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Abstract

We consider iteratively regularized adaptive finite element method for reconstruction of spatially dis-

tributed dielectric permittivity and magnetic permeability functions, & (x) and p (x) , x € R?®, simultane-
ously, using time-dependent backscattering data. These functions are unknown coefficients in Maxwell’s
system of equations. We formulate our problem as the coefficient inverse problem (CIP) for the full
Maxwell’s system. To solve our inverse problem we minimize Tikhonov regularization functional on the
locally adaptively refined meshes.
In this work, we consider and compare different techniques for choosing regularization parameter in the
Tikhonov functional in order to get improved solution of our inverse problem. Our goal is to choose
optimized regularization parameters in the solution of our CIP. This means, we choose regularization pa-
rameters and parameters in the set up of the program such that we will get best reconstructions of functions
€ (x) and p (x) to our backscattering data of the electric field on every iteration of the optimization pro-
cedure. Our numerical work consist in the reconstruction of unknown coefficients £ (x) and 4 (x), on
the adaptivity locally refined meshes. Software packages WavES [60] and PETSc [50] are used for com-
putations of reconstructions of these functions. Simulations are done on resources at Chalmers Centre
for Computational Science and Engineering (C3SE) provided by the Swedish National Infrastructure for
Computing (SNIC).



1 Introduction

In this work we consider a coefficient inverse problem (CIP) for Maxwell’s system in 3-D. This is con-
tinuation of the recent research on this topic presented in [15]. Both spatially distributed functions of this
equation, dielectric permittivity € (x) and magnetic permeability 1 (x), are of our interest and we try to re-
construct simultaneously these two functions using time-dependent backscattering data of the electric field
E(x, t). Here we are dealing only with a single measurement data of the electric field E(x, t). This means,
that we are working only with a single direction of the propagation of a plane wave.

The numerical procedure for the reconstruction of unknown coefficients, € (x) and u (x), is formulated as
an optimization problem. To solve forward and adjoint problems in the optimization problem we use hybrid
finite element/difference approach of [13].

The theoretical part related to stability results for our CIP have been proposed by Dirichlet-to-Neumann
map for the case of multiply measurements or by Carleman estimates for the case of finite measurements.
We refer to [16, 22, 23, 38, 47, 52] for results using Dirichlet-to-Neumann map with an infinite number of
boundary observations. See also [18, 29, 37, 41, 42] for various Carleman estimation results.

As we already mentioned, in our study we work with a CIP where data are generated by a single propagation
of a plane wave. The theoretical stability results for a such kind of CIPs for Maxwell’s equations involving
both electric F'(x, t) and magnectic H (x, t) fields are presented in [41, 42]. Stability and uniqueness results
for both coefficients £(x) and ;1(x) when we have observations of only the electric field E(x) are presented
in [15, 18].

The applications of our CIP are, for example, in airport security system, imaging of land mines [10, 11, 12],
reconstructing the electromagnetic parameters in nanocomposites or artificial material [51, 53, 54], imaging
of defects and their sizes in a non-destructive testing of materials and in photonic crystals [25], measurement
of the moisture content [24] and drying processes [44].

The main new impact of our work compared with [15] is that we have improved reconstructions of €, p using
the optimization technique of [14]. We apply a posteriori error estimates for the error in the reconstructed
coefficients and in the Tikhonov functional using iterative choice of the regularization parameters appearing
in this functional. Our computations show that using iteratively regularized adaptive finite element method
we can significantly improve shapes and locations of reconstructed functions.

In this work, we reconstruct coefficients € (x) and x (x) by finding the stationary point of the a Lagrangian
involving the solution of a forward equation (the state equation), a backward equation (the adjoint equation)
and two equations expressing that the gradients with respect to the coefficients, € (x) and x (x) vanish.

To do that, we seek a solution for the forward and backward equations and update both coefficients £ (x) and
i (x) at every step of our iterations in a conjugate gradient method. To solve forward and backward equa-

tions we consider numerical solution of the Maxwell’s system. There exist different numerical techniques



to solve the Maxwell’s equations, for example, the edge elements of Nédélec [46], the node-based first-
order formulation of Lee and Madsen [40], the node-based curl-curl formulation with divergence condition
of Paulsen and Lynch [48] or the interior-penalty discontinuous Galerkin FEM [33]. In the finite element
computations, the edge elements are the most satisfactory from the theoretical point of view [43] since they
automatically satisfy the divergence free condition. On the other hand, since the solution of a linear system
is required at every time iteration and this could be time consuming we are not interested in them for time-
dependent computations. Besides, explicit time stepping scheme cannot be used generally since the results
from mass-lumping may not lead to a matrix with strictly positive entries on its diameter [30].

In our work, we use the stabilized domain decomposition finite element/finite difference approach developed
in [9] and further extended in [13] to the case which we use, with divergence free condition of Paulsen and
Lynch [48]. This condition allows to remove the spurious solutions from the computational solution during
the local mesh refinement in the case when discontinuities in material are not too big [13]. In our implemen-
tations, we use the software package WavES [60] and PETSc [50] with MPI (message passing interface) due
to its efficiency and convenience.

The outline of our work is following. In section 2 we describe topic of Inverse Problems and application of
it in the science and engineering. In sections 3-6 we explain definitions and mathematical tools, generally
theoretical part applied in our computations. In section 7 we describe the methods applied for the itera-
tive choice of regularization parameters in the Tikhonov functional. The Maxwell’s system of equations is
presented in section 8. In section 9 we present the model problem for the Maxwell’s equations as well as
domain decomposition, forward problem and numerical methods applied for the Maxwell’s system solution.
We state our CIP, the optimization approach which is used for its solution and describe numerical methods
applied to solution of our CIP in section 10. In section 11 we present general framework of a posteriori error
estimate, formulate a posteriori error estimates for the regularized solution and for the Tikhonov functional.
Adaptive algorithms for reconstruction of both coefficients are presented in section 12. Finally, we show

numerical results obtained in our computations using adaptive algorithms in section 13.



2 Inverse Problems: Theory and Applications in Science and Engi-

neering

2.1 Scattering Idea

The main goal of this master thesis is reconstruction of unknown parameters in Maxwell’s equations using
solution of the corresponding Inverse Problem. Here some questions arise when we come to an Inverse
Problem. The first question is " What is an Inverse Problem?" and we try to answer to this question with a
simple example taken in [34, 61, 62] which we present in this section .

Inverse Problems is a research area dealing with inversion of models or data which arises naturally in many
branches of science and engineering where the values of some model parameters must be obtained from
the observed data. This means that when we want to gain information about a physical object or system
from observed measurements, we can consider a mathematical framework named Inverse Problem. Theory
and applications of inverse problems have experienced a considerable growth in the last few years. In-
verse problems have applications in science and mathematics, including computer vision, natural language
processing, machine learning, statistics, statistical inference, geophysics, medical imaging (such as com-
puted axial tomography and EEG/ERP), remote sensing, ocean acoustic tomography, nondestructive testing,
acoustics, aerodynamics, electromagnetics, hydrological engineering, image analysis, shape design, struc-
tural dynamic modification and reconstruction, tomography and many other fields.

Potential topics include, but are not limited to:

e Inverse problems for differential and integral equations,

Inverse problems and homogenization techniques,

Regularization techniques,

Statistical inverse problems,

Numerical algorithms for inverse problems,

Fractal-based methods in inverse problems.

Solution of Inverse Problems (IPs) is important due to providing information about a physical parameters

that we cannot observe directly or it is very difficult and not reasonable for us to solve them directly.

2.2 Example of an Inverse problem

Here we show an example of Inverse Problem which arises in geophysics [62] and uses multiply measure-

ments. Imagine a situation where we want to gain information about the structure of the wave speed ¢ inside
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Figure 1: Earthquake in the Earth.

the earth (2, from the observed seismic wave-field, denoted by A, at the boundary of the earth 9. We just
consider A, as the available measurements at the surface of the earth.

In Figure 1, we see the traveling seismic waves g produced by an earthquake inside the earth. Having
knowledge about the traveling seismic waves provides information about the location of oil and minerals
deposits. To gain this information, we need to perturb the boundary of the earth by an artificial explosion
or by a natural earthquake. This perturbation produces waves that travels through geodesics in the metric g
and hits the oil and mineral deposits and reflects back to the surface of the earth. We wait up to time 7" until
the waves have reached the boundary. After that we are able to measure the backscattered wave-field using
a seismograph.

The wave equation in the bounded domain Q € R3 with the boundary 95 illustrates the mathematical

formulation of the problem described above:

uge — V- (gVu) =0, in Qx(0,T),
u(x,0) = u(x,0) =0, for x€Q, (1)
u(x,t) = f(x,t), on 900 x (0,7T),



The forward problem

Estimated Mathematical Prediction of

parameters Modelling data

The inverse problem

A Mathematical
Prediction of Measured data

parameters Modelling

Figure 2: Flowchart of forwards and inverse problem.

where u(x,t) is the displacement in some direction of the point x and the time ¢, where 7 is the final time.

The information of the seismic wave field is encoded in the hyperbolic Dirichlet to Neumann map

ou
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@)

Here, n denotes the outer unit normal to 0§2 and A, maps the initial perturbation f. Dirichlet condition
is applied to the recovered wave-field % |ao. Neumann condition carries within information of the inside
metric of the earth.

In this example, the aim is to recover g from A, via the forward problem which is an well-posed problem
under regularity assumptions over g. This means that the Neumann data g—z |ao can be obtained by solving
the problem (1) for v with Dirichlet data f when the metric g is known.

Let A denote the Forward Operator with A(g) = A,, and this operator is well-posed and A~! denote
the inversion operator. The general idea behind inverse problems is to invert this operator and study the
properties of this inversion, see Figure (2). Here the unknown parameter is g while the data is A,. We are
interested to answer the question "What can we say about metric g by having enough measurements?" ( or

when we have A, = (f, %\ag) )

When we come to an inverse problem, some questions arise. These questions are : By having the

observed data measurement,



1. Existence: Does any unknown parameter exist that fulfills these observations?

2. Uniqueness: Can the unknown parameters be reconstructed uniquely by the observed data measure-

ments?

3. Stability: How the errors in the data measurements will affect reconstruction of our interest parame-

ter?

4. Reconstruction: How can we reconstruct the unknown parameter from the data measurements com-

putationally?

The forward problem is to predict what happens to the solution of the problem over time or space by having
all background knowledge of the problem including mathematical model and parameters in the partial dif-
ferential equations, initial conditions and boundary conditions.

However, the inverse problem should recover the missing information that provides the solution when some
background knowledge of the problem including mathematical model and some data observed at the bound-
ary of our domain are given but all parameters in partial differential equation are not clarified. On the other
side, one should remember that Inverse Problems are mostly ill-posed and non-linear so we may need to

consider more conditions to be able to treat them in the desired way.

3 Introduction to the Theory of Ill-posed Problems

Theory of well and ill-posed problems is completely described in the literature, see for example [5, 8, 56,

58, 59]. Below we briefly present main definitions of the theory of well and ill-posed problems.

3.1 Well-posed and Ill-posed Problems

Well-posed problem: Based on idea introduced by Jacques Hadamard, a problem is well-posed if all fol-

lowing conditions are satisfied:
1. Solution to the problem exists,
2. The existed solution is unique,
3. Solution is continuous with respect to initial conditions and boundary conditions.

Ill-posed problem: If at least one of the conditions (1, 2, 3) is violated, the problem is not well-posed any
more and is named as an ill-posed problem.
Most of inverse problems do not fulfill Hadamard’s postulates of well-posedness so one can say an inverse

problem is often (almost always) ill-posed. This is because of not existing a unique solution to the problem



that continuously depends on its data. The results below are well known and we briefly present them.
Well-posed and Ill-posed problems in Operator Forms:

Let A be a mapping operator on a Hilbert space H; into a Hilbert space Hsy such that A : Hy — Hs.
Consider a Hilbert space H; and let O(z*) denote a neighbourhood of an element z* € H; and D(A) is the
domain of definition and R(A) is the range of A.

The problem A(z) = u is well-posed on the pair of Hilbert spaces H; and Ho if
1. Existence: Vu € Hy,32* € Hy s.t A(z*) = u,i.e.R(A) = Ho,

2. Uniqueness: if(A(z1) = u A A(z2) = u) — 21 = 23 so the inverse operator A~! : Hy — H;

exists,

3. Stability: for any neighbourhood O(z*) C H; of the solution z*to the equation Az = u, 3 neigh-
bourhood O(u) C Hj of the right-hand side u such that for all us € O(u) the element A~ us = z;

belongs to the neighbourhood O(zs) which shows continuity of the operator A~ .

Consequently, the problem A(z) = w is ill-posed on the pair of Hilbert spaces H; and H> if at least one of

the three well-posedness conditions does not hold. Here z* denotes the exact solution to the problem.

3.2 The Regularity Condition

All results below are due to [7, 8] and we briefly present them here. We consider the operator equation in
the following form:

A(z) =0, 3)

Here A : Hy — Hs is a non-linear operator which acts on a real Hilbert spaces (H;, H3). Consider z* as
the solution of our interest which we call the exact solution. Let L(Hy, Hy) denote the normed space of all
linear continuous operators from H; into Hs. Assume that A is defined and also is Fréchet differentiable
everywhere in H;, see section (4.2).

Thus two following assumptions and sometimes weaker conditions than (4), (5) are considered here on the

Fréchet derivative A’ for iterative processes:

IA" ()| Loy b0y < M, V2 € Hy, (4)
A" (21) = A'(22) | Loy 110y < Mal22 — 21, Vz1,2 € Hy. (5)

On weaker conditions, one may replace Vz1, 2o € Hy with Vzq, 29 € 2, where €2 is a bounded subset of H.

As an example, we may take 2 = B(0, R), a ball of a sufficiently large radius. Generally,

B(z1,7) ={22 € Hy : llz2 — 21|l g, <r} 6)



We can claim that if we use z1, 2o € (2 instead of Vz1, 2o € H; in (4), (5), then condition (4) with
My = [|A"(2) | (o, brp) + M2 sup |21 — 2|y, (N
Vz1€Q
is a result of (5) for any z € Q. It follows from (5) that A’(z) is dependent continuously on z which maps
from H; to L(H;, Hs). For the operator which has a continuous derivative and for operators from the class

A(My, Ms) particularly, we have

1
Az + h) — A(z) = / A'(z +th)h dt, z1,h € Hiy, 8)
0

as a result of the Newton-Leibniz theorem. The modified version of the Taylor expansion’s formula reads as

A(Zl + h) = A(Zl) + A/(Zl)h + T(Zl, h), Vz1,h € Hy. ©)]

By our assumption on 7'(z1, h)

1
1T W)lle, < 5 Mz ]hlE, (10)
and it follows then
|A(z1 + ) — A(z1) ||, < Ma||blm,, Vz1,h € Hy, (11

Linearization Approach: One can choose linearization approach among all other approaches for recon-
struction in iterative methods for different equations with differentiable operators. We may take an arbitrary

zo € Hy. Then we rewrite (3) in the following way

A(zo+h) =0, 12)

where h = 21 — 2z is an unknown. Let us consider the Linearization procedure for the operator equation (3)
at the point zg. We neglect the term 7'(z, h) in (9) in order to get the following approximation

A(z+h) ~ A(z) + A'(2)h. (13)

Equation (12) becomes linear with respect to h

A(Z()) + A/(Zo)h =0, h € H;. (14)

We consider an approximation to the solution of equation (14), h € H;y, when there exists a solution to the
linearized equation (14). One may consider the point 2 = zg + h as approximation of initial solution, z*,

of equation (3). The linearization procedure is based on the discarding the small term T'(z, h) in the right

10



hand side of (9) when z = zy. Moreover, when we want to be sure about existing a unique solution for
any A(zg) € Ha, it is necessary to have a continuous invertible operator A’(zy) € Hj together with some
estimate on the norm of the inverse operator A’(zp) L.

