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Abstract

The focus of the thesis is to model capillary flow for a three phase system in complex
domains with a model involving curvature flow in combination with triple junctions.

The first part of the report involves the implementation of a proposed solution algorithm
by Ruuth[16; 17]. The solution algorithm involves two steps, namely a diffusion step that
models the curvature flow, and a sharpening step that corresponds to the evolution of
the three phase system at the triple junctions, that is, the points where the three phases
meet. The diffusion step involves solving the heat equation for a short period of time AT,
and a finite difference approach is implemented in order to solve the heat equation. The
sharpening step is conducted by implementing a so called projection triangle algorithm,
and this step is also implemented using a finite difference approach. The accuracy of
the implementation of the diffusion step is calculated by modelling a two phase system
known as "the shrinking sphere” and the projection triangle algorithm is implemented
for two different domains. The results of the projection triangle algorithm are compared
to the results generated by Ruuth[16].

The second part of the thesis justifies the validity of the projection triangle algorithm in
modelling capillary flow. A physical condition concerning the conservation of the con-
tact angle is imposed, and a convolution thresholding calculation is presented using the
suggested condition. A numerical validation of the convolution thresholding scheme is
presented and compared to the results of the projection triangle algorithm. The convo-
lution thresholding scheme validates the result from the projection triangle algorithm.

The third part of the report includes the numerical simulations of the implemented algo-
rithm. The capillary flow for two different liquids are simulated, and the results indicate
that a small contact angle corresponds to a faster capillary flow. Furthermore, the cap-
illary flow for the faster of the two liquids is simulated in two different domain, one in
R? and one in R3. The conclusion is that the algorithm proposed by Ruuth[16] can be
applied in order to model capillary flow for a three phase system.
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Introduction

N MATERIAL SCIENCES, it is of interest to study the motion of an interface between
a gas-, liquid- and solid phase. An application of such a three phase system could
potentially arise when a water column is confined in a narrow pore of a cellulose
fiber in for example paper. If the pore is narrow enough, the water surface will rise
due to the fact that the water molecules will form hydrogen bonds with the solid fiber|[2],
and the motion of such a system is called capillary flow. Another application in which
capillary forces play a vital role, is in the fruit juice industry[13]. In order to concentrate
for example orange juice, a Goretex membrane made of Teflon which binds to vapour
can draw out water, in vaporous form, from the fruit juice which thus results in a higher
fruit concentration. Therefore, during the production of for example paper products
such as diapers where capillary flows plays an important role, it could potentially save
both time and resources if certain experiments on the products could be simulated in the
computer as oppose to conducting these experiments in reality. To implement a valid
simulation of such flows requires a chemical and mathematical understanding of the
physical phenomena in question, and subsequently follows the underlying theory behind
capillary flows.

Consequently, the introduction is divided into five parts. Initially, the chemical
and mathematical background in order to explain and model capillary flow is provided.
Thereafter follows the purpose and objective of the project and after this the limitations
of the project is described. Then, a section on previous articles on capillary flow is
described and finally a guide trough the text for the reader is provided.

1.1 Background

The fundamental reason behind capillary flow is that liquids will minimize their surface
area[13]. A way of of minimizing the surface area of the liquid can be achieved by wetting
the solid wall, in other words the liquid will form a chemical bond with the solid surface,
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and such forces are often referred to as adhesive forces[2; 13]. The molecules in the
liquid will also bind to each other in the bulk part of the liquid, and these forces are
called cohesive forces[2]. The relative strength of the cohesive and adhesive forces will
form a meniscus and consequently the liquid will bind to the solid with a certain angle
called the contact angle[2; 13], see figure 1.1. A famous example is the meniscus of water
in a glass capillary that will be curved upward at the edges due to the fact that the
adhesive forces between the glass and the water is strong on account of the hydroxyl
groups in the glass molecules which enables hydrogen bonding with the water. For high
energy solids where hydrogen bonding is possible, for example clean glass for water, the
water will wet the glass completely which result in a very small contact angle. On the
other hand for low energy surfaces such as hydro carbons for water where no hydrogen
bonding is possible, the contact angle will be larger and in conclusion a small contact
angle is indicative of large adhesive forces relative to the cohesive forces. Furthermore
the surface energy, denoted by =, is related to the contact angle by the so called Young
(9) _ VGas,Solid — YLiquid,Solid ‘
YLiquid,Gas

equation given by cos

Solid

Figure 1.1: Contact Angle

The height of a rising liquid column is determined by the balance of an upward force
induced by the reduction of surface energy of the liquid on the one hand, and a downward
force applied by gravity[13]. A small contact angle will therefore result in a higher rise
of the liquid surface. The aim of this article is therefore to simulate such capillary flows
numerically in various domains in two and three dimensions and to analyze such a three
phase chemical system mathematically.

The evolution of the three phase interface can be described by the Ginzburg-Landau
model for phase transition illustrated in equation 1.1[15]. The model in question con-
sists of a vector valued nonlinear partial differential equation which belongs to the class
reaction diffusion equations, and this family of equations consists of two parts namely a
reaction and a diffusion part.

(il—ltl =eAu — EVu(u), x €Ot eRy (PDE)
€
on
u(z.0) = g(a), re (1c)
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In equation 1.1, the solution u denotes the concentration of the liquid species, the gas
species and the solid species. The functional V' is an energy potential which physically
can be interpreted as the contribution of surface energy at the interface between the
various phases. The function g is a continuous function that determines the initial
condition of the system in question. Furthermore, the boundary conditions in equation
1.1 is of Neumann type, which physically is interpreted as no material leave the domain.
Previously, short time existence of solutions for the three phase problem formulated in
equation 1.1 has been proven by Bronsard and Reitich[3]. A solution algorithm for the
three phase system in equation 1.1 in the limit ¢ — 0 has been developed by Ruuth[16; 17]
and this algorithm will be applied in order to simulate capillary flow.

1.2 Objective

The objective of the thesis is to implement and analyze the validity of the algorithm
proposed by Ruuth in order to solve equation 1.1 in the limit ¢ — 0 numerically.
The goals of the project can therefore be listed as follows.

e Implement the proposed solution algorithm for equation 1.1 in the limit ¢ — 0.

e Using a so called convolution thresholding analysis, determine the physical validity
of the implemented algorithm.

e Simulate capillary flow for a three phase system in arbitrary domains in R? and
R3.

The solution algorithm should fulfill at least two conditions. Initially, it should be rel-
atively simple to implement in terms of computer programming, but at the same the
algorithm should be able to simulate capillary flow in arbitrarily complicated domains in
both two and three dimensions. Secondly, the implemented algorithm should be physi-
cally accurate in the sense that each step of the algorithm can be interpreted physically.
Therefore, a mathematical analysis will be provided in order to justify the mathematical
validity of the implemented algorithm.

1.3 Limitations
The limitations of the project are listed below.

e In order to efficiently simulate capillary flows, fast computer implementations are
required. The emphasis on this project however is to implement a solution algo-
rithm and analyze its validity. Consequently, the implementation step will confine
itself to a finite difference implementation with a static grid as oppose to faster
implementations.
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e Moreover, the mathematical analysis of the validity of the algorithm is limited to
a convolution thresholding analysis. In other words, the mathematical analysis will
be confined to various polynomial expansions around certain points, and thus the
analysis does not involve a more rigid mathematical framework involving measure
theory.

e Furthermore, the analysis is limited to study the behavior of the solutions to equa-
tion 1.1 in proximity of the so called triple junction, i.e. where the three phases
meet. In addition to this, the boundary conditions for the simulations of capillary
flow will be implemented on square domains in two dimensions and cubic domains
in three dimensions, in order to simplify the implementation of appropriate bound-
ary conditions.

e The solid phase will remain stationary through the simulations. Thus the solid
phase will effect the motion of the other two phases but will not move itself.

e The solution algorithm will be implemented in C++ and the resulting simulations
will be graphically represented in Matlab. These scripts are attached at the end
of the report in the Appendix.

1.4 Related litterature

There are extensive literature in order to analyze equation 1.1 mathematically. As men-
tioned before, short time existence of solutions for the three phase problem formulated in
equation 1.1 has been proven by Bronsard and Reitich[3]. Furthermore, the asymptotic
expansion of a two phase and a three phase system has also been analyzed by Rubinstein
previously in [12; 14; 15].

Previous work concerning solution algorithms consist of the article by Merriman,
Bence and Osher[10] and Ruuth[16; 17]. The work by Merriman, Bence and Osher
resulted in a solution algorithm for a two phase system. The work by Ruuth developed
the algorithm by Merriman, Bence and Osher in order to simulate a three phases system.
Finally, the three phase algorithm developed by Ruuth was mathematically analyzed
using a so called convolution thresholding and a similar analysis have been conducted by
Heintz and Grzhibovskis[5], Evans[4] and Ishii[6]. The paper by Grzibovskid and Heintz
is rigorous and it includes global existence and uniqueness results. This paper follows
the earlier papers by Evans and Ishii.

1.5 Reading guide through the report

The subsequent report consists of five chapters. Chapter 2 includes the theory of the
report, and is divided into two sections. The first section concerns the asymptotic
behavior of solutions to equation 1.1. This part is rather detailed and it is included in
the report in order to give a mathematical understanding of the evolution of the three
phase system. However this part is not essential for the rest of the report and can



1.5. READING GUIDE THROUGH THE REPORITCHAPTER 1. INTRODUCTION

therefore be skipped. The second part of the second chapter includes the mathematical
motivation for developing a solution algorithm to equation 1.1.

In Chapter 3 the implementation of a solution algorithm to equation 1.1 is described.
The implementation of the algorithm is based on the second part of the theory chapter,
and the description of each step of the implementation is rather detailed. The imple-
mentation step involves two different steps, namely a diffusion and a sharpening step.
The main interest of this report, is to understand and implement the sharpening step
for a three phase system.

Consequently, chapter 4 involves the analysis of the sharpening step for a three phase
system. This analysis will be based on a so called convolution thresholding analysis.
Using the analysis in question, an analytical formula for the evolution of the three phase
system in proximity to the triple junction will be derived. The formula will then be
tested numerically and compared to the implemented sharpening step in chapter 3.

Chapter 5 includes the results of the simulations generated by the implemented so-
lution algorithm developed in chapter 3. Chapter 5 consists of two parts, namely sim-
ulations in R? and R3. The evolution of the three phase system in equation 1.1 are
simulated for three different domains in R? and one domain is simulated in R3.

Finally, chapter 6 contains the discussion of the conclusions that can be drawn from
the results presented in chapter 5. Also a section on future work is presented.



Theory

The theory chapter consists of two parts, namely an asymptotic analysis of equation 1.1
and a mathematical motivation for a solution algorithm. The first part of the theory
chapter, called asymptotic analysis, is rather detailed, and is included in order to describe
the long term evolution of a three phase system. The second part of the theory chapter,
called solution algorithm, provides a mathematical framework for a solution algorithm
of equation 1.1.

The asymptotic analysis of the solutions to equation 1.1 has two main properties that
will be derived in the subsequent chapter called asymptotic analysis. The first property
is that the interface between two phases will evolve according to its mean curvature,
which is stated in equation 2.20 on page 16. The second property is that at the triple
jJunction, where the three phases meet, the Young’s equation, which was stated in the
introduction, is satisfied. Therefore, it is essential that a solution algorithm to equation
1.1 has two properties. The first property is that the algorithm generates solutions
which evolves according to its mean curvature, and the second is that it takes the angle
configuration at the triple junction into account. In order to understand the evolution
of interfaces of phases, the term mean curvature requires a definition.

The mean curvature of a curve ¢(t) at a point xg measures how much the curve
"bends” at the point in question. For instance, if t > 0 is the time, let (z(¢),y(t),z(t)) € R3
be a position given a time ¢ and let the curve ¢(t) be the curve defined by the set of
points given by r(t) = x(t)-i+y(t)-j+ z(t) -k where i, j and k are the unit vectors in the
x, y and z directions respectively. Then the unit tangent vector, denoted T, is defined
by equation 2.1 below and it provides the direction of the curve at a certain point[1; 19].

dr
dt
T(t) = 2.1
(t) dr (2.1)
dt
The curvature, denoted k(s), of the curve ¢(t) at the point r(s) will be given by equation
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2.2. In words, when travelling along a curve, the curvature is the rate of change of the
tangent at a certain point.

_|ar

K(s) = T (2.2)

In general, there will be two principal curves' , denoted ki and kg, and the mean
curvature will be the mean value of the principal curvatures as stated in equation 2.3[8].

k1(s) + Kra(s)
2

By letting an interface I'(¢) at a time ¢ between various phases be described by the level

sets of a continuous function ¢ : @ C R® — R, that is I'(t) := {x € Q : ¢(x,t) = 0} the

mean curvature of the interface will be given by equation 2.4[10; 14].

H = (2.3)

. Vo )
H=div| — 2.4
(w4 24
T
In equation 2.4, the operator V = <(fx’§y’8az) is the gradient and div = 8agc+8ay+i
0 0
denotes the divergence operator where div(V¢) = A¢p where A = — + is

o2 "oy "o
the Laplace operator.
With these definitions in mind an asymptotic analysis of equation 1.1 will be pre-
sented and then follows the theory behind a solution algorithm to equation 1.1.

2.1 Asymptotic analysis

Initially, the various terms in equation 1.1 will be explained in detail. Assume therfore
that the domain, denoted Q C R? : d € {2,3}, is divided into three subdomains de-
noted €1, o and Q3 and let the three interfaces between the three domains be denoted
I'19, I'13 and I'ag respectively. A sketch of such a domain in R? is illustrated in figure 2.1
below. Subsequently, €2 will denote the liquid phase, €25 will denote the gas phase and
Q3 will denote the solid phase.

1
In equation 1.1, eAu is the diffusion term and —V,,(u) is the reaction term where V is
€
a functional acting as an energy minimizer. The solution vector u is defined as u(x,t) =
ul (X,t)
ug(x,t) | where u; : @ x Ry — [0,1], i € {1,2,3}, is the concentration of species i
us(x,t)
where the value u;(x,-) = 1 corresponds to a position x € Q within phase i and the value
u;(x,) = 0 corresponds to a position x € 2 outside phase i. The term V,(u) is the

"Without introducing any new notation, the principal curvatures 1 and sy are the eigenvalues of the
Weingarten endomorphism which is described by Lépez in [8].
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Q= U:-}:lgi

(9]

Figure 2.1: Region Q C R? for three phases. Each phase i is divided into a subdomain £;
for i € {1,2,3} where the three interfaces are denoted I'1z (in green), I'1g (in blue) and I'ys
(in red).

gradient of the energy potential such that there is a stable minima in each phase €1, {29
and Q3[3; 10]. The boundary conditions, denoted BC, will in the subsequent simulations
be of Neumann or periodic type. The initial conditions, denoted IC, are defined by the

x1(x)
function g(x) which is a vector function defined in the following way, g(x) = [ y,(x)

x3(x)

1, ifxe
where x;(x) = BEEY fori e {1,2,3} is the characteristic function for a certain
0, if x ¢ Qz

domain. Furthermore, the following mass conservation law formulated in equation 2.5
holds for all positions x € €2 and all times ¢t € R,.

3
D uilxt) =1, Vx € Qvt € R, (2.5)
=1

Therefore, the aim of this section is to study the asymptotic of equation 1.1. In
order to study the dynamics of the system analytically, the system will be analyzed by
means of various perturbation expansions in three different neighbourhoods, namely in
a certain phase far from an interface, in proximity to an interface between two phases and
close to the triple junction i.e. where the three phases meet. The first two expansions
are based on the article by Rubinstein, Sternberg and Keller, see [14], and the analysis
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near the triple junction is based on the analysis by Bronsard and Reitich, see [3], and
by the analysis by Owen, Rubinstein and Sternberg, see [12].

The analysis in this section is rather detailed, and can be skipped if the reader is
interested in the numerical simulations of equation 1.1.

2.1.1 In the phase far from an interface

Initially, assume that a position x € €); far away from either the boundary 92 or the
interface I';;. Furthermore, assume that the function V,(u) has a minima a in this
phase, where the analysis is conducted for one of the three phases such that V;,(u) can
be treated as a continuous function of one variable u as oppose to a gradient vector.
Given these conditions, the dynamics in the phase is rather slow, and therefore it is
appropriate to change the time scale. This can be achieved by the change of variables

7 = —. Furthermore, the perturbation series in equation 2.6 introduced in [14] can be

€
established by considering u as a function of e.

u(x,t,€) = v(x,7,€) = vo(x,7,€) + €2v1(x,7,€) + O () (2.6)

Differentiation of the left hand side of equation 2.6 with respect to t yields the following
expression.

du dv dr 1 @ dv du

A drdt edt @ ‘@
~~

1

—€—
Thus, by plugging in the perturbation series in equation 2.6 into the PDE in equation
1.1 the following expression is obtained.

dv dv

=0 2t

dr dr
Furthermore, assume that the functional V,, is smooth, that is it has a continuous deriva-
tive, then it is possible to use the following Taylor expansion around the point v; = 0.

= 2 Avg + EAv; — Vi (vo + €2v1) + O(€)

dVy(vo + €%v1) du

du dT)l
~—

—¢2

= Vu(vo) + Vuu(vo)e2v1 + 0(64)

Vu(vo + 621}1) = Vu(Uo) + V1 + 0(64)

v1=0

Consequently, the Taylor expansion of the functional V,, is given by equation 2.7.

Vi(vg + €2v1) = Vi (vo) + Vi (v0)€?v1 + O(eh) (2.7)

Now, plugging in equation 2.7 into the equation above and arranging the terms into
coefficients of € yields the following expression.
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d d
e? o + Viu(vo) ) + € el Avg + Vi (vo)vr | + EAv; =0
dr dr

When it comes to the initial condition, it follows that the following holds
e .
- vo(x,0) + € - 01 (x,0) + O(e!) = e g(x) + - 0+0- ) €
i=1

and equating the coefficients of € and €? to zero result in equation 2.8 and 2.9 respec-
tively.

dv
di'f = —VU(UO), X € Q,t € R+
v(x0) =g(x), x€Q (2:8)

V-n =0, xedQteRy

% = Ay — Vuu(UO)Ul, X € Q,t S R+
v1(x,0) =0, xe€Q (2.9)

Vvr-n =0, xe€dQteRy

Equation 2.8 is an ordinary differential equation with respect to 7 and to check that this
equation satisfies the boundary condition it is possible to take the normal derivative of
v in order to get the following equation,

d(V(;}i-n) = —V (Vu(vg)) - n = —Vyu(vo) (Vg - m)

(Voo(x,0) - m) = (Vg(x) -m) = 0

where (Vg(x) - n) = 0. Thus it follows that vy satisfies the boundary condition, and thus
there is a solution vy that is entirely determined by the functional V,, on the 7-scale.
If the normal derivatives are taken in problem 2.9, no solution satisfies the boundary
condition, and hence it is only the leading term in equation 2.6 that is valid up to the
boundary 0. However, it is possible using another perturbation series as in [14] to get
a function wy that is valid up to the boundary 0€);. In fact, the following limits must
hold for the functions vg, v1 and w; respectively where a is the minima for the functional
V. corresponding to the domain €; for a position x € €2;.

lim vo(x,7) =a , limwv(x,7) =0 , and lim wy(x,7) =0
T—00 T—00 T—00

Hence, provided a position x € €);, the solution u will approach the minima for the
respective phase €2;. On the other hand, for a position x € I';; := €; N Q; a different
perturbation series is required.

10
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2.1.2 Close to an interface between two phases

To analyze the behaviour of the system near the interface, I';;, between two domains
Q; and €2 respectively the level set approach introduced by Osher will be used[10]. Let
#(x,t) : R3 x Ry — R be a continuous function that is twice differentiable such that the
interface I';; between phase €); and €2; can be written as in equation 2.10.

Fij(t) = {X e N Qj s p(x,t) = 0} (2.10)
The aim of the analysis is to predict the dynamics of the interface in equation 2.10 on

t
a long and a short time scale. Let us introduce the variables n = € -t and 7 = - where

7n is the variable on the short time scale, and 7 is the variable on the larger timee scale.
Then the function ¢ will be a function of 7 but can be seen as stationary on the 7 scale,
in other words it holds that ¢ can be written as ¢(x,t,n).

Furthermore, it is convenient to represent the distance from a point x to the interface

P(x,t)

€
in equation 2.11 proposed by Rubinstein, Keller and Sternberg[14] can be used.

I';j(t) at a given time ¢ by the variable z = . To proceed the perturbation series

u(x,te) = ul(x,t,7,2,m€) + € u (x,t,7,2,m,€) + O(e?) (2.11)

The next step is to plug in equation 2.11 into the PDE in equation 1.1 in order to split
the original equation into numerous subequations. Using the multivariate chain rule, the
time derivative in the left hand side of equation 1.1 can be written as follows.

du ) dildr e’ de dw ds o dy
dt  dt  dr dt = dz _dt dz dn _dt
~~ ~~ _—
=1 =e~ 1 (x,t) =e—1g,(x,t) ~€
du!  du' dr du!  dz du! dz dn
= 4= = == = = = = O(e2
Yl Tar T @ & ay @ | 7o)
~~ ~~ —_— =~
=1 =e~ Lo (x,t) =c~1¢p (x,t) =€
1
=~ (ur +uden) + € (u + w2y +ur +uzdn) + € (g +uzey) +O(7)

Thus, arranging the coefficients of €, the time derivative can be written as in equation
2.12 below.

du }
dt €

(w2 +uley) + € (uf +ulgy +ut +uidy) + €' (uf +ulgy) +O(€) (2.12)

When it comes to the Laplace operator, do the differentiation of the x—variable contained

T
in the x = (m y z) vector first. From this it follows that

11
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@ 871&_‘_6&0%_’_ aiul_i_ 87111%_’_ (2)
or  Ox 0z Ox eax ¢ 0z Oz ¢
= lug% + ¢ (ug + ui%) + elul + 0(?)
€

and differentiating with respect to x a second times yields the following calculation.
Pu 1

Or e za?e

1 1

1 1
+ ?ng gzg + gugqsxx
+ eu}m + uizgzﬁw + 0(62)

Arranging the terms and multiplying with a factor € yields the following result.

d%u

1
€53 = ;ugzqﬁi + € (20, + Uy + Ul 02) + €' (ulydy + UL, ds) + Eul, + O(e?)

