.

The strain energy density is the energy that is needed to deform a unit volume of
material and it is defined as:

U, = oY ae= oY teb= ¥ [EKe} pmm 02

The total strain energy of the plate is then the integration of the strain energy density
over the whole volume of the body:

u=Ju,av = oY tel= [leV IEelav mm) (D3)

Vv

In general, the stress {o'} and the strain {€} vectors each have six components and the
material matrix [E] is six by six in size. Since for sandwich plates the Mindlin-Reissner
plate theory is applied, where the transverse normal strain &, is neglected, the stress
and strain vectors have only five components and the material matrix is five by five in
size.

The total strain energy can be written in the form of the sum of the strain energies due
to stretching (U, , the membrane strain energy) and bending (U, , the bending strain

energy) for reasons of convenience when one looks at sandwich/composite plates. If
the plate is asymmetric, the strain energy due to bending-streching coupling should be

added to the sum (U, , the bending-streching strain energy). Energy contribution of

the shear strains should be accounted for as well (U _, the shear strain energy). The total
strain energy is then:

U=U,+U,+U,,+U, [Nmm] (D.4)

The external load potential is a sum of the work done by body loads, which act on the
whole body’s volume, and surface loads, which act only on the surface. It can be
obtained as:

W= —‘_[{“}T {fb }dV - _!.{”}T {fv }dS [Nmm] (D.5)
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where {u} is a displacement vector, { fb} is a body loads vector and {fs} is a surface
loads vector.

Combining Equations (D.3) and (D.5) the final expression for the total potential energy
is obtained as:

N=U+W = %l{e}T [EXe}av - l{u}T{fb}dV - Q{M}T{ﬂ }dS [Nmm]  (D.6)

D.2 The principle of virtual work

The principle of virtual work states that a system is in static equilibrium if the sum of
virtual work of internal and external forces is zero for all virtual deformations and
strains. These virtual deformations do not need to have any relation to the actual
displacement caused by the loading. However, they have to be kinematically allowed.

Ol =06U +6W =0 (D.7)
where oU is internal virtual work of the plate, W is virtual work of external loads
and ¢ is the variational operator, which denotes the “change” of the virtual work.

Since the solution to the nonlinear buckling problem, which is calculated using incremented
method, is of interest in this thesis, the rates of the virtual work are solved for every
increment. Therefore, the rate form of the principle of virtual work is being used:

A =8U +W =0 (D.8)
where the dot represents the differentiation with respect to a rate parameter.

D.3 The principle of stationary potential energy

From the principle of virtual work, the principle of minimum potential energy is
derived. It states that of all the possible deflections satisfying kinematic compatibility,
those which satisfy static equilibrium will give a stationary value of the potential energy
of the body, Byklum (2002). This can be expressed as:

ANl =0U+ W =0 (D.9)

The principle is only valid for conservative, i.e. reversible, systems, where the material
is elastic, but not necessarily linear elastic, and where the loads are directionally
constant.

The system is a stable one if this stationary point of IT is also its minimum value. If the
deformed configuration is described by the deflection w, the latter can be written as:

oIl
—=0 (D.10)
ow

The principle of minimum potential energy can also be used on rate form:
Jar_, D.11)
ow
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Appendix E — The Rayleigh-Ritz method

This chapter gives general information about the Rayleigh-Ritz method based on the
work presented in Cook et al. (2002). General derivations and expressions implemented
in the Sandwich PULS code, which are presented in this chapter, are based on the work
done by Hareide (2012).

E.1 General introduction

The Rayleigh-Ritz method has been a well-known approximation method, also for the
plate buckling problem, which is of interest in this thesis. For buckling of composite
plates, the Rayleigh-Ritz method has some advantages over the direct, i.e. analytical,
solutions since they are only limited for special cases. Unlike for analytical solutions,
the Rayleigh-Ritz method describes the sought variable using a series of admissible
functions together with unknown amplitudes, which are found using the principle of
minimum potential energy.