Remark: The operator A € L(H1, H») is continuous invertible if there exists an inverse operator A~! such
that A=! € L(Ha, Hy).

L is either undefined, or its domain

If A’(zp) is not continuous and invertible then the operator A’(zp)~
D(A’(29)~1) does not coincide with the entire space H». This results in having unsolvable equation (14)
or this equation may have infinitely many solutions. If A’(z)~! ¢ L(Ha, Hy) then even for A(z) €
D(A’(29)~1) the solution to (14) can not be dependent continuously on A(zp). So even small errors in the
problem, which are not avoidable in computational process, will results in significant changes of the results,

or may turn (14) into an unsolvable equation.

Regularity and Irregularity conditions: Assume A’(z) as a continuous invertible,i.e.,

A'(20)7 € L(Ho, Hy). (15)

Then A is called regular at the point zg. The equation (3) is regular in a neighbourhood O(z*,§) of the
solution z*, if there exists a neighbourhood O(z*, ), such that for any z € O(z*, ) the operator A’(z~1)
exists and belongs to L(H1, Hs). If not, equation (3) is called irregular in a neighbourhood of z*. So the
irregularity of (3) in a neighbourhood of z* means that there exists an arbitrary point z, close to z*, where
either the operator A’(z)~! is not defined, or A’(z) ¢ L(Hz, Hy).

Linearization Procedure: Consider for some m > 0
1A (20) ™ £tz 10y < 0 < 00 (16)
By considering (8), (10), (14), and (16), we can estimate the error ||Z — 2*|| i, in terms of ||zg — 2*|| g, - Also

by (14) we get

h=—A'(2) "  Al20), (17)

then
5 =29 — A(20) " A2) (18)

By subtracting z* from (18) then using the fact that A(z*) = 0, taking the norm of it we get:
12 = 2* 1o, = llz0 — 2* — A'(20)* (A(z0) — AGz")) - (19)
Then (9) and (10) provide,

A(2*) — A(z0) = A (20)(2* — 20) + T(20, 2" — 20), (20)

11



where

IT(z0,2* = 20)l1s < 5Malz0 = =¥,
By substituting (20) into (19) we get:
16 = 2l =llzo — =* — A'(z0) ™[~ A'(20)(=" — 20) ~ T, =* — )],
< llzo = 2 = /() [~ A () (=" — 20) ~ 5 Mal=" — 20)] I,
= llzo — #* ~ m[ ~ A'(0))(=" ~ 20) + 5 Ma(z" — z0)] .
(21

Now we have:

2 * 1 *
12 = 2"lg, < smMallzo — 271, - (22)

Now we can claim from (22) that 2 the solution of linearized equation (14), 2, is closer to the solution of
original equation, z*, than the initial element 2y, which shows that zj is not that far from z*. If we repeat

this linearization procedure at the point z; = 2, then we will get an iterative process.

4 Tikhonov’s Scheme

In this section we will describe the Tikhonov’s method for the solution of ill-posed problems. We present

Tikhonov’s scheme according to [7].

4.1 The Tikhonov Functional

Let us consider the operator equation:

A(z) = u. (23)

We assume that the right hand side of (23) is given with the small parameter 6 € (0, 1) which character-
izes the level of the error in data. Let u* be the perfect noiseless right hand side of (23) which corresponds
to the exact solution z* such that

AY)=u*, |lu—u*]| <6 24)

Introduce the operator F' : H — Lo such that
F(z) = Az —u. (25)
Hence Az* —u* = 0. Since  ||u — u*|| < ¢ then
[|F(z")]] <. (26)

12



The operator ||F||? has the Frechét derivative at every point o« € H. Although H is a finite dimensional
space, where all norms are equivalent, we have used in our computations Lo (Q2) norm in the regularizing
term of the Tikhonov functional.

Recall that the problem of solution of the operator equation (23) is a classical ill-posed problem [56] since
the operator A~! may not be compact. Thus, we assume that there exists the exact solution z* to our inverse
problem but we never will get this solution in computations. Because of that we call by the regularized
solution z,, some approximation of the unknown exact solution z* which is satisfied to the requirements of
closeness to the exact solution z* and stability with respect to the small errors of the right-hand side u of
equation (23).

We use Tikhonov regularization algorithm of [7, 56] which is based on the minimization of the Tikhonov
functional. Thus, to find regularized solution z, of equation (23), we minimize the Tikhonov regularization
functional ¥, (2)

¥, (2) = S IF@IL, + 5 12— =l @7)

V,:H—=R, 2z €H,
where v = v (a(d)) := v(6) > 0 is a small regularization parameter. The choice of the point zy and
the regularization parameter v depends on the concrete minimization problem. Usually zg is a good first

approximation for the exact solution z*. To make it more clear, assume that (3) has a solution and let X*(A)

contain its solutions. then the set of minimizers of functional

1
U(z) = iHA(z)H%{Q for z € Hy, (28)

coincides with X*(A). It is clear that the The Tikhonov functional (27) does not necessarily have a global
minimizer. However for any v > 0 and for any o > 0 there exists an element 25 € Hj, such that V., (25)

differs from the infimum by not more than q;, i.e.,

Zieng;1 U, (2) <V, (25) < Zienhf(1 U, (2) + a. (29)

Suppose oo = «(y) depends on the regularization parameter  in such a way that

lim @

=0. (30)
v—0 Y

Take some z* € X*(A). Recall, that by our assumption, X*(A) # (). By the definition of 2,
W, (22) < U, (%) + aly). 31)
Therefore, by (27), (28) and (31) we have

a Ve 2 Vs 2
V(=3) + S ll25 = =olly, < 5ll=" = 20lly, +a(v) (32)

13



From (32) follows that every part in the left hand side is less than right hand side :
@ Y * 2

2a(v)

125 = z0ll?,, < 12 = zoll%, + (34)

For simplification the set of elements {25 @) }ye(0,70] (Y0 > 0) is called a sequence from now. By (30)

lim a(y) = 0.

Hence, (33) indicates that the sequence {22‘ (7)} is minimizing for the functional ¥ as ~y tends to zero, i.e.,

i a(V)y — -
ili%\ll(z,y ) Zlenlgllll(z) 0.

4.2 The Fréchet Derivative and the convexity of the Tikhonov Functional

In our description of the iterative regularization we follow [7, 8].

We consider a general form of the Tikhonov functional (27) to present the convexity property of this func-
tional. Let Hy,H5, H be three Hilbert spaces, H C H; as a set, the norm in H is stronger than the norm in
H, and H = H;, where the closure is understood in the norm of H;. We denote scalar products and norms
in these spaces as

()5 -]l for Hy
()2 Il for Ha
and [-,-],[] for H.

Let A : H; — W5 be a bounded linear operator. Our goal is to find the function z € H which minimizes
the Tikhonov functional

U, (2): H—=R, 35)
}2

1
\pry(z)ziHAzfu||§+%[szO ,u € Hojz, 29 € H, (36)

where v € (0, 1) is the regularization parameter.

To do that we search for a stationary point of the above functional with respect to z satisfying Vb € H
/ —
W (2)(b) = 0. (37)

where W/ (2) is the Fréchet derivative of the functional (36) and W’ (2)(b) means that W acts on b.
The following lemma is well known [7] and we present it for the case when the operator A : Lo — Lo.

In the case when A : H' — L, the explicit derivation of the Fréchet derivative of the functional (36) is

14



technically more difficult because of the presence of H' norm in the regularization term of the functional
(36), and we omit here explicit presentation of the Fréchet derivative of the functional (36) in this case.
Lemma 1. Let A : Ly — Lo be a bounded linear operator. Then the Fréchet derivative of the functional
(35) is
\Il’7 (2) (b) = (A*Az — A*u,b) + v [z — 20,b] ,Vb € H. (38)
Lemma 2 is also well known since A : Hy — Hs is a bounded linear operator. We again formulate this
lemma only for our specific case, referring to [5S8] for a more general case. The situation is naturally more
complicated for a nonlinear operator, and we refer to [6] for this case.

Lemma 2. Let the operator A : Hy — Hs be a bounded linear operator which has the Fréchet derivative

of the functional (35). Then the functional V., (z) is strongly convex on the space H and
(\I/i{ (z1) — \I/i/ (22),21 — zg) > ylz1 — 22]2,‘7,21,22 € H.

It is known from the theory of convex optimization that Lemma 2 implies existence and uniqueness of

the global minimizer z, € H of the functional ¥ defined in (35) such that

Uy (zy) = zlglf{ MEE

It is well known that the operator F' is Lipschitz continuous if
[1F(z1) = F(22) | < [JA[l - 21 — 22|l V21,22 € H.
We also have introduced new constant My = My (|| Al[,v) = const. > 0 [7] such that

H‘I’fy (21) — \I/i/ (ZQ)H < M2 ||2’1 — ZgH ,VZl,ZQ € H. (39)

5 Optimisation Methods

To find minimum of the Tikhonov functional we can use any gradient-like method, for example, gradient
method (GM) or conjugate gradient method (CGM). We briefly present usual gradient method and it’s mod-
ification, CGM, which improves speed of computations. We refer to [7, 8, 31, 56] for analysis of these
methods.

Let (21, 22) denotes scalar product in the Euclidean space E. Let 2* be the perfect noiseless solution such
that Az* = u*, where A is the matrix in (3). From (3) also follows that v* = 0. Let Z be measured
permittivity which corresponds to measured functions k, S such that AZ = 4.

We assume that the level of the noise J in data is such that

[la —u*|| <4. (40)

15



Since u* = 0 then the equation above means that
llal] <. 41)

Here we present briefly the gradient method and conjugate gradient method to minimize the quadratic

functional
1
f(z) = §(Az, z) — (@, 2), (42)

where A is the positive definite matrix. It is easy to see that f'(z) = Az—1a, f”(z) = A. When A is positive
definite then A,,;,(A) > 0 and quadratic functional is strictly convex. If A,,;,(A) = 0 the functional is

convex, but not strictly convex and z is an initial approximation to z.

5.1 Gradient Method (GM)

The minimizing sequence in a gradient method is constructed via the following formulas:

hi, = —f'(2k)
Zp+1 = 2k + aphy, 43)
ay = argmin{ f(zr + ahy) : a > 0}.

5.2 Conjugate Gradient Method (CGM)

The minimizing sequence in a conjugate gradient method is constructed via the following formulas:

hO = _f/(ZO)a
Zp41 = 2k + aghy,
(44)
ag = argmin{ f(zr + ahy) : a > 0},
hi = —f(zk) + Bre—1hi—1.
In the case when (3, _1 is determined as
' Gll>
oy = TG D2 ifk#1,n+1,2n+1,..., 45)
0 otherwise,
then the method is called Fletcher-Reeves method.
If B4 is determined as
(' Cr)of )= (z-1))
Br_1= Ak itk #1L,n+12n+1,.., 46)

otherwise,

then the method is called Polack-Ribiere method.
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6 Principle of Iterative Regularization

In our description of the iterative regularization we follow [7, 8].

6.1 The idea of iterative regularization

Let us consider an arbitrary sequence of the regularization parameters {v} such that 7, > 0 and v, —
0 asn — 0. We are able to find an approximate minimum of a strongly convex functional ¥, ~with an
accuracy o, = a(7y,) where ay, is a positive number. We may take some finite number M., of steps of the
chosen method. We consider the point, 25", gained by these assumptions. Using (33) and (34) for this 25"

we get :

\IJ(Z%?) < l;HZ - ZO||2H1 + anp, \I/(Z) = 5“14(,2)”%{2, )
" 2
1257 = zollfr, < 12" = zoll, + — (48)
’Yﬂ,
Here assume that
n—o00 n—o00 n— Yn

We assume that the sequence {zg‘g} converges weakly in ; to some point z*. Since a continuous convex
functional V¥ is weakly lower semi-continuous, therefore

U(z*) < liminf U(z5").

n—oQ

(47) and (49) resultin ¥(z*) = 0, i.e., z* € X*(A). Considering arguments of section 4 and using (48) and
(49), we get

Jdim 125 = 2%l = 0. (50

where 27 denotes the nearest point to 2o in X*. So the sequence {25 } minimizes the discrepancy functional
that converges strongly to 23 € X*(A) when we have convexity and closeness property for X*(A). Also if
we assume that X*(A) # (), we saw that M., is rapidly growing as ., o, — 0. Practically, the mentioned
approach is not that good because of being done in two steps and also due to being uncertain about choice
of M, . We want here to expand a special one-step iterative process which guarantees convergence of the
generated sequence 2y, to the 27 . How we do reconstruction of such processes is coming below. We consider
a basic scheme for minimizing the strongly convex functional. Besides, we take an arbitrary sequence such
that

0<7n+1 Sl}/nn n:Oal7"'7 lim fY’rL:O (51)
n—00

We suppose the point z,, has already been constructed. Then the next point could be obtained by fixing

a number of steps (independent of n) of the basic iterative method applied to the minimization problem
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for the Tikhonov functional ¥, ~with the initial point z,. After doing this, by repeating the process with
Y = Yn+1 and with initial point 2,41, etc. This algorithm for the reconstruction of the convergent min-
imizing sequences for the discrepancy ¥ is called the iterative regularization principle [9]. To do such a

implementation, we need to

1 Choose a basic method, acceptable for finding a global minimizer of an arbitrary strongly convex
functional, and to fix a number of iterations that one has to perform at every step of the main iterative

process; in most cases, one iteration is performed;
2 Choose a sequence of the regularization parameters{~y, }, satisfying conditions (51);
3 Adjust the inner parameters of the basic method (step size, etc) and the regularization parameter

Yn,n =0,1,....