The result for the other three spatial variables are identical, and hence the expression
for the Laplace operator is given in equation 2.13.

1
eAu = ~ud V¢? + ¢ (QVUQqu + ulA¢ + ul,Vo?) + 26 VulVo+ e Aul + O(e?) (2.13)
€

When it comes to the operator V,(u), equation 2.7 will be used. Thus equating the
coefficients of e~! and €” equation 2.14 and 2.15 are obtained respectively.

ul + ulpy —ud,Ve? + Vi, (u®) =0 (2.14)
uf + uldy +ul + uidy — 2VulVe — ulAG — ul,Ve? + Vi (u)ul =0 (2.15)

There are two observations to be made from these equations. The first observation is
that in equation 2.14 the only two variables that u depend on are z and 7, and thus
equation 2.14 describes the evolution of ¢ on the 7 scale. In equation 2.15, u' is also
dependent on merely z and 7 but it contains the term ugqbn and thus solving this equation
will result in a description of ¢ on the 7 scale. Consequently, by analyzing equation 2.14
and 2.15, the evolution of I' can be studied on the 7 and 7 time scale. How this analysis
is conducted will be described in the subsequent two subsections.

12
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Evolution of I on the 7-time scale

In order to analyze the dynamics of the system on the 7-time scale it is possible to
assume that the dynamics of the interface I';;(t) can be described by a travelling wave.
Let the speed of the wave be denoted ¢, and let the wave front be described by the
function @, then it is possible to approximate u? as follows.

uo(x,t,T,z,n) ~Q(z—crxtmn) as T— o0

Observe that the following limits holds for the function @, where u; and w; are the
respective bulk concentrations on each side of the interface I';;.

lim Q(z — cT,x,t,n) = u;
Z—00

lim Q(z —cr,x,t,n) = u;
Z—r—00

Hence, plugging in the above expression in equation 2.14, results in the following expres-
sion

—cQ + Q¢ — Q"V* + V,(Q) =0
= —Q"V¢* + Q' (¢ — ) + Vu(Q) =0

which is summarized in equation 2.16.

—Q"V¢ + Q' (¢ — )+ Vu(Q) =0 (2.16)
Proceed by multiplying the above equation by @’ and integrate the expression from
z = —00 to z = o0.

o0 o0

(@)% dz +/ Vu(@Q)Q dz=0

—0o0

—Vdﬂ[:Q”wydz+«m—c{/

—00

& | =V + (¢ —c)la+ I3 =0

Subsequently the two integrals I; and I3 will be calculated subsequently. Note that the
integrand in integral I; can be written in the following manner

" /_li 2
Q" Q' =5 {@)7

and hence the integral I; has the value

13
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oo
11:/ Q" Q dz

_ ;/_Zi{(cg')z} dz

_Lde du)
2| dz dz |
=0 =0

where the fact that u; and u; are indendent of z was used.
The integral I3 has the following value

I3 = /oo Vo (Q)Q' dz

—0o0

{Let y=Q=dy = Q’dz}

_ / “Valy)dy = V) — V(uy) = [V]

J

where [V] denotes the jump in the energy potential between phase ¢ and j. Thus it
follows that equation the following hold

_ Vi
o —c= 1,
and in fact by using the change of variables
¢t —c
s = , R(s)=Q(z—crxitm
S R = )

and denoting I3 = ffooo R? ds the following expression describes the evolution of ¢ at
the 7 time scale.

Pt —c _ M
Vol I3

By introducing the function ®(x,n,t) = ¢(x,n,t) — ct, the left hand side of equation 2.17

t
Vo
level set of & moves along the normal direction with constant speed at the 7 time scale.
When it comes to the dynamics of I';; on the 7 time scale, a similar analysis that just
was conducted can be applied to equation 2.15 on page 12.

(2.17)

which is the normal velocity of a level set of ®. Hence, each

can be written as

14
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Evolution of I" on the n-time scale

In a similar way, assume that u' tends to a standing wave denoted by P. In this case
the following holds

ut(z,t,7,,2) ~ P(z — erpit,x) as T — 00

with the two limits as the minima in each adjacent phase.

lim P(z — cT,x,t,n) = u;
Z—00

le}r_nooP(z — T x,tn) = u;

Furthermore, it is possible to use the following assumptions. On the 7n-time scale it
follows that @Q; = 0 and furthermore that ¢; — ¢ = 0. Then plugging in the function P
into equation 2.15 yields the following expression

Q'¢y — cP' + P'¢y —2VQ'V$ — Q'Ap — P'V¢? + Vi (Q)P = 0
which simplifies to equation 2.18.

— VP! 4 Vi(Q)P = (A¢ +2V6 - V) Q' — 6,Q" (2.18)

In order to simplify equation 2.18, an additional expression for a useful identity can be
obtained by differentiating equation 2.18 with respect to z, and this identity is shown in
equation 2.19 below. Note that in equation 2.19, the assumption ¢; — ¢ = 0 have been
used.

—V¢*Q" 4+ Vuu(Q)Q =0 (2.19)

The subsequent step is to multiply equation 2.18 with @’ and integrate with respect to
z. The left hand side of equation 2.18 results in the following calculation,

/ ) (-V¢*P" + Viu(Q)P) Q' dz = [-V¢*P'Q'| ™+ / T VG PQ 4 Vi QQ'P d

=0
- LVRPQ) 4 [ -VePQT V(@' P ds
=0 -
- /OO (-V¢*Q" + Vo (Q)Q')P dz =0
=0 by eq. 2.19

where integration by parts in combination with the fact that each standing wave, i.e. Q
and P, have a stable minima on each side of the interface was used. Thus, multiplying

15
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the right hand side of equation 2.18 with " and integrating with respect to z yields the
following calculation.

V- /_00 (A +2Ve - V) (Q) — ¢4(Q")* dz

oo oo

~(Bo+290-V) [ @R [ (@Pa:

—00 —00

2V V) [Z(Q)? d=
Jo Q)2 dz

= ¢y = A+

Now, using the fact that Q' =

R
2dz = |Vo 2 ds yields the

following calculation

(2Ve-V) [Z.(Q)? dz
[2.(QN2 dz

(2Ve -V \Wbrf” R,)? ds
Vol 72 2ds

_ M

=80t TGy

Vo
= [Voldiv (\Wﬁ!)

and this result is summarized in equation 2.20.

oy . (VO
ﬁ—dl <|V¢‘> H (2.20)

The conclusion from equation 2.20, is that the level set ¢ at the n-time scale will evolve
with a speed proportional to its mean curvature, denoted ks which is a well known
identity, first derived in [14]. Consequently, the evolution of an interface between two
phases is called mean curvature flow and next the evolution of the interface at the triple
junction will be conducted.

— A¢+

2.1.3 Close to the triple junction

To evaluate the evolution of the triple junction, a formal analysis for a function u; : 2 C
R2 x R, — [0,1] for i € {1,2,3} with one liquid phase for i = 1, one gas phase for i = 2
and one solid phase for 7 = 3. In the analysis, the contact angle between the solid phase
and the other phases is 7, in other words the solid phase will be stationary. In order
to conduct a formal analysis of the system at hand, introduce a factor ¢ such that the
system to be analyzed can be formulated as in equation 2.21 below. The factor 2 in front
of € will be of convenience when the system at hand is analyzed.
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% = 2¢Au; — iVu(u), xeQteRy (PDE)

€
Vuy(z,t) -n =0, redNteR, (BC) (2.21)
ui(x,0) = x1(z), x € (IC)

Furthermore, let the three phases meet at a single point called zq as illustrated in figure
2.2 below. Assume furthermore that close to the triple junction, the system evolves at
the slow time scale denoted by & = €t and that the spatial coordinates of the system
can be denoted by n = (n1,m2) where n; is tangent to the solid wall, 7, is orthogonal

x
to 1 and where 7 is related to x by the equation n = —. In this case, n are stretched

€
coordinates centered at xo as proposed by Rubinstein and Sternberg[12]. Using these
time- and spatial variables, an expansion of the form

u(w,t) = u’(n,6) + éu'(n,6) + ... (2.22)

for the liquid phase, i.e. w = wj, around 7 = 0 can be applied in similarity with
the calculations conducted in the previous section close to the interface between the
two phases. Then using the calculations that resulted in equation 2.14 on page 12 in
combination with the assumptions that the function ¢ is normalized, i.e. |V¢| =1 and
that the system is stationary on the 7 time scale equation 2.23 can be assumed to hold
for uq.

2u?, = Vi, (u°) (2.23)

Plugging in equation 2.22 in the (PDE) in equation 2.21 results in the following calcu-
lations

du’  dul 1
% + éd—i = 2¢Au’ + 282 Aut — EVu(uo) — Vi (u®) !
2eA,u0  282A,u' 1
- 6277 + 62’7 - EVu(uo) — Vi (u®)u!
1 .
== (28,u° — Vo (u?)) + € (2A5u" — Vi (u®)ut)
0* 1
where A, = 92 + 92 is the Laplacian with respect to 7. Equating the coefficient of —
Ui Up) €

to zero in the above equation results in equation 2.24.

20,u’ =V, (u?) (2.24)
At the triple junction, xg, the following condition holds.

u®(m1,m2 = 0) = u®(z)

17
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25

Qs

AWV

>

Figure 2.2: Triple junction in R? for stationary phase Q3

Since the solid phase (23 is stationary, let us denote the boundary layer close to the wall
Q3 and the transition layer further from the wall along the ¢-axis. Both the boundary
layer solution denoted u” and the transition layer solution denoted u! satisfies equation
2.23. In this case, the so called Van Dyke conditions hold for the solution at hand.

lml}goouo(m,m) = yi;rao)ugl(y,nz) (2.25)
lim*u® (m m2) = yiLI&O)UBZ(w) (2.26)

where lim* indicates that |n;| and 7, tends to infinity along a line at a distance ¢ from
the interface between the liquid and gas phase. In order to simplify the calculations, it is
possible to transform the coordinates of the system from 7; and 72 to ¢ and v by using
equation 2.27 and 2.28 respectively.

¢ = micos(y) + mesin(y) (2.27)
¥ = msin(y) — nacos(y) (2.28)
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ou®
With these equations in mind, multiply equation 2.24 by —— and integrate over the box

om
D with sides Ry and Ry as depicted in figure 2.2.

S Re 9%u0 0w’ 9*uP O
/ / — 87713772 = 2/ / ( + == > Omons
R1/2 R1/2 8771 87}1 8772 87]
Using the chain rule, the integrands in the above equation can be rewritten. The inte-
grand in the left hand side can be written in the following manner.

)3 = 2 [vh)

Similarly the integrand in the right hand side can be rewritten as in the following cal-
culation

?u0 ou®  9%u oul 9%u0 ol 0%u0 ol
<87ﬁ3m+8n§3m>: o on o0 om
_ {_2(%0 0%u® n (‘92u0€9u0] [ @87“04_ ELLLO 0% }
Ong Om Onz ot om on3 Om  ~ Ona OmOne

_ 0 _<6>+<8> a0 [M}
T o oy om Ong | Om Ona

and combining these results yield equation 2.29 below.

ERE oud\ ou’\? Ry pf1/2 ou ou°
u°
(2R - (2 dd_Q// [ }dd
/ /Rl /2 87” ! ) <8772> <8n1) et Ry, 8772 8’[’]1 877 iz
(2.29)
Performing the integration in both the left and right hand side, results in equation 2.30.

Ry ul\ 2 Ou\ 2
e+ (55) - (G)
0 s om
Subsequently, analyze the left hand side and right hand side of equation 2.30 separately.

Starting with the left hand side, let the energy minima of V' on each side of the interface

be denoted a and b respectively, in other words the limits " lim w’(n = Ryi,m0) = vl
1—7—00

and Rlim uY (m = Ry,m2) = ub hold. Furthermore, when u° attains its minima, the value
1—00

R1/2

Ri/y 0
O = 2/ ou? 0u’ om (2.30)
_Ri/, R/, On1 O

0

u
is stationary so the limit lim —— = 0 must hold, as well as the Van dyke conditions
1|00 OM1
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in equation 2.25 and 2.26. Thus letting Ry — oo and Ro — oo in the left hand side of
equation 2.30 results in the following expression.

/ooo V() + (WY o - </ooo Vi) + <W>2 8772)

Now multiplying equation 2.23 by u® and integrating with respect to z yields

o () _ovi)
0z 0z 0z
oud
ot _ 0
— 9, V(u)

and this results in equation 2.31.

oud

— =/ V(u 2.31
= V) (231)
Inserting this expression into the previous integral equality yields the following expres-
sion.

| V) + Vi) o - ( | v+ vidito.m) 3?72)
0 0

Defining the surface energy between the two phases as ¢(b) = 2 f; V'V (t) dt the above
expression can be written as equation 2.32[12].

— ¢(u’(x0)) + (6(b) — ¢(u’(20))) (2.32)

When it comes to the right hand side of equation 2.30, apply the chain rule in order to
change the integration variables to ¢ and 1. The first factor in the integrand can then
be written as

ou’ 8u087¢+ 8u0ﬁ
Om Oy Om  OC Om
0 o 0

= %I;sin(fy) + %cos(fy)

and the second factor can be written as
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ou’ B ou’ oy o ¢

=T T
Ong 0P Onz  OC O
0 8u0

= ———cos(y) + TCSIH(’Y)

and consequently the product of the two factors can be calculated as follows.

O~ (Gsint + Gpmcoston) (=G eost) + Gcsinta)

On On o ¢ o a¢
a 0 2 a 0 a 0 0 2
= (55 costopsiny) + G5 (sn ) — cost () + (S ) sintaeosta)

Furthermore, when it comes to the integration variable 7; it follows that

1
sm(7) Y

and when it comes to the integration limits the following equations hold.

(9771 =

W <_R1 R2> = —%sin(v) — Rycos(7)

Wb (Rl R2> = %sin(v) — Rycos(y)

Consequently, the right hand side of equation 2.30 in the variables ¢ and v can be written
as in equation 2.33.

“bsin(y) —Racos() ou0\ > ou? oud cos?(7) du®\ 2
— +——— [ sin(y) — — +{ == ] cos(y) d
/ 1sm )—Racos(7y) (ad) ) ( ) o ¢ < (’Y) Sln(’y) ) < d¢ ) (7) v
(2.33)
Taking the limits & — oo where |R;sin(y) — Racos(y)| < a, R — oo and Ry — oo in

that order. In this case, merely the first term will remain which results in the following
calculation

—cos(7) /_ Z 2 <%f;>2 o — {Equation 2.31}
= —cos(7)¢(b)
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And equating this expression with equation 2.32 yields the following expression for the
angle ~.

—¢(u’(20)) + (¢(b) — P(u’(0)))
¢(b)

Equation 2.34 is similar to equation Young’s equation in capillary flow[12; 13]. The entire
evolution of a three phase system with one stationary phase is therefore determined
entirely by equation 2.20 and equation 2.34 which is consistent with the analysis by
Owen, Rubinstein and Sternberg[12].

Thus, with the above analysis in mind, the framework for a solution algorithm that
solves equation 1.1 such that the solution follows equation 2.20 and 2.34 will be described
subsequently.

cos(y) = (2.34)

2.2  Solution Algorithm

Subsequently, a solution algorithm to equation 1.1 in the limit ¢ — 0 will be described.
The described algorithm will have two properties. The first property is that the interface
between two phases, in for example a two phase system or a three phase system far from
the triple junction, should evolve according to its mean curvature as in equation 2.20.
Secondly, the algorithm requires a way of dealing with the solutions in proximity of the
triple junction. Therefore, an algorithm for generating solutions that evolves according
to mean curvature flow will first be presented for a two phase system, and then follows
an algorithm for a three phase system where the triple junction is taken into account.
The algorithm for the two phase system was originally proposed by Merriman, Bence
and Osher[10] and the algorithm describing the evolution of a three phase system was
originally introduced by Ruuth[16; 17].

2.2.1 Two phase system

An example of the evolution of the interface between two phases of chemical species,
is the evolution of the interface between a droplet of water and the surrounding air as
illustrated in figure 2.3. A spherical domain has been chosen due to the fact that there
is an analytical solution to the surface evolution of the interface, and this solution can
be compared to the implementation of the algorithm in order to determine its validity.
With this figure in mind, the problem can be formulated mathematically. In figure 2.3
the set Q C R3 is defined in the following way.

X
Qi=qx=|y|eR:ze[-11ye[-11]z€[-1]1]
z

Hence, 2 is a cube with side length 2 centered at the origin and in this case the boundary
of €2, denoted 012, is defined in the following way.
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Sphere

Grid Dimensions:
101 x 101 x 101
Radius:
05—

r=1

Figure 2.3: Water droplet. The water spherical water droplet has radius 1 and is trapped
in a cube with side length 2. Each side is divided 101 times in order to define a three
dimensional mesh.

0 :={ze[-11yec[-11ze{-11}}n{re[-11]y{-11},z € [-1,1]}
N{xe{-11}ye[-1,1],z € [-1,1]}

For simpicity, assume that the water phase consists of a sphere of radius 1 as defined by
set S below.

x
Si=qx= |y eQ:22+y2+22<1
z

Furthermore, let the characteristic function of a set C C R3, denoted yc(x), be defined
in the following way.

1 .xeC
0 ,x¢C

xc(x) =

With these notations in mind it is possible to construct a reaction diffusion equation[10]
that describes how the water droplet evolves over time. Therefore, define the function
u: @ x Ry — [0,1] which the denotes the concentration of water given a position in
space, i.e. x € Q C R3, and a time, i.e. t+ € Ry. The value u(x,") = 1 corresponds to a
position within the water phase, the value u(x,-) = 0 corresponds to a position outside

23



2.2. SOLUTION ALGORITHM CHAPTER 2. THEORY

the water phase, that is in the other phase, and the value u(x,:) = % corresponds to a
position on the interface between the two phases. In this case boundary value problem
describing the evolution of the surface of the water droplet above can be described as in
equation 2.35.

% = eAu — %f(u) (PDE)
8“8(’;’” =0 2€dQteR,  (BC) (2.35)
u(x0)  =xs(x) weQ (1C)

In equation 2.35 the abbreviations are "PDE=Partial Differential Equation”, "BC=Boundary
Conditions” and "IC=Initial Condition”. Note that in equation 2.35, Neumann boundary
conditions have been implemented, which physically can be interpreted as no material
leaves the domain.

In the PDE in equation 2.35, the term eAw is the so called diffusion term and the

1
term — f(u) is the reaction term where the function f :  x Ry — [0,1] in the case of
€

two phases will be defined by equation 2.36[10].

Fu) =u (u _ ;) (u—1) (2.36)

The scalar € € (0,00) is a small constant that renders the contribution of the reaction
term much more significant than the diffusion term after long time, and thus diffusion
plays an important role for merely short time intervals. In order to predict the long term
behaviour of the solution to equation 2.35, a linear stability analysis can be conducted.

Linear stability analysis

The solution algorithm for equation 2.35 relies on the fact that the reaction term is
substantially larger than the diffusion term, due to the factor € > 0. This fact implies
that the overall dynamics of the system can be approximated by the following ordinary
differential equation, abbreviated ODE, with time ¢ € R, as the only variable.

du

a = _f(u(t))a te R-I—: ’LL(O) =C¢ (071]7 (IC) (237)
Note equation 2.37 is the analogous expression for a two phase system to equation 2.8 on
page 10 derived in section 2.1.1 in the case of a three phase system. Now, a classical linear
stability analysis will be conducted on equation 2.37. A fiz point, denoted u(t*) = uy, of
equation 2.37 is a point that satisfies the following condition.

du,
dt
By equation 2.36, the system has the following three fix points.

=—f(ux) =0<= f(ux) =0
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ul*:O

1
UZ*:§
U3*:1

In fact the dynamics of the system in equation 2.37 will be determined by the stability
of these fix points. In order to determine the stability of these fix points, a first order
Taylor expansion of f(u) in the vicinity of a fix point u, can be calculated

Flu) ~ flu) + (‘jf
——~ u

U=Ux

) (u—u,) +H.O.T
=0
{Linearization = H.O.T="Higher Order Terms” are neglected}

d
. (di u:u*> (u—uy)

and thus the linearization of f(u) around wu, is given by the following equation.

f<u>f~<df ) )(u—u»

du
In order to proceed, it is possible to define u(t) = wu, + du(t) where du(t) > 0 is a
small perturbation of the fix point u,. Plugging this expression for w into the above
approximation of f(u) yields.

Fu) = (" + 6u) ~ (jj:
(ar
“| @

)(5u
= f(u* + du) = (d

) (Uy + du — uy)

U=Ux

df

d
) ou
U U=Ux

Further, using equation 2.37 yields the following result
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d (ux + 0u) du,  dou
* —_ - 7 = -
S+ ou) = dt a
~—
=0
dou
T f(6u)

| f(u* + du) = f(ou) |

and thus the following linearization of f(u) holds in the vicinity of a fix point w,.

) ou (2.38)

Combining equation 2.37 and equation 2.38 yields the following approximation of the
ODE in the vicinity of uy, i.e. where u & u,.

dou _(df
dt du

d

) du (2.39)

The solution of equation 2.39 is given by

df

ou(t) = du(0) - exp (— Tu

: t) (2.40)

A stable fix point is a point where the perturbation around a fix point disappears and
hence satisfies the following condition.

tllgloéu(t) =0

An unstable fix point is a point where the perturbation around a fix point blows up and
hence satisfies the following condition.

tlg(r)loéu(t) =00

Translating these stability conditions using equation 4.2 yields the following equations.

df
du
df
du

> (0 = wu, is stable

U=Ux

< 0 = wu, is unstable

U=Ux
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Hence for the definition of f(u) for two phases, see equation 2.36, it follows that the
derivative is given by

TR —

and thus the following results follows.

df 1 1

— =—](=1)== 1

dul,_, < 2)( ) 2>O:>stabe

df 1 1 1

@ L = 5 <2> = *Z < 0 = unstable
2

g = 1 > () — stable

du|,_,; 2

Hence, the system has two stable fix points at ui, = 0 and usg, = 1 and one unstable
1
fix point at usx = —. This implies that after a certain time when the reaction term

determines the dynamics of the system, solution u will move towards the stable fix
points and away from the unstable fix point. Thus, given a certain position x € 2 and
a sufficiently large time ¢ € Ry the solution u(x,t) will quickly approach the value 1 if
u(x,t) > % and conversely u(x,t) will quickly approach the value 0 if u(x,t) < % Two
stable fix points with an intermediate unstable fix point is indicative of a travelling wave,
and in fact this observation agree with the results derived in section 2.1.2 on page 11.
Furthermore, the motion of interface between two phases in equation 2.20 is described
by mean curvature of that interface. This equation holds also for a two phase system,
and therefore a solution algorithm for 2.35 should generate an interface which motion is
described by the mean curvature of the interface.