These functions should be simple enough and practicable to use. The choice is usually
limited to polynomials and occasionally sine and cosine functions. These series
expressions are called shape or trail functions and are truncated at a finite number of
terms, i.e. degrees of freedom. In order for the approximated system to converge the
trial functions need to be complete. Completeness is satisfied if the exact displacements
and their derivatives that appear in the potential energy formulation can be matched
arbitrarily closely and if enough terms are used in the trail functions, Cook et al. (2002).

It should be mentioned that deflections approximated with the Rayleigh-Ritz method
are under-predicted. This is due to the fact that the exact deflection shape is smooth and
that it always takes the form of the least resistance. Even though the large number of
degrees of freedom is used for the approximation, the approximated system will be
made stiffer than it really is, since any other form than the exact one with the least
resistance introduces slightly higher resistance, i.e. stiffness, Cook et el. (2002).

For the buckling problem the potential energy is described with approximated
displacement and rotations, w,, w, and w,, which can be defined as:

=2 Y A, f(0), f(3), [mm] (E.1a)
ZZ L, ] (E.1b)
wy =23 Cof (), F(), [ (E.1c)

Il
—

1 n

3
Il

then the potential energy is described by several linear independent functions:

1 =T1(w,, w,,w,) > TI=TI(A,,, ..., Aypy» By1s e s By oo e s Copy) (E.2)

where 4,,,, B,, and C,, are the unknown amplitudes and f(x), and f(y), are the
trial functions.
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The equilibrium requirement will now be satisfied if the potential energy is stationary
with respect to all degrees of freedom.

olT oIl oIl
-0 _ A _ )

dw, Oow, Ow, (2
Or written as:

oIl oIl oIl oIl oIl oIl

— == === = =..= =0 (E4)

0A,, 0A,, OB, 0B,, dC, dCyy

Then the condition, written in Equation (D.10), that the potential energy has a stationary
value can be rewritten as:

éI'I M N aH
22—5‘4 ZZ 3B, +§§f5cmn =0 (E.5)

mlnl mlnl mn

The same condition can be rewritten in the following set of equations:

o _ w oW
A, A, oA,

o _ U W
A, oA, | oA,

o _ U ol _
9B, 3B, 3B,

: : s (E.6)
o _ U, em
oB,, _ 0B, 0B,

oIl U oIl

aC,, aC,, ac,,
om__ ou . am _
9C,.  9C,  9Cy

If all degrees of freedom are collected in a vector {A}, then the previous system of
equations can be rewritten as:

U
a{A} o= (B{A} a{A}j5{ J=10} (E.7)
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E.2 Displacement functions

The Rayleigh-Ritz approximated displacement functions used in the Sandwich PULS
code are expressed as:

w= ZZAM s1n—s1n7ﬂy [mm] (E.8a)
m=l n=1

Ve = ZZBW Cos—sm% [-] (E.8b)
m=1 n=1
ZZ sm—cosTﬂy [-] (E.8c)
m=1 n=1

where M and N are the number of degrees of freedom used in the Rayleigh-Ritz
approximation method. If they are set to infinity, the approximated series will limit to
the exact solution. Therefore, finding a finite number of degrees of freedom that
satisfies the convergence conditions, is crucial.

E.3 Differentiated displacement functions

To solve the plate buckling problem using the Rayleigh-Ritz method, the differentiated
displacement functions need to be obtained in order to be later used in the expressions
for the potential energy of the plate. The differentiated expressions are:

ow LI mrx max . n
g=;Z_;Amn( y )COS ——sin Zy [] (E.92)
ow LI nT\. ma n
g=ZZAm(7j8m70087ﬂy [-] (E.9b)
m=l n=1
2 M N 2
3?:—22Amn(mﬂJ sinmﬂxsinnzy [-/mm] (E.9¢)
X m=1 n=1 a a
2 M N 2
?)y?:_ZZAmn(%) sin m:x sin% [-/mm] (E.94)
m=1 n=1
’w &L mr\(nx) mm _ nay
= — | — |cos——cos—— [/ E.9
oxdy ZZA’"( a j(bj 05 e, mml (E9¢)
a M N ) )
%:—ZZ%["ZIjSlnmfsmnzy [-/mm] (E.9f)
m=1 n=1
a M N
BL;:ZZBm{”;jcosmTcos% [-/mm] (E.92)
m=1 n=1
97, L& mm\ _max __ nay
==22.C c c ¥ E.%h
97, L& NI\ . mmx . nay
=== >C,,| — [sin——sin—= [/ E.0i
% ;; mn( . jsm » sin . [-/mm] (E.9)
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E.4 Energy contributions