6.2 An illustrative example of the equations with a convex discrepancy functional

Consider a gradient method with a constant step applied to a functional ¥, for a fixed regularization param-

eter v > 0, as an example. This method takes the form
Zng1 = 2Zn — W (2,), n=0,1,... and z € H;. (52)
According to (38) we have the following necessary condition for minimum:
U (2y) = U'(2,) +7(2y — 20) = 0. (53)

By subtracting global minimizer 2., from both side of (52), taking norms, then taking into account equations

(53) and (48) we get :

2 2
l2ns1 = 2y, = llzn = 2y = (¥, (2n) = ¥, (29)) I,
2

2
= |zn — zy||H1 — 2a((\l'i/(zn) — \Ifi/(zv), Zn — 27)H1 + a2||\ll’7(zn) — \IJ;(ZW)) ||H1'

(54)

In (54) we have used the fact that ¥ (2,) = 0.
Recalling that
U'(z) = A”*(2)A(z), z€ H;. (€8)
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Taking into account (53) and (55), then using (4) and (5), adding and subtracting the term || A"™(z,)]| -
| A(2y)|| we have :
195 (2n) = W (2)) |y, < 19 (20) = W' (2|l g, + 20 — 241, (56)
<A™ )l g, ) 1 AG2n) — A(29) L,
A" (z) = A ()| 212, 1) 1A ()| g,
20 = 24|l g,
< (M12 + MQHA(ZW)HHz +7)Hzn - Z’YHHl'
By definition of ¥(z,) in (36), then using (29) and (32) we obtain :

1 2 ’7 2 * e
U (2) = SAGI, + Tl - 20l <W(2,) = 2, - 2ol

Now taking square root of the above inequality we get,

[AGz ) < VA2 = 20lla - 67

By substituting (57) into (56) we have
195 (2n) = 5(2)ly, < Lllzn — 2|l » where L = M7 + Mol|2Z, — 2ol /7 + - (58)

We substitute (56) and (58) into (54) and using the fact that the functional W, is strongly convex in the space

H; for any v > 0 which means
(\If’(zl) — \I//(ZQ))HI >0 Vz1,20 € Hy.
Thus,
(\II’(zl) — U (29), 21 — zg)Hl > |21 — ZQH%H Va1, 20 € Hy (59)

we get
[2n+1 — 2yl < V1 =20y + 2Lz — 24|, n=0,1,.... (60)

Clearly, if « is an arbitrary positive number then the expression under the radical in (60) is positive. The
step size o« > 0 must be chosen to make this small expression as small as possible. To have convergence in
(60) we should have

1 —2ay+a’L? < 1.

We need to have following assumption to get the above inequality

2
0<0z<—7

e ©61)
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If (61) is satisfied, then estimate (60) yields

||Zn - Z’Y”Hl < HZO _Z’YHqun(’Y)7 n= 0713"'a

q(7) = V1 —=2ay+a2L?, q(v) €(0,1). (62)

Based on (62), the sequence {z, }, defined in (52), converges to z,, linearly. The quadratic polynomial under
the radical in (60) takes its minimum with respect to & when o« = yL~2. The corresponding minimal value
of the polynomial is 1 — 2L 2. So if ¥ — 0, then ¢(y) in (62) converges to 1 for any + satisfying condition
(61). So the regularization parameter y is decreasing, the number of iterations in (52) must grow in order to

insure the uniform with respect to -y accuracy of the approximation of z, by the elements z, . If we choose

€y

azﬁ,e

€ (0,2),
then the expression under the radical in (60) takes the form

1—-2ay+a’L?=1-C(e)y?, Cle) =
Thus, estimate (60) can be written as

Iznt1 = 2yl < V1= C(V2] 20 = 2yl a1,

6.3 The iteratively regularized gradient method

In this section we present a general scheme for the analysis of the convergence of iteratively regularized
algorithms. We show how we use gradient descent method with a constant step as the basic method to obtain
the iteratively regularized gradient method.

The iteratively regularized gradient method is

Znt1 = 2n — P (V) (2n) where zg € Hq,
= zn — an(A™(20) A(2n) 4+ (20 — 20)),
(63)
where a,, > 0 shows the step size, which is an inner parameter of the gradient method, has to be chosen as

a function of the regularization parameter ,,. Consider an arbitrary sequence, {~,, } which has properties of

(51). Moreover,

nhHH;O 2y, — 25, lH, = 0. (64)
By considering (64) and
nh_}rrgo lzn — 24, ||z, = 0. (65)
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We can say the sequence {z, } converges to 2} asn — oo.
By considering

Mn = HZ" - Z’Yn”Hl’

for the value of the n,, a certain difference inequality is fulfilled. For obtaining this inequality, we need
to have an estimate on the norm of the difference between the elements z.,, and z.,, the global minimizes
of Tikhonov’s functional ¥, and W, with two different regularization parameters ; and 2 > 0. These

elements satisfy the operator equations
\I/iyl (Z’Yl) =0, \I/fw (2’72) =0. (66)
Here we explain in more details. Consider

\I/l(z’h> +m (Z’Yl - 20) =0, (67)

U (2,) + 72(24, — 20) = 0. (68)

Subtracting last two identities from each other, we obtain

('Yl - 72)(272 - ZO) = \IJ/(Z’Y?,) - \IJ/(Z%) + Vl(z’m - Z’Yl)'

If we multiply both sides of this equality by (z,, — z,,) and then by considering the convexity of the

functional ¥, we have
(W(28) = W'(z,), 25 — 2 ) . 2 0,
then we achieve
(71 = ¥2) (242 = 205 295 = 291 )1y = V1|27, — 2 ||%{1 (69)

By considering the Cauchy-Schwartz inequality for the left hand side of the (69) and dividing the inequality

(69) by [|24; — 24, [| 7, » We obtain

11— 72l
||Z72 — ZA/IHHI < THZ72 — Z()HH1 V’Yl;'yz > 0. (70)

Let a(y) be zero in (34). Then
27, = 20ll 7, < 1122, = 20l g, Y11 > 0.

So (70) gives

|’yl _72” *
2y, = 2 llg, < T”Zzo = 2olly, V71,72 > 0. (1)

Subtracting z,,,, from both sides of (63) we get :

Zntl = Zyn = (Zn = 2y, — ¥, (20)) + (24, — 2y,00) = 11 + L. (72)
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To estimate /; we take norm of it and apply (54) with 2z, := 2, and then use (60) to get following estimate:

llzn — Byn T an\I/fyn (Z”)”H1 < \/1 — 20 + 02 L2 ||z, — Z’Yn”? (73)

To estimate I we apply (71) to get:

Tn — Tn+1
1290 = 2l g, < %llz; = 2. (74)
n

After we combine both estimates for /; and /5 to obtain:

Nn+1 = Hzn-&-l — Zyni1 HHl < lzn — Byp T o V' n (Zn>||H1 + szn - Z%+1||H1a (75)

< V1 =20,y +a2L2n, + wnz* Zo||H1, (76)

n <
Here based on (58) and (51) we have,

L= M§ + Ma||2Z, = zoll 5, V30 + 0-

Any arbitrary sequence of positive step size {c, } guarantees existence of the inequality (76) .
We can be sure that 7, — 0, if we guarantee that the coefficient with 7),, in (76) is less than 1 for sufficiently
large enough n. To doing so we need to have
lim — = 0. )
Tn

We get following estimate

\/1 — 20, + 02102 <1 = 2,7,

since

V1—20,7, +a2Ll? = \/1 — (2 — 22 12) (78)

n

and also with help of (77) for enough large n € N. So if we take a large number n, for the sequence{, }

the inequality

Tn = Ynd1 ) _«
M1 < (]— - 2an7n)77n + 7+||Zzo - ZO||H1 (79)
is satisfied. Moreover, we can say that (51) and (77) provide
lim o, =0. (80)
n—o0
Now we need following Lemma.
Lemma. [59] Let the sequence of non-negative numbers {w,, } be such that
wnt1 < (1 — ap)wy + by, n=0,1,.., 81)

where {a,}, {b,} satisfy the assumptions

0<a,<1, b,>0, n=0,1,..,
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oo by,
Z _on =9, lim — =0. (82)

n—00 Ay,

Then
lim w, = 0. (83)

n—oo

We can apply the Lemma above to (79). Then for the case of (79) we have should choose a,, and b,, such

that
Ap i= VYO, by = M. (84)
Tn
We should have that (82) is fulfilled, or following properties should be satisfied.
ZOO YnQp = 00, lim % =0. (85)
n=0 n—00 V5 Qi

We may take sequences {7, } and {c, } such that the conditions (51), (77) and (85) are fulfilled. In this case

these sequences should slowly converge to zero. As an example, we may take

Yo Qg

= — =01, 86
(n+1p " (1) (80)

Tn =

here g, 0 > 0, p € (0,1) and ¢ > 0. Therefore assumptions (51) and (77) are satisfied. The first condition
of (85) holds if

2p+q < 1. (87)
Obviously by having inequality (87), the second condition in (85) holds. Besides, the following convergence

rate guarantees for the sequence {7, } in this case:

1

*

Now we can claim that by considering (51), (77) and (85), process (63) converges z7 , i.e., the identity

iz — 25, = 0

holds, for any choice of the initial approximation zy € Hj.

7 Methods for the Choice of Regularization Parameters in the Tikhonov
Functional

In section 6.3 we described in details that we should choose iterative regularizations parameters, 71, ¥z, in
the Tikhonov functional (138) such that conditions (51), (77) and (85) are fulfilled with v := 7 or v := 7.

As an example, we may take sequences such that

0 Qo
n — y Up = 5 = 07]-7"'7 89
" e T e " %)
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here g,y > 0,p € (0,1) and ¢ > 0. So one method for choosing iterative regularization parameters,
71, Y2, in the Tikhonov functional is sequences such that (86) holds.

Regularization independent of the noise level (Heuristic): quasi-optimality [3]

The quasi-optimality criterion chooses the regularization parameter in inverse problems without taking into
account the noise level. This rule works remarkably well in practice, although in [2] is shown that there are
always counter examples with very poor performance.

The classical quasi-optimality criterion is applied to the regularized solutions, z., based on Tikhonov’s
method and proposes to choose positive regularization parameters, 71, vz, With v := 7, or v := 7, in the

Tikhonov functional such that

d
min [y, 22 || = 0. (90)
Yn d~.

n

Using reparametrization with ~,, = C¢™ for ¢ € (0,1),n € R, the condition (90) is fulfilled. In numerical

tests we use the following second rule for iterative computation of the regularization parameters 71, ¥s:
Yo i =Cq",n=1,2,..., 91)

where n is the number of iteration in conjugate gradient method. Then condition (90) reduces to the follow-
ing criterion:

min || zggn — 2ggn+1|| = 0. (92)
n

8 System of Maxwell’s Equations

We consider the Maxwell’s equations in an inhomogeneous isotropic medium in {2 with a piecewise smooth
boundary 952, where the bounded domain Q C R?, d = 2,3. We define Qp := Q x (0, T), 007 :=

00 x (0, T), T > 0. Electromagnetic equations then are :
oD -V x H(x, t) = (x,t) € 2 x(0,T),

0,
atB+V><E(X7 t) 0, (Xﬂ t)EQX(Ov T)7
D(x,t) =eE(x,t), B(x,t)=upH(x,1),

93)
E(x,0) = Ey(x), H(x,0)= Hy(x),
V-D(x,t)=0, V-B(x,t)=0, (x, 1) € 99 x (0, T),
nxD(x,t) =0, nxDB(x,t)=0, (x,t) € 02 x (0, T).

Here E(x, t) and H (x, t) are the three-dimensional electric and magnetic fields of the time ¢ and the space
variable x = (1,22, x3), while D (x) and B (x) are the electric and magnetic inductions, respectively.
The dielectric permittivity and magnetic permeability functions, € (x) and p (x), depend only on x €  and

n = n(x) presents the outward normal vector on J2.
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Our goal is to reconstruct the coefficients € (x) and x (x) simultaneously using only backscattered elec-
tric field in the system (93). In (93) functions e(x) = &;(x)eg , pu(x) = p(X)po and g9 ~ 8.85 x
10712(F/m), uo ~ 4710~ (H/m) are the electric permittivity and magnetic permeability of vacuum and
er and p, are dimensionless relative electric permittivity and relative magnetic permeability, respectively.
Since the units of both parameters, €(x) and ¢ are the same and equals to Farad/meter, it results in di-
mensionless form of ¢,(x). In the same way, u,(x) is dimensionless. We consider only a finite number of
observations of the electric field on the boundary 052 of the bounded domain 2.

For solving the problem (93) numerically we apply the domain decomposition FEM/FDM method of [13].
In doing so we decompose €2 into two subregions, such that Q@ = Qpgryv U Qrpa, Qrem N Qrpy = 0, see
Figure 4 for example of these domains. We apply a finite element method and a finite difference method to
the sub-domains, Qpgy and Qppyy , respectively, with first order absorbing boundary conditions, see Figure
3. The boundary 052 is such that 92 = 91 QUI:Q2U 052 where ;2 and -2 denote the front and back sides
of the domain €2, respectively, and 032 is the union of the left, right, top and bottom sides of the domain.

We assume that functions € and p of equation (93) are such that
e(x) > 1, u(x) > 1 for x € Qpgm,
e(x) =1, u(x) = 1 forx € Qppm.

We also assume that functions € and i should be determined only inside the finite element domain and

are known inside of finite difference domain such that,

e€C*(R?), e(x)€[l,by]forx eR® e(x)=1forx € R*\ Qppu, (94)

peC* (R, p(x)€e[l, by]forx e R?, p(x)=1forx € R®\ Qpp. (95)

Here, b; and b, are constants strictly larger than 1 and are chosen experimentally in the similar way with
[12, 39, 57] and we have priori knowledge about them.
By eliminating B and D from (93) we obtain the model problem for the electric field E only with the

perfectly conducting boundary conditions at the boundary 02 such that

e(x)% +Vx (p(x)V x E(x, t) =0, (x,t) € Qx (0, T), (96)
V- (e(x)E(x)) =0, (x,t) € Qx (0, T), 97)
E(x,0) = fi(x), Ei(x,0) = fa(x), x €9, (98)
nxE=0 (x,t) € 9Q x (0, T). (99)
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The similar equation can be obtained also for . Here we assume that
fr e HY(Q), f2 € La(9).

For solving the equations (96)—-(99) numerically, we use the finite difference method on a structured mesh
with constant coefficients ¢ = € = 1 and ;4 = & = 1 in finite difference domain. In our computations all
materials with values of ¢ > 10 are treated as metals and we call € as “appearing dielectric constant”, see

[12, 57] for more information and explanation.