In the table below, the solution algorithm for a two phase system proposed by Mer-
riman, Bence and Osher[10] is stated.The algorithm relies on the fact that the system in
equation 2.35 has a sharp phase transition, and can be splitted into two steps, namely
a diffusion and a sharpening step. Therefore, the algorithm in question can be referred
to as a splitting algorithm and it can be described as follows.

27



2.2. SOLUTION ALGORITHM CHAPTER 2. THEORY

Solution algorithm for two phases

Initialization step

Diffusion step

Sharpening step

Initialize the function u(x,t). In the case of a sphere let u(x,0) =
Xs(x) as in equation 2.35.

du
For a certain time A7, solve the diffusion equation T Awu with

the given boundary conditions.

After a time Ar, ”sharpen” the diffused function by setting
1, ifu(x,t) >
u(x,t) =
0, ifu(xt)<

. Go back to the diffusion step.

N~ —
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Furthermore, the solution algorithm for a two phase system generates an interface which
evolves according to its mean curvature. In fact, the speed of the interface at a point xg
is given by v = H + O(v/t) as t — oo where H is the mean curvature of the interface
at the point x¢. This fact has been definitely proven by Evans, see theorem 4.1 on page
546, which can be found in [4]. An illustrative example of mean curvature flow is the
evolution of the interface between the two phases in equation 2.35, and this situation is
commonly known as the "Shrinking sphere”.

Shrinking sphere

Suppose the evolution of the interface between the two phases in equation 2.35 on page
24 is to be derived. The interface I'(t) := {x € S : ¢(x,t) = 0} is described by the level
sets of the function ¢(x,t) = 22 +y? + 22 —r(t)2. By the definition of the mean curvature
H, see equation 2.4 on page 7, the mean curvature is given by the following equation

(T
H_d”<\w»|>

T
where V¢ = (gx, o gz) and |[V¢| = 21/22 + y2 + 22. Then, it follows that

0 x 0 Y 0 z
H= e |+ o [ e |+ o | ——
O \ /o2 +y2+22) Oy \ a2 +y2+22) 02\ /a2 +y2 + 22

and by the product rule it follows that the first term is given by

9 x _ 0 2., .2, 2\-1
8x<\/x2+y2+z2> Oz <x (@ 4y +27) 2)

B 1 z?
- o 3
Vvt y? + 22 ( /x2+y2+z2)
x2+y2

B (Va2 +y? + 22)3
and the other two terms are calculated analogously. Thus the mean curvature is given
by the following calculation.
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It follows that for an n-dimensional sphere, the surface of the sphere has the following
mean curvature.

- n—1
r(t)
The radius of the surface of the sphere will decrease with a speed of the same size as

the mean curvature. Hence the evolution of the radius satisfies the following ordinary
differential equation[18].

dr — (n—1)
dt 7t (ODE) (2.41)
T(O) =To 7(10)

Hence the solution is obtained by this simple calculation,

dr n—1

dt
rdr =—(n —1)dt

= r(t) = r% —2(n—1)t

and the evolution of the radius of an n-dimensional sphere is therefore given by equation

2.42.
r(t) =/r3 —2(n— 1)t (2.42)

Equation 2.42 can be used in order to obtain an error estimate of an implemented
numerical solution. By using the solution algorithm on page 28 in order to solve equation
2.35 on page 24 numerically, the numerical radius of the shrinking sphere at a time ¢

1
can be found by identifying the interface I'(t) := {xo € S :u(xo,t) = 2} using linear

interpolation and then calculating the radius by calculating the mean radius denoted
7(t) of all radii given by ro(t) = |x0(t)|Vxo(t) € I'(t). The mean radius 7(¢) can then
be compared to the analytical value, () in equation 2.42, in order to obtain an error
estimate, given by e(t) = r(t) — 7(¢), for the numerical solution.

Subsequently, the theory for a three phase system is described.

2.2.2 Three Phase system

When it comes to a three phase system, the sharpening step in the solution algorithm
on page 28 differs slightly while the diffusion step is identical. However, using the
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chemical condition in equation 2.5 on page 8, a second algorithm can be derived in order
to conduct the sharpening step for a three phase system. Hence here follows a short
motivation behind the so called projection triangle algorithm which is applied in order
to conduct the sharpening step for a three phase system.

Projection triangle

A graphical representation of the solution u (x,t) to equation 1.1 is illustrated in figure
2.4. Due to the mass conservation condition in equation 2.5 on page 8, the phase portrait
of the solutions to equation 1.1 on page 2 are confined to a triangle which is trivially
represented in R3.

AN

us (ZE,y,Z,t)

Figure 2.4: Sharpening triangle for three phases in R3.

Hence, the chemical condition in equation 2.5 on page 8 enables a simple way of rep-
resenting solutions to equation 1.1 graphically. Since the diffusion step is identical for
both a two phase and a three phase possible, it is possible to project all solutions for
a three phase system to the heat equation after one time step A7 onto a projection
triangle. This projection triangle can be illustrated in R?, which is done in figure 2.5.
The projection triangle is used in order to conduct the sharpening step for a three phase
system, and physically it corresponds to the role of the gradient of the energy potential
denoted V,, in equation 1.1 on page 2.
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|
o

>
tq
Figure 2.5: Sharpening triangle for three phases in R?

The projection triangle determines the sharpening step for a three phase system in
the following way. If the solution to the heat equation u(x,t) after a time A7 given a
position x € ) and time t € R4, has a value that falls in the domain 23 in the projection

T

triangle, see the green domain in figure 2.5, the value of u(x,t) is set to uj = (0,071> .
. T

Similarly, if u(x,t) € 2y after a time A7 the value of u(x,t) is set to u3 = (0’170) and

A T
if u(x,t) € O after a time A7 the value of u(x,t) is set to uj = (17070> . Hence the key

step is to find the interfaces between the three phases denoted I'1o represented by the
red line in figure 2.5, I'13 represented by the blue line in figure 2.5 and I'y3 represented
by the green line in figure 2.5. These lines need to fulfill two conditions, which are listed
below. The first condition implies that for positions far from the triple junction, the
evolution of the three phase system is reduced to the two phase system. Hence, in these
cases, the interfaces I'1o9, I'13 and I'y3 will evolve with a speed proportional to their mean
curvature. The second condition will be derived later in chapter 4 called "Convolution
thresholding”.

Condition 1 In the case where u; = 0 for i € {1,2,3} the sharpening step is reduced to the two

T

phase case. In other words, the red line 12 goes through the point <;, ;,0) ,
o . 11\" e

the green line I'23 goes through the point 0757 3 and the blue line I'13 goes

1 1\7"
through the point <2,0,2> .
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Condition 2 The three lines f‘lg, '3 and a3 all pass through the point u} which is called the
triple junction. In particular when the solid phase is stationary, and has a contact

angle of 7 the triple junction will be given by u} = <

T

a T—al .
—, ,— | where a is
27" 27 2)

the contact angle between the liquid phase and the solid phase.

The so called projection triangle algorithm proposed by Ruuth in [16] can be used in
order to generate a projection triangle as depicted in figure 2.5.

Projection Triangle Algorithm

Find position for in-
terfaces

Initialisation step

Diffusion step

Projection triangle

Let €23 denote the solid phase, let () denote the gas phase and
let €21 denote the liquid phase. Begin by defining the sets I'io :=
{XEQ:XEQlﬂQQ}, I'ig = {XGQ:XEQlﬂQg}} and I'yg :=
{xeQ:xeQnQs}.

Initialize the the functions in the following way: wu1(x,0) = x1(x),
u2(x,0) = x2(x) and uz(x,0) = x3(x).

o o . dyy
For a certain time A7, solve the diffusion equation — = Auw; for each

dt
phase i € {1,2,3} with the given boundary conditions.

After a time AT, define the lines I'o =
T .

{U(X,AT) = (ul(x,AT),ug(x,AT),ug(x,A7)> y X € F12}, I'is =
T

{u(x,AT) = <u1(X,AT),UQ(X,AT),Ug(X,AT)> » X € I‘13} and

A T
Pog = u(x,At) = <u1(X,AT),ug(x,AT),Ug,(X,AT)) » X € 1123}-

The lines flg, f‘13 and f‘gg define the red, the blue and the green lines
in figure 2.5.

Thus, the lines flg, I'13 and I'e3 in the projection triangle algorithm corresponds to the
function values of the solutions u1, us and us to the heat equation after a time A7 at
the positions x € I'12, x € I'13 and x € I'g3 respectively. Moreover, in the case where
the solid phase 23 has an angle of m with the other phases, the lines flg and fgg will
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form a T-shape in the projection triangle[16], which in the case of a straight wall will
preserve the solid phase throughout the simulations. Combining the projection triangle
algorithm on page 33 and the solution algorithm for two phases on page 28, a general
algorithm for simulating capillary flow for a three phase system can be formulated.

Solution algorithm for a three phase system

Projection triangle

Initialisation step

Diffusion step

Sharpening step

Given a contact angle as depicted in for example figure 3.11, use
the projection triangle algorithm on page 33 in order to construct
a projection triangle.

Given a new domain Q = Q; U Qs U Qg, initialize the the func-
tions in the following way: u1(x,0) = x1(x), ua(x,0) = x2(x) and
u3(x,0) = x3(x).

du;
For a certain time AT, solve the diffusion equation ditz = Auw; for

each phase i € {1,2,3} with the given boundary conditions.

”Sharpen” the diffused region by using the projection triangle gen-
erated in the projection triangle step. Go back to the diffusion
step using the reinitialized functions w1, us and ug obtained from
the projection triangle.

Using the solution algorithm above, capillary flow for a three phase system can be simu-
lated. Note however that it is not evident that the projection triangle algorithm generates
a physically valid sharpening step. Therefore, a so called convolution thresholding anal-
ysis will be conducted so that a sharpening step that generates physically valid results
can be implemented. Such a convolution thresholding calculation is presented in chapter
4. First however, follows an implementation of the solution algorithm for a three phase
system presented above.
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Implementation of algorithm

The implementation of the solution algorithm on page 34 is divided into two parts.
The first parts involves implementing the diffusion step and the second part includes
implementing the sharpening step. In order to implement the diffusion step, the two
phase system known as the ”shrinking sphere” will be simulated using the two phase
algorithm formulated on page 28. The sharpening step will be implemented using the
projection triangle algorithm on page 33.

3.1 Diffusion step

In order to implement the two phase solution algorithm, a finite difference approach
is employed. One of the reasons why a finite difference approach is employed with a
stationary mesh, is due to the fact that it is fairly easy to implement as oppose to
using for example an adaptive mesh as in the the thesis by Ruuth[17]. Consequently, the
following subsection contains a derivation of the finite difference implementation in order
to solve the heat equation numerically. Then follows to subsections with implementations
of the algorithm in two examples using two and three phases respectively.

In order to solve differential equations numerically, derivatives can be approximated
by differences. In order to conduct this approximation, the continuous time line into
discrete time points and the continuous domain Q@ C R%, d € {2,3} is divided into
discrete spatial points by constructing a grid. The illustration of the discretization of
the time line and the spatial domain is presented in figure 3.1. A high grid size results in a
small distance between the nodes which yields a better approximation of the derivatives.

35



3.1. DIFFUSION STEP CHAPTER 3. IMPLEMENTATION OF ALGORITHM

Timeline ——— Grid :

to 3] to (z-1,Y0) (z0yy0) (w1

Figure 3.1: Discretization. The left figure shows a discretization of a continuous time line
while the right figure shows a discretization of a part of a domain Q C R? by constructing
a grid.

Consequently, using the finite difference approach, differential equations are approx-
imated by difference equations. In the case of the heat equation this discretization
concerns rewriting the time derivative on the one hand and the Laplace operator on
the other hand. A detailed explanation of the discretization of the time and spatial
derivatives respectively is provided next.

Time discretization

ou
In order to solve the partial differential equation — = Aw numerically the time deriva-

tive in the left hand side and the Laplace operator in the right hand side requires to be
approximated using finite differences. The time derivative will be approximated using
an Euler forward scheme, and how both finite differences are approximated is described
in more detail next.

ou
Let u(x,t) be the solution to the equation e Awu. Then the Laplace operator in
the right hand side is given by

du 0%u n 0%u n 0%u

= u = —— —_— JR—
dt ox?  0y? 022
and the time derivative in the left hand side can be discretized using the following
equation.

(3.1)

du _u(x,t + At) —u(x,t)
dt At

0
Using this notation and plugging this expression into the equation a—z = Au yields the

following expression.
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x,t)

Now, a discretization of each second deriviative is required. The discretezation of a
certain derivative at a point x and a time ¢ is calculated below.

d%u

2
xt 0z

9%u

Fu| o
x,t ay2

Ox?

u(x,y,z,t + At) = u(x,y,z,t) + At - (

Ju ou
@ ~ ax fL"JFAﬂU,y:Z,t 856 Z,Y,2,t
0x? |, , - Az
(u(ac—l—Aac,y,z,t)—u(x,y,z,t) . (u(w,y,z,t)—u(:v—Aac,y,z,t)))
- Az Az
- Ax
_u(z 4+ Ary,zit) — 2u(z,y,2,t) +u(z — Ary,z,t)
a (Az)?

In summary, the three second derivatives can be summarized in the following three
expressions.

OZJ ~ U(.Z‘ + Al’,y,Z,t) — 2“’(337:1/7271;) + U(l‘ _ Aw,y,z,t)
x|, (Ax)?
Pululmy + Ay,zt) = 2u(z,y,z,t) + ule,y — Ay,zit)
0Y? |yt (Ay)?
OQJ ~ U(ZL‘,y,Z + szt) — 2U(l’,y,2,t> + U(ZL’,y,Z — AZ,t)
022 |y (Az)?

Proceed by defining a uniform mesh with step size h = Az = Ay = Az. Further define
the discrete Laplacian of u, denoted Awu as in equation 3.2.

Au(z,y,z,t) = u(x + hyy,z,t) +u(z — hy,z,t)
+ u(z,y + h,z,t) + u(z,y — h,z,t)
+ u(z,y,z + hyt) + u(z,y,z — hyt)
— 6u(z,y,z,t)

(3.2)

Using the discrete Laplace operator defined in equation 3.2 the following Euler forward

0
method is obtained for solving the diffusion equation Y _ Aw.

ot

At
u(z,y,z,t + At) = u(z,y,z,t) + =R Au (3.3)
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The discretized Laplace operator Au above is referred to as a stencil, and there are
various stencils in order to approximate the Laplace operator numerically which are

At
explained later in more detail. Subsequently, the value of the ratio NE is tested nu-
merically.

Test of appropriate time step In order to obtain reliable results for the finite

difference implementation, the ratio % in equation 3.3 must be appropriately chosen.
Therefore, numerical simulations of the heat equation in R? for a circular domain and for
a sphere in R? using the discrete Laplace operator in equation 3.2 and the corresponding
Laplace operator in two dimensions were conducted.

The results of the simulations in two dimensions are illustrated in figure 3.2 and 3.3
below. The diffusion step works correctly if the concentration profile is spread or diffused

smoothly at the edges of the circle.

Euler forward, test of time step

Zero time steps Initial condition
R 2
> 1.5
\></ ) M““\“\‘\‘\“w‘f\‘\‘\“‘ 1
5 G 1] 05
yh o5 o0 05 } 1 0 05 1 15 2
x
. At 1
One time step )
£ 5L ST "o
= by .| VNN O DN e .5 = =
1.5 e 2
y' 05 0 o o5 L 1% % 05 1 1.5 2
x
One time step
BN
K05 5 )
5 9
1.5 2
& 1.5

1 1

At
Figure 3.2: Test of time step using ratio 7z =3 & 3 The grid size for the above

simulations are 100 x 100 and the time interval that the heat equation was conducted during

10 - A2

is AT =10 At = where n = 2 in the middle figure and n = 3 in the bottom figure.

At 1 At 1
The diffusion works for the quotient 72 =3 but does not work for the quotient =5
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Euler forward, test of time step

Zero time steps Initial condition
i~ 2
>: ! [ 1.5
SRXR | =1
= 9 A R 0.5
A A
Yoytos oo o5 p 2 % 05 1 15 2
x
. At 1
One time step 2 T 1

u(x,y)

u(x,y)

At 1 1
Figure 3.3: Test of time step using ratio — = 1 & 5 The grid size for the above

simulations are 100 x 100 and the time interval that the heat equation was conducted during

10 - k2
is A7 =10 At = where n = 4 in the middle figure and n = 6 in the bottom figure.
At 1 At 1
The diffusion works for both the quotient yeR as well as for the quotient T
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The conclusion from the simulations in figure 3.2 and figure 3.3 is that in order for the

At
finite difference implementation of the heat equation to work at least the quotient W2

1 1
cannot be set to the value 3 but can be set to the value 3 in R?. The same simulations
were conducted for a sphere in R? and the similar condition in R? is that the quotient

At 1 1
/5l cannot take the value 1 but the diffusion step works for the value 3 Subsequently,

t
the value 22 = 10 will be used in simuations in both three and two dimensions.
Using an appropriate time step, the heat equation can be solved numerically. In
fact there are several ways of solving the heat equation in both R? and R?® using finite

differences, and in the next paragraph these methods are described.

Discretization of Laplace operator

The various stencils used to approximate the Laplace operator differ depending on the
number of adjacent points that the stencil takes into account. In order to vizualize the
situation at hand, it is possible to think of a cube where centered at a position (z,y,2)
as illustrated in figure 3.4.

Figure 3.4: Cube for determining Laplace stencils

In figure 3.4, the cube consists of 27 points, that is 9 points at each plane. The center
point, that is the black point at position (x,y,z), has therefore 26 neighbours and it is
possible to characterize these adajacent points using three different categories. The first
category consists of the face points which are the points at a center of a face of the
cube ilustrated by the green points in figure 3.4. The second category consists of the
edge points which are the points at the center of an edge of the cube ilustrated by the
blue points in figure 3.4. The third category consists of the corner points which are the
points at the corners of the cube ilustrated by the red points in figure 3.4. Note that
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there are 6 points at the faces of each cube, there are 12 points at the edges and 8 points
at the corners of the cube.

Using the above notation, it is possible to define three different stencils for the Laplace
operator. The three stencils are called the 7 point stencil, the 19 point stencil and the
27 point stencil[11]. The difference between the three stencils depends on the number of
adjacent points that the stencils takes into account.

The 7 point stencil only takes the face points into account, and is exactly the expres-
sion derived in equation 3.2. A more compact way of denoting this stencil is to introduce
three new sets of indices, denoted Ny, N, and IV, respectively, which contain the indices
for the faces, edges and corners of the cube. Furthermore, denote the value of u at the
center point by u;. Then the 7 point stencil of the discrete Laplacian, denoted Au £y 18
summarized in equation 3.4.

Au]c = Z uj — 6y, (3.4)

JEN;
The 19 point stencil is based on the faces and the edges of the cube. The 19 point stencil
of the discrete Laplacian, denoted Auy, is shown in equation 3.5[11].

A 1
Auge = 5 | 2 S ui Y uy— 24w (3.5)

]eNf jeNe

Finally, the 27 point stencil is based on the faces,A edges and corners of the cube. The 27
point stencil of the discrete Laplacian, denoted Au .. is shown in equation 3.6[11].

A 3 1 1 44
JENy JENe JEN

In R? the corresponding discretization to the 7 point in R? is called the five point stencil.
However, there is a slightly more complicated stencil, called the nine point stencil derived
in [9], and it is presented in equation 3.7 below.

N 2 1 10 - Uq
]GNf JEN

Subsequently, the choice of the Laplace stencil in R? depends on the results from numeri-
cal simulations for a famous example of the phase transition between two phases, namely
the shrinking sphere. For the simulations in R? the nine point Laplacian in equation 3.7
will be applied.

Shrinking sphere

The results from the finite difference implementation for two phases are generated from
a spherical domain €2y, i.e. the problem formulated in section 2.2.1 on page 29. In
figure 3.5, the evolution of the shrinking sphere is depicted. Using the method described
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in section 2.2.1 on page 29 the accuracy of the finite difference implementation can be
estimated by tracking the evolution of the error defined as e(t) = r(t) — 7(t) where r(t)
is the analytical radius of the sphere given by equation 2.42 on page 30 and 7(¢) is the
numerical radius generated dy the simulation.

Shrinking Sphere

{ time steps Crid szeT5 % 75 % Th 20 time steps
15 1
AN N ]
4 4
1N\ — 1\05\ !
pooE T e )x g e DX
1) time steps 60 time steps

1
Nl . N o
4 E
1 . ..

05 n — !
1
. A —
y i X

1
1 s
03 n — !
1
.15 —
y A i

() time steps 100 time steps

Figure 3.5: Shrinking Sphere

The results from the error analysis is illustrated in figure 3.6b to 3.10. Two different
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grid sizes, namely 100 x 100 x 100 and 175 x 175 x 175, were used in the simulations.
In addition to the grid size, the choice of Laplace stencil is investigated in figure 3.6 and
3.7 respectively. In figure 3.6, the grid size was set to 100 x 100 x 100 and in figure 3.7
the grid size was set to 175 x 175 x 175.

Radius Sphere, Comparasion of stencils
Grid size: 100x100x100

1 |
RS —— Analytical
\\\?\ ——Stencil 7
\\\\\ ~ Stencil 19
L, 0961 \\\?\\ Stencil 27 | |
=
=
&
a
0.92+
088 1 L I 1
0 0.01 0.02 0.03 0.04 0.05
Time
(a) Evolution of radius grid size 100 x 100 x 100.
Error Sphere, Comparasion of stencils
Grid size: 100 x 100 x 100
0.006 -
—
S 0.004F
—
=
0.002 - —Stencil 7 |
——Stencil 19
Stencil 27
0 | | 1 |
0 0.01 0.02 0.03 0.04 0.05

Time
(b) Evolution of error grid size 100 x 100 x 100.

Figure 3.6: Comparasion of stencils, grid size 100 x 100 x 100.