Only energy contributions from the bending and shear strains are presented here, since

these are the ones that change if the FSDT is applied. Their energy contribution can be
expressed as:

2 ({K}T D]{K}+ thc xz}/xz}/xz +tCGC )27»27/)2 )d

1
2

U=
[l

b
| Dy (k) +2D,k &, + Doy (k, f +2D,k &, +
0

+2D,k k, + Dyl f +1.G. y . +1.G. ... |dxdy =

[ P 4

1ok ’ 3 (ow ’
:E'([.([{ 11( (a 7xzjj +D22(a (g_%zjj +
0 (0

0 (ow 0

2D

+ 16 aX(aX 7):.7) ay 7xzj+a ( jj-'_
0 [ ow 0

2D, | —| —-— —

+ 26 ay ( ay 7}‘Zj ay }/xzj-i_ ax( j]‘i_
0(d

+Dﬁﬁ[ay(a: nzj ———V)ZD

+1.G,..7.Y. +1.G V7 ]dxdy

c e,y

1¢¢ w9y, *w 9y, ’
ZEHI “(a 7 axj +D22(8y_2_ o)

alo
b
aolan

y
ox
ox

2 2 a
+2D,, J vzv— 97, | 9 ‘;V_ 7y n
ox ox ) dy dy
2 2 a
+2D, avzv_ayxz zaw_ayxz_ 7 N
ox ox oxdy  dy ox (E.10b)
2w 0 2 d
yop, | O |y 0w 9% O,
dy dy oxdy  dy ox
2 ) 2
+ Dy 2 g'w —ay"z _ +
oxdy  dy ox

+1,G. VoV +1.G.. 7,7, |dxdy
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When the differentiated displacement functions shown in Equations from (E.9a) to
(E.91) are inserted into the expression for the bending and shear strain energy, i.e
Equation (E.10b), the following expressions are obtained step-by-step:

lab mm mix nay M N mr " 7zy2
:ﬂl“(ZZ%( jm_ﬂ”?*zzm{a}“_“”7J+

m=1 n=1 m=1 n=1

m=1 n=1

M N
) sin 2% sm% + ZBW( )smﬂ sm%}
a

> 2
+D,, (— iiAm (%) sin % sin% + iicﬂm (%) sin % sin%} +
a a
M N
+2D12 _ZZA‘mn

+2D, —iiAmn( 7[) sm—sm%—i—iiﬁm( ; jsm—msm%}

m=1 n=1 a m=1 n=1 a
M N
(ZZZAW(—” (ﬂjcos—cos L
m=1 n=1 a a
M N M N
- ZZBW (ﬁ) cos ™ cos M ZZCWL( )cosm— cos@j
m=1 n=1 b a b m=1 n=1 a b
L nr\ . omme . nay W& (nz) max . nuy
+2D, | — — | sin——sin—+ C | — |sin——sin——
26[ ;;A‘mn( b ) a b ;; mn b a b
M N
(ZZZAW(—” (ﬂjcos—cos Dy
m=1 n=1 a a
L& nrx max _ nay
- B | — cos—cos—— COS——COS——
535, (22) S5 eos o
G 7\ nx max __ nay
+ Dy, ZZZAW — | — |cos——cos——+
m=1 n=1 a b a
M N M N
- ZZB,M (ﬁj cos ™ cos 2 ZZCW, (m”jcos—ﬂx cos—ﬂyj +
m=1 n=1 b a b m=1 n=1 b
M N 2 M N 2
+1,G, xz(ZZan cos "% sm%} +1,G, }Z[ ZCmn sin ™% cos%} }dxdy
m=1 n a m=1 n=1 a