9 The Model Problem

For stabilization of the finite element solution using standard piecewise continuous functions, we enforce

the divergence condition and add a Coulomb-type gauge condition [1, 45, 48] to (96) with 0 < s < 1:

E(X)% +Vx (0 (x)V x E(x, t))

~ sV (v (e(x) B(x, t))) —0, (x, 1) € 2 x (0, T), (100)
E(X’ 0) = fl(x)7 Et(Xa 0) = f2(x)a X € Qv (101)
nxE=0 (x, 1) €00 % (0,T).  (102)

In our computations we apply the Neumann boundary conditions to the left and right hand side of a domain
and first order absorbing boundary conditions [32] at the rest of boundaries as well as homogeneous initial

conditions. Then the forward problem used in our computations is

a(x)% +Vx (b1 (x)V x E(x, t))

sV (v (e(x) B(x, t))) —0, (x, 1) €Qx(0,T),  (103)
E(x,0)=0, E(x,0) =0, xeQ,  (104)
OuE (x, 1) = (0, f(1), 0), (x, 1) € (0, 4],  (105)
O E(x, t) = —0,E(x, t), (x, ) € x (41, T),  (106)
OE(x, t) = —0,B(x, 1), (x, 1) € B (0,T), (107
OnE(x, t) = 0, (x,£) € Q% (0, T).  (108)

Due to application of Neumann boundary conditions, we are allowed to have assumption of infinite structure
in lateral directions and thus, considering the CIPs of the reconstruction of unknown parameters € and p in
a waveguide. Numerical solution of the forward problem (103)-(108) approximates well the solution of the

original Maxwell’s equations for s = 1, check [13].
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9.1 The finite element method for the model problem

In this section we formulate the finite element method for the problem (103)-(108) which for convenience

of the reader we write below

g(x)% +V x (p XV x B(x, 1))

- sv(v (e(x)B(x, t))) —0, (x, 1) € Qr = Q2 x (0, T), (109)
E(x,0)=0, FE,(x,0)=0, x € Q, (110)
OnE (x, ) = (0, f(), 0), (x, ) € S1.1 = D Q x (0, 1], (111)
OE(x,t) = —0,E(x, t), (x,1) € S10=0Qx (t1, T), (112)
OnE(x,t) = —0,E(x, 1), (x,t) € Sy = 52 x (0, T), (113)
OnE(x,t) =0, (x,t) € S5 = 30 % (0, T). (114)

To do that we discretize Qpgyr X (0,T) presenting by K, = {K} a partition of the domain Qrgjs into
tetrahedra K, see p.10 of [15]. Here h = h(z) is a mesh function defined as h|x = hx — the local diameter
of the elements, and we let J, be a partition of the time interval (0, T) into time subintervals J = (¢;_1, tx]
of uniform length 7 = ¢;, — tx_;. Here the minimal angle condition on the K7, [19] is considered as well.
We need to define the finite element trial and test spaces, W,{E and W,? , respectively, to formulate the finite
element method and solve the state problem (103)—(108). We introduce the finite element trial space Wf
defined by
WE = {w e Wg :w|gxy € [PL(K) x P(J)]?, VK € K}, VJ € J,},

where P;(K') and P;(J) denote the set of piecewise linear functions on K and J, respectively. and
W = {we H' (Qr)3 : w(-,0) = 0, where 0,,w|pq = —dw},
We also introduce the finite element test space W,f’ defined by
W = {w e Wy : w|gxy € [PL(K) x P(J)?, VK € Ky, ¥J € J,},

where

W? ={we H(Qr)® : w(-,T) = 0, where 0, w|sq = —0;w}.

Hence, the finite element spaces W,{E and W,‘f consist of continuous piecewise linear functions in space
and time, which satisfy homogeneous initial and first order absorbing boundary conditions. We also define

the following Lo inner products and norms:

((p.0)) = / / padadt,  |lpll? = ((0,)), (e B) = / afdz,  |of = (,a).
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Multiplying (109) by ¢ € W and integrating in space and time we get :

(( 8;2 +V x (1 _1V><E)—SV(V~(5E)7¢)> = (( 8; (;5))
<<v x (Vv x E),q‘s)) s(<V(v-(eE)),J)>) =L+ 1+ I3, Vo c W°.
(115)

We now integrate by parts (115), term I; in time and terms 5, I3 in space, to get :

o (59 (b 2125

- (2o @ - a0 5 0] - / %jf?)fdt) <(a%’f,g‘f)>. (116)

Since 4t = & = 1 on 99 and in Qg pys we have

[2:<V><(,u_1V><E)>¢>:<¢'”X( -1V x E) |aQ> (( —1V><E,V><¢>>
<nxgi_>,u1V><E) + (( 1VXE,VX¢3>>
"

S1.1USq, QUSQUSJ

o), (%), (ps-59-3)) o
with p(t) = (0, (1), 0).

I — s((V(V~(sE),¢>> _ sK(bn-(V-(sE))>m— ((V(sE),V-qb))] _ —s((V-(eE),V-¢)).

(118)

Collecting I, I, Is we get the following variational formulation :

((28))03), () wemm) o (reme3) -

(119)
Also E is the weak solution of equation (109) if £ € W and (119) holds. We approximate F(x,t) with

Ey(x,t) € W/ and the finite element method reads : find £, € WP such that
OE, 0¢ - 0En -
oh 28 t
(5 5)) + bwe), ~(Fme), .+
((;ﬂv x B,V x ¢)> —|—s<V : (sE;L),Vwé)) =0, VoeW;.

9.2 The explicit FEM scheme for the electric field

We expand Fj(x,t) in terms of the standard continuous piecewise linear functions {¢;(x)}; in space and

() }7_, intime as By (x,t) = 37_, X" E;¢;(x)r(t), where B; = Ej,, , denote unknown coefficients
{0k () ey k=1%i=1 ik
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at the point ¢ of the mesh K} and time moment % substitute this expansion in variational formulation (119)

with ¢(x,t) = ¢;(x)y;(t) and obtain the following system of discrete equations

- Z Z Z Ei/k&:(ac)fi%(ac)qi)j(x)/k+l Dyt (£) Oy (1) daxdlt

KeQrpm k,l=11,j=1 th—1

- Y Y YE /8 i@y (2) / Y B (O (t)dSdt

OKeENrEMm k,I=11,j=1 th—1
n m trit
Y N Y E [V ra@Tx o [ enouds
KeQrem k,l=11,j=1 k te_1

ts > Y Y E /k V- (ei(2))V - 65(x) / (Ot dadt

KeQrpm kl=114,5=1 th1
n m tet1

LD SHED S Sl B AT HE TG
OKEdNppn kl=14,j=17 0K Jtr—1

=Lh+L+I3+14+ 15 =0. (120)

Here pj, are nodes values of p(t) at nodes of the time mesh J.
Similarly with [13], now by the definition of piecewise linear functions in time, we are able to compute
explicitly the time integrals appearing in (120). After substituting computed integrals in time in (120) we
get the following linear system of equations

M(EF — 2Bk 4 pF-1) = _TZK(%Ekfl + %Ek + éEk+1)

1 2 1 1
—sr C(GEM T+ SEN 4 SEM)  Sr Moo (BN = BFTY) - ph, (121)

In the scheme above E° and E' are equal to zero. Here M and Mpyq denote the block mass matrices in
space, in €2 and over the boundary of €2, respectively. K is the block stiffness matrix corresponding to the
rotation term, C' is the stiffness matrices corresponding to the divergence terms, and 7 is the time step.

Similarly with [13] we define the mapping F'x for the reference element K such that Fy (f( ) = K and let qAS
be the piecewise linear local basis function on the the reference element K where ¢poFg = (;3 The matrices

entries in (121) can be computed explicitly by:

M/ = (e¢i 0 Fx,¢; 0 Fx)k,
M7? = (10 Fi, ¢ 0 Fit) g
K = (W 'V x ¢;0 Fi,V x ¢; 0 Fi)x,

Cl = (V- (e¢i) 0 Fk),V - ¢; 0 F )k,

PE = (pr, ¢5)k-
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We approximate M by the lumped mass matrix M~ in space to obtain an explicit scheme. In other words,

the diagonal approximation is obtained by taking the row sum of M [35, 36]. We also use the mass lumping

I . . R EFY | 2p” E"‘*’ k
in time by replacing terms corresponding to the mass matrix in time, =g— + 5- + , by E¥. Then
(121) becomes
1
M(EM = 2BF 4+ B*Y) = =7 KBF — sT?CE" + 7 Mao(E* ! — E*1) — 72p". (122)

Next, we multiply (122) by (M%)~ to obtain the following fully explicit time-stepping method to solve
(109)-(114):

1
§TM89(ML)71) =2FF — P2(MY)'KEF — s72(MY)LCEF

Ek+1(1 _
—(1+ 571\499(1\#)*1)12’H — T2(ME)1pk, (123)

When we apply finite element method only in Qg then the scheme (123) will be reduced to :

EFY = 2% — 2(MP) Y KEY — sr?(MP)"'CEY — EF - 22 (ME) TR (124)

9.3 The explicit FDM scheme

As mentioned before, we set (z) = p(x) = 1in Qppys so in Qppar we need to solve a system of vector

wave equations for vector field E = E(FE1, Es, E3):

0?’E — AE =0, (125)
E(x,0) =0, F(x,0)=0, x €9, (126)
E (x,t) = (0, f(t), 0), (x,t) € hQx (0, ], (127)
WE(x, t) = —0,E(x, t), (x,t) €N x (t;, T), (128)
WE(x, t) = —0,E(x, t), (x, 1) € D0 x (0, T), (129)
L E(x, t) = (x,t) € 330 x (0, T). (130)

We gain the below explicit scheme in 2z p s by using standard finite difference discretization:

EFl — f2AEF. 4+ 2EF. — EF1 (131)

i,j,m i,J,m i,j,m i,5,m"

Here Ef i m denotes the solution on the time iteration k at the discrete point (7, j, m), T is the time step, and

AEF. ';.m 1s the discrete Laplacian which can be written as

AEk’J7 = Elk'f‘lajﬂ” 2E£Z;J m El 1,5,m + Elk,j-‘er 252] m T Ek] 1,m (132)
1 2
+ Ezk,j,m+1 2Elkj m + Ekj m—1
dz3 ’
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where dzx;, dxs, and dxs denote the steps of discrete finite difference meshes in z;, zs, x3 directions, re-
spectively.

To approximate absorbing boundary conditions in (128)—(130) we apply a forward finite difference approx-
imation at the middle point. This helps to get a numerical approximation of higher order than a normal
backward or forward finite difference approximation. At the left boundary of {2z pjs the absorbing bound-

ary conditions (127) can be written as

. (133)

By discretizing (133) we get:

k+1 k k+1 k k k k+1 k
igom ~ Eijom | Birjm = B Eivvgm = Bijm _ Pivrgm = Bijm _

dt dt dx dx

The above equation can be transformed to get the explicit scheme for computation of boundary condition on

the left boundary of Qppjy :

dx —dt dx — dt
k+1 _ ok k k+1
Ei,j,m - Ei+1,j,m + i,7,m dz + dt - Mit1,5m dz + dt’

Similarly we get discretizations for all other boundaries.

9.4 The domain decomposition FEM/FDM methods

We consider the data correlation between the finite element method on the unstructured part of the mesh,
Qr gy, and the finite difference method on the structured part, Q2 p s for the solution of the forward prob-
lem in (103)-(108). Their correlation is related to having mesh overlapping across a two-element thick layer
around Q gy, see Figure 6 for the domain decomposition.

The interior nodes of computational domain €2 belong to either of the following sets, see Figure 6.

N nodes ’o’ interior to {2pppy that lie on the boundary of Q gy,
Ny nodes *¢’ interior to Q gy that lie on the boundary of Qppay,
N, nodes *x’ interior to (g, that are not contained in Qgpjy,
N, nodes ’+’ interior to )z p s that are not contained in Qg gy .

Stability of the explicit scheme:

Since we use explicit domain decomposition FEM/FDM, we also need to check stability such that with our
choice of the time step 7 the whole scheme (131) remains stable. We use stability analysis on the structured
meshes and we choose the largest time step in our computation according to CFL stability condition [9]

where
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r< VER . (134)

(135)

We assume dx; = dxo = dxs, and condition (134) is transformed in 3D as

r< h,/% (136)

Algorithm for the hybrid FEM/FDM method At every time step we do following operation:

1 Compute E**! from (131) with absorbing boundary conditions (128)-(129) at 92 on the structured

part of the mesh Qzpy; when E* and E*~! are known.

2 Compute E**! by means of explicit finite element scheme (124) on the unstructured part of the mesh

Qr gy when EF and EF~1 are known.

3 Use the values of the electric field E**1 at nodes N, which are computed using the finite element

scheme (124), as a boundary condition for the finite difference method in Qpppy.

4 Use the values of the electric field EFt! at nodes N, which are computed using the finite difference

scheme (131), as a boundary condition for the finite element method in Qg g);.

5 Apply swap of the solutions for the electric field in order to apply the algorithm on a new time level k.

10 Statement of Inverse Problem

In this section, we present the coefficient inverse problems (CIP). We also describe how we optimize our

inverse problem by means of domain decomposition finite element/finite difference and Tikhonov functional.

10.1 Coefficient Inverse Problem (CIP)

Assume that the coefficients € and p satisfy (94)—(95) such that by, bo are given. Also functions ¢, u are
unknown in the domain Q \ Qppys. Determine the functions € (z) , pu(z) for x € Q\Qrpum, assuming that

the following function E (x, t) is known

E(x,t)=E(x,t), Y(x,t) € Sp. (137)
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In applications, the assumption ¢ (z) = p(z) = 1 for x € Qppy means that the functions & (z) and u(z)
have a known constant value outside of the medium of interest 2\Qppy;. The function E (z,t) models time
dependent measurements of the electric wave field at the backscattering boundary 0;€) of the domain of

interest. In practice, measurements are performed on a number of detectors, see [12, 57].

10.2 Optimization method via Tikhonov functional

We reformulate our inverse problem as an optimization problem and solve the equations (103)-(108) in a
way that two functions, £(x) and p(x), lead us to a best fit solution to time and space domain observations

E(x,t) measured at a finite number of observation points on 0; 2.

We introduce the Tikhonov regularization functional to solve our CIP as
1 -
F(E,e,p) = 5/ (E(x, t) — E(x, t))2z5(t) do dx (138)
St

+ *yl/ (e(x) —eo x))2dx

Q

(
[ () = o) dx

Q

DN =

The regularization parameters, v and -, are strictly positive constants and €¢ and p are initial guess
for permittivity and permeability functions, respectively. Moreover, St := 91 x (0,T) where ;) is the
backscattering side of the domain {2 with the time domain observations.

Here z; is a cut-off function, which is introduced to ensure that the compability conditions at Q7 N {t = T}
for the adjoint problem (check section 4.3 of [5]) are satisfied, and J is a strictly small positive number. We

choose a function z5 such that

1 fort € (0,7 —¢],
25 € C70,T], z5(t) =9 0 fort € (T —3,7],

0<z<1 forte(T—6T-3).

For our analysis we introduce the following spaces of real valued vector functions
Hy = {w <€ H'(Qr) : w(-,0) = 0},
Hy = {we H (Qp) : w(-,T) =0},
U'=Hg(Qr) x Hy(Qr) x C (Q) x C (),
U® = Ly (Qr) X Ly (Qp) x Lo () x Ly ().
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Next we introduce the Lagrangian for minimization of the functional (138)

L(u) = F(E, ¢, 1) —/ sﬁa— dxdt +/ (b= 'V x E)(V x \) dzdt
op Ot Ot Qr
+ s/ (V- (eE))(V - dedt (139)
Qr
— Ap(t) dodt — AOE dodt — AOE dodt.
S1,1 S1,2 Sa

Here u = (E, A\, &, n) € U' and p(t) = (0, f(¢),0). Also we have assumed Sy 1 = Q x (0,t4],
51’2 = 819 X (tl,T), S2 = (929 X (O,T), 53 = 639 X (O,T)

We seek for a stationary point with respect to u such that Vi = (E, ), &, ji;) € U?,

L'(u;u) =0, (140)

where L’ denote the Jacobian of L at u. Functions E and A depend on the £(x) and u(x) , also £ and A
represent the weak form solutions of the forward and adjoint problems respectively, check [11] for details.

For knowing how to obtain the Jacobian L’ of the Lagrangian precisely, see section 4.8 of [5] where we as-
sume that the variations of functions £ and A depend on variations of the coefficients € and p. In this work,
we assume that the elements of the vector function (F, A, ¢, 1) in Jacobian L’ of the Lagrangian are not

dependent on each other. In both cases we obtain the same expressions for L, see [5] for similar conclusion.