From figure 3.6b the expected result, namely that the error for the 27 point stencil is
smaller than the 19 point stencil which is smaller than the 7 point stencil, is confirmed.
However, for the grid size 100 x 100 x 100, the difference in grid size is not particularly
large and this difference will be quantified later on. In figure 3.7, the same analysis has
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been conducted for a grid size of 175 x 175 x 175.

Radius Sphere, Comparasion of stencils
Grid size: 175x175x175

—— Analytical
0.99 —Stencil 7 |
——Stencil 19
Stencil 27
w
k=
T o7t
a'et
0.95
0 0.01 0.02
Time
(a) Evolution of radius grid size 175 x 175 x 175.
Error Sphere, Comparasion of stencils
Grid size: 175 X 175 x 175
0.004 : .
0.003
=
-
£ 0.002f
=
0.001 ~Stenal 7 |
——Stencil 19
Stencil 27
0 ! 1 1
0 0.01 0.02

Time
(b) Evolution of error grid size 175 x 175 x 175.

Figure 3.7: Comparasion of stencils, grid size 175 x 175 x 175.

From figure 3.7b the expected result, namely that the error for the 27 point stencil is
smaller than the 19 point stencil which is smaller than the 7 point stencil, is confirmed.
Furthermore, for the grid size 175 x 175 x 175, the difference in error between the 27 point
and the 19 point stencils is larger than in figure 3.6 which indicates that for larger grid
sizes the choice of stencil is of larger significance. In order to quantify the accuracy of
the finite difference implementation for the different grid sizes and the various stencils,
the effect on grid size for the 7 point stencil, 19 point stencil and 27 point stencil is
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compared in figure 3.8, 3.9 and 3.10 below.

Radius Sphere, Comparasion of grid sizes

Stencil 7
— T
- - —— Analytical
ol \ — Grid size 100x100x100/|_|
— Grid size 175x175x175
0
k=
) L
S 0.97
aiat
0.95
1 |
0 0.01 0.02

Time

(a) Evolution of radius stencil 7.

Error Sphere, Comparasion of grid sizes
Stencil 7

0.006

T
\
1

0.005

T
\
|

0.004

0.003 7 a

Error
\

0.002 - - -

0.001 - ——Grid size 100x100x 100/
—Grid size 175x175x175
0 ! I

0 0.01 0.02

Time

(b) Evolution of error stencil 7.

Figure 3.8: Comparasion of grid sizes stencil 7.
In order to quantify the convergence of the error in the time interval ¢ € (0.01,0.02)

assume that both the red graph and the blue graph in figure 3.8b is linear in the interval
in question. Then it follows that the following calculation holds for the red graph,
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r(0.01) =0.9760 __ Je*(0.01) =0.0038

ri00(0.02) = 0.9542 e309(0.02) = 0.0050
0.0050 — 0.0038 :
k%OO — ol —0.12 (length umt/time unit)

and similarly for the blue graph the following calculation holds.

r375(0.0098) = 0.9783 el™(0.0098) = 0.0019
=

ri7(0.0204) = 0.9554 e375(0.0204) = 0.0029
0.0029 — 0.0019 ;
]{;%75 = 0.0106 = 0.0943 (length umt/time unit)

Furthermore, the mean error in the interval ¢ € (0.01,0.02) for the grid size 100 x 100 x 100
is

100 _ 0.0038 + 0.0050
100 —
2
and the mean error in the interval ¢t € (0.0098,0.0204) ~ (0.01,0.02) for the grid size
100 x 100 x 100 is given by the expression below.

= 0.0044

6%—75 _ 0.0019 + 0.0029
2

0.0024
0.0044 ~ 1—0.5455 ~ 45% in the time interval

t € (0.01,0.02) when the grid size is increased from 100 x 100 x 100 to 175 x 175 x 175.
Next the same calculations are conucted for the 19 point stencil, and the results from

these simulations are illustrated in figure 3.9.

In order to quantify the convergence of the error in the time interval ¢ € (0.01,0.02)

assume that both the red graph and the blue graph in figure 3.9b is linear in the interval

in question. Then it follows that the following calculation holds for the red graph,

= 0.0024

Thus the mean error is decreased by 1 —

r19°(0.01) = 0.9761 . el90(0.01) = 0.0037 .

r190(0.02) = 0.9543 €190(0.02) = 0.0049
0.0049 — 0.0037 .
k,%g() _ ol —0.12 (length umt/time unit)

and similarly for the blue graph the following calculation holds.
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Radius Sphere, Comparasion of grid sizes

Stencil 19
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tool \ ——Grid size 100x100x 100
. Grid size 175x175x175
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(a) Evolution of radius stencil 19.

Error Sphere, Comparasion of grid sizes

Stencil 19
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0.005
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0.003 F —
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Time
(b) Evolution of error stencil 19.

Figure 3.9: Comparasion of grid sizes stencil 19.

rif(0.0098) =0.9784 __ ] e}§(0.0098) = 0.0018
7145(0.0204) = 0.9556 e175(0.0204) = 0.0027

L7 _ 0:0027 — 0.0018
1 0.0106

— 0.0849 <length unit /time unit)

Furthermore, the mean error in the interval ¢ € (0.01,0.02) for the grid size 100 x 100 x 100
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is

—= 0.0037 + 0.0049
€100 — ‘g — 0.0043

and the mean error in the interval ¢t € (0.0098,0.0204) ~ (0.01,0.02) for the grid size
100 x 100 x 100 is given by the expression below.

—== _ 0.0018 4 0.0027

ey’ = 5 = 0.0023
. 0.0023 . .
Thus the mean error is decreased by 1 — 0.0043 ~ 1—0.5233 ~ 48% in the time interval

t € (0.01,0.02) when the grid size is increased from 100 x 100 x 100 to 175 x 175 x 175.
Next the same calculations are conucted for the 27 point stencil, and the results from

these simulations are illustrated in figure 3.10.

In order to quantify the convergence of the error in the time interval ¢ € (0.01,0.02)

assume that both the red graph and the blue graph in figure 3.10b is linear in the

interval in question. Then it follows that the following calculation holds for the red

graph,

rP0.01) =09761 _ Je(0.01) =0.0037

r390(0.02) = 0.9543 el90(0.02) = 0.0049
0.0049 — 0.0037 .
k%’(?)[) — ol —0.12 (length umt/time unit)

and similarly for the blue graph the following calculation holds.

riP(0.0098) = 0.9785 ] edP(0.0098) =0.0017 _

r375(0.0204) = 0.9559 e375(0.0204) = 0.0024
0.0024 — 0.0017 ,
k%;B — 00106 = 0.0660 (1ength unlt/time unit)

Furthermore, the mean error in the interval ¢t € (0.01,0.02) for the grid size 100x 100 x 100
is

—55 . .004
eI00 _ 00037—;—000 9 — 0.0043

and the mean error in the interval ¢t € (0.0098,0.0204) ~ (0.01,0.02) for the grid size
100 x 100 x 100 is given by the expression below.

—= 0.0017 + 0.0024
e = ! — 0.0020
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Radius Sphere, Comparasion of grid sizes
Stencil 27
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) —— Analytical
| \ —Grid size 100 100100
N Grid size 175x175x175
n
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1 |
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Time
(a) Evolution of radius stencil 27.

Error Sphere, Comparasion of grid sizes
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(b) Evolution of error stencil 27.

Figure 3.10: Comparasion of grid sizes stencil 27.

.002
88842 ~ 1—0.4651 ~ 53% in the time interval

t € (0.01,0.02) when the grid size is increased from 100 x 100 x 100 to 175 x 175 x 175.

In conclusion, two observations can be made concerning the choice of Laplace stencil.
The increase of error over time is lowest for the 27 point Laplace stencil, approximately
k3T® = 0.0660 (lemsthunit /i unit) in the time interval ¢ € (0.0098,0.0204), it is second
lowest for the 19 point stencil, approximately kij> = 0.0849 (‘engthunit/. i) in
the time interval ¢t € (0.0098,0.0204), and it is highest for the 7 point stencil, namely
k1T = 0.0943 (‘enethumit /i o umit) in the time interval ¢ € (0.0098,0.0204). Furthermore,

Thus the mean error is decreased by 1 —
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the increase in accuracy namely 53% for the 27 point stencil, 48% for the 19 point stencil
and 45% for the 7 point stencil when increasing the grid size from 100 x 100 x 100 to
175 x 175 x 175 in the time interval ¢ € (0.01,0.02) indicates that for higher grid sizes
the 27 point stencil will result in a highly accurate result. Consequently, the 27 point
stencil will be used when conducting simulations in R® and the corresponding 9 point
stencil will be used when conducting simulations in R2.

When it comes to simulating a three phase system numerically, the projection triangle
algorithm on page 33 requires implementation.

3.2 Sharpening step

Subsequently, the projection triangle algorithm on page 33 is tested numerically for two
different liquids which are depicted in figure 3.11. What differs between the liquid in
figure 3.11a and the liquid in figure 3.11b, is the contact angle between the solid phase
and the liquid phase. Thus, using the two conditions listed in section 2.2.2 on page
30, the appearence of the projection triangle for the two liquids in figure 3.11 can be
predicted.
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Interfaces for three phases in 2 dimensions
Zoomed in domain

X

(a) Liquid 1.
Interfaces for three phases in 2 dimensions

Zoomed in domain

X
(b) Liquid 2.

Figure 3.11: Contact angle for two liquids.
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—4
3 :E and

The water surface for the first liquid is determined by the function I'i2(z) =

the water surface for the second liquid is determined by I'12(x) = 1 — 2. Thus for the
first liquid it follows that the contact angle « is given by

1
a = tan" ! (2> ~ 0.4636

0.4636
and it follows that il =~
2 27

= 0.0738. Hence the triple junction in the projection

a mT—al

triangle for the first liquid is given by = (0.0738,0.4262,0.5). Using

o’ 21 2
a similar calculation for the second liquid it follows that the triple junction should be
—al
located at [ —, T2 =) = (0.1250,0.3750,0.5).
2w 2w 2

The results from the implementation of the projection triangle algorithm for the two
liquid in figure 3.11 are illustrated in figure 3.12. As can be seen, the red line meets the
cyan point indicating the location of the triple junction at one end and meets the black

11
point 5,5,0 which indicates mean curvature flow between the liquid and air phase.

This fact corresponds to the theory describing the triple junction algorithm in section
2.2.2 on page 30.
Furthermore, the interfaces I'soliq,gas and I'selid,Liquid form a T-junction which is

consistent with a straight solid phase, see section 2.2.2 on page 30. Both these lines

1 11
2> and 0,2,2> respectively at one of the two ends, which

corresponds to mean curvature flow far from the triple junction, and both lines meet at
the triple junction on the other end.
The results in figure 3.12 were generated using the following settings. The grid size

1
was set 500 x 500 which results in a step length of h = 500 0.002. The time step in
2

the Euler forward time discretization was set to At = — = 4-107", and the diffusion
step was conducted during the time interval A7 = 1500 - At = 0.0014.

. 1
meet at the points 5,0,

52



3.2. SHARPENING STEP CHAPTER 3. IMPLEMENTATION OF ALGORITHM

Projection triangle: Liquid 1

---I'solid Gas
—T'LiquidGas
u; & Liquid v =(0.0.1) FSolid‘Liquid
uy < Gas (00738,04262,05)
ug < Solid
(0.3.3) o (5:0.3)
uy = (0,1,0) ur = (10,0~ N\
(a) Liquid 1.
Projection triangle: Liquid 2
---I'Solid Gas
—FLiquid,Gas
i g =001 T'Solid Liquid
up < Gas (01250,03750,05)
u3 < Solid
©0.1,1) o (3:0.3)
up = (0,1,0) u = (17070)\

(b) Liquid 2.

Figure 3.12: Projection triangle.
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Accordingly, the results in figure 3.12 indicate that the projection triangle on page 33
was succesfully implemented for the two liquids depicted in figure 3.11. However, no
mathematical justification for the fact that the projection triangle algorithm, first pro-
posed by Ruuth in [16], produces reliable results in simulating capillary flows is provided
in [16] by Ruuth. In order to justify the implementation of the projection triangle algo-
rithm in simulating capillary flows, a convolution thresholding calculation is performed
in the subsequent chapter.
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Convolution thresholding

In order to simulate capillary flow for a three phase system using the solution algo-
rithm on page 34, the projection triangle algorithm requires a mathematical justifica-
tion. Therefore, the assymptotic behaviour of the solutions close to the triple junction
generated by this algorithm after a time A7 is investigated in both R? and R®. The
applied analysis is often referred to as a convolution thresholding scheme and a similar
analysis has previously been conducted by Heintz and Grzhibovskis[5] and Ruuth in
his thesis[16; 17]. In order to establish a convolution thresholding scheme, the various
solutions to the heat equation are required and they depend on the so called Greene’s
function]7].

The projection algorithm for the three phase system on page 33 boils down to solving
the heat equation for a short time A7, for each domain denoted by the index ¢ € {1,2,3}
and the set of equations are formulated in equation 4.1 .

GZ? = Au;(x,t) x € Qtel0,Ar] (PDE)
ui(x,t) = 0 x € Nt € [0,A7] (BO) (4.1)
ui(x,0) = xi(x), x€Q (IC)

The solution to equation 4.1 with the characteristic function as initial condition is given

T
by equation 4.2[7], where k(x) = exp (’)ZOAX|> is the Gaussian kernel and d is the
T
dimension of the domain  C R¢.
1 —|x0 — x/? (xi* k) (x0) .
wbabr) =~ [ e ( dx = WrRX0) 5 g 55
(47TAT)% R4 4AT (47TA7')%

(4.2)
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Thus the solution of the solution algorithm on page 34 depends on the convolution
of the Gaussian kernel and the characteristic function for a certain domain denoted
(xi * k) (x0). Furthermore, the sharpening step which is also called the thresholding step
in the projection triangle algorithm on page 33 depends on this convolution, and therefore
the solution algorithm on page 34 is often referred to as a convolution thresholding
scheme. A formal analysis of the sharpening step can therefore be conducted by solving
the integral in the right hand side of equation 4.2. However, for arbitrary domains, this
task can be daunting and therefore an expansion of the gaussian kernel around the triple
junction will be used in order to approximate the solutions to equation 4.1. Consequently,
the subsequent two subsections present the convolution thresholding analysis concerning
capillary flow in R? ans R3 respectively.

4.1 Calculations in R?

Imagine a circular domain in R? as depicted in figure 4.1. In this figure, the stationary
phase is called 23 and the other two phases are called €2; and €2y respectively. The
angles between the three phases are denoted a1, as and a3 respectively and the sum of
these angles are a; + as + ag = 2w. The domains Q1, 29 and 3 and their respective
angles are depicted below in figure 4.1.
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&£

Figure 4.1: Example of triple junction in R? with one phase at rest, that is as = 7.
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In order to approximate the solutions to equation 4.2 in proximity to the triple junction,
which will for simplicity will be centered at the origin in the calculation, the system will
be transformed to spherical coordinates. Let r € [0,R] where R < oo be the radius and
6 € [0,27] be the angle in the zy-plane. Then the various interfaces, denoted I';; between
phase i and j, the domains denoted €2; and the boundary 92 can be described in the
following way.

Q:{(Q) GRQ:TG[O,R],HE[O,%]}
a&z::{(Z) GQ:r:R}

0 —{(2) cQ:0¢c _32”,32” al}}

0, ;:{(2) cQ:fe :32—|-041,27T} m[o,g}}
Q3 :{(2) €0:0e g?’ﬂ}

e {()ernt)

e {() v

rzgz{(g) eQ:9=+a1}

Furthermore, the interfaces I'12, I'93 and I'13 can be slightly curved. Consequently, the
angles aq, as and ag can be expanded as functions of the radius r around the origin.
For example, the angle o (r) can be expanded as follows

0
a1(r) = ar(r =0) + % -7+ O(r?) = ag + kizr + O(r?)
— r=0
= ——

K1

and therefore the expansion of the three angles 1, ais and a3 are represented in equation
4.3, 4.4 and 4.5 below. Note that x; is the curvature of the water-air interface and ks is
the curvature of the solid wall.
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ar(r) = ap + 3% + k1 4 O(r?) (4.3)
aa(r) = g + kor + O(r2) (4.4)
as(r) = 3?” + kot + O(r2) (4.5)

Using trigonemetric identities, the cosine and sine of the angles in equation 4.3 to 4.5
can be expanded as in lemma 1.

Lemma 1. Let the angles of the interfaces I'12, I'ag and I'13 be defined by equation 4.3,
4.4 and 4.5 respectively. Then the following trigonemetric identities holds close to the
origin at r ~ 0.

(a) sin(aq(r)) = k1rsin(ag) — cos(ag) + O(r?)
(b) cos(au(r))
( )

(c¢) sin(2aq (r

= sin(ag) + k1rcos(ag) + O(r?)
) = —sin(2ag) — 2k17cos(2aqg) + O(r?)

(d) cos(2aq(r)) = 2k17sin(ag) — cos(2ag) + O(r?)
(

(1) cos(2as(r)) = -1+ O(r?)

Proof Only the first identity will be proven here. The following trigonometric rules

cos(a + b) = cos(a)cos(b) — sin(a)sin(b)
sin(a + b) = sin(a)cos(b) + cos(a)sin(b)

i combination with the following Taylor expansions around x ~ 0 will be applied repeat-

edly.

29



4.1. CALCULATIONS INR?  CHAPTER 4. CONVOLUTION THRESHOLDING

cos(z) = 1+ O(z?)

sin(z) =z + O(z?)
cos(z?) =1+ O(z?)
sin(z?) = O(z?)

Then it follows that

sm = sin

sin
2

ao+ 32 4 W) +0(?)

o ) cos(1r) + cos (ao + 32”) sin (k17) + O(r2)

_ (ao)cos< 2”) cos(17) + cos (o) sin <32”> cos(k1r)

+ cos (ap) cos @”) sin (s17) — sin (ag) sin (32”> sin (k17) + O(r2)

= —cos (o) cos(k17) + sin (ag) sin (k17) + O(r?)

= kyrsin(ag) — cos(ag) + O(12)

which completes the proof.

g —l— Ty mr) cos (O(r?)) + cos (ao + s + /€1T'> sin (O(r?))
—— —

1+0(r6) O(r?)

Next the solution of the heat equation in proximity of the triple junction can be calcu-

lated.

Analytical solution in proximity of the triple junction

In the particular case in equation 4.1 where Q; C Q C R? the solution in equation 4.2

can be described in equation 4.6.

1 —|xg — x|?
u;i(x0,AT) = 47rA7'/Q exp (W) dx
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In equation 4.6, let the vectors xg € ; and x € ; be defined by x¢ = <x0> and
Yo

X = <x> . Then the following holds
Yy

x0 — x|* = (0 — 2)* + (yo — ¥)°
= (2 +13) — 2 (zox + yoy) + (2* + %)

and thus it the Gaussian kernel can be written as follows.

ox —[x0 — x/? — exp | — (=3 + vd) ex (zox + yoy) Cexp | — (=% +9*)
P 4AT P 4AT P 2AT P AAT

Now, converting x( and x to polar coordinates using the two points (r9,0p) and (r,0), we
have that r% = 1:(2) + y% and 72 = 22 + y?. The nominator in the exponent of the middle
term above can be simplified using the following calculations.

xox + Yoy = rorcos(fy)cos(0) + rorsin(fp)sin(0)

= rro { cos(fy)cos(f) + sin(fy)sin(f)

=cos(6p—0)

= rrocos(fy — 0)

Thus, in spherical coordinates the following holds

—|x0 — x]2 B —r% rrocos(6p — 6) —r2
eXp 4AT = &P 4AT eXP 2AT &xp 4AT

and thus plugging this into equation 4.6 yields equation 4.7 for the solution to phase 1.