(E.11a)
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=
e
X
7\
3
a ‘a
N——
7\
‘w
3
N—
~——
95}
~N
=
+

2 2 2
+ D22 (Amn qu( b ( b j - Amn C]?q (_b ) (_b j +

2 2
SR SR
a a a

a a
ra-2huto (] (22 5] () 25 5
5] s eon )25
- cmcpq(%j(p—”jj[sm .Cos |+
e N G o S e b bl G
Bl G R G G G
a a b a b b
N R R )

J(
S G ot

+tG, B, B cos T gin 2 o5 L7 i 472

c,xz " mn" pq a b a b

|
—+
a

+1G,,.C,C, sin M o nZy sin 27 cos qzy}dxdy
: a a

(E.11b)
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Some of the trigonometric functions found in Equation (E.11a) can be used in the

simplified form in Equation (E.11b) as:

[SIN ]| = sin i sin nzy sin P sin qu [-]
a a

[COS] =COsS ma cos 7z cos P cos a7 [-]
a b a b

[SIN - cOS]=sin i sin nay cos P cos 97 [-]
a b a b

E.5 Integrals used in the Rayleigh-Ritz method

(E.12a)

(E.12b)

(E.12¢)

The integrals appearing in the potential energy expressions are solved and yield the

exact solution for a certain combination of set values for m, n, p and g.

Appearing in the terms with D,,, D, and D,,:

O C—y

b

. X . . X . Ty
J-sm M2 Gin 22 in P2 gin 4 dxdy =
0 a b a b

a b
= Isin@sinﬂdxjsinﬂsinﬂdy =
a a b b

0 0
a . b .
— ifm= — ifn=
_)y Um=p |5 fn=aq _
0 ifm#p 0 ifn#gq
= an lf‘m:pandn:q :%b&mpé‘nq
0 otherwise

Appearing in the terms with Dy :

ma cos nay cos P cos kil dxdy =

COS

O ey
O C—y

a b a
a b
:jcos mm cosﬂdxj.cosﬂcosﬂdy =
0 a a 7 b b
a . b .
— ifm= — ifn=
_|y Wm=p |5 ¥n=q_

0 ifm#p 0 ifn#g

an ifm=pand n=q —abé‘ s

7 mp ~ nq
0 otherwise
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Appearing in the terms with S :

ab
.”cos ma sin N7y cos P sin a7 dxdy =
00 a b a b

a b
jcoswcosﬂdxjsin%sin%dy =

0 a a 0
& orm=p |2 ifn=g (E.15)
0 ifm=#p 0 ifn+#gq
ab
0 otherwise
Appearing in the terms with §_:
ab
“.sin ma cos na sin P cos il dxdy =
00 a b a b
a b
= sinmmsinﬂdxj.cos@cosﬂdy:
0 a a 0 b b
0 ifm=#p 0 ifn#gqg
= an lf‘m:pandn:q :%b§mp5nq
0 otherwise
Appearing in the term with D, and D,:
ab
_”sin mm sin nay cos pm cos il dxdy =
00 a b a b
a b
—jcosﬂsinwdxjsin@cosﬂdy =
0 a a 0 b b
all-(=1)"(=1)"|m . bll—(=1)(=1)"|n . (E.17)
— [ﬂ_z(mz pz)] lfm;tp, [ﬂ.znz_qz)] lfn;tq:
0 ifm=p |0 ifn=q
_[ai-Coreyn][sh-Cry ey,
ﬂz(mz_pz) ﬂ_z(nz_qz mp = nq

The terms 6,,,, and 6,4, which are the Kronecker deltas, are used to simplify the
Equations from (E.13) to (E.16). They ensure that the integrals are non-zero only for
terms where m equals p and for the terms where n equals q.
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Similarly, the terms I,;, and I, are defined and used in Equation (E.17), which ensure
that the integrals are non-zero only for the terms when m is not equal to p and for the
terms where 7 is not equal to g.