We assume that A (x,T) = 9\ (z,T) = 0 and try to impose such conditions on the function A that
L(E,\e,pu) :=L(u) = F(E,¢e,n). Next, we use the fact that A(z,T) = %(x,T) = 0and E(z,0) =
%? (z,0) = 0, as well as p = € = 1 on 012, together with boundary conditions 0, £ = 0 and 9,,A = 0 on
S3. We use the equation (140) to gain the Jacobian L’(u) so we have for all 4,

oL,  « ONOE . _
0= 1) = / 5 o 0 dt+/QT(,u V x E)(V x \) dadt

+ S/QT(V (eE))(V - \) dxdt

(141)
— Ap(t) dodt — O E dodt
51'1 Sl,2
— [ XOE dodt, Y\ € HL(Qr),
Sa
oL - -
0= 8—E(u)(E) = /ST(E — E) E z5 dedt
E —
_ / JONOE +/ (1~ x \)(V x B) dadt (142)
“ot ot o

+ S/ (V- 2)(V- (EE)) dxdt, VE € H}E(QT)
Qr
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Finally, we obtain two equations that express that the gradients with respect to € and p vanish:

L E
0= 2Ly = @igdmws/ (V- E)(V - NE dadt
ar‘f Q at at Q
’ T (143)
—&-%/(e—s@édm, T €,
Q
oL, . 1 . _
0= —(u)(,u):—/ —QVXEVX)\,udxdt—kvg/(u—uo),udx, x €. (144)
O Qr M Q

The equation (141) is the weak formulation of the state equation and the equation (142) is the weak
formulation of the following adjoint problem

2
A ~
+Vx (u 'V xA) —seV(V-A) = —(E— FE)z, x € Sr,

<o
O\
. - 2. — (145)
AT) = 2Ty =0,
OpA =0, on S3.

10.3 Finite element method for CIP

For convenience of reader we repeat the definitions of the trial and test spaces from section 9. We discretize
Qrpm % (0,T) presenting by K, = { K'} a partition of the domain Q i g5 into tetrahedra K. Here h = h(z)
is a mesh function defined as h|x = hx — the local diameter of the elements, and we let J; be a partition
of the time interval (0, T') into time subintervals J = (tx_1, tx] of uniform length 7 = ¢, — t;_1. Here he
minimal angle condition on the K}, [19] is considered as well.

We need to define the finite element spaces V,, W,F and Wﬁ‘ to formulate the finite element method and
solve the the adjoint problem. We introduce the finite element trial space W for the electric field E for the

case when functions &(), u(x) are smooth as
WE ={we H, : wlgxs € [PL(K) x PL(J)]?, VK € Ky, ¥J € J,.},

where P; (K') and P;(.J) denote the set of linear functions on K and .J, respectively. We also introduce the

finite element test space W}? defined by
W = {w e H} :w|kxy € [PL(K) x P(J)?, VK € Kp,, VJ € J,. }.

Hence, the finite element spaces W;¥ and W} consist of continuous piecewise linear functions in space and
time.

The space of piecewise constant functions V}, C Lo (€2) is used to approximate functions € and p, where
Vi = {’LL € LQ(Q) : U|K S P()(K),VK S Kh},

and Py(K) is the piecewise constant function on K.
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In a general case we allow functions (z), () to be discontinuous. Let S be the internal face of the
non-empty intersection of the boundaries of two neighbouring elements K+ and K ~. We denote the jump
of the function v;, computed from the two neighbouring elements K+ and K~ sharing the common side .S
as

[vn] = v} — vy, (146)

and the jump of the normal component vy, across the side S as
[lon)] = v -nT +v, -n7, (147)

where n™, n™ is the unit outward normal on S*, 5™, respectively.
Thus, for a general case when functions (), () are discontinuous we also introduce the discontinuous

finite element space W}, as
Wy, = {v(z) € H(Q) : v|x € DP(K)VK € K}, (148)

where DP; (K) denotes the discontinuous piecewise linear function on K. The finite element space W}, is
constructed such that W), ¢ H'(Q).

Let P, be the L2(Q) orthogonal projection. We define by f/ the standard nodal interpolant [28] of f
into the space of continuous piecewise-linear functions on the mesh K. Then by one of properties of the
orthogonal projection

1 = Pufll oy S 1F = Fill e - (149)

It follows from [55] that
1f = Prflli,) < Cibll fllgi ), VS € HY(Q), (150)

where C; = C7 () is positive constant depending only on the domain §2.

Next, we define U, = W/F x W x V}, x V},. When functions (), u(x) are discontinuous, we introduce
the space DU;, = W x W} x W, x W,. Usually dim Uy, < oo and Uj, C U" as a set and we consider Uy,
as a discrete analogue of the space U'. We introduce the same norm in Uy, as the one in U, |||, = ||-[ o0 -
This means that in finite dimensional spaces all norms are equivalent and in our computations we compute
coefficients in the space V},. The finite element method for the case of continuous functions e(x), () reads:
Find uj, € Uy, such that

L'(up)(u) = 0Vu € Up.

The finite element method for the case of discontinuous functions (), y(z) reads: Find uj, € DUy, such
that
L' (up)(@) = 0 Ya € DU,. (151)
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10.4 Fully discrete scheme for the adjoint problem

We expand A(z,t) in terms of the standard continuous piecewise linear functions {¢;}/", in space and
{1}, in time and substitute them into (145), similar to section 9.2, to obtain the following system of
linear equation:

ML o)k N1y = 226k 22 0\F _ 572 DAF, (152)

. o e .. o\
with the initial condition A(-,7) = 52 (-,T") = 0.
Here, M is the block mass matrix in space, K is the block stiffness matrix corresponding to the rotation
term, D is the stiffness matrices corresponding to the divergence term, S* is the load vector at time level
tr, A¥ denote the nodal values of \(-, ), T is the time step. Similarly with section 9.2 we get the explicit

formulas for the entries in system (145) at each element K as:

Mifg:(ecpz'OFK,%OFK)Ka
K = (u™'V x ¢; 0 F,V x ¢j 0 Fi)k,
; (153)
D£2(5V¢ZOFK7V¢JOFK)K’
Sfm:(E—EN‘,SDJOFK)Ka

where (-, -) ¢ denotes the Lo (K) scalar product. To obtain an explicit scheme, we approximate M with the
lumped mass matrix M~ (for further details, see [26]). Next, we multiply (153) with (M%)~! and get the

following explicit method:

N = =22 (MP)TES% 4 20 — 2 (MF) T RAR — s (M7) 7T DAR — AR (154)

11 General Framework of a Posteriori Error Estimate

In this section we briefly present a posteriori error estimates for three kinds of errors as they are described

in [4]:
e For the error |L(u) — L(uy)| in the Lagrangian (139),
e For the error |F(e, ) — F(ep, pr)| in the Tikhonov functional (138),
e For the errors |e — ep,| and |0 — pp,| in the regularized solutions of this functional €, p.

Here, up, €p, pip, are finite element approximations of the functions wu, €, i1, respectively. A posteriori er-
ror estimate in the Lagrangian was already derived in [14] for the case when only the function e(x) in system
(109) is unknown. In [20, 21] were derived a posteriori error estimate in the Lagrangian which corresponds
to modified system (109). A posteriori error in the Lagrangian (139) can be derived straightforward from a

posteriori error estimate presented in [14] and thus, all details of this derivation are not presented here.
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However, to make clear how a posteriori errors in the Lagrangian and in the Tikhonov functional can be
obtained, we present general framework for them. First we note that
F(e,p1) = F(en, pn) = Fl(en, pin) (e — en) + Fy(en, pn) (10 — i) + R(e,en) + R, pn),

L(u) — L(up) = L' (up) (u — up) + R(u,up),

(155)

where R(e,¢ep), R(u, i), R(u, up), are remainders of the second order. We assume that (e, up) are lo-
cated in the small neighborhood of the regularized solutions (g, i), correspondingly. Thus, since the terms
R(u,up), R(e,ep), R(u, pr) are of the second order then they will be small and we can neglect them in
(155).

We now use the splitting

u—uh:(u—ufl)—i—(uﬂ—uh),
e—en=(c—ep)+ (e, —en), (156)
po— pn = (= p) + (g, = pn),

together with the Galerkin orthogonality principle

L' (up) (@) = 0 Ya € U,

(157)
F'(21,)(b) =0 Vb e V), or Vb e Wy,
insert (156) into (155) and get the following error representations:
L(u) — L(un) = L' (un)(u — up,),
" (158)

F(e,p) — F(en, pin) = Fl(en, pn) (e — &) + Fli(en, pn) (0 — pif,)-

In (156), (158) functions ul € Uy and €f,ul € Vj, or el ,ul € W), denote the interpolants of u, e, u,
correspondingly.

Using (158) we conclude that a posteriori error estimate in the Lagrangian involves the derivative of the
Lagrangian L’(up) which we define as a residual, multiplied by weights v — u!. Similarly, a posteriori
error estimate in the Tikhonov functional involves the derivatives of the Tikhonov functional F! (e, u) and
F;’L(eh,, ) which represents residuals, multiplied by weights & — 5}IL and p — u}IL, correspondingly.

To derive the errors |¢ — ep,| and |4 — pp | in the regularized solutions €, 4 of the functional (138) we will
use the convexity property of the Tikhonov functional together with the interpolation property (150). We

now make both error estimates more explicit.

11.1 A posteriori error estimate in the regularized solution

In this section we formulate theorem for a posteriori error estimates |¢ — €| and | — pp| in the regularized

solution (e, ) of the functional (138) which was derived in [4]. We define the scalar product (-, -)r,, as (-, -),
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as well as define the norm ||, -, as |-, -|.

Theorem

Assume the Tikhonov functional (138) is strongly convex in the neighbourhood V{., .y(s) (6", 1) . Let
(en,pn) € Wi be a finite element approximations of the regularized solution (g, ) € H'(£2) on the
finite element mesh K. Then there exists a constant D defined as D = D (M;, Ms) = const. > 0 and

*

z* = (e*, u*) defied as exact solution to our exact function such that
|F" (z1) — F' (22)|| < D ||z1 — 22|, V21,22 € V1(2¥). (159)

such that the following a posteriori error estimates hold

2D

D
le —enll < —Cr(lihenll + lllenlll) = 557-Cr ([[henll + llen]ll) Yen € Wi,

D 9D (160)
[ = pnl| < 67201 (lhgenll + llkn]ll) = 507 Cr (Mhpnll + [ [snlll) Ven € W
In the case when ¢y, up, € V3, we have a posteriori error estimate

D 2D
le —enll < 07101 lhenll @) = 5a0r Cr lhenll Ly ) -

D D
= punll < = Crllhinll ) = 57 Cr Ihianll gy

Proof: For the proof see [4].

11.2 A posteriori error estimate for the Tikhonov functional

In next theorem we present a posteriori error estimate for the error in the Tikhonov functional (138) on the
finite element mesh K which was derived in [4].

Theorem

Suppose that there exists minimizer (¢, ) € H'(Q) of the Tikhonov functional (138) on the mesh K.
Suppose also that there exists finite element approximation (g, i) of (g, i) of F(e, ) on the set W}, and
mesh K, with the mesh function h. Then the following approximate a posteriori error estimate for the error

e = |F(e, i) — F(ep, pup,)] in the Tikhonov functional (138) holds

e = |F(e, 1) = Flen, un)| < Cr(I|FZ(en, ) || (1henl] + [lenll)

+ |1 E (eny ) || (| + 1 z]I1)-

(161)

In the case when the finite element approximation z;, € V}, we have following a posteriori error estimate

e = |F(e,m) — Flen m)| < Cr (1F. (e )| henll + [ Elens )| [hamll) . (162)

Proof: For the proof see [4].
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12 The Adaptive Algorithms

In our adaptive algorithms for the mesh refinement we apply the ideas of [17], Theorem 5.1 and the criterion

of Remark 5.2 of [14]. In Algorithm 1 we use constant regularization parameters in the optimization proce-
dure while in Algorithm 2 we choose these parameters iteratively. Functions Ey, (x,t, e}, ui) , An (z,t, €7, ui)
are computed by solving the state and adjoint problems with € := 7" and u := uj*. We iteratively update
approximations 7" and p;* of the functions ¢;, and py,, respectively , where m is the number of iteration in
our optimization procedure.

Algorithm 1 : Adaptive Algorithm

Step 0. Choose the mesh K}, in € and time partition J of the time interval (0,T). Start with the initial
approximations €9 = £y and ) = 10 and which are located in the small neighbourhood of the exact

solution (&*, *), see [7] for details, then compute the sequences of €}, u}* via the following steps:

Step 1. Compute the approximate solutions Ey, (z,t, e}, ui') and Ay, (z,t, €}, ui) of state (103) and adjoint
(145) problems on K}, and J, using domain decomposition FEM/FDM method described in section
9.4.

Step 2. Update the coefficient 5, := EhmH and pp, = ,u;”“ on K and J using the conjugate gradient

method:
ep (%) i= e (%) + ardi (x),

pi () = i (%) + andg (%),

where «;,7 = 1, 2, are step-sizes in the gradient update [49] and

di*(z) = —gi"(x) + B7"d ' (%),
dy(z) = —g5"(x) + B3'dy " (x),
with

gt o)II?
g~ ()12
llgg" (x)[*
gz~ ()2

By =
By =

where () = —g0(x), d3(x) = —g3(x).

Here, functions ¢7*(x) and ¢%*(x) are defined as :

T

X OE™
mx)=— [ “=h(x,t)- x, t)dt
91" (%) ; 5 (6 1) —5=(x, 1)

T (163)
¢ /0 VB )V - A (x, £) dE 4 (2™ () — 20(x)),
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Step 3.

Step 4.

Step 5.

Step 6.

T

1

o700 = - [ (e VB G0 ) VO (e, 0 3 00— po). (64
h

Stop updating the coefficient e]* and set ¢, := €)' "', M := m + 1 if either ||g}"|| ., () < 0 or norms

lle ]| L, () are stabilized. Here,  is the tolerance in m updates of the gradient method.

Stop updating the coefficient yf* and set puj, := pj" ™', M = m + 1 if either ||g5"(x)||1,(q) < 0 or

norms ||4}|| ., (o) are stabilized. Otherwise set m := m + 1 and go to step 1.

Compute g and g2/ via (165). Refine the mesh at all grid points x where
91" (%) + 93" (x) | = B max 91" (%) + 92" (%) .
Here the tolerance number 5 € (0, 1) is chosen by the user.

Construct a new mesh K, in 2 and a new partition Jj, of the time interval (0, 7). On Jj, the new
time step 7 should be chosen in such a way that the CFL condition (134) is satisfied. Interpolate the
initial guess €y and ¢ from the previous mesh to the new mesh. Next, return to step 1 at m = 1 and
perform all above steps on the new mesh. Stop mesh refinements if norms defined in steps 3 and 4

either increase or stabilize, compared with the previous mesh.

Algorithm 2 : Iteratively regularized adaptive algorithm

Step 0.

Step 1.

Step 2.