2
exp <> R 2 ag _
s (x0,A7) = — AT / exp< r ) / exp <WOS<909>> VRN CH))
0 «

AT AT AAT 5 2AT

The solution to equation 4.7, along with the solution for the other phases are listed below
in theorem 1.
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Theorem 1. Suppose Q@ C R? be a domain divided into three subdomains, namely a
solid phase 3, a gas phase Qs and a liquid phase 1. Furthermore, suppose the angle
configuration, denoted (a1,a9,a3), of the three phase system satisfies equation 4.3, 4.4
and 4.5 as depicted in figure 4.1. In addition, suppose that the three phases meet at
the so called triple junction centered at the origin, where the quotient between the radius,

r
rog = \/56(2) —i—yg and the time step, AT, is small, that is \/277

to the system in equation 4.1 close to the triple junction satisfies equation 4.8, 4.9 and
4.10 below, where the distances dy and dp are defined as dy = rosin(6y — ap) and
dp = rocos(6y — ag) respectively.
ap N (k1 — ko) VAT N xg — dr
2m 2\/m 4TV AT
Kayo — kidy | ao(xd + y3) + dndr — zoyo
+ +
T 8TAT
3(r1dyy — Kayp) ( g )
+ +0 4.8
8TV AT VAT (48)
™ — Qo n (HQ—K/l)\/AT .’L’0+dT
o 2y/m 4TV AT
Koyo + kidn  Toyo — dydr — (o + ) (zd + y3)
+ +
s STAT
3 2 d2 3
| Bl — rady) ( 0 ) (4.9)
8TV AT VAT
xo 2kay0 | TF+Up +O< o )
VAT

~ 0. Then the solution

Ui (x()vy()?dN?dTaAT) =

U2 (x(]:yO?dN?dTaAT) =

1
us ($0>y07A7') =3

2 2/TVAT o SAT
(4.10)

Proof
In the light of equation 4.7, the solution uy depends on solving the integral in the right

hand side of equation 4.7.
0

Provided that ro is small enough such that the quotient 18 small, it is possible

=
to use a Taylor expansion of the innermost exponential function around zero in equation

4.7. In general, it holds that

2
exp(z) =1+ z + % + O(2%)

where x = 0. Thus using this approximation on the innermost exponential in equation 4.7
i i 0y — 06
1s small enough such that rro {sin(go)sin(@)cos (% ) + cos(¢p)cos(d)} ~

assuming that

o
v/ AT QAT
0 yields that

rrocos(fp — 6)\ rrocos(g —0) 1 [rrocos(fy — 60) ) s
P < 2AT =1t 2AT *a 2AT +0 AT3
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Multiplying the above sum with the factor r and simplifying the square yields the following

expression
rrocos(fp —6)\ r2rgcos(fp — r (rrocos(fy — e
reEp ( 2AT L v L o\ aar ) PO A
r?rocos(fy — + r T2r0cos (6o — g
O2AT T2 4AT? AT3
B r?rocos(fy — 6) LT 72 (cos(fp)cos() + sin(fp)sin(f ))
N 2AT S8AT2
r2rocos(fp — 0)  r3ricos?(fy)cos?(6)
2AT 8AT?2
N r3r2sin(0p)sin? () N 1r31r2cos(6p)cos(0)sin(0p)sin(0) L0 3
SAT2 4AT? AT3
_ r?rocos(fo — 0)  r3r2cos?(0p)cos? ()
2AT 8AT2
N r3r23sin?(0p)sin?(0)  r3rsin(26,)sin(20) 0 s
8AT2 16A72 AT3
which is summarized in equation 4.11 below.
rrocos(fp —6)\ r2rgcos(fp — 0)  riricos?(fy)cos®(6)
rex ( 2AT Tt TTOAr SAT2
r3r2sin(0p)sin?(0) n r3r¢sin(26))sin(260) 0 s
8AT?2 16AT2 AT3

(4.11)

Now, each term is integrated with respect for 6. In order to solve these integrals, the
appropriate expansions, i.e. (a)-(d) and (i)-(1), formulated in lemma 1 will be used. The
first term results in the following integral.

a1
/ df = a1 —asz = ap + (k1 —fi2)7"+0(7”2)

3

When it comes to the second term the follwing integral

ai
/ cos(6p — 0) do
a3

is to be calculated, which can be done using the following identity.

cos(fp — 0) = cos(6p)cos(#) + sin(bp)sin(0)
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Thus, the integral in question can be calculated

a

cos(f) d6 + sin(ﬁo)/ sin(f) dé

a3

aq

/aal cos(fp — 0) dg = cos(@o)/

= cos(6p) (sin (a1) — sin (a3)) — sin(fp) (cos (1) — cos (ag))

= cos(fp) (k17sin (ap) — cos(ap) + 1)

— sin(fp) (sin(ag) + wircos(ag) — kar) + O(12)

= cos(fp) — cos(fy — o) — k1rsin(fy — o) + Karsin(fy) + O(r?)

and the quadratic term results in the following three integrals.

ai(r)
/ cos?(#) db
as(r)

ai(r)
/ sin?(6) d6
as(r)

ai(r)
/ sin(26) dé
as(r)

1 + cos(20)

The first integral can be calculated using the identity cos®(0) = — and this

gives the following value.
ay(r)
/ cos? / 1+ cos(20) d6
asz(r) as(r)

sm(2a1(r)) — sin(20z3(7’))>
2

al —043

2kor — sin(2ap) — 2k17cos(2ayp)

-
<a0+ K1 — K2)r + >+O(T2)
=

2

ap + k1(1 — cos(2ap))r — Sln(§a0)> + O(r?)

Q l\D\»—l l\?\»—\ L\DM—A [\’)M—ﬂ

sin(2ayp)

1 +0(r?)

= ? + rsin®(ag)r —

Similarly, the second integral can be calculated as follows
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ai(r) a1 (r)
/ sin?(#) df = / 1 — cos?(#) db
as(r) a3(r)

1 ai(r)

= - 1 — cos(20) dé
2 as(r)

_ % (al(r) ~ as(r) — (sin(2a1(r)) ;sin(2a3(r))>>
1 in(2 2 2 -2

-1 (Oéo (51 — )+ sin(2ap) + I€17’2COS( ap) /izr) L0

= % <a0 + Kk17(1 + cos(2ap)) — 2ker + 51n(§a0)> +0(r?)
ap 9 sin(2ayp) 2

=3 + Kkicos®(ap)r — Kar + + O(r*)

4

and the third integral is calculated below.

@ 1 a1 (r 2 — 2
[ sinat) a0 = L ooy - 200 o)
as(r) 2 as(r) 5

cos(2ag) — 1 — 2k17sin(20)

= 5 +0(r?)

o (1 - co2s(2ao)

) — kyrsin(2ag) + O(r?)

Furthermore, arranging the terms the integral I is obtained.

o1 Oy — 0
5L :/ rexp (TTOCOZS(Ai )> do

3
3

ror? ror i )
= apr + (k1 — ng)rz + QOA—T [cos(6p) — cos(By — )] + QOA—T [k2sin(fy) — k1sin(fy — ap)]

2,3 : . 5 4
ror sin(2(0y — ap)) — sin(26p) rar o »
* 16A72 [ 2 * SAT? [Klsm (6o — ap) — Kasin (90)}
+0(r%)

The next step is to solve the integral Io defined below.

00 ,r.2
I, = I — d
o= [T hew (<5 ) @
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In order to solve this integral, the classical integral

/OO e ds = ﬁ
0 2

in combination with integration by parts will be used repeatedly. In fact the integral I3 is
composed by four subintegrals I3, Isp, Is. and I3q which are defined below.

oo I 7.2 h
Iy, = . .
2 /0 r exp( 4AT>_ dr
IQb:/ r'exp( >

0
I —/OO-T ex —i- r? dr
2e = 0 p 4A7_
Igd:/ r-exp( )

0

2 .2

Note that if F(r) = exp <4Ar> it follows that F'(r) = —iexp <4Ar> = —2ATF'(r) =
T T T

2
r
[r - exp <_4A7ﬂ and thus four integrals above can be rewritten as

I, = —2AT /000 F'(r) dr

Iy, = —QAT/OOOT-F/(T) dr
I = —2AT /000 r2. F'(r) dr
Iog = —2AT /000 3. F'(r) dr

and these integrals can be solved using integration by parts. Thus the three integrals
equals the following values

Iy, = 2AT
Iy = 2y/7TAT>
I = 8AT?

g = 12y/7(VAT)
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and thus the value of I3 is given below.

I = 200 A7 + 2/ (k1 — ko) (VAT)? + roy/TVAT [cos(8y) — cos(by — ag)]
r2 [ao N sin(2(0g — ap)) — sin(26p)

+ 41 AT [Kesin(fp) — k1sin(f — ao)] + 50 9

. M T3
+ 6T8AT [mst(Go —ap) — H281H2(90)] +0 <AS—2>

By equation 4.7 the solution is given by the following equation.

i
P\ TaAr

UI(TOaGO)QSDaAT) = 47TA7'

2

However, since 1o 1s small, it holds that

AT

and thus the solution after on time step AT in spherical coordinates i given in equation
4.12.

(675} (/ﬁ:l — Iig) AT Tro
Ary= 20 ”
e N VY

+ %0 [kesin(fp) — k1sin(fy — ap)]

[cos(Bp) — cos(6y — )]

2 . .
g sin(2(6p — ap)) — sin(26y)
* 8TAT [040 * 2

2
315

" 8v/TVAT

[k sin?(fy — a) — kasin®(6) )]+O( i >
1 0 — o 2 0 JAr

(4.12)

The corresponding solution in Cartesian coordinates is obtained by using the substitutions
xo = 19cos(fp), yo = rosin(by), dy = rocos(6p—ag) and dy, = rosin(6y—ap). The solution
for ug can be obtained using the same calculations but integrating from ag(r) to as(r)
with respect to 0. Finally, uo is obtained by using the conservation law uy +uo +usz = 1.

Note that the convolutions in equation 4.8 to 4.10 in theorem 1 satisfies the second
condition of the projection triangle algorithm in section 2.2.2 on page 30. For a straight
wall, where the curvature terms are k1 = k2 = 0, and the position at the triple junction is
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o T— 1
r = 0 it follows that u; = 2—0, Uy = 5 0 and Uy = 5 In addition to this observation,
T T

using equation 4.8 to 4.10 it is possible to postulate a convolution thresholding scheme
based on the desired properties of the simulated system.

4.1.1 Construction of a convolution thresholding scheme

In figure 4.2, the evolution of the liquid gas interface denoted I'12 after one time step
A is illustrated. Therefore, it would be desirable if a thresholding scheme is developed
such that the contact angle for the interface I'12(¢ = 0) and I'12(t = A7) respectively,
remains «q at a certain position P3 after diffusion has been applied for a time interval
A7. The location of the point P; will depend on how long the diffusion step is carried
out, however there must be some point for which the angle is conserved. Furthermore,
suppose a convex meniscus is desired after one time step A7. In this case, points closer
to the solid wall should have a smaller angle to the point P53, that is the new triple
junction, will points further from the wall should have a larger contact angle with the
triple junction. At a very long distance from the solid phase, the interface I'12 should
evolve with mean curvature flow. Thus, using figure 4.2 and equation 4.8 and 4.10 in
theorem 1, the construction of a convolution thresholding scheme can be attempted.

Figure 4.2: Evolution of the water air interface in R? after one time step.
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Begin by clarifying the notations in figure 4.2. Let P; = (0,0) be the position of the
initial triple junction, and P, = (0,y1) be the position of the triple junction after a time
t = A71. Let P3 = (x2,y2) = (r0,00) be a position located somewhere at the interface
Yo

I'12(t = A7), where 79 and 0y = tan~!
To

is the representation of x¢ and yg in polar

coordinates.

The desired condition of the convolution thresholding scheme is that the angle «y is
preserved after a time step A7. This condition can be formulated as in equation 4.13
below, where y; is the y-coordinate of the point P, and x9 is the x-coordinate of the
point Ps.

tan(ag) = 2 ,  where x2 € (000),y; € (0,00) (4.13)

Y1 — Y2

The solution for the liquid and the solid phase to the heat equation close to the origin
after a time step A7 is formulated in equation 4.14 and 4.15 respectively. Note that
these two equation are equation 4.8 and 4.10 without the curvature term k9 in theorem
1, in other words, the solid phase is assumed to be non curved. In equation 4.14 and
4.15 the distances dr and dy are defined as dy = rocos(6y — o) and dy = rosin(6y — )
respectively. Furthermore, the triple (u1,u2,u3) can be obtained from equaton 4.14 and
4.15 in combination with the mass conservation law u; + us + ug = 1.

« K1V AT xo—d K1d
ul(m07y07dN7dT7AT) = 277[_‘). + 12\/77. + 4\;77_\/& - 171-N
N ao(xf + y5) + dndr —zoyo  3midy o m (4.14)
STAT 8y/m\/T VAT .

_1 @ x5 + u) o
u3($07y07A7—) - 2 2\/%\/5 + 8A’T + @) \/E

(4.15)

The following idea will be used in order to derive a convolution thresholding scheme for a
straight solid wall such that the angle ag is preserved. Begin by plugging in the point P;
in equation 4.14 and 4.15, and solve these equations for the coordinate x3. Use the angle
preservation condition stated in equation 4.13 in order to obtain an equation for the
behaviour of u; and ug at the interface after a time A7. Finally, the obtained equations
can be used in order to numerically test the validity of the convolution expansion.

Initially, introduce the following notation in terms of the convolutions in equation
4.14 and 4.15 respectively,
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and further define the quotient Q = 2 where Q € [0,00) such that the point Pj is given
€2

by P = (w9, Q - x2). Then, it follows that §; = tan~! (Q), and the value of dr(Ps) is
given by the following calculation.

dT(Pg) = To(Pg)COS(GQ — CMQ)

224+ y5 | cos(y — ap)
—~—

= x2(v/1+ Q?)cos(h2 — )

and similarly it follows that dy(P3) = z2(1/1 4+ Q?)sin(f2 — agp). Thus plugging in these
expressions into equation 4.14 and 4.15 yields the following quadratic equation with
respect to xs.

ur Q0 K1V AT N 1 — /(1 +@*)cos(f2 —ap)  K14/(1+ Q?)sin(f — ap) .
L™ or 2/ 4TV AT T 2
N ao(14 Q%) + (14 Q*)cos(fy — ap)sin(fy — ap) = Q  3rk1(1 4+ Q*)sin? (02 — ap)
8TAT 8/ T
1 i) 1 + Q2> 2
uz = - — + x
T2 2/mVAr ( 8AT ) ?
The solutions to these equations are given in equation 4.16 and 4.17
B C(ut) B?
D, [Flug) D’
=—= — 4.1
Y E 1B’ (4.17)

Q?Z
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where the following list of constants holds.

= ao(1+ Q?) + (1 + Q?)cos(fy — ap)sin(fy — ag) — Q C3m(1+ Q?)sin?(02 — ap)

8TAT 8/ T
B 1 — /(1 +@*)cos(2 —ap)  k1y/(1+ Q%)sin(f — ap)
B 4/TVAT ™
@ _ Iil\/FT

*\ ok
B 1
2 mVAT
14 Q?
E =
SAT
1
F(u3) = uj 5

Using the condition, formulated in equation 4.13, in the form x9 = tan(ag)(y1 — y2) in
equation 4.16 and 4.17 respectively, an expression for v} and w3 can be obtained.

(07 K T 2 2
uj= 204 ;g Iy (A' [tanmo)(yl )+ féj ) (4.18)
2 2
=g -2y (E an(a0)n - 12) - 57 ) (4.19)

4.1.2 Analytical projection triangle

Here follows an investigation of the validity of equation 4.18 and 4.19. Assuming that
after a time interval A7 = 11070 the triple junction is located at the height y; =

0.0056569 given a contact angle aig = % and a curvature k1 = 3. Provided the described

situation, the question to answer is, at what point P3 = (x2,y2) should the angle «y
be conserved in order to obtain an appropriate appearance of the projection triangle?
Assuming that the desired shape of the interface between the gas and liquid phase after
one time step A7 is a convex meniscus, points closer to the solid wall than P3 should
have a slightly smaller contact angle with the new triple junction, denoted Ps, than ag.
Similarly, points that is farther away from the solid wall than P3 should have a larger
contact angle with the triple junction Ps.

Thus, the convolutions given in equation 4.18 and 4.19 will be calculated for four

3 5 9 s € p ectio a g € a pO PaE
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corresponding to mean curvature flow. The four points for which the convolutions will
be calculated are depicted in figure 4.3 below.

Numerical test of analytical formulae: Representation of points
Conservation of contact angle, ag = }

6x10°° r T T T T T
. e Triple Junction:(0,0.0056569)
T Point 1:(0.0028284,0.0028284)
4x10-31 e o Point 2:(0.0084853,-0.0028284)| |
‘\\ o Point 3:(0.0096167,-0.0039598)
Y e Point 4:(0.011314,-0.0056569)
e N Intersection:(0.0056569,0)
3 S~
2x107°F N —_Tp(t=Ar)
0 e
S o AN
—2x 10731 e |
\\\‘\
—4x 1073+ -
—6x 10731 haNu.
—8x 103 L L L L I , )
0 2x107° 4% 1073 6 x 107° 8 x107* 10 x 1073 12x 1073
x

Figure 4.3: Points for conserving contact angle .

The resulting convolutions of the four points in figure 4.3 are illustrated in figure 4.4
below. The expected result is that a point close to is to the solid phase, that is the
closer the z—coordinate for the points in figure 4.3 is to zero, results in a high value of
ujz at that point, since the diffusion from the solid phase results in a high concentration
in proximity to the wall. The results in figure 4.4 confirm this, since point 1 has the
highest value of w3, namely u3 ~ 0.45358, point 2 has the second highest value of w3,
namely u3 =~ 0.38074, point 3 has the second lowest value of w3, namely u3 ~ 0.37578
and point 4 has the lowest value of u3, namely u; ~ 0.37432. By comparing the dashed
line in figure 4.4 that has the appearance that mostly resembles the line corresponding
to the liquid gas interface in the projection triangle obtained by the projection triangle
algorithm, an estimate of the distance at which the contact angle is preserved can be
obtained.
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Numerical test of analytical formulae: Projection Triangle
Conservation of contact angle, oy = 7

Point: (0.11438,0.43204, 0.45358)

(
« Point: (0.18074, 0.43852, 0.38074)
. - Point: (0.19795,0.42628, 0.37578)
e fand w=0.01) - Point: (0.22622,0.39946, 0.37432)
Lo as
ug < Solid

uy = (0,1,0)

Figure 4.4: Projection triangle for conserving contact angle ay.

Consequently, the appropriate distance from the wall for the given situation in order to
preserve the contact angle is in proximity of point three, which is illustrated in figure
4.5 below. As can be seen, the liquid-gas interface generated from point 4 in figure
4.3, that is the green curve in figure 4.5b, is similar to the interface between the liquid-
gas interface generated by the projection triangle algorithm, that is the red curve in
figure 4.5a. Thus the conclusion from the numerical experiments in figure 4.4 is that the
projection triangle algorithm on page 33 preserves the contact angle for each iteration,
which is a necessary condition in order to simulate capillary flow.
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Numerical test of analytical formulae: Projection Triangle
Conservation of contact angle, ag =

Projection triangle: Liquid 2

—-Tgolid Gas - Point: (0.19795, 0.42628, 0.37578)|

—'Liquid. Gas
T'Solid Liquid
(0.1250,0.3750,0.5)

uy = (0.0,1)

1= (1,0,0)_

w = (1,0.00— N\

(a) Projection triangle algorithm. (b) Convolutions at point 4.
Figure 4.5: Comparasion of numerical and analytical approach.
Thus, the projection triangle algorithm can be used in order to simulate capillary flow,
such that the contact angle is preserved after each iteration. Similarly, a convolution

calculation for a three phase system in proximity to the triple junction in R? can be
conducted.

4.2 Calculations in R3

In similarity with the convolution calculation in R?, the assymptotic expansion will be
calculated using spherical coordinates where center of the triple junction is located at
the origin as depicted in figure 4.6.
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Triple junction in R?:

i Solid
IlLliquid
Gas

T

Figure 4.6: Triple junction in R3.

In this situation, the solution to the heat equation after a time A7 in R3 is given by
equation 4.20. Note that the spherical coordinates = = rcos(6)sin(¢), z = rsin(f)sin(¢)
and y = cos(¢) is used where 6 € [0,7] and ¢ € [0,7].

2
exp (E) R 2 ar o1 o 0 — 0
A o (i5) [, [, e (o) sintopasasar
(4.20)

(5% (Xo,AT) =

Then the solution to the heat equation after a time A7 in proximity of the triple junction
is given by theorem 2.

Theorem 2. Suppose Q C R3 be a domain divided into three subdomains, namely a
solid phase Q3, a gas phase Q9 and a liqguid phase 1. Furthermore, suppose the angle
configuration, denoted (au,x2,ai3), of the three phase system satisfies equation 4.3, 4.4
and 4.5 as depicted in figure 4.1. In addition, suppose that the three phases meet at
the so called triple junction centered at the origin, where the quotient between the radius,

rog = \/%% + y% + zg and the time step, AT, is small, that is = ~ 0. Then the solution
T

to the system in equation 4.1 close to the triple junction satisfies equation 4.21, 4.22 and
4.23 below, where the distances dy and dp are defined as dn = rosin(fy — a)sin(¢g) and
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dp = rocos(6y — ag)sin(¢g) respectively.

(Kl — 112)\/ AT + o — dT
(/) NI
3(/43220 — IﬂdN) 040(.%'3 + yg + 2’8) + deT — TR0
_I_
4 4 AT
A(k1d%; — Kod% + 2 - (k1 — K2)YR) L0 ( s >
3(v/m)3VAT VAT
™ — n 2(/-%2 — Hl)\/AT n To +dp
2m (v7)? 4V AT
3(kaz0 + k1dn) @20 — dndr — (o + ) (23 + Y3 + 23)
+ +
4 4 AT

Qo 2
u1 (70,Y0,20,dN,d7,AT) = o +

(4.21)

(] (!EanO,ZOadNadTvAT) —

A(kodf — m1d} — 2 (K1 — K2)y3) +0 < o ) (4.22)
3(v7)3 VAT VAT
1 o 2K9220 ."L‘% + y% + Z(% T%
AT) = - — -
u3(70,Y0,20,AT) 9 Qﬁm T + 4AT 0 VAT
(4.23)

Proof
In the same manner, introduce the following spherical coordinates, where 6 € [0,27] and
¢ € [0,m].

xg = rocos()sin(¢)
20 = 1osin(f)sin(¢)

Yo = TOCOS(¢)

Then, expanding the solution in the same manner as in the proof of theorem 1 yields the
desired result.
|

Close to the triple junction, the result in 2 is similar to the convolution in R?. Again,

setting rp = 0 in equation 4.21 to 4.23 results in the position of the triple junction in the
. agp m—ap 1 . . : .
phase portrait at (27r’ o ,2). However, since the implementation of the projection
algorithm, see section 3.2 on page 50, concerned two liquids in R? the justification that
was conducted in R? has not been performed in R?. However, using the exact same
method, it is possible to implement a convolution threshold scheme in R3. With the
justification of the projection triangle algorithm at hand, the simulations of capillary

flows in arbitrary domains are represented in the next chapter.
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Results

The section contains the generated results from the implemented algorithm. On the one
hand, the simulations concern the affect of the contact angle on capillary flow and on
the other hand, the capillary flow through complex domains is simulated. The results
illustrate the evolution of a three phase system that is composed of a solid, gas and liquid
phase, and each plot illustrates a domain in either R? or R3 after the solution algorithm
on page 34 has been applied for a given number of time steps, denoted Ar.

5.1 Effect of changing contact angle

In the following section, two simulations of the capillary flow of two liquids with different
contact angle are presented. The first simulation concerns the capillary flow through nar-
row channels through the solid phase of varying width. The second simulation concerns
the capillary flow through a narrow channel with circular obstacles placed in the channel.
In both these simulations, the nine point stencil is employed during the diffusion step.

5.1.1 Narrow channels of varying width

In figure 5.1 to 5.3, the capillary flow trough channels of varying width is simulated. The
left hand figure in all of these figures illustrates the capillary flow for liquid 1 illustrated
in figure 3.11a on page 51, and the right hand side in these figures illustrates the capillary
flow for liquid 2 illustrated in figure 3.11b on page 51. The simulations in figure 5.1 to
5.3 are obtained using the solution algorithm for a three phase system on page 34 in
combination with the projection triangles illustrated in figure 3.12a and 3.12b on page
53.

In figure 5.1 to 5.3, the following settings are used. The grid size is set to 600 x 600

and the step size is h = 500 = 0.01, the time step in the FKuler forward discretization is

7
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h2
At = 0= 1-107° and the time interval for which the diffusion step is carried out is

set to AT =80- At =8-10"%.
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Interfaces for three phases in 2 dimensions Interfaces for three phases in 2 dimensions
Time steps=0 Time steps=0

(a) Liquid 1. (b) Liquid 2.
Figure 5.1: Flow in channels of varying width, 0 times steps.