E.6 Final expressions for energy contribution

After Equations from (E.13) to (E.17) and Equation (E.11b) are combined together the
final expression for the bending and shear strain energy contribution is obtained as:

v=13%1p,/ z(m—”y—zA B (m—”j3+3 2("’—”)2 +
2 g o 11 mn a mn" mn a mn a
+D Am2ﬂ4—2Ac AN AN
22 n b mn "~ mn b mn b
mm ? nw 2 mmw 2 nmw
+2D12 Amnz(_j (_) _AmnCmn(_) (_j-i_
a b a b
a B (m_ﬂj(ﬂj LB C (m_ﬂj(ﬂj s
mn mn a b mn mn a b
oD | an z(m_ﬁjz(ﬂjz_M 5 (m_”)(ﬂjzw (ﬂj+
66 mn a b mn"" mn a b mn b
2 2
—4A, C, (m_ﬂ'j (ﬂj +2B C, (m_”j(ﬂ}_ Cmn2 (m_”j +
a b a b a

+tG, B, +t.G.  C 2]%b+

ccxz T mn cc,yz " mn

g el R o G

m=1 n=1 p=l g=1 a

)5 )
e ()]
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Appendix F — Derived stiffness matrices

The derived stiffness matrices that are needed for the eigenvalue analysis and for the
incremental solution method are presented in this chapter, together with the derivation
process to obtain them.

F.1 Derivation process

When derivations for obtaining sub-matrices are made, the following chain rule is
applied:

of (m,n, p,q)
0,0/,

[ o (otpg), aromnrn)]”
__a% 9B, 9y B

- o
_ f(m,n,p,q,k,l)} _ (F.1)

Ja;

aaij d aij

r ()
_ af(i,j,p,q,k,l)+af(m,n,i,j,k,l)} _

G kD)

The chain rule expressed in Equation (F.1) can be explained in the following four steps
as well:

¢ (1): In the first term m and n are set to k and / and derived with respect to
coefficient £, and in the second term p and g are set to k and [ and derived

with respect to coefficient [,

® (2): Result of the first derivation is a function dependent on m, n, p, g, k and [,
which needs to be derived with respect to &;

® (3): Chain derivation rule is then repeated as in the first term m and n are set to
i and j and derived with respect to the coefficient ¢; and in the second term p

and g are set to i and j and derived with respect to the coefficient ¢

® (4): The final result is a function dependent only on i, j, k and /
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F.2 Derived eigenvalue stiffness matrices

1,0, + (F.2)

m=1 n=1

| r [1 _2(_ l)i (_2 )k ]lj| |:b[1 - (— ])j (_21)’]]i| 1.1, + (F.3)
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m=1 n=1

He
{al; g{kl)k—(;l))i]k}[b[l = 5&21)_(;1) ]l} I

Sz (5]
{ [17—[2(&1):(—21))411{b[l;g—]}z)’_(—lzl))llj}Ii1 v (F6)
e
' {a[l ; SI]:Z) _(;))"]k} {b[l ; 5{1 21)_(; 1)) ]l} L

m=1 n=1
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In order to reduce computational effort and since the stiffness matrix is symmetrical,
the following relations are implemented in the PULS code:

ki ]=[xn] (F.8a)
k2 ]=[k"] (F.8b)
k2 ]=[xu] (F.8¢)
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Appendix G — Hashin-Rotem/Hashin (Abaqus)

The Hashin-Rotem and the Hashin failure criteria are presented here as they are
interpreted in Abaqus, see Dassault Systemes (2014).

Failure in fibre tension:

s, 2 N 2 i
RoE

Failure in fibre compression:

Oy 2 —
(X—Cj =1 (G.2)

Failure in matrix tension:

s, 2 7 2 _
RGN

Failure in matrix compression:

2 2 2
25, 28, v, |S, '

Where « is a coefficient that determines the contribution of the shear stress to the
expression for the fibre tension failure. If o =1 the Hashin criteria are used, while if
a =0 the Hashin-Rotem failure criteria are used as interpreted by Abaqus.
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