Choose the mesh K, in © and time partition J of the time interval (0,7"). Start with the initial
approximations €9 = ¢ and uY) = po and which are located in the small neighbourhood of the exact

solution (&*, pu*), see [7] for details, then compute the sequences of €}, u}* via the following steps:

Compute the approximate solutions Ej, (z, ¢, e}, uj*) and A, (z, ¢, )", uj*) of state (103) and adjoint
(145) problems on K}, and J, using domain decomposition FEM/FDM method described in section
9.4.

+

Update the coefficient ¢;, := shm+1 and pp, = py' ! on K}, and J using the conjugate gradient

method:

en T (x) = e (x) + ardi (%),
m—+1 . .m m
pi (%) = pp' (%) + azdy’(x),
where «;, 7 = 1, 2, are step-sizes in the gradient update [49] and

di'(z) = —g7"(x) + B1"d" ™ (x),

dy' () = —g5" (x) + A3'dy " (x),
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with

s NP GoIP
g~ ()2
g _ oGP
195" ()] |2
where df () = —g7 (x), d3(z) = —g5(x).
Here, functions ¢7*(x) and ¢%*(x) are defined as :
T
. AN dE]
9 (X) = - 87:()(7 t) ' (r“)th (X7 t) dt
L. (165)
e [ VB 0T AR e+ o (607 (1) — 20(),
0
T
93" (x) = _/o )y VX Ept(x, t) V X AR (%, 1) dt + 93" (' (%) — po(x)). (166)
h

where functions Ej, (z,t,e}", ui*) , An (z, ¢, €], pi*) are computed by solving the state and adjoint
problems with € := £7* and p := p7'. We iteratively update approximations £}* and p;* of the
functions €5, and pp,, respectively , where m is the number of iteration in our optimization procedure.

Also here,{" and 3" are iteratively chosen regularization parameters by rules of section 6.3.

Step 3. Stop updating the coefficient £} and set &y, := "', M := m + 1 if either 197"]| L, () < 0 or norms

llent |z, () are stabilized. Here,  is the tolerance in m updates of the gradient method.

Step 4. Stop updating the coefficient p}* and set y1, == pf" ™', M = m + 1 if either ||g5 )|y < Oor

norms ||1"'|| 1, () are stabilized. Otherwise set m := m + 1 and go to step 1.

Step 5. Compute g and g3 via (165). Refine the mesh at all grid points x where
91" () + 93" (x) | = By max g (x) + 92" () |.
xE

Here the tolerance number 8; € (0, 1) is chosen by the user.

Step 6. Construct a new mesh K, in  and a new partition Jj, of the time interval (0, T'). On Jj the new
time step 7 should be chosen in such a way that the CFL condition (134) is satisfied. Interpolate the
initial guess €y and p¢ from the previous mesh to the new mesh. Next, return to step 1 at m = 1 and
perform all above steps on the new mesh. Stop mesh refinements if norms defined in steps 3 and 4

either increase or stabilize, compared with the previous mesh.

In step 2 of these algorithms the parameters a; and a5 can be computed by a line search procedure, see,

e.g. [49].

42



13 Numerical Studies

In this section we discuss the numerical simulation of the reconstruction of two unknown functions, € and p,
inside a domain €257 using the adaptive algorithm presented in section 12 as well as using hybrid FEM/FDM
of section 9.4. We set values of two functions € = p = 1 inside of Qpppy.

Our goal is to reconstruct dielectric permittivity and magnetic permeability, ¢ and p. In our numerical
experience we work with relative dielectric permittivity and magnetic permeability, €, and p,, which are
dimensionless and are defined as € = €,€9, ¢t = prpo. Here €, and p, can take values in the following

intervals:

er(target) € (1,13),

wr(target) € (1,2).

In all of our computations we initialize only one component E> of the electrical field E(E;, Es, E3) as the
boundary condition in (96)—(99) on St [33]. Initial conditions are considered as zero. We used modified
version of the stabilized domain decomposition method of [13] which was implemented using the software

packages WavES [60] with two functions ¢, and ..

13.1 Specific aims
We have following aims in our computations.

1 Simulation of the forward problem (109)-(114) in order to obtain backscattering data. Before
reconstruction of two unknown relative coefficients, ¢, and p,., from backscattering data simultane-
ously, we need to simulate these data. To do this we generate geometry with exact values of ¢, and p,-
and compute the forward problem with the known exact values in them. Then we save computed
solution E/(x,t) at the observation points at St at the backscattered side J€2;. We work only with

these backscattering data to solve our CIP.

2 Reconstruction of 12 targets.
The second goal is to reconstruct targets in a finite element domain 2 s using backscattering data

of item 1, see Figure 4.

3 Checking stability with respect to the frequency.
The third aim is to check if computations of our IP are stable with respect to the wave length. The
2mc

wave length can be computed by A = =Z<, where ¢ = \/% is the wave speed and w is frequency in
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the initialized plane wave. We choose frequency in the interval [20, 50], w € [20, 50], and then check

how the Maxwell’s system response to our fixed parameters when frequency is changing.

4 Checking stability with respect to the noise level.
The fourth aim is to find the interval for the noise level which makes our computations stable. This
means that we search for a noise interval on what we can get stable reconstruction of ¢ and y such that

this noise does not destroys the reconstruction.

5 Checking the impact of the choice of the regularization parameters
Finally, we reconstruct €, and p, using our 2 adaptive algorithm of section 12. In Algorithm 1 we
consider regularization parameters as fixed numbers. Algorithm 2 is based on iteratively computed
regularization parameters as described in section 12. Then we compare results obtained via these both

algorithms.

To achieve our goals, we split the entire domain into two geometries, Qg pas and Qppas, such that Q) =
Qrem U Qppu, see Figure 4. Next, we consider dimensionless spatial variables 2’ = x/(1m) to get the

dimensionless computational domain form of the domain Qg g s
Qrpym = {x = (x1,29,23) € (—3.2,3.2) x (—0.6,0.6) x (—0.3,0.3)}
The dimensionless size of our computational domain €2 for the forward problem is
Q= {x=(x1,22,23) € (—3.4,3.4) x (—0.8,0.8) x (—0.4,0.4)}.

The space mesh in Qppys and Qppys consists of tetrahedra and cubes, respectively. We take mesh
size, h = 0.1, in the optimization algorithm in our geometries in the hybrid FEM/FDM method, as well as
in the overlapping regions between FEM and FDM domains. While doing computational tests, the penalty
factor s in the explicit FEM scheme (123) is equal to one in Qg gp;. We note that due to using the domain
decomposition method as well as conditions (94)—(95), the Maxwell’s system in g pjs transforms to the

wave equation

2

OE AE—O in QFDJWX(O T)

o2

E(I7O) = fo(l’), Et(I7O) 0in QFDMa

E(z,t) = (0, f (t),0), on 90y x (0,t4], (167)
E(l‘,t) = —815 ( ), on 891 X (tl,T),
E(z,t) = —0:E(x,t), on 0y x (0,T),
E(z,t) =0, on 093 x (0,T).
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We initialize only the second component of the electric field F5 as a plane wave f(t) in Qppas in time
T = [0, 3] such that

£(t) = sin(wt), if t € (0,27), (168)

0, ift > %’r,
while two other components of electric field E», E'3 are initialized as zero. This means that for the solution
of forward problem via hybrid FEM/FDM method, it is required to solve equation (167) in Qg ppy, and in
QrEm We have to solve
0’FE 1 .
STl +V X (' VXE)=-sV(V-(eE)) =0, in Qpgpwm,
E(x,0) =0, FEi(x,0)=0in Qpgm,

E(x, t) ‘OQFEM = E(X7 t) |aQFDMI :

Here, 0Qpp, is internal boundary of the domain Qppy, and OQpE is the boundary of the domain Qpgy.

Similarly, in Qppyr the adjoint problem transforms to the wave equation

%\ o
Gz~ A= —(E—E)z, in Sr,
Mz, T) =0, M(z,T)=0in Q, (169)

OpA(z,t) = 0on Ss.
When solving the adjoint problem via hybrid FEM/FDM method in Qppy; we solve the problem (169) and

in QpgMm We have to solve
9’ 1 .
Eﬁ + V x (,u V x )\) — SV(V . (5)\)) = O7 m QFEM;
)\(X,T) = 0, /\t(X, T) =0in QFEM7
)‘(Xv t) |BQFEM = /\(X> t) ‘8QFDMI :
We define exact functions to be reconstructed €, = 12 and p,» = 2 inside of all inclusions, see Figure 5, and

e = i = 1 at all other points of computational domain 2z ;. We choose in our computations the time

step 7 = 0.006 which satisfies the CFL condition [27] and perform computation in time interval [0, 3].

13.2 Generation of backscattered data

To generate backscattered data F at the observation points at S7 in (137) we solve the forward problem
(109)—(114), with function f(¢) given by (168) in the time interval 7' = [0, 3] with the exact values of the
parameters €, = 12, 1, = 2 inside inclusions of the Figure 5, and €, = p,, = 1 everywhere else in €2, see
Figures 7—12. We avoid the variational crime in our tests since the data were generated on a locally refined
mesh where inclusions were presented. However, we use our optimization algorithm on a different struc-

tured mesh with the mesh size & = 0.1 at the overlapping nodes between FEM/FDM domain, see section
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9.4 for description of these nodes.
We present the isosurfaces of the simulated exact solution of the initialized components F1 (x,t) and F(x, t)
of the electric field in the forward problem (96)—(99) with w € [20, 50] at different times in Figures 14-18.

We observe at these figures the backscattering wave field of the two components, E; (x, t) and E»(x,t).

13.3 Reconstructions

To start our optimization algorithm we need to have initial guess values €, o in all points of Q2. We let
go = 1, up = 1in all points of €2. This initial guesses are chosen similarly to [14, 15] since our computations
show that these initial guesses reconstruct both functions ., i, good , see also [17] for similar observations.
Such choice of the initial guess values means that we start the conjugate gradient method from the homoge-
neous domain.

To do computations the minimal and maximal values of the functions ¢, (x) and p,-(x) belong to the follow-

ing sets of desired acceptable parameters

C., €{e, € C(Q)|1 < g,.(x) <13},

Cpu, € {1 € CDIL < pir(x) < 2}

The solution of the inverse problem requires to be regularized since different coefficients can correspond
to similar wave reflection data on 0:€). To do so, we need two different regularization parameters v; =
0.01 and 5 = 0.7 in (138) for the computation of inverse problem. Chosen values for these regularization
parameters are based on our computational experience of our previous work [15] on this topic. We choose
the regularization parameters in a way that the values of the regularization parameters give the smallest

_ lle—enll _ lle—=pall

reconstruction relative Ly errors, e, and e, where e, = Tl and e, = T

values of the coefficients and ¢y, 1y, are computed ones. Now, we consider regularization parameters as

. Here ¢, u are the exact

fixed constants but in our final step of our computations, regularization parameters are chosen iteratively.
The tolerance # in our adaptive algorithm is set to §# = 1075. To get images of Figures 19-39, we assume
that the function €™ (x) and p!(x) are our reconstructions gained by the adaptive algorithm where n and 1 are

number of iterations in conjugate gradient method when we have stopped to compute €(x) and p(x). Then

we let
e™(x) ife™(z) > 0.63maxe™(x),
e'(x) = Q
1, otherwise.
and
. ph(z) if pl(x) > 0.5max u!(z),
p(x) = ¢

1, otherwise.
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The simultaneous reconstruction of €, and y, for the frequency w € [20, 50] and for different level of

additive noise is presented in Figures 19-39.

13.4 Stability results with respect to the frequency

To achieve our second goal, checking stability of our system with respect to w, we need to generate the
backscattering data for various frequencies from interval [20,50] with the additive noise as well as with
parameters defined in our computations of Inverse problem which are fixed numbers. We introduce additive

noise to our simulated data as

Eobs = Eobs(1 + pa)a (170)

where F,,s are computed values of F(x,t) with known values of ¢, and y,. via hybrid FEM/FDM method,
a € [—1, 1] is randomly chosen constants and p is the noise level.

We consider the following test cases for the generation of the backscattering data:

i) Fixed additive noise 3%, p = 0.03 in (170) with frequency w € [20, 50];
ii) Fixed additive noise 7%, p = 0.07 in (170) with frequency w € [20, 50].

Using a posteriori error estimates of section 11.2, we expect to get the better reconstruction of our coeffi-
cients and consequently improved images of reconstructed functions after refinement in our finite element
domain. Figures 19-39 show reconstruction results of €,, p, obtained via the adaptive algorithm 1.
Numerical Results: Figure 19 presents images of computed coefficients when noise is low and regular-
ization parameters are fixed constants. After the first iteration in conjugate gradient method, none of the
coefficients reach their maximum values considered in (94)—(95).

In next step, see Figure 20, still we do not have any refinement in the geometry at the last iteration in the
conjugate gradient method. This Figure shows the reconstructed functions, €,, p,, such that max ¢, =

QreMm
13, max p, = 2.06. Figure 23 presents the final result of our adaptive algorithm 1 on a 5 times locally

Qrem

refined mesh in Qrgas.

Figure 24 and 32 show that the computed images of the reconstructed function ¢, on the coarse mesh in
Qrgar are not good in almost half of the finite element domain while function p,. is reconstructed properly.
These computations are done with the noise level p = 0.03 and p = 0.07 in (170) and for the frequency
w = 301in (168).

Figure 24 and 32 show that we do not have good reconstruction of ¢, after the first iteration in the conjugate
gradient method on the coarse mesh. Meanwhile, Figures 25-32 present that the image of function x,- on
the 5 times adaptively refined mesh is reconstructed properly with Jnax ji, = 1.567. Figure 26 presents

FEM
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reconstruction of functions €, and p,. for the frequency w = 40 in (168) and additive noise p = 0.03 in (170)
on a coarse mesh. We observe good reconstruction of locations of all inclusions and values for €, and p,..
However, shapes in z direction should be improved.

Figure 27 shows that on the 5 times adaptively refined mesh in Qpgj; we reconstruct both functions
e-(x) and p,(x) properly. Comparing Figures 26 and 27, we can see that adaptive algorithm can signif-
icantly improve shapes of our inclusions in all 1, x2, x3 directions. Figure 28 presents reconstruction of
functions ¢, and ., on a coarse mesh such that max ¢, = 13, max u, = 1.65. These computations were

QreMm QreMm
performed with frequency w = 50 and noise level p = 0.03.

13.5 Stability results with respect to the noise level

Analyzing the results obtained in the previous section, we can claim that the appropriate interval of fre-
quencies where we obtain stable reconstructions is interval w € [40, 50]. Now we choose a fixed frequency
w = 40 in (168) and check how our system responds to the different noise level. In this section we check sta-
bility of reconstructions functions &, and y,. for the frequency w = 40 and for the noise level 12%, 17%, 25%
and 35% in backscattering data. We have already tested in the previous section smaller additive noise such
that p = 0.03,0.07 in (170). The obtained results are shown in Figures 40—47.

Numerical Results: We fix frequency w = 40 in (168) and check behaviour of the reconstructed functions,
e, and ., for a higher additive noise 12% and 17% such that p = 0.12 and p = 0.17 in (170). Using figures
41 and 43 we observe that the maximum of values for €, and p,. is not small.

Figures 40-41 show that the functions ¢, and p, have a small error in the computed maximum values after
the first iteration in the conjugate gradient method on a coarse mesh. The obtained results are compatible
with our anticipation based on the theoretical observations.