Interfaces for three phases in 2 dimensions Interfaces for three phases in 2 dimensions
Time steps=30 Time steps=30

1.5,

+ Solid
+ Liquid 1
+ Gas

« Solid
+ Liquid 2
« Gas

Y

0.5

(a) Liquid 1. (b) Liquid 2.

Figure 5.2: Flow in channels of varying width, 30 times steps.

Interfaces for three phases in 2 dimensions Interfaces for three phases in 2 dimensions
Time steps=90 Time steps=90
+ Solid + Solid

+ Liquid 1 + Liquid 2
. Gas . Gas

(a) Liquid 1. (b) Liquid 2.

Figure 5.3: Flow in channels of varying width, 90 times steps.
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In figure 5.1 to 5.3, the rise of liquid 1 is higher than that of liquid 2. Next the capillary
flow through a narrow fiber channel with various obstacles placed in the channel is
presented.

5.1.2 Narrow channel filled with obstacles

In figure 5.4 to 5.8 the capillary flow trough a narrow channel filled with circular obstacles
is simulated. Again the same two liquids illustrated in figure 3.11a and 3.11b on page
51 were simulated. However, the algorithm used in order to generate these simulations
is slightly modified from the solution algorithm on page 34. In the sharpening step, the
fiber phase is always "reset” to its initial state, so that the fiber phase remain stationary
troughout the simulation. Otherwise, the liquid and gas phase are sharpened using the
line I'15 in figure 3.12a on page 53. In figure 5.4 to 5.82 the grid size is 300 x 300, the

. 1 . . h o
step size is h = 300 ~ 0.0033, the time step is At = 10 ~ 1.1-107% and the diffusion
step is conducted for a time interval of size AT = 3.3 - 1074,

Interfaces for three phases in 2 dimensions Interfaces for three phases in 2 dimensions

Time steps=0, Grid Size: 300 x 300 Time steps=0, Grid Size: 300 x 300
1 1

« Solid

T T

(a) Liquid 1. (b) Liquid 2.

Figure 5.4: Flow through channel with obstacles, 0 time steps.

Interfaces for three phases in 2 dimensions Interfaces for three phases in 2 dimensions
Time steps=50, Grid Size: 300 x 300 Time steps=50, Grid Size: 300 x 300
1 1

T T

(a) Liquid 1. (b) Liquid 2.

Figure 5.5: Flow through channel with obstacles, 50 time steps.
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Interfaces for three phases in 2 dimensions Interfaces for three phases in 2 dimensions

Time steps=100, Grid Size: 300 x 300 Time steps=100, Grid Size: 300 x 300
1 1

+ Solid

+ Liquid 2
Gas

+ Solid
+ Liquid 1
. Gas

T T
(a) Liquid 1. (b) Liquid 2.

Figure 5.6: Flow through channel with obstacles, 100 time steps.

Interfaces for three phases in 2 dimensions Interfaces for three phases in 2 dimensions
Time steps=150, Grid Size: 300 x 300 Time steps=150, Grid Size: 300 x 300
1 1

€T €T
(a) Liquid 1. (b) Liquid 2.

Figure 5.7: Flow through channel with obstacles, 150 time steps.

Interfaces for three phases in 2 dimensions Interfaces for three phases in 2 dimensions
Time steps=191, Grid Size: 300 x 300 Time steps=191, Grid Size: 300 x 300
1 1

+ Solid + Solid

T T
(a) Liquid 1. (b) Liquid 2.

Figure 5.8: Flow through maize, 191 time steps.
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In figure 5.4 to 5.8, liquid 1 flows through the narrow channel while liquid 2 reaches
a steady state. Next the simulations of capillary flow through complex domains are
presented.

5.2 Capillary flow through complex domains

Two simulations of capillary flow through complex domains are presented. The first sim-
ulation contains a simulation through a complex domain in R? and the second simulation
illustrate capillary flow through a complex domain in R3. Both these simulations illus-
trates the capillary flow of liquid 1 illustrated in figure 3.11a on page 51, in other words,
in the sharpening step, the projection triangle in figure 3.12a on page 53 is applied.

5.2.1 Simulation in R?

In figure 5.9 to ?? the simulation through a complicated domain in R? is illustrated. To
conduct the diffusion step, the nine point stencil is employed with a grid size of 400 x 400.

2
Further, the step size is set to h = 200 = 0.005, the time step is set to At = 2.5-1076

and the diffusion step is conducted for a time interval A7 = 5- 107

Interfaces for three phases in 2 dimensions
Time steps=0, Grid Size: 400 x 400

- Dolid
- Liquid 1

- Gas

Figure 5.9: 2D Simulation of capillary flow, 0 time steps
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Interfaces for three phases in 2 dimensions
Time steps=50, Grid Size: 400 x 400

- dolid
- Liquid 1

- Gas

Figure 5.10: 2D Simulation of capillary flow, 50 time steps

Interfaces for three phases in 2 dimensions
Time steps=100, Grid Size: 400 x 400

- Solid
- Liquid 1

- Gas

Figure 5.11: 2D Simulation of capillary flow, 100 time steps
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Interfaces for three phases in 2 dimensions
Time steps=150, Grid Size: 400 x 400

- dolid
- Liquid 1

- Gas

Figure 5.12: 2D Simulation of capillary flow, 150 time steps

Interfaces for three phases in 2 dimensions
Time steps=200, Grid Size: 400 x 400

- Solid
- Liquid 1

- Gas

Figure 5.13: 2D Simulation of capillary flow, 200 time steps
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Interfaces for three phases in 2 dimensions
Time steps=250, Grid Size: 400 x 400

- Solid
- Liquid 1

- (Fas

1
X

Figure 5.14: 2D Simulation of capillary flow, 250 time steps

Interfaces for three phases in 2 dimensions
Time steps=300, Grid Size: 400 x 400
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Figure 5.15: 2D Simulation of capillary flow, 300 time steps
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Interfaces for three phases in 2 dimensions
Time steps=400, Grid Size: 400 x 400
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Figure 5.16: 2D Simulation of capillary flow, 400 time steps

Interfaces for three phases in 2 dimensions
Time steps=500, Grid Size: 400 x 400
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Figure 5.17: 2D Simulation of capillary flow, 500 time steps
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The results in figure 5.9 to 5.11 illustrate that the capillary flow through the narrow
parts of the solid labyrinth is faster compared to the wider part of the labyrinth.

5.2.2 Simulation in R?

In figure 5.17 to 5.21, the numerical simulation of capillary flow in R? is illustrated. In
the simulation, the capillary flow through two differently shaped pores that are connected
by a channel is illustrated. Otherwise, the projection triangle in figure 3.12a on page 53
is implemented during the sharpening step with the modification that the solid phase is
“reset” during the sharpening step. Furthermore, the heat equation is solved numerically

using the 27 point stencil of the Laplace operator. The grid size of these simulations is
2

1 h
150 x 150 x 150, the step size is h = 50 ~ 0.0067, the time step is At = T ~4.4-1076
and the diffusion step is carried out for a time interval of size AT = 100- At ~ 4.4-1074

Capillary flow in R?:
Angle 1, without solid phase P y_
0 time steps

Angle 2 with solid phase

1 1-

i Solid
IlLiquid 1
Gas

1 P
1 3 17 0
X

Figure 5.18: 3D Simulation of capillary flow, 0 time steps
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Capillary flow in R?:
25 time steps

‘With solid phase

‘Without solid phase

1- 14
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Figure 5.19: 3D Simulation of capillary flow, 25 time steps
H H 3.
Without solid phase Capillary flow in R°: With solid phase
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Figure 5.20: 3D Simulation of capillary flow, 50 time steps
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Capillary flow in R?:
75 time steps
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Figure 5.21: 3D Simulation of capillary flow, 75 time steps
5 H 3.
Without solid phase Capillary flow in R*: With solid phase
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Figure 5.22: 3D Simulation of capillary flow, 100 time steps
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Capillary flow in R*:
125 time steps
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Figure 5.23: 3D Simulation of capillary flow, 125 time steps
5 H 3.
Without solid phase Capillary flow in R°: With solid phase
150 time steps
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Figure 5.24: 3D Simulation of capillary flow, 150 time steps
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The results in figure 5.17 to 5.21 illustrate two properties. The capillary flow through the
right hand pore is symmetric, that is the water surface remains symmetric throughout
the simulation. Concerning the capillary flow in the left hand pore, the water surface at
the more narrow part of the pore evolves faster compared to the more wider part of the
pore. Next, a discussion of the findings is presented in the next chapter.
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Discussion

In summary, the capillary flow for a three phase system using the solution algorithm on
page 34 was succesfully simulated. The algorithm could also simulate arbitrarily complex
domains, which is an appealing property. Furthermore, the motion of the triple junction
after a time interval A7 was derived using a convolution thresholding calculation in
chapter 4. This, calculation confirms the fact that the contact angle o is preserved at
a certain point in proximity to the solid wall in the projection triangle algorithm. The
overall objective was hence satisfied, but here follows a more detail discussion of the
results. The discussion is divided into three parts, namely the implementation of the
algorithm, the numerical results and future work.

6.1 Implementation of the algorithm

There are two topics to discuss concerning the implementation of the algorithm, namely
the implementation of the diffusion step, that is the modelling of the mean curvature
flow, and the implementation of projection triangle algorithm.

6.1.1 Diffusion step

The implementation of the diffusion step is highly accurate. This conclusion is sup-
ported by the simulations concerning the "shrinking sphere”, that generate an error in
the range of 1073. Furthermore, the error was decreased when a high grid size, that is
175 x 175 x 175 compared to 100 x 100 x 100 was used. However, the grid size increased
the computation time substantially which is a drawback of the implemetation of the
algorithm. The error in the ”shrinking sphere” experiment, was further reduced when
the 27 point stencil was used compared to the 7 point stencil which motivated the usage
of the first of the two mentioned stencils in subsequent simulations. The computation
time of the implementation was very large, especially when it comes to the 3D simu-
lation, and this is explained by the high grid size that is employed in all simulations.

92



6.2. NUMERICAL RESULTS CHAPTER 6. DISCUSSION

The computation time is dependent on the grid size since a high grid size results in a
large amount of points for which the Laplace operator must be estimated. The large
number of points included in the diffusion step increase the length of the diffusion step.
Therefore, it would be preferable to use a smaller grid in order to increase the speed of
the implementation but still maintain a high accuracy of the diffusion step.

A way of implementing a fast and yet accurate solution to the two phase algorithm can
be obtain by using an adaptive grid. In the diffusion step, only the points in the grid close
to the interface between the various phases are affected in the sharpening step. Therefore,
a smaller grid that adapts to the position of the interfaces would substantially decrease
computation time and still generate an accurate implementation of the algorithm. An
adaptive grid has previously been implemented by Ruuth[17] with succesful results.

6.1.2 Projection Triangle

The implementation of the projection triangle step agrees with the simulations conducted
by Ruuth[16]. For a straight solid wall, the interfaces between the solid phase and the
other phases, i.e. I'13 and T'o3 in the projection triangle, should be straight lines from the

1 1 1
triple junction to the points <2,0,2 and 0,2,2> respectively. Exactly these results

are obtained in figure 3.12a and 3.12b on page 53, which implies that the implementation
of the projection triangle algorithm was succesful. Also, the two conditions on the
projection triangle algorithm in section 2.2.2 are met as the results in section 3.2 show.
In addition to a succesful implementation, the convolution thresholding analysis sup-
ports the validity of the results from the projection triangle algorithm. By comparing
the numerical implementation of the analytical formulas with the interface generated in
the projection triangle algorithm as in figure 4.5 on page 74 the similarity is tangible.
Thus, the condition on conservation of the contact angle at a point close to the solid
phase after a time AT, see equation 4.18 and 4.19, validates the usage of the projection
triangle algorithm in simulating capillary flows. Provided that both the diffusion and the
sharpening step were succesfully implemented, the numerical results can be discussed.

6.2 Numerical Results

The results in figure 5.1 to 5.1 indicates that a small contact angle corresponds to a fast
capillary rise. Since the contact angle between the solid phase and liquid 1 is higher than
the contact angle between the solid phase and liquid 2, the capillary rise is expected to
be higher for liquid 1 than for liquid 2[13]. Consequently, the results in figure 5.1 to 5.3
confirm the theory, since the capillary rise of liquid 1 is higher than liquid 2, and thus
the results are reasonable.

Secondly, the simulations of capillary flow through a narrow channel filled with ob-
stacles, see figure 5.4 to 5.8, show that a threshold value for the contact angle between
the liquid and the solid phase exists. A contact angle above this threshold value, as
in the case of liquid 1, will cause the liquid to pass through the channel unhindered.
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However, a contact angle below this threshold value will cause the liquid to get stuck in
the maize, as in the case of liquid 2. Note that already after 150 times steps, see figure
5.7b and 5.8b, the right hand side of liquid 2 remains stationary.

Furthermore, the results in section 5.2 indicate that the algorithm can be used in
order to simulate capillary flow in complex domains in both two and three dimensions.
When it comes to the 3D simulation, see figure 5.17 to 5.21, a conclusion concerning
the motion of the water surface in symetric versus unsymetric pores can be drawn. In
the symmetric pore to the right in these figures, the water surface rises with a constant
speed. However, in the unsymmetric pore to the left, the water surface rises quicker
at the narrow part at the position y = 1 than in the wider part where y = 0. This
simulation confirms the theory for capillary flow that states that a water surface will rise
quicker in a narrow channel compared to a wider channel. The capillary flow through
the labyrinth in section 5.2.1, shows the same behaviour as the capillary flow is faster at
the more narrow parts of the labyrinth compared to the wider parts which agrees with
the theory concerning capillary flow.

It should be noted that in the simulations in section 5.2 and 5.1.2, the sharpening
step was conducted by using the projection triangle in combination with "resetting” the
solid phase so that it remains stationary. The reason why this approach was chosen was
due to the fact that the circular obstacles in the narrow channel simulated in section
5.1.2 were consumed, in fact they decreased with a speed proportional to their mean
curvature as in the case of the shrinking sphere. However, in the future it would be of
interest to construct a projection triangle in the sharpening step, such that the solid
phase remains stationary, and subsequently the future work for this project is discussed.

6.3 Future work

In the future, three prospects are especially interesting. First, the solution algorithm
can be implemented more efficiently, secondly a different expansion in the convolution
thresholding calculation can be performed in order to construct projection triangles for
more general domains and thirdly the algorithm can be applied when simulating capillary
flow in industrial applications. The efficiency of the algorithm can be increased by using
an adaptive grid in solving the heat equation. An adaptive grid that covers a sufficiently
small area that contains the interfaces between the phases could increase the accuracy
of the implementation as well as decreasing the computation time.

In addition to the implementation of the diffusion step, the convolution threshold
calculation could potentially include curvature terms in both two and three dimensions
in order to determine how the curvature of the interfaces affects the appearence of the
projection triangle. In addition, it is of interest to derive a convolution threshold scheme
that connects the tripple junction to the two phase situation, that is mean curvature
flow. Furthermore, in the case of capillary flow that rises oppose to a gravitational force,
it would be of interest to include the gravitational contribution in the diffusion step so
that the liquid air interface evolves with a speed proportional to its mean curvature plus
a contribution from gravity.
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Finally, future work could include modelling capillary flows in industrial application
in order to determine the validity of the implemented model. On the one hand, it
would be interested to compare the numerical results with empirical data for certain
industrial applications of capillary flows. If this implementation would generate accurate
results, the algorithm can be applied to situations where it is perhaps difficult to perform
empirical test in order to predict the outcome of unknown experiments.
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The appendix consists of two parts. Appendix A contains the code written in C++
and appendix B contains the computer scripts written in Matlab. The scripts in C++
generates the numerical solution to the evolution of various multiphase systems, while the
Matlab scripts are used in order to plot the matrices resulting from the C++ programs.
The simulations have been conducted on a PC laptop.
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C++ code

Appendix A consists of five scripts called "Shrinking Sphere” ”Narrow Channels”, "Nar-
row channels filled with obstacles”, "Labyrinth simulation” and 73D simulation”. The
script in section "Shrinking Sphere” generated the results in section 3.1 on page 41. The
script in section "Narrow Channels” generates the results in section 5.1.1 on page 77. The
script in section "Narrow Channels filled with obstacles” generates the results in section
5.1.2 on page 80. The script in section "Labyritnh simulation” generates the results in
section 5.2.1 on page 82. Finally, the script in section ”3D simulation” generates the
results in section 5.2.2 on page 87.

The general idea behind the scripts, is that the scripts generates various output ma-
trices, one for each phase, where each position in these matrices contains either the value
0, corresponding to a position outside the phase, or 1, corresponding to a position within
the phase. Furthermore, each position in these matrices are furthermore connected to
a position in space which is generated by the same position in two other grid matrices,
called "XPlane” and ”"YPlane”, and these matrices give the x- and the y-coordinate for
the position in question. In R? a vector containing the z-coordinate is also generated.

A.1 ”Shrinking Sphere”

// User defines

// Mathematics stuff
//#define _USE_MATH_DEFINES
//#define WIN32_LEAN_AND_MEAN
// Include headers

#include <SDKDDKVer.h>
#include <windows.h>
#include <stdlib.h>
#include <malloc.h>
#include <memory.h>
#include <tchar.h>

#include <iostream>
#include <string>

#include <cmath>

//#include "engine.h"
#include <fstream>
#include<direct.h>

#include <sstream>
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APPENDIX A. C++ CODE

#include <stdio.h>
#include "math.h"
#include<vector>
#include<time.h>

// Constants

// number Of pixels

static const int nuOfEle = 50;
static const int timeTotal = 200;
// radius of sphere

static const int radius = 1;

// step size

//double step, tTotlstepl, tTotlstep2, tTot2stepl, tTot2step2, tStepl, tStep2, tTotlstep3, tTot2step3, tStep3;

double step, tTot, tStep;
// x and y indices

double x, y;

// row and column indices
int rI, cI, zI;

// Standard stuff
using std::string;
using namespace std;
using std::vector;

// Declaration of functions

// Save file in folder

void saveVecDirectory(vector<double>, string);

void saveFileDirectory(vector<vector<vector<vector<double>>>>, int, string);

void cube(vector<vector<vector<double>>>&, vector<vector<vector<double>>>&, int, int, int);
void laplace(vector<vector<vector<double>>>&, vector<vector<vector<double>>>&, double);
void eulerForward(vector<vector<vector<vector<double>>>>&, int, double, double, double);

void sharpening(vector<vector<vector<vector<double>>>>&, int);

double radiusSphere(vectcr<vector<vector(vector<doub1e>>>>&, int, vector<vector<double>>&, vector<vector<double>>&,

vector<double>&) ;

// MAIN PROGRAM

int main()

{

string run;

std::ostringstream eleStr;

eleStr << nuOfEle;

std::string eleString = eleStr.str();
std::ostringstream timeStr;

timeStr << timeTotal;

std::string timeString = timeStr.str();
run = ".//ShrinkingSphere20150519" + eleString + "Time" + timeString + "//";
CreateDirectory(run.c_str(), NULL);

//Save number of element

std::ofstream outputnuOfEle(run + "nuOfEle.txt");
outputnuOfEle << nuOfEle;
outputnuOfEle.close();

//Save radius

std::ofstream outputRadius(run + "radius.txt");
outputRadius << radius;

outputRadius.close();

// Define mesh

vector<vector<double>>Xplane;
vector<vector<double>>Yplane;

Xplane.resize (nuOfEle + 1);

Yplane.resize (nuOfEle + 1);

for (int rI = 0; rI < (nuOfEle + 1); rI++)

{

Xplane[rI].resize(nuOfEle + 1);

Yplane[rI].resize(nuOfEle + 1);

s

// Zvec

vector<double>Zvec;

Zvec.resize (nuOfEle + 1);

//Step length

step = ((2 * radius) / ((double)nuOfEle));

// Assignvalues to mesh

//Save matrices in files

std::ofstream outputX(run + "Xplane.txt");

std::ofstream outputY(run + "Yplane.txt");

for (rI = 0, y = radius; rI < (nu0OfEle + 1); rI++, y += (-step))
{

for (cI = 0, x = -radius; cI < (nuO0fEle + 1); cI++, x += (step))
{

Xplane[rI][cI] = x;

Yplane[rI][cI] = y;

outputX << Xplane[rI][cI] << " ";
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outputY << Yplane[rI][cI] << " ";

s

outputX << "\n";

outputY << "\n";

s

// Close files

outputX.close();

outputY.close();

for (int zI = 0; zI < (nuOfEle + 1); zI++)

Zvec[zI] = Xplane[1][zI];

}

std::string fileName = run + "z.txt";
saveVecDirectory(Zvec, fileName);

// Define timeSteps

tStep = ((stepxstep) / (8));

tTot = 50 * tStep;

/* Save all the variables abovex/

// save tStep

std::ofstream outputtStepl(run + "tStep.txt");

outputtStepl << tStep;
outputtStepl.close();
// Save tTot

std::ofstream outputtTot2step3(run + "tTot.txt");

outputtTot2step3 << tTot;
outputtTot2step3.close();
// REAL PROGRAM STARTS
vector<double>r;
r.resize(timeTotal + 1);
//3D cube

// Zero time steps

vector<vector<vector<vector<double>>>>sphere((nu0OfEle + 1), vector<vector<vector<double>>>((nuOfEle + 1),

vector<vector<double>>((nuOfEle + 1), vector<double>((2)))));

// Assign values sphere

for (int zI = 0; zI < (nuOfEle + 1);zI++)
{

for (int rI = 0; rI < (nuOfEle + 1); rI++)
{

for (int cI = 0; cI < (nuOfEle + 1); cI++)
{

if (((Xplane[rI][cI] * Xplane[rI][cI]) + (Yplane[rI][cI]

{

sphere [rI] [cI][zI]1[0] = 1;
}

else

{

sphere [rI] [cI][zI][0] = O;
}

}

}

¥

r[0] = 1;

string folder = run + ".//timefolder";
CreateDirectory(folder.c_str(), NULL);

std::ostringstream ini;
ini << 0;
std::string theNumberString = ini.str();

string tempStr = folder + "//t" + theNumberString;

saveFileDirectory(sphere, 0, tempStr);

for (int tI = 1; tI < (timeTotal + 1); tI++)
{

// EULER FORWARD!!!

// Fill sphere using eulerForward function
eulerForward(sphere, 1, tTot, step, tStep);
// Sharpen newly filled vector

r[tI] = radiusSphere(sphere, 1, Xplane, Yplane, Zvec);
//r[tI] = radiusCylinder(sphere, 1, Xplane, Yplane, Zvec);

sharpening(sphere, 1);

cout << "timeStep\t" << tI << "\t of " << timeTotal << "\n";

// Save stuff

std::ostringstream ostr;

ostr << tI;

std::string theNumberString = ostr.str();

string tempStr = folder + "//t" + theNumberString;
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saveFileDirectory(sphere, 1, tempStr);

// Change values of first sphere

for (int zI = 0; zI < (nuOfEle + 1); zI++)
{

for (int rI = 0; rI < (nuOfEle + 1); rI++)
{

for (int cI = 0; cI < (nuOfEle + 1); cI++)

{
sphere[rI][cI][zI][0] = sphere[rI][zI][cI][1];

}

¥

¥

string hajjPaDajj = run + "r.txt";
saveVecDirectory(r, hajjPaDajj);

// Program worked!

cout << "Program worked!\n\n";
// end of main

return O;

}// END MAIN

// NEW FUNCTIONS: YITIIIIIIIITHAAAAAAAAAAAAAAA!!!

// FUNCTION SAVE VECTOR DIRECTORY

void saveVecDirectory(vector<double> VEC, string directory)
{

std::string filefolder = directory;

std::ofstream output(filefolder);

int length = VEC.size();

int zI;

//std: :ofstream output(directory.c_str());

for (zI = 0; zI < length; zI++)

{

/*std::ostringstream ostr;

ostr << zI;

std::string theNumberString = ostr.str();

st string end = ".txt";

std::string fileFolder = directory + "//" + theNumberString + end;*/
output << VEC[zI] << "\n";

output.close();
}

// FUNCTION SAVE FILE DIRECTORY

void saveFileDirectory(vector<vector<vector<vector<double>>>> ARRAY, int tI, string directory)
{

//std::string folder = ".//fib0";
CreateDirectory(directory.c_str(), NULL);

for (int zI = 0; zI < ((double)nuOfEle + 1); zI++)

{

std::ostringstream ostr;

ostr << zI;

std::string theNumberString = ostr.str();

std::string end = ".txt";

std::string fileFolder = directory + "//" + theNumberString + end;
std::ofstream output(fileFolder);

for (int rI = 0; rI < (nuOfEle + 1); rI++)
{

for (int cI = 0; cI < (nuOfEle + 1); cI++)
{

output << ARRAY[rI][cI][zI][tI] << " ";

s

output << "\n";

s

output.close();

}

// Void cube
void cube(vector<vector<vector<double>>>& cube, vector<vector<vector<double>>>& lpMat, int zI, int rI, int cI)
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/*
// cube is a 3X3X3-tensor
//Fill it with an arbitrary value such as five

for (int z = 0; z < 3; z++)
{
for (int x = 0; x < 3; x++)
{
for (int y = 0; y < 3; y++)
{

cube [yl [x][z] = 5;
¥

}
}

// Check all the extreme cases
//that is if zI = 0, zI = nuOfEle,
//rI = 0, rI = nuOfEle,cI = O and cI = nuOfEle,

// Roof

if (zI == nuOfEle)

{

for (int x = 0; x < 3; x++)
{

for (int y = 0; y < 3; y++)

{

cube[y]l [x][2] = 1pMat[((rI - 1) + y)I[((cI - 1) + x)]1[0];
}

¥

}

// Floor

if (zI == 0)

{

for (int x = 0; x < 3; x++)
{

for (int y = 0; y < 3; y++)

{
cube[y] [x][0] = 1pMat[((rI - 1) + y)]J[((cI - 1) + x)][nu0fEle];
}

s

}

// Right Wall

if (cI == nuOfEle)

{

for (int z = 0; z < 3; z++)
{

for (int y = 0; y < 3; y++)
{

cube [yl [2][z] = O;

s

s

s

// Left Wall

if (cI == 0)

{

for (int z = 0; z < 3; z++)
{

for (int y = 0; y < 3; y++)
{

cube [yl [0][z] = 0;

}

}

}

// Front Wall

if (rI == nuOfEle)

{

for (int z = 0; z < 3; z++)
{

for (int x = 0; x < 3; x++)

{
cube [2] [x] [2] = 0;
}
}
}

// Back Wall

if (rI == 0)

{

for (int z = 0; z < 3; z++)
{

for (int x = 0; x < 3; x++)
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cube[0] [x][z] = 0;
}

}
¥

// Fill with values
for (int z = 0; z < 3; z++)
{

for (int x = 0; x < 3; x++)

for (int y = 0; y < 3; y++)
{
if (cubelyl [x][z] == 5)

{

cube[y] [x] [z] = 1pMat[((rI - 1) + y)I[((cI - 1) + ]I[((zI - 1) + 2)];
¥

¥

¥

I/

int yTemp, xTemp, zTemp;
for (int x = 0; x < 3; x++)
{

for (int y = 0; y < 3; y++)
{

for (int z = 0; z < 3; z++)

xTemp = cI - 1 + x;

yTemp = rI - 1 + y;

zTemp = zI - 1 + z;

if (yTemp == (nuOfEle + 1))
{

yTemp = nuOfEle;

¥

if (yTemp == -1)

yTemp = 0;

}

if (xTemp == (nuOfEle + 1))
{

xTemp = nuOfEle;

¥

if (xTemp == -1)

{

xTemp = 03

}

if (zTemp == (nuOfEle + 1))
{

zTemp = 03

¥

if (zTemp == -1)

{

zTemp = nuOfEle;
cube [y] [x] [z] = lpMat [yTemp] [xTemp] [zTemp] ;
}

}
}

}// end cube function

// Void function Laplace

void laplace(vector<vector<vector<double>>>& lpMat, vector<vector<vector<double>>>& inputMat, double step)
{

// Allocate memory for the sums

double cornerSum, faceSum, edgeSum, nom;

// Create a cube 3x3x3

//vector<vector<vector<double>>>cubeTemp((3), vector<vector<double>>((3), vector<double>(3)));

// Create a cube 3x3x3
vector<vector<vector<double>>>cubeTemp;
cubeTemp.resize(3);

for (int index = 0; index < 3; index++)
{

cubeTemp [index] .resize(3);

for (int hej = 0; hej < 3; hej++)

{

cubeTemp [index] [hej] .resize(3);
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¥
¥

//LO0PS

for (int zI = 0; zI < (nuOfEle + 1); zI++)
{

for (int rI = 0; rI < (nuOfEle + 1); rI++)
{

for (int cI = 0; cI < (nuOfEle + 1); cI++)

cube (cubeTemp, inputMat, zI, rI, cI);

// Calculate stuff

// FACES

faceSum = cubeTemp[2] [1] [1] + cubeTemp[0][1][1] + //Forward +Backward
cubeTemp[1] [1] [2] + cubeTemp[1][1]1[0] + //Up + Down

cubeTemp[1] [0] [1] + cubeTemp[1][2][1]; //Left + Right

// EDGES

edgeSum = cubeTemp[2] [1][2] + cubeTemp[2][1][0] + //ForwardUp +ForwardDown
cubeTemp [2] [0] [1] + cubeTemp[2] [2][1] + //ForwardLeft +ForwardRight

cubeTemp [0] [1] [2] + cubeTemp[0] [1] [0] + //BackwardUp + BackwardDown

cubeTemp [0] [0] [1] + cubeTemp[0] [2][1] + //BackwardLeft + BackwardRight
cubeTemp[1] [0] [2] + cubeTemp[1] [0] [0] + //LeftUp + LeftDown

cubeTemp[1] [2] [2] + cubeTemp[1][2][0];//RightUp + RightDown

cornerSum = cubeTemp[2][2][2] + cubeTemp[2][2][0] + //ForwardRightUp +ForwardRightDown
cubeTemp [2] [0] [2] + cubeTemp[2] [0][0] + //ForwardLeftUp +ForwardLeftDown
cubeTemp [0] [2] [2] + cubeTemp[0] [2][0] + //BackwardRightUp +BackwardRightDown
cubeTemp [0] [0] [2] + cubeTemp[0] [0][0]; //BackwardLeftUp +BackwardLeftDown

//nom = ((3 * faceSum) / (13)) + ((3 * edgeSum) / (26)) + ((cornerSum) / (13)) - ((44 * inputMat[rI][cI][zI]) / (13));// Stencil 27

nom = ((faceSum) / (3)) + ((edgeSum) / (6)) - (4 * inputMat[rI][cI][zI]);//Stencil 19

//nom = faceSum - 6.*inputMat[rI][cI][zI];// Stencil 7

//cout << "\t\Face:\t" << faceSum << "\n\tEdge:\t" << edgeSum << "\n\tCorner:\t" << cornerSum;
//cout << "\n\tNom:" << nom << "\p--—--——==—=———————mn \n\n";

1pMat [rI] [cI][zI] = ((nom) / (step*step));
}
¥
¥

/*double left, right, up, down, forward, backward;
for (int zI = 0; zI < (nuOfEle + 1); zI++)

{

for (int rI = 0; rI < (nuOfEle + 1); rI++)

{

for (int cI = 0; cI < (nuOfEle + 1); cI++)

//LEFT RIGHT DIMENSION

if (cI == 0)

{

left = 0;

right = inputMat[rI][cI + 1][zI];

if (cI == nuOfEle)

{

left = inputMat[rI][cI - 1][zI];
right = 0;

s

if (cI>0 && cI<nuOfEle)

{

left = inputMat[rI][cI - 1][zI];
right = inputMat[rI][cI + 1][zI];

}

//FORWARD BACKWARD DIMENSION

if (rI == 0)

{

forward = inputMat[rI + 1][cI][zI];
backward = 0;

s

if (rI == nuOfEle)

{

forward = 0;

backward = inputMat[rI - 1][cI][zI];
s

if (rI>0 && rI<nuOfEle)

{

forward = inputMat[rI + 1]([cI][zI];
backward = inputMat[rI - 1][cI][zI];

}

if (2zI == 0)

{

up = inputMat [rI][cI][zI + 1];

down = 0; // Sphere option
//down = inputMat [rI] [cI] [nuOfEle];//Cylinder, periodic option
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s

//UP DOWN DIMENSION

if (zI == nuOfEle)

{

down = inputMat [rI] [cI][2zI-1];

up = 0;//Sphere option

//up = inputMat [rI][cI][0];//Cylinder, periodic option

¥
if (zI>0 && zI<nuOfEle)
{

up = inputMat[rI][cI][zI + 1];
down = inputMat [rI][cI][zI - 1];
¥

double nom = (up + down + left + right + forward + backward - (6 * inputMat[rI][cI][zI]));
1pMat [rI] [cI][zI] = ((nom) / (step*step));

}

}

I/

}

// Euler Forward!
void eulerForward(vector<vector<vector<vector<double>>>>& afterMat, int timeIndex, double tTot, double step, double tStep)

{

//Create temporary vector beforeMat
vector<vector<vector<double>>> beforeMat;
beforeMat.resize(nu0OfEle + 1);

for (int rI = 0; rI < (nuOfEle + 1); rI++) {
beforeMat [rI].resize(nuOfEle + 1);

for (int cI = 0; cI < (nuOfEle + 1); cI++)

{

beforeMat [rI] [cI].resize(nuOfEle + 1);

s

s

// Initialiaze beforeMat to initialMat
for (int zI = 0; zI < (nuOfEle + 1); zI++)
{

for (int rI = 0; rI < (nuOfEle + 1); rI++)
{

for (int cI = 0; cI < (nuOfEle + 1); cI++)
{

beforeMat [rI] [cI][zI] = afterMat[rI][cI][zI][timeIndex - 1];
}

¥

}

// Euler loops: one for time, one for each

//spatial dimension

for (double tI = 0; tI < (tTot + tStep); tI += tStep)
{

vector<vector<vector<double>>> lpTemp;

1pTemp.resize (nuOfEle + 1);

for (int rI = 0; rI < (nuOfEle + 1); rI++) {
1pTemp[rI].resize (nuOfEle + 1);

for (int cI = 0; cI < (nuOfEle + 1); cI++)

{
1pTemp [rI] [cI].resize(nuOfEle + 1);
¥
}

laplace(1lpTemp, beforeMat, step);
for (int zI = 0; zI < (nuOfEle + 1); zI++)

{
for (int rI = 0; rI < (nuOfEle + 1); rI++)
{
for (int cI = 0; cI < (nuOfEle + 1); cI++)
{

afterMat [rI] [cI][zI][timeIndex] = beforeMat[rI][cI][zI] + tStep*lpTemp[rI][cI][zI];
beforeMat [rI] [cI][zI] = afterMat[rI][cI][zI] [timeIndex];

}

}

}

1pTemp.erase(1pTemp.begin(), 1pTemp.end());

//1pTemp.shrink_to_fit();

1pTemp.clear();

}

beforeMat .erase (beforeMat.begin(), beforeMat.end());
//beforeMat.shrink_to_fit();
beforeMat.clear();
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}// end Euler

// SHARPENING FUNCTION
void sharpening(vector<vector<vector<vector<double>>>>& input, int tI)

for (int zI =
{

for (int rI =
{

for (int cI =
{

if (input[rI][cI][zI][tI] < 0.5)
{

0; zI < (nuOfEle + 1); zI++)
0; rI < (nuOfEle + 1); rI++)

0; cI < (nuOfEle + 1); cI++)

input [rI] [cI] [2I] [tI] = O;
else

{

input [rI] [cI][zI][tI] = 1;
}

}

}// end sharpening

double radiusSphere(vector<vector<vector<vector<double>>>>& sphere, int tI, vector<vector<double>>& Xplane,
vector<double>& zVec)

{

double radiusMean, radSum,
int den;
radSum =
den = 0;
int zI, rI, cI;

for (zI = 0; zI < (nuOfEle
{
for
{
for

{

temp, k, Xtemp, Ytemp, Ztemp;

0;

+ 1); zI++)

(rI = 0; rI < (nuOfEle + 1); rI++)

(cI = 0; cI < (nuOfEle + 1); cI++)

if (sphere[rI][cI][zI][tI] == 0.5)

{

temp = sqrt((zVec[zI] * zVec[zI]) + (Xplane[rI][cI] * Xplane[rI][cI]) + (Yplane[rI][cI] * Yplane[rI][cI]));
radSum += temp;

den++;

continue;

s

if (zI > 0 && cI > 0 && rI > 0 &&

zI < nuOfEle &% cI < nuOfEle && rI < nuOfEle)

{

// RIGHT SIDE

if (spherel[rI][cI + 1]1[zI][tI] > 0.5 && sphere[rI][cI][zI][tI] < 0.5)

{

k = ((sphere[rI][cI + 1][zI]1[tI] - sphere[rI][cI][zI]1[tI]) / (Xplane[rI][cI + 1] - Xplane[rI][cI]));
Xtemp = ((0.5 - sphere[rI][cI][zI][tI]) / (k)) + Xplane[rI][cI];

temp = sqrt((zVec[zI] * zVec[zI]) + (Xtemp * Xtemp) + (Yplane[rI][cI] * Yplanel[rI]([cI]));

radSum += temp;

den++;

¥

// LEFT SIDE

if (sphere[rI][cI - 1][zI][tI] > 0.5 && sphere[rI][cI][zI][tI] < 0.5)

{

k = ((sphere[rI][cI - 1]1[zI][tI] - sphere[rI][cI][zI][tI]) / (Xplane[rI][cI - 1] - Xplane[rI][cI]));
Xtemp = ((0.5 - sphere[rI][cI][zI][tI]) / (k)) + Xplane[rI][cI];

temp = sqrt((zVec[zI] * zVec[zI]) + (Xtemp * Xtemp) + (Yplane[rI][cI] * Yplane[rI][cI]));

radSum += temp;

den++;

s

// FORWARD

if (spherelrI + 1][cI][zI][tI] > 0.5 && sphere[rI][cI][zI][tI] < 0.5)

k = ((sphere[rI + 1]1[cI][zI][tI] - sphere[rI][cI][zI][tI]) / (Yplane[rI + 1][cI] - Yplane[rI][cI]));
Ytemp = ((0.5 - sphere[rI][cI][zI][tI]) / (k)) + Yplane[rI][cI];

temp = sqrt((zVec[zI] * zVec[zI]) + (Xplane[rI][cI] * Xplane[rI][cI]) + (Ytemp * Ytemp));

radSum += temp;

den++;

}
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// BACKWARD

if (sphere[rI - 1][cI][zI][tI] > 0.5 && sphere[rI][cI][zI][tI] < 0.5)

{

k = ((sphere[rI - 1][cI][zI][tI] - sphere[rI][cI][zI][tI]) / (Yplane[rI - 1][cI] - Yplane[rI][cI]));
Ytemp = ((0.5 - sphere[rI][cI][zI][tI]) / (k)) + Yplane[rI][cI];

temp = sqrt((zVec[zI] * zVec[zI]) + (Xplane[rI]([cI] * Xplane[rI][cI]) + (Ytemp * Ytemp));

radSum += temp;

den++;

}
}

}

s

s

radiusMean = ((radSum) / ((double)den));
return radiusMean;

}// End radius sphere

A.2 Narrow Channels

#define _USE_MATH_DEFINES

// User defines

// Mathematics stuff
//#define _USE_MATH_DEFINES
//#define WIN32_LEAN_AND_MEAN
// Include headers
#include <SDKDDKVer.h>
#include <windows.h>
#include <stdlib.h>
#include <malloc.h>
#include <memory.h>
#include <tchar.h>
#include <iostream>
#include <string>
#include <cmath>
//#include "engine.h"
#include <fstream>
#include<direct.h>
#include <sstream>
#include <stdio.h>
#include "math.h"
#include<vector>
#include<time.h>

// Constants

// number 0f pixels

static const int xDim = 600;
static const int yDim = 600;
static const int xDimZoom = 500;
static const int yDimZoom = 500;
static const int timeTotal = 160;
// radius of sphere

static const int heightSquare
static const int lengthSquare
static const int heightZoom =
static const int lengthZoom =
// step size

double step, tTot, tStep, stepZoom, tStepZoom, tTotZoom;
// x and y indices

double x, y;

// row and column indices

int rI, cI, zI;

6;

o

// Standard stuff
using std::string;
using namespace std;
using std::vector;

// Declaration of functions

// Save file in folder

void saveFileDirectory(vector<vector<vector<double>>>, int, string, int, int, int);

void cube(vector<vector<double>>&, vector<vector<double>>&, int, int, int, int, int, int);

void laplace(vector<vector<double>>&, vector<vector<double>>&, double, int, int, int, int);

void eulerForward(vector<vector<vector<double>>>&, int, double, double, double, int, int, int, int);

void sharpening(vector<vector<vector<double>>>&, vector<vector<vector<double>>>&, vector<vector<vector<double>>>&, int,
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vector<vector<double>>&, int);

// MAIN PROGRAM

int main()

{

// Working directory

string run;

std::ostringstream eleStrFib;

eleStrFib << xDim;

std::string eleStringFib = eleStrFib.str();
std::ostringstream eleStrFib2;

eleStrFib2 << yDim;

std::string eleStringFib2 = eleStrFib2.str();
std::ostringstream timeStrFib;

timeStrFib << timeTotal;

std::string timeStringFib = timeStrFib.str();

run = ".//20150518FirstDomain" + eleStringFib + "Ydim" + eleStringFib2 + "Time" + timeStringFib + "//";
//run = ".//Repetitive//";
//run = ".//newFolder//";

CreateDirectory(run.c_str(), NULL);

string fiberStr = run + "fiber";
CreateDirectory(fiberStr.c_str(), NULL);

string waterStr = run + "water";
CreateDirectory(waterStr.c_str(), NULL);

string airStr = run + "air";
CreateDirectory(airStr.c_str(), NULL);

// Create timefolder

string timeFolderFib = fiberStr + "//timeFolder//";
CreateDirectory(timeFolderFib.c_str(), NULL);
string timeFolderWat = waterStr + "//timeFolder//";
CreateDirectory(timeFolderWat.c_str(), NULL);
string timeFolderAir = airStr + "//timeFolder//";
CreateDirectory(timeFolderAir.c_str(), NULL);

cout << "First print\n";

//Projection triangle

string diffFiber = run + "//DiffusedFiber//";
CreateDirectory(diffFiber.c_str(), NULL);
string diffWater = run + "//DiffusedWater//";
CreateDirectory(diffWater.c_str(), NULL);
string diffAir = run + "//DiffusedAir//";
CreateDirectory(diffAir.c_str(), NULL);

//Save number of element

std::ofstream outputnuOfEle(run + "xDim.txt");
outputnuOfEle << xDim;

outputnuOfEle.close();

//Save number of element

std::ofstream outputnuOfEle2(run + "yDim.txt");
outputnuOfEle2 << yDim;

outputnuOfEle2.close();

//Save radius

std::ofstream outputRadius(run + "length.txt");
outputRadius << lengthSquare;
outputRadius.close();

//Save radius

std::ofstream outputRadius2(run + "height.txt");
outputRadius2 << heightSquare;
outputRadius2.close();

// Define mesh

vector<vector<double>>Xplane;
vector<vector<double>>Yplane;
vector<vector<double>>XplaneZoom;
vector<vector<double>>YplaneZoom;
Xplane.resize(yDim + 1);

Yplane.resize(yDim + 1);

for (int rI = 0; rI < (yDim + 1); rI++)

{

Xplane[rI].resize(xDim + 1);
Yplane[rI].resize(xDim + 1);

s
XplaneZoom.resize(yDimZoom + 1);
YplaneZoom.resize(yDimZoom + 1);

for (int rI = 0; rI < (yDimZoom + 1); rI++)

XplaneZoom[rI].resize(xDimZoom + 1);
YplaneZoom[rI].resize(xDimZoom + 1);
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//Step length

step = ((lengthSquare) / ((double)xDim));
std::ofstream outputnuOfEle3(run + "step.txt");
outputnuOfEle3 << step;

outputnuOfEle3.close();