Figure 43 presents that we are able to reconstruct functions, ¢, and p,, with a higher noise 17% with
érFl%); er = 12.95, éﬂ%};j - = 1.56. In the next step we increase the additive noise from 17% to 25% using
frequency w = 40 to check reconstructions of functions ¢, and y,- on a coarse mesh. In these computations
both functions reach their maximum values. Figure 44 presents the obtained results.

We continue our investigations through increasing the additive noise. We let additive noise p = 0.35 in (170)
and frequency w = 40 in (168). Figure 46 shows obtained reconstructions on a coarse mesh.

Figure 47 presents that even with a higher additive noise, 35%, we can reconstruct both functions ¢, and p,.
for the frequency w = 40 on the 5 times adaptively refined mesh. This figure shows that we can not see
clearly reconstructions for y, since about % part of the finite element domain, top left side of the Qp gy, is

not reconstructed properly.
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13.6 Application of different techniques for the choice of regularization parameter

In the computations of this section we apply adaptive algorithm 2 with iterative choice of the regularization
parameters in the Tikhonov functional (138). We consider two methods for choosing iterative regularization
parameters, 71, 72, in the Tikhonov functional (138). Up to now, we have presented results based on the
optimal choice of the regularization parameters, 1, 2, which were chosen in a computational efficient way.
Now we choose our regularization parameters iteratively based on the theory given in section 6 specifically
rules given by (89) and (91). Using rule 2 given by the (91) we test our adaptive algorithms choosing the
regularization parameter in the Tikhonov functional without taking into account the noise level. Then we
compare the results obtained by considering the iterative regularization parameters, v, 2, with the results
obtained by using fixed regularization parameters. Finally, we fix frequency w = 40 in (168) and test our
adaptive algorithms for different additive noise level in all methods. The obtained results of our computa-
tions are given in Figures 50-57.

Numerical Results: In Figure 50, we want to check how choice of regularization parameters 1, 2, affects
the obtained reconstruction of functions, €, and p,.. Our computations show that for the frequency w = 40
in (168) and additive noise p = 0.17 the reconstruction of ¢, is not sensitive to the choice of the method
for computation of the regularization parameters via rule 2 given by (89). Figure 51 presents that the recon-
struction of y,- is more sensitive to chosen method for computation of regularization parameters. One should
note that although both figures look similar to each other, the iteratively computed regularization parameters
71,2 viarule 1 given by (89) affects the maximum value of the reconstructed function ., see Table 3. We
can conclude that this method has enormous impact on the reconstruction of function p,- in Qpga;.

Figure 57 shows that the iteratively computed regularization parameters, v;, 72, using the rule 1 given by
(89) in the adaptive algorithms helps us to maintain the proper reconstruction of y,- while the additive noise
in data is high and p = 0.35 in (170), see Table 3.

Now we test the adaptive algorithm 2 with iteratively computed regularization parameters i, 2 using the
rule 2 given by (91). Figure 60 shows that using Algorithm 2 for the frequency w = 40 with p = 0.17 in data
in (170) the reconstruction of €, is not too sensitive to the iteratively computed regularization parameters via
rule 2 given by (91).

Figure 61 presents that reconstruction of j, is more sensitive to the iterative choice of the regularization
parameters 71, y2, computed via rule (91). One should note that although both figures look similar to each
other, when applying rule 2 given by (91) the maximum value of the reconstructed function p, is higher, see
Table 3. We can conclude that the choice of regularization parameters has enormous impact on the recon-
struction of w,. in Qpgas.

Figure 64 shows that for the frequency w = 40 and p = 0.35 in data the reconstruction of €, is not sensitive

to the method for the computation of the regularization parameters. Figure 65 shows that using the iteratively

49



computed regularization parameters, y; and 2, via the rule 2 given by (91) helps us to maintain the proper

reconstruction of function y, with a high additive noise p = 0.35.

14 Discussion and Conclusion

In this work we have used time-dependent backscattering data for reconstruction of both coefficients, e(x) and 1(x).
Our goal was to improve reconstructions of €, and y.,. obtained by optimization approach in [15] using iter-
atively regularized adaptive finite element method. In the theoretical part we presented different strategies
for the choice of regularization parameters in the Tikhonov functional (138). We described main framework
for derivation of a posteriori error estimates for CIPs and formulated two adaptive algorithms. In the nu-
merical part of this work we tested adaptive algorithm 1 with two different noise levels, 3% and 7%, for
different frequencies w on the interval [20, 50]. We also performed tests with fixed frequency w = 40 in
(168) and observed simultaneously reconstruction of both coefficients, &,.(x) and p,(x), with higher noise
levels 12%, 17%, 25% and 35%. We tested adaptive algorithm 2 with iterative choice of regularization
parameters, y; and 9, in the Tikhonov functional (138). First part of our numerical simulations is done
using adaptive algorithm 1 when regularization parameters in the Tikhonov functional is chosen optimally
based on experimental results. The second part is done using adaptive algorithm 2 with iterative choice of
regularization parameters computed via (89) and (91). We have used two different rules in this algorithm
for choosing regularization parameters. An important aspect of this part is that we are able to reconstruct
simultaneously both coefficients, &,.(x) and p,.(x), with high noise level such as 35 % and we have signifi-
cant improvement in shapes and locations of all inclusions to be reconstructed. We conclude that we can get
significant improvement in obtained images using adaptive algorithms with different values for computation
of regularization parameters in the Tikhonov functional. So we can claim that iteratively regularized adap-
tive FEM is powerful tool for the reconstruction of both functions, €, (x) and y,(x), and their locations and

shapes accurately.
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Figure 4: The finite element domain Qp g with inclusions to be reconstructed.

m

Figure 5: The FEM domain Qr g with inclusions, the exact values of functions €,(x) and u,(x) are: €,(x) =

12, pr(x) = 2 inside the twelve small inclusions, and e, (x) and p,(x) are known everywhere else in Qrgnr.
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Figure 7: Backscattering data of the one component of the electric field E(x,t), Eax(x,t), frequency w = 20 in (168):
(a) we show backscattered data with 5% of additive noise; (b) data of (a) in xy projection; (c) backscattered data with

40% of additive noise; (d) data of (c) in xy projection.
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Figure 8: Backscattering data of the one component of the electric field E(x,t), Eax(x,t), frequency w = 40 in (168):
(a) we show backscattered data with 5% of additive noise; (b) data of (a) in xy projection; (c) backscattered data with

40% of additive noise; (d) data of (c) in xy projection.
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Figure 9: (a) Backscattering data of the component E2(x,t), frequency w = 20 in (168) with 5% of additive noise in

data: (b) Backscattering data of a) in xy projection.
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Figure 10: Comparison between computed Fs (below) and E1 (on top) components of the backscattered electric field

with 20% additive noise: (a) Frequency w = 20 in (168) (b) Frequency w = 40 in (168).
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Figure 11: Comparison between computed E> (below) and E1 and E3 (on top) components of the backscattering

electric field with 20% additive noise in data: (a) Frequency w = 20 in (168). (b) Frequency w = 40 in (168).
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Figure 12: Comparison of backscattering data of the component Eo(x,t) for the frequency w = 40 in (168) with 5%

and 40% additive noise.
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Figure 13: Isosurface of the simulated exact solution of the component E1(x,t) for the forward problem at different

times. The snapshot times are: (a) 0.3 s, (b) 0.6 s and (c) 0.9 s, respectively.

(c)t=0.9s.
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Figure 14: Isosurface of the simulated exact solution of the component E1(x,t) for the forward problem at different

times. The snapshot times are: (a) 1.2 s, (b) 1.5 s and (c) 1.8 s, respectively.
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(c)t=2.7 s.

Figure 15: Isosurface of the simulated exact solution of the component E1(x,t) for the forward problem at different

times. The snapshot times are: (a) 2.1 s, (b) 2.4 s and (c) 2.7 s, respectively.
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(b) t=0.6 5.
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0.10196
013358

(c)t=0.9s.

Figure 16: Isosurface of the simulated exact solution of the component E3(x,t) for the forward problem at different

times. The snapshot times are: (a) 0.3 s, (b) 0.6 s and (c) 0.9 s, respectively.
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(a) t=1.2's.
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-0.1677

(b)t=1.5.

0.087923
0.050271
0.012618
-0.025035

-0.062687
-0.10034
-0.13799
-0.17564

Figure 17: Isosurface of the simulated exact solution of the component Es(x,t) for the forward problem at different

(c)t=1.8s.

times. The snapshot times are: (a) 1.2 s, (b) 1.5 s and (c) 1.8 s, respectively.

61



0.066214
0.029075
-0.0080644
-0.045204
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-0.19376

(a)t=2.1s.
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(c)t=2.7s.

Figure 18: Isosurface of the simulated exact solution of the component E3(x,t) for the forward problem at different

times. The snapshot times are: (a) 2.1 s, (b) 2.4 s and (c) 2.7 s, respectively.
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Frequency w coarse mesh | 1ref. mesh | 2ref. mesh | 3ref. mesh | 4ref. mesh | 5ref. mesh
20 # nodes 10958 11061 11299 12121 14007 18758

# elements 55296 55752 61440 72508 96378

g omP 13 13 13 13 13 12.92

e oP 2.06 2.06 2.06 2.06 2.06 1.52

30 # nodes 10958 11272 12115 13575 16763 25797

# elements 55292 57018 60875 69450 885381 131932

e omP 13 13 13 13 13 12.98

[Tian 2.06 2.06 2.06 2.06 2.06 1.56

40 # nodes 10958 11001 11091 11408 12156 13952

# elements 55296 55392 55872 57544 61794 71276

eoP 13 13 13 13 13 12.97

g oP 2.06 2.06 2.06 2.06 2.06 1.565

50 # nodes 10958 11052 11901 12291 14017 18594

# elements 55296 55693 56680 60228 72504 95554

eromP 13 13 13 13 13 12.96

e o™P 1.65 1.65 1.65 1.65 1.65 1.464

Table 1: Computed values of c{°™P := ({IP}%}; gr and poMP = s{?ii&, Ly on the adaptively refined meshes.

Here regularization parameters, 71, Yo, are fixed constants. Computations of CIP are done with the noise

p = 0.03 in (170).
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Frequency w coarse mesh | 1ref. mesh | 2ref. mesh | 3ref. mesh | 4ref. mesh | 5ref. mesh
20 # nodes 10958 11075 11331 12292 14328 19954

# elements 55296 55836 57042 62382 74354 102604

g omP 13 13 13 13 13 12.96

e oP 2.06 2.06 2.06 2.06 2.06 1.53

30 # nodes 10958 11309 12337 14043 17629 28738

# elements 55292 57240 61930 72056 93656 146974

e omP 13 13 13 13 13 12.97

[Tian 2.06 2.06 2.06 2.06 2.06 1.55

40 # nodes 10958 11001 11091 11408 12156 13952

# elements 55296 55392 55872 57544 61794 71276

ey P 13 13 13 13 13 12.95

g oP 2.06 2.06 2.07 2.06 2.06 1.57

50 # nodes 10958 11087 11408 12291 14527 20542

# elements 55296 55908 57432 62354 75464 105856

eromP 13 13 13 13 13 12.96

g omP 2.06 2.06 2.06 2.06 2.06 1.56

Table 2: Computed values of €{°™P := HFli)]é gr and poMP = s{?ii&, Ly on the adaptively refined meshes.

Here regularization parameters, 71, Yo, are fixed constants. Computations of CIP are done with the noise

p = 0.07in (170).
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Test | Regularization parameter / Noise coarse mesh | 1ref. mesh | 2ref. mesh | 3ref. mesh | 4ref. mesh | 5 ref. mesh
1 Fixed / Noise 17% # nodes 10958 11020 11170 11673 13330 16552
# elements 55296 55542 56258 58994 68516 85226
egomp 13 13 13 13 13 12.95
Lomp 2.06 2.06 2.06 2.06 2.06 1.56
2 Iterative rule 1 (89) / Noise 17% # nodes 10958 11030 11165 11683 13244 16388
# elements 55292 56224 59054 72056 68038 84338
e P 13 13 13 13 13 12.97
e oP 2.06 2.06 2.06 2.06 2.06 2.06
3 Iterative rule 2 (91) / Noise 17% # nodes 10958 11030 11165 11683 13245 16387
# elements 55292 55566 56224 59054 68044 84332
gromp 13 13 13 13 13 12.99
pr P 2.06 2.06 2.06 2.06 2.06 2.06
4 Fixed / Noise 35% # nodes 10958 11049 11270 11876 13943 18576
# elements 55296 55680 56742 60096 72074 95586
eromP 13 13 13 13 13 12.96
Lomp 2.06 2.06 2.06 2.06 2.06 1.56
5 Iterative rule 1 (89) / Noise 35% # nodes 10958 11049 11271 11897 14042 18578
# elements 55296 55680 56764 60210 72640 95614
eromP 13 13 13 13 13 12.99
Lomp 2.06 2.06 2.06 2.06 2.06 2.06
6 Iterative rule 2 (91) / Noise 35% # nodes 10958 11049 11273 11891 14050 18568
# elements 55296 55680 56756 60176 72684 95586
e P 13 13 13 13 13 13
Lomp 2.06 2.06 2.06 2.06 2.06 2.06
Table 3: Computed values of e{°™P = ({r;%);] gy and p®MmP = ({I;i)}é . Computations of CIP are done

with the two noise level p = 0.17 and p = 0.35 in (170). Here regularization parameters, 1,2, are given

fixed constants (tests 1,4), iteratively computed via rule 1 given by (89) (tests 2,5) and iteratively computed

via rule 2 given by (91) (tests 3,6).
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(a) maxe, ~ 3.324 (b) max p, = 1.04

Figure 19: Computed images of reconstructed functions . (x) and e.(x) after first iteration in conjugate gradient method on a coarse

mesh with 3% additive noise (p = 0.03 in (170)), frequency w = 20 in (168), regularization parameters, 1, Y2, are fixed constants.

(a) maxe, ~ 13 (b) max p, =~ 2.06

Figure 20: Computed images of reconstructed functions p.(x) and €,(x) after 8-th iteration in conjugate gradient method on a coarse

mesh with 3% additive noise (p=0.03 in (170)), frequency w = 20 in (168), regularization parameters, y1,y2, are fixed constants.
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(a) 5 ref mesh, zy-view (b) xz-view (c) yz-view

Figure 22: Different projections of five times adaptively refined mesh for computed images of Figure 23.

(a) maxe, ~ 12.92 (b) max p, ~ 1.52

Figure 23: Computed images of reconstructed functions p.(x) and €,(x) after second iteration in conjugate gradient method on a 5
times adaptively refined mesh presented in Figure 22 with 3% additive noise (p=0.03 in (170)), frequency w = 20 in (168), regularization

parameters, Y1, Y2, are fixed constants.
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(a) maxe, ~ 13 (b) max u, == 2.06

Figure 24: Computed images of reconstructed functions ji(x) and €,(x) after 6-th iteration in conjugate gradient method on a coarse

mesh with 3% additive noise (p = 0.03 in (170)), frequency w = 30 in (168), regularization parameters, 1, Y2, are fixed constants.

(a) maxe, ~ 12.98 (b) max p, = 1.56

Figure 25: Computed images of reconstructed functions . (x) and €, (x) after 3-th iteration in conjugate gradient method on a 5 times
adaptively refined mesh with 3% additive noise (p = 0.03 in (170)), frequency w = 30 in (168), regularization parameters, 1, 7y2, are fixed

constants.
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(a) maxe, ~ 13 (b) max p, = 2.06

Figure 26: Computed images of reconstructed functions . (x) and e,(x) after 10-th iteration in conjugate gradient method on a coarse

mesh with 3% additive noise (p = 0.03 in (170)), frequency w = 40 in (168), regularization parameters, y1,yz, are fixed constants.

(a) max e, =~ 12.97 (b) max p, = 1.565

Figure 27: Computed images of reconstructed functions . (x) and €,(x) after 3-th iteration in conjugate gradient method on a 5 times
adaptively refined mesh with 3% additive noise (p = 0.03 in (170)), frequency w = 40 in (168), regularization parameters, 1, y2, are fixed

constants.
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(a) maxe, ~ 13 (b) max p,. = 1.65

Figure 28: Computed images of reconstructed functions . (x) and e,(x) after 10-th iteration in conjugate gradient method on a coarse

mesh with 3% additive noise (p = 0.03 in (170)), frequency w = 50 in (168), regularization parameters, v1, Y2, are fixed constants..

a) maxe, ~ 12.96 b) max u, ~ 1.464

Figure 29: Computed images of reconstructed functions j1-(x) and €,(x) after 3-th iteration in conjugate gradient method on a 5 times
adaptively refined mesh with 3% additive noise (p = 0.03 in (170)), frequency w = 50 in (168), regularization parameters, 1, vz, are fixed

constants.
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(a) maxe, ~ 13 (b) max p, =~ 2.06

Figure 30: Computed images of reconstructed functions ji-(x) and e,(x) after 8-th iteration in conjugate gradient method on a coarse

mesh with 7% additive noise (p = 0.07 in (170)), frequency w = 20 in (168), regularization parameters, 1, y2, are fixed constants.

(a) maxe, ~ 12.96 (b) max p, ~ 1.53

Figure 31: Interpolation of computed images of reconstructed functions p.(x) and £.(x) after 10-th iteration in conjugate gradient
method on a 5 times adaptively refined mesh with 7% additive noise (p = 0.07 in (170)), frequency w = 20 in (168), regularization

parameters, Y1, Y2, are fixed constants.
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(a) maxe, ~ 13 (b) max p, = 2.06

Figure 32: Computed images of reconstructed functions .. (x) and €,(x) after 6-th iteration in conjugate gradient method on a coarse

mesh with 7% additive noise (p = 0.07 in (170)), frequency w = 30 in (168), regularization parameters, 1, Y2, are fixed constants.

(a) maxe, ~ 12.97 (b) max p, = 1.55

Figure 33: Computed images of reconstructed functions . (x) and e,(x) after 3-th iteration in conjugate gradient method on a 5 times
adaptively refined mesh with 7% additive noise (p = 0.07 in (170)), frequency w = 30 in (168), regularization parameters, 1, vz, are fixed

constants.
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(a) maxe, ~ 13 (b) max p,. = 2.06

Figure 34: Computed images of reconstructed functions e,(x)and pr(x) from backscattering data on a coarse mesh with 7% additive

noise (p = 0.07 in (170)), frequency w = 40 in (168), regularization parameters, 1, y2, are fixed constants.

(a) maxe, ~ 12.95 (b) max p, = 1.57

Figure 35: Computed images of reconstructed functions e, (x) and p,(x) from backscattering data on a 5 times adaptively refined mesh

with 7% additive noise (p = 0.07 in (170)), frequency w = 40 in (168), regularization parameters, 1,2, are fixed constants.
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Figure 36: Adaptively refined meshes of Table 2 when w = 40 in (170) with 7% additive noise in data.
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a) maxe, ~ 12.95

b) max p, ~ 1.57
Figure 37: Computed images of reconstructed functions . (x) and €,(x) after 3-th iteration in conjugate gradient method on a 5 times

adaptively refined mesh with 7% additive noise (p = 0.07 in (170)), frequency w = 40 in (168), regularization parameters, 1, y2, are fixed
constants.
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(a) maxe, ~ 13 (b) max p, = 2.06

Figure 38: Computed images of reconstructed functions . (x) and €,(x) after 7-th iteration in conjugate gradient method on a coarse

mesh with 7% additive noise (p = 0.07 in (170)), frequency w = 50, regularization parameters, y1, Y2, are fixed constants.

(a) maxe, ~ 12.96 (b) max p,. = 1.56

Figure 39: Computed images of reconstructed functions pi-(x) and €,(x) after 3-th iteration in conjugate gradient method on a 5 times
adaptively refined mesh with 7% additive noise (p = 0.07 in (170)), frequency w = 50 in (168), regularization parameters, 1,2, are fixed

constants.
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(a) maxe, ~ 13 (b) max p, ~ 1.58

Figure 40: Computed images of reconstructed functions p,(x) and €,(x) after first iteration in conjugate gradient method on first
adaptively refined mesh with 12% additive noise (p = 0.12 in (170)), frequency w = 40 in (168), regularization parameters, i1, y2, are

fixed constants.

(a) maxe, ~ 12.9933 (b) max p, = 1.374

Figure 41: Computed images of reconstructed functions pi(x) and e, (x) after 10-th iteration in conjugate gradient method on a 5 times
adaptively refined mesh with 12% additive noise (p = 0.12 in (170)), frequency w = 40 in (168), regularization parameters, i1, y2, are

fixed constants.

78



(a) maxe, ~ 13 (b) max p, =~ 2.06

Figure 42: Computed images of reconstructed functions ji-(x) and e,(x) after 6-th iteration in conjugate gradient method on a coarse

mesh with 17% additive noise (p = 0.17 in (170)), frequency w = 40 in (168), regularization parameters, y1,y2, are fixed constants.

(a) maxe, =~ 12.95 (b) max p, ~ 1.56

Figure 43: Computed images of reconstructed functions p,(x) and e, (x) from backscattering data on a 5 times adaptively refined mesh,

with 17% additive noise (p = 0.17 in (170)), frequency w = 40 in (168), regularization parameters, 1,72, are fixed constants.
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(a) maxe, ~ 13 (b) max p, = 2.06

Figure 44: Computed images of reconstructed functions . (x) and €,(x) after 7-th iteration in conjugate gradient method on a coarse

mesh with 25% additive noise (p = 0.25 in (170)), frequency w = 40 in (168), regularization parameters,1, 2, are fixed constants.

a) maxe, ~ 12.97 b) max p, ~ 1.571

Figure 45: Computed images of reconstructed functions ., (x) and e, (x) after 3-th iteration in conjugate gradient method on a 5 times
adaptively refined mesh with 25% additive noise (p = 0.25 in (170)), frequency w = 40 in (168), regularization parameters, y1,y2, are

fixed constants.
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(a) maxe, ~ 13 (b) max p, = 2.06

Figure 46: Computed images of reconstructed functions .. (x) and €,(x) after 7-th iteration in conjugate gradient method on a coarse

mesh with 35% additive noise (p = 0.35 in (170)), frequency w = 40 in (168), regularization parameters, 1,2, are fixed constants.

a) maxe, ~ 12.9687 b) max p, ~ 1.562

Figure 47: Computed images of reconstructed functions ., (x) and €, (x) after 3-th iteration in conjugate gradient method on a 5 times
adaptively refined mesh with 35% additive noise (p = 0.35 in (170)), frequency w = 40 in (168), regularization parameters, vy1,7y2, are

fixed constants.
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(a) maxe, ~ 13 (b) maxe, ~ 13

Figure 48: Comparison of computed images of reconstructed function e, (x) from backscattering data on a coarse mesh with 17% additive
noise (p = 0.17 in (170)), frequency w = 40 in (168), with different regularization parameters ~v1,v2: (@) fixed 1,2, (b) iteratively

computed 71,2 via rule 1 given by (89).

(a) max p, =~ 2.06 (b) max p, = 2.06

Figure 49: Comparison between computed images of reconstructed function .. (x) on a coarse mesh with 17% additive noise (p = 0.17
in (170)), frequency w = 40 in (168), with different regularization parameters ~y1,v2: (a) fixed 1,2, (b) iteratively computed 1,2 via

rule 1 given by (89).
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(a) maxe, ~ 12.95 (b) maxe, ~ 12.97

Figure 50: Comparison of computed images of reconstructed function €,(x) from backscattering data on a 5 times adaptively refined
mesh, with 17% additive noise (p = 0.17 in (170)), frequency w = 40 in (168) with different regularization parameters v1,v2: (a) fixed

Y1, 72, (b) iteratively computed ~y1, 2 via rule 1 given by (89).

(a) max p,. = 1.56 (b) max p, = 2.06

Figure 51: Comparison between computed images of reconstructed function p..(x) on a 5 times adaptively refined mesh with 17% additive
noise (p = 0.17 in (170)), frequency w = 40 in (168), regularization parameters y1,v2: (a) fixed y1, vz, (b) iteratively computed 1, 2 via

rule 1 given by (89).
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Figure 52: Adaptively refined mesh of test 2 in Table 3.
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(a) 5 ref mesh, xy-view (b) zz-view (c) yz-view

(a) max e, ~ 12.97 (b) max p,- = 2.06

Figure 53: Computed images of reconstructed functions £,(x) and p-(x) on a 5 times adaptively refined mesh with 17% additive noise

(p = 0.35in (170)), frequency w = 40 in (168), regularization parameters, 1, y2, iteratively computed via rule 1 given by (89).
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(a) maxe, =~ 13 (b) maxe, ~ 13

Figure 54: Comparison of computed images of reconstructed function ,(x) on a coarse mesh with 35% additive noise (p = 0.35 in
(170)), frequency w = 40 in (168), with different regularization parameters, y1,y2: (a) fixed v1,y2, (b) iteratively computed 1,2 via rule
1 given by (89).

(a) max p, = 2.06 (b) max p, = 2.06

Figure 55: Comparison of computed images of reconstructed function p.,.(x) on a coarse mesh with 35% additive noise (p = 0.35 in
(170)), frequency w = 40 in (168), with different regularization parameters y1,vz2: (@) fixed v1,v2, (b) iteratively computed 1, 2 via rule
1 given by (89).
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(a) max e, ~ 12.96 (b) maxe, =~ 12.99

Figure 56: Comparison of computed images of reconstructed function €,(X) on a 5 times adaptively refined mesh with 35% additive noise
(p = 0.35 in (170)), frequency w = 40 in (168), with different regularization parameters 1, ~y2: (a) fixed v1, 2, (b) iteratively computed

Y1, Y2 via rule 1 given by (89).

(a) max p,. = 1.56 (b) max p, ~ 2.06

Figure 57: Comparison of computed images of reconstructed function p,(x) on a 5 times adaptively refined mesh with 35% additive noise
(p = 0.35 in (170)), frequency w = 40 in (168), with different regularization parameters ~y1,v2: (a) fixed v1,v2, (b) iteratively computed

Y1, 7y2 via rule 1 given by (89).
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(a) maxe, ~ 13 (b) maxe, ~ 13

Figure 58: Comparison of computed images of reconstructed function e,(x) on a coarse mesh with 17% additive noise (p = 0.17 in
(170)), frequency w = 40 in (168), with different regularization parameters y1,~y2: (a) fixed Y1, 7y, (b) iteratively computed ~y1,y2 via rule

2 given by (91).

(a) max p, =~ 2.06 (b) max p, ~ 2.06

Figure 59: Comparison of computed images of reconstructed function pi.(x) on a coarse mesh with 17% additive noise (p = 0.17 in
(170)), frequency w = 40 in (168), with different regularization parameters y1,~y2: (a) fixed Y1, 72, (b) iteratively computed ~y1, 2 via rule
2 given by (91).
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(a) maxe, ~ 12.95 (b) maxe, &~ 12.99

Figure 60: Comparison of computed images of reconstructed function €,.(x) on a 5 times adaptively refined mesh with 17% additive noise
(p = 0.17 in (170)), frequency w = 40 in (168), with different regularization parameters 1, y2: (@) fixed 1,2, (b) iteratively computed

Y1, Y2 via rule 2 given by (91).

(a) max p, ~ 1.56 (b) max p, ~ 2.06

Figure 61: Comparison of computed images of reconstructed function p,(x) on a 5 times adaptively refined mesh with 17% additive noise
(p = 0.17 in (170)), frequency w = 40 in (168), with different regularization parameters 1, v2: (a) fixed 1,2, (b) iteratively computed

Y1, Y2 via rule 2 given by (91).
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(a) maxe, =~ 13 (b) maxe, ~ 13

Figure 62: Comparison of computed images of reconstructed function .(x) on a coarse mesh with 35% additive noise (p = 0.35 in
(170)), frequency w = 40 in (168), with different regularization parameters y1,~z2: (a) fixed v1, 2, (b) iteratively computed 1,2 via rule

2 given by (91).

(a) max p, =~ 2.06 (b) max p,- = 2.06

Figure 63: Comparison of computed images of reconstructed function pi.(x) on a coarse mesh with 35% additive noise (p = 0.35 in
(170)), frequency w = 40 in (168), with different regularization parameters vy1,y2: (a) fixed Y1, 72, (b) iteratively computed ~y1,y2 via rule
2 given by (91).
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(a) max e, =~ 12.96 (b) maxe, ~ 13

Figure 64: Comparison of computed images of reconstructed function €,.(x) on a 5 times adaptively refined mesh with 35% additive noise
(p = 0.35 in (170)), frequency w = 40 in (168), with different regularization parameters 1, ~y2: (a) fixed v1,y2, (b) iteratively computed

Y1, Y2 via rule 2 given by (91).

(a) max p, ~ 1.56 (b) max p,- = 2.06

Figure 65: Comparison of computed images of reconstructed function p,(x) on a 5 times adaptively refined mesh with 35% additive noise
(p = 0.35 in (170)), frequency w = 40 in (168), with different regularization parameters 1, v2: (a) fixed 1,2, (b) iteratively computed

Y1, 7y2 via rule 2 given by (91).
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Figure 66: Adaptively refined meshes of test 6 in Table 3.
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(a) 5 ref mesh, xy-view (b) xz-view (c) yz-view

Figure 67: Different projections of five times adaptively refined mesh for computed images of Figure 68.

(a) maxe, ~ 13 (b) max p, = 2.06

Figure 68: Comparison of computed images of reconstructed functions e, (x) and . (x) on a 5 times adaptively refined mesh presented in
Figure 67 with 35% additive noise (p = 0.35 in (170)), frequency w = 40 in (168), regularization parameters, v1, 72, iteratively computed

via rule 2 given by (91).
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(e) maxe, ~ 13 (f) max p, =~ 2.06

Figure 69: Comparison of computed images of reconstructed functions €,(x) and p..(x) on a 5 times adaptively refined mesh with 35%
additive noise (p = 0.35 in (170)), frequency w = 40 in (168), with different regularization parameters y1,y2: (a)-(b) fixed 1,2, (c)-(d)

iteratively computed 1, 2 via rule 1 given by (89), (e)-(f) iteratively computed ~y1, 2 via rule 2 given by (91).
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