// Assignvalues to mesh

//Save matrices in files

std::ofstream outputX(run + "Xplane.txt");
std::ofstream outputY(run + "Yplane.txt");

for (rI = 0, y = lengthSquare; rI < (yDim + 1); rI++, y -

{

for (¢cI =0, x = 0; cI < (xDim + 1); cI++, x += (step))

{

Xplane[rI] [cI] = x;
Yplane[rI][cI] = y;

outputX << Xplane[rI][cI] << " ";
outputY << Yplane[rI][cI] << " ";
¥

outputX << "\n";

outputY << "\n";

¥

// Close files

outputX.close();

outputY.close();

//Zoomed in stuff

//Step length
stepZoom = ((lengthZoom) / ((double)xDimZoom)) ;

std::ofstream outputstepZoom(run + "stepZoom.txt");

outputstepZoom << stepZoom;
outputstepZoom.close();

// Assignvalues to mesh
//Save matrices in files
std:

:ofstream outputXZoom(run + "XplaneZoom.txt");
std::ofstream outputYZoom(run + "YplaneZoom.txt");

(step))

for (rI = 0, y = 1; rI < (yDimZoom + 1); rI++, y -= (stepZoom))

{

for (cI = 0, x = 0; cI < (xDimZoom + 1); cI++, x += (stepZoom))

{

XplaneZoom[rI] [cI] = x;
YplaneZoom[rI] [cI] = y;

outputXZoom << XplaneZoom[rI][cI] << " ";
outputYZoom << YplaneZoom[rI][cI] << " ";
}

outputXZoom << "\n";

outputYZoom << "\n";

s

// Close files

outputXZoom.close();

outputYZoom.close();

cout << "Second print\n";

vector<vector<vector<double>>> fiberZoom;
vector<vector<vector<double>>> waterZoom;
vector<vector<vector<double>>> airZoom;
fiberZoom.resize(yDimZoom + 1);
waterZoom.resize (yDimZoom + 1);
airZoom.resize(yDimZoom + 1);

for (int rI = 0; rI < (yDimZoom + 1); rI++)
{

fiberZoom[rI].resize(xDimZoom + 1);
waterZoom[rI].resize(xDimZoom + 1);
airZoom[rI].resize(xDimZoom + 1);

for (int cI = 0; cI < (xDimZoom + 1); cI++)
{

fiberZoom[rI] [cI].resize(2);

waterZoom[rI] [cI].resize(2);

airZoom[rI] [cI].resize(2);

s

s

cout << "Third print\n";
for (int rI = 0; rI < (yDimZoom + 1); rI++)
for (int cI = 0; cI < (xDimZoom + 1); cI++)

{
if (XplaneZoom[rI][cI] <= 0.5)
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{
fiberZoom[rI] [cI] [0]
waterZoom[rI] [cI][0]
airZoom[rI][cI][0] =
s
if (XplaneZoom[rI][cI] > 0.5)

if (YplaneZoom[rI][cI] <= (1 - XplaneZoom[rI][cI]))
{
fiberZoom[rI] [cI] [0]
waterZoom[rI] [cI][0]
airZoom[rI] [cI][0] = O;
¥

if (YplaneZoom[rI][cI] > (1 - XplaneZoom[rI][cI]))
{
fiberZoom[rI] [cI] [0]
waterZoom[rI] [cI]1[0] =
airZoom[rI] [cI][0] = 1;
}

}
}
}
cout << "Fourth print\n";

saveFileDirectory(fiberZoom, 0, diffFiber, 0, xDimZoom, yDimZoom) ;
saveFileDirectory(waterZoom, 0, diffWater, 0, xDimZoom, yDimZoom);
saveFileDirectory(airZoom, 0, diffAir, O, xDimZoom, yDimZoom);

// Allocate Memory fibermatrix.
//vector<vector<vector<double>>>fiber ((yDim + 1), vector<vector<double>>((xDim + 1), vector<double>(2)));
vector<vector<vector<double>>> fiber;
vector<vector<vector<double>>> water;
vector<vector<vector<double>>> air;
fiber.resize(yDim + 1);
water.resize(yDim + 1);

air.resize(yDim + 1);

for (int rI = 0; rI < (yDim + 1); rI++)
{

fiber [rI].resize(xDim + 1);

water [rI].resize(xDim + 1);
air[rl].resize(xDim + 1);

for (int cI = 0; cI < (xDim + 1); cI++)
{

fiber [rI] [cI].resize(2);

water [rI] [cI].resize(2);
air[rI][cI].resize(2);

s

s

// Define timeSteps

tStepZoom = ((stepZoom*stepZoom) / (10));

tTotZoom = 3500 * tStepZoom;

// Save all the variables above

// save tStep

std::ofstream outputtStepl(run + "tStepZoom.txt");
outputtStepl << tStepZoom;

outputtStepl.close();

// Save tTot

std::ofstream outputtTot2step3(run + "tTotZoom.txt");
outputtTot2step3 << tTotZoom;
outputtTot2step3.close();

double minEleX, minEleXSigned, minEleY, minEleYSigned, diffX, diffY, minDiffX, minDiffY;
minDiffX = 25;

minDiffY = 25;

for (int index = 0; index < (xDimZoom + 1); index++)

{

diffX = XplaneZoom[1] [index] - 0.5;

//cout << "Difference X:\t" << diffX << "\n";

if (abs(diffX) < minDiffX)

minEleX = abs(XplaneZoom[1] [index]);

minEleXSigned = XplaneZoom[1] [index];

minDiffX = abs(diffX);

//cout << "Minimal element:\t" << minEleXSigned << "\n";
¥

}
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for (int index = 0; index < (yDimZoom + 1); index++)
{

diffY = YplaneZoom[index][1] - 0.5;

//cout << "Difference Y:\t" << diffY << "\n";

if (abs(diffY) < minDiffY)

{

minEleY = abs(YplaneZoom[index][1]);

minEleYSigned = YplaneZoom[index][1];

minDiffY = abs(diffY);

//cout << "Minimal element:\t" << minEleYSigned << "\n";
}

}

cout << "Minimal value X:\t" << minEleXSigned << "\n";
cout << "Minimal value Y:\t" << minEleYSigned << "\n";

// Number of edge elements
int fibWat = 0;
int fibAir = 0;
int watAir = 0;

for (int rI = 1; rI < (yDimZoom + 1); rI++)
{

for (int c¢I = 0; cI < (xDimZoom + 1); cI++)

// Interface fiber air
if (XplaneZoom[rI][cI] == minEleXSigned && YplaneZoom[rI][cI] >= minEleYSigned && YplaneZoom[rI][cI] <= 0.7)
{

fibAir++;

¥

// Interface fiber water

if (XplaneZoom[rI][cI] == minEleXSigned && YplaneZoom[rI][cI] <= minEleYSigned && YplaneZoom[rI][cI] > 0.2)
{

fibWat++;

¥

// Interface water air

if (YplaneZoom[rI][cI] <= (1 - XplaneZoom[rI][cI])

&& YplaneZoom[rI - 1][cI] > (1 - XplaneZoom[rI][cI])

&& XplaneZoom[rI] [cI] >= minEleXSigned && XplaneZoom[rI][cI] <= 0.8)
{

watAir++;

¥

}

}

std::ofstream outputtStepfibWat(run + "fibWatInt.txt");
outputtStepfibWat << fibWat;

outputtStepfibWat.close();

// Save tTot

std::ofstream outputtTot2stepfibAir(run + "fibAirInt.txt");
outputtTot2stepfibAir << fibAir;
outputtTot2stepfibAir.close();

std::ofstream outputtTot2stepwatAir(run + "watAirInt.txt");
outputtTot2stepwatAir << watAir;
outputtTot2stepwatAir.close();

vector<vector<double>>fibWatVec((fibWat), vector<double>(2));
vector<vector<double>>fibAirVec((fibAir), vector<double>(2));
vector<vector<double>>watAirVec((watAir), vector<double>(2));
int indexFibWat = 0;
int indexFibAir = 0;
int indexWatAir = 0;

for (int rI = 1; rI < (yDimZoom + 1); rI++)

{

for (int cI = 0; cI < (xDimZoom + 1); cI++)

{

// Interface fiber air

if (XplaneZoom[rI][cI] == minEleXSigned && YplaneZoom[rI][cI] >= minEleYSigned && YplaneZoom[rI][cI] <= 0.7)
{

fibAirVec[indexFibAir] [0] = rI;

fibAirVec [indexFibAir] [1] cI;

indexFibAir++;

}

// Interface fiber water

if (XplaneZoom[rI][cI] == minEleXSigned && YplaneZoom[rI][cI] <= minEleYSigned && YplaneZoom[rI][cI] > 0.2)
{

fibWatVec [indexFibWat] [0] = rI;

fibWatVec[indexFibWat] [1] = cI;
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indexFibWat++;

s

// Interface water air

if (YplaneZoom[rI][cI] <= (1 - XplaneZoom[rI][cI])
&& YplaneZoom[rI - 1][cI] > (1 - XplaneZoom[rI][cI])
&& XplaneZoom[rI][cI] >= minEleXSigned && XplaneZoom[rI][cI] <= 0.8)
{

watAirVec [indexWatAir] [0] = rI;
watAirVec[indexWatAir] [1] = cI;

indexWatAir++;

}

}

}

vector<vector<double>>fibWatIntVec((fibWat), vector<double>(3));
vector<vector<double>>fibAirIntVec((fibAir), vector<double>(3));
vector<vector<double>>watAirIntVec((watAir+1), vector<double>(3));

cout << "Now starts short Euler\n";

eulerForward(fiberZoom, 1, tTotZoom, stepZoom, tStepZoom, 1, 1, xDimZoom, yDimZoom);
eulerForward(waterZoom, 1, tTotZoom, stepZoom, tStepZoom, 1, 1, xDimZoom, yDimZoom);
eulerForward(airZoom, 1, tTotZoom, stepZoom, tStepZoom, 1, 1, xDimZoom, yDimZoom);

for (int index = 0; index < (fibWat - 1); index++)

{

fibWatIntVec[index] [0] = fiberZoom[fibWatVec[index][0]] [fibWatVec[index][1]1][1];
fibWatIntVec[index] [1] = waterZoom[fibWatVec[index][0]] [fibWatVec[index][1]][1];
fibWatIntVec[index] [2] = airZoom([fibWatVec[index] [0]] [fibWatVec[index] [1]11[1];

}

for (int index = 0; index < (fibAir - 1); index++)

{

fibAirIntVec[index] [0] = fiberZoom[fibAirVec[index] [0]] [fibAirVec[index][1]][1];
fibAirIntVec[index] [1] = waterZoom[fibAirVec[index] [0]] [fibAirVec[index][11]1[1];
fibAirIntVec[index] [2] = airZoom[fibAirVec[index] [0]] [fibAirVec[index] [1]1][1];

3}

for (int index = 0; index < (watAir - 1); index++)

{

watAirIntVec[index] [0] = ((fiberZoom([watAirVec[index] [0]] [watAirVec[index][1]]1[1] + fiberZoom[watAirVec[index] [0]+1] [watAirVec[index][111[1]) / (2));
watAirIntVec[index] [1] = ((waterZoom[watAirVec[index] [0]] [watAirVec[index][1]]1[1] + waterZoom[watAirVec[index] [0]+1] [watAirVec[index][1]11[1]) / (2));
watAirIntVec[index] [2] = ((airZoom[watAirVec[index] [0]] [watAirVec[index][1]]1[1] + airZoom[watAirVec[index][0]+1] [watAirVec[index][111[1]) / (2));

fibWatIntVec[0] [0] = fibWatIntVec[1][0];
fibWatIntVec[0] [1] = fibWatIntVec[1][1];
fibWatIntVec[0][2] = fibWatIntVec[1][2];
fibAirIntVec[0]1[0] = fibAirIntVec[1][0];
fibAirIntVec[0]1[1] = fibAirIntVec[1]1[1];
fibAirIntVec[0]1[2] = fibAirIntVec[1][2];

cout << "Finished! Let us organize the vectors!\n";

// Organize them based on fiber column

// Fiber Water

for (int i = 0; i < fibWat; ++i)

for (int j = 0; j < i; ++j)

if (fibWatIntVec[j1[0] > fibWatIntVec[il [01)
std: :swap(fibWatIntVec[i], fibWatIntVec[jl);
// Fiber Air

for (int i = 0; i < fibAir; ++i)

for (int j = 0; j < i; ++j)

if (fibAirIntVec[j1[0] > fibAirIntVec[il [01)
std: :swap(fibAirIntVec[i], fibAirIntVec[jl);
// Water Air

for (int i = 0; i < watAir; ++i)

for (int j = 0; j < i; ++j)

if (watAirIntVec[j][0] > watAirIntVec[i][0])
std: :swap(watAirIntVec[il, watAirIntVec[jl);

cout << "Save ’em!\n";

std::ofstream outputFibWat(run + "fibWat.txt");

for (int i = 0; i < (fibWat - 1); i++)

{

outputFibWat << fibWatIntVec[i][0] << "\t" << fibWatIntVec[i][1] << "\t" << fibWatIntVec[i][2] << "\n"
}

outputFibWat.close();

std::ofstream outputFibAir(run + "fibAir.txt");

for (int i = 0; i < (fibAir - 1); i++)
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outputFibAir << fibAirIntVec[i][0] << "\t" << fibAirIntVec[i][1] << "\t" << fibAirIntVec[i][2] << "\n";
}
outputFibAir.close();

double aFib = watAirIntVec[watAir - 1][0];

double alir = watAirIntVec[watAir - 1][2];

double bFib = watAirIntVec[watAir - 2] [0];

double bAir = watAirIntVec[watAir - 2] [2];

double airHej = aAir + ((0.5 - aFib) / (bFib - aFib))*(bAir - aAir);
double fibHej = 0.5;

double watHej = 1 - fibHej - airHej;

watAirIntVec[watAir] [0] = fibHej;
watAirIntVec[watAir] [1] = watHej;
watAirIntVec[watAir] [2] = airHej;

// Water Air

for (int i = 0; i < watAir; ++i)

for (int j = 0; j < i; ++j)

if (watAirIntVec[j][0] > watAirIntVec[i] [0])
std: :swap(watAirIntVec[i], watAirIntVec[jl);

std::ofstream outputwatAir(run + "watAir.txt");
for (int i = 0; i < watAir; i++)

outputwatAir << watAirIntVec[i][0] << "\t" << watAirIntVec[i][1] << "\t" << watAirIntVec[i][2] << "\n";
}

outputwatAir.close();
cout << "QOkay! Now a projection triangle is formed, let us move on!\n";
// Initialize fiberMatrix.

//Loop through matrix
//std::ofstream outputFib(timeFolder + "O0.txt");

for (int rI = 0; rI < (yDim + 1); rI++)
{

for (int cI = 0; cI < (xDim + 1); cI++)
{

if (Xplane[rI][cI]<0.5)

fiber [rI][cI][0]
water [rI] [cI][0]
air[rI][cI1[0] = O;

}

if (Xplane[rI][cI]>2 && Xplane[rI][cI]<3)

fiber [rI][cI][0]
water [rI] [cI][0]
air[rI][cI][0] = O;

¥

if (Xplane[rI][cI]>3.5 && Xplane[rI][cI]<4)

fiber [rI] [cII[0] = 1;
water [rI] [cI][0] = O;
air[rI][cI][0] = O;

¥
if (Xplane([rI][cI]>5)
{

fiber [rI][cI][0] = 1;
water [rI][cI][0] = O;
air[rI][cI1[0] = O;

}
if (fiber[rI][cI][0] == 0)
{
if (Yplane[rI][cI] < 0.5)
{

fiber [rI] [cI][0] = O;
water [rI]1[cI][0] = 1;
air[rI][cI1[0] = 0;

}

else

{

fiber [rI] [cI][0]
water [rI] [cI][0] = O;
air[rI][cI][0] = 1;

}

}

}

¥

// Initialize fiberMatrix.

n
o
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//outputFib.close();

saveFileDirectory(fiber, 0, timeFolderFib, 0, xDim, yDim);
saveFileDirectory(water, 0, timeFolderWat, O, xDim, yDim);
saveFileDirectory(air, 0, timeFolderAir, 0, xDim, yDim);

//Step length

step = ((lengthSquare) / ((double)xDim));
std::ofstream outputnuOfEle39(run + "step.txt");
outputnuOfEle39 << step;
outputnuOfEle39.close();

// Define timeSteps

tStep = ((step*step) / (10));

tTot = 80 * tStep;

// Save all the variables above

// save tStep

std::ofstream outputtStep22(run + "tStep.txt");
outputtStep22 << tStep;

outputtStep22.close();

// Save tTot

std::ofstream outputtTot2step32(run + "tTot.txt");
outputtTot2step32 << tTot;
outputtTot2step32.close();

// REAL PROGRAM STARTS

for (int tI = 1; tI < (timeTotal + 1); tI++)
{

// EULER FORWARD!!!

// FIBER

eulerForward(fiber, 1, tTot, step, tStep, 0, 1, xDim, yDim);

cout << "\t\t\tFiber Ready!\n";

eulerForward(water, 1, tTot, step, tStep, 0, 1, xDim, yDim);

cout << "\t\t\tWater Ready!\n";
eulerForward(air, 1, tTot, step, tStep, 0, 1, xDim, yDim);
cout << "\t\t\tAir Ready!\n";

saveFileDirectory(fiber, 1, diffWater, tI, xDim, yDim);
saveFileDirectory(water, 1, diffFiber, tI, xDim, yDim);
saveFileDirectory(air, 1, diffAir, tI, xDim, yDim);

sharpening(fiber, water, air, 1, watAirIntVec, watAir);
saveFileDirectory(fiber, 1, timeFolderFib, tI, xDim, yDim);
saveFileDirectory(water, 1, timeFolderWat, tI, xDim, yDim);
saveFileDirectcry(air, 1, timeFolderAir, tI, xDim, yDim);
// Change values of first vector

for (int rI =0

{
for (int cI = 0; cI < (xDim + 1); cI++)

rI < (yDim + 1); rI++)

fiber [rI][cI1[0] = fiber[rI][cI][1];
water [rI] [cI][0] = water[rI][cI][1];
air[rI][cI][0] = air[rI][cI][1];

}

}

cout << "\nTime step\t" << tI << "\tof\t" << timeTotal << "\n\n";

}

// End of program
cout << "Program worked hey?! \n\n\n\n";
return O;
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// FUNCTION SAVE FILE DIRECTORY
void saveFileDirectory(vector<vector<vector<double>>> ARRAY, int tI, string directory, int time, int xDim, int yDim)

//std::string folder = ".//£ib0";
//CreateDirectory(directory.c_str(), NULL);

std::ostringstream ostr;

ostr << time;

std::string theNumberString = ostr.str();

std::string end = ".txt";

std::string fileFolder = directory + "//t" + theNumberString + end;
std::ofstream output(fileFolder);

for (int rI = 0; rI < (yDim + 1); rI++)
{

for (int cI = 0; cI < (xDim + 1); cI++)
{

output << ARRAY[rI][cI][tI] << " ";

s

output << "\n";

¥

output.close();

// Void cube

void cube(vector<vector<double>>& cube, vector<vector<double>>& lpMat, int rI, int cI, int neumannX, int neumannY,
int xDim, int yDim)

{

int yTemp, xTemp;

for (int x = 0; x < 3; x++)
{

for (int y = 0; y < 3; y++)
{

xTemp = cI - 1 + x;

yTemp = rI - 1 + y;

if (yTemp == (yDim + 1))

if (neumannY == 1)
{

yTemp = yDim;

if (neumannY == 0)
yTemp = 03

s

s

if (yTemp == -1)

{

if (neumannY == 1)
{

yTemp = 03

s

if (neumannY == 0)
{

yTemp = yDim;
¥

}

if (xTemp == (xDim + 1))
{

if (neumannX == 1)
{

xTemp = xDim;

s

if (neumannX == 0)
{

xTemp = 03

s

s

if (xTemp == -1)

{

if (neumannX == 1)
{

xTemp = 0;

}

if (neumannX == 0)
{

xTemp = xDim;
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cube[y] [x] = 1lpMat [yTemp] [xTemp] ;
}
}

}// end cube function

// Void function Laplace

void laplace(vector<vector<double>>& lpMat, vector<vector<double>>& inputMat, double step, int neumannX, int neumanny,
int xDim, int yDim)

{

// Allocate memory for the sums

double cornerSum, faceSum, nom;

// Create a cube 3x3x3

//vector<vector<vector<double>>>cubeTemp((3), vector<vector<double>>((3), vector<double>(3)));

// Create a cube 3x3x3
vector<vector<double>>cubeTemp;
cubeTemp.resize(3);

for (int index = 0; index < 3; index++)

cubeTemp [index] .resize(3);

Y
//L00PS

for (int rI = 0; rI < (yDim + 1); rI++)

{

for (int cI = 0; cI < (xDim + 1); cI++)

{

cube (cubeTemp, inputMat, rI, cI, neumannX, neumannY, xDim, yDim);

// Calculate stuff

// FACES

faceSum = cubeTemp[1] [2] + cubeTemp[1][0] + //Right + Left

cubeTemp [2] [1] + cubeTemp[0][1]; // Forward + Backward

// EDGES

cornerSum = cubeTemp[2] [2] + cubeTemp[2] [0] + //ForwardRight + ForwardLeft
cubeTemp [0] [2] + cubeTemp[0][0]; //BackwardRight + BackwardLeft

nom = ((2 * faceSum) / (3)) + ((cornerSum) / (6)) - ((10 * inputMat[rI][cI]) / (3));
// Laplace matrix

1pMat [rI][cI] = ((nom) / (step*step));

//cout <<"Laplace matrix:\t" <<lpMat[rI][cI]<<"\n";

}
}

// Euler Forward!
void eulerForward(vector<vector<vector<double>>>& afterMat, int timeIndex, double tTot, double step, double tStep, int neumannX, int neumannY,
int xDim, int yDim)

{

//Create temporary vector beforeMat
vector<vector<double>> beforeMat;
beforeMat.resize(yDim + 1);

for (int rI = 0; rI < (yDim + 1); rI++) {
beforeMat [rI].resize(xDim + 1);

// Initialiaze beforeMat to initialMat

for (int rI = 0; rI < (yDim + 1); rI++)

{

for (int cI = 0; cI < (xDim + 1); cI++)

{

beforeMat [rI] [cI] = afterMat[rI][cI][timeIndex - 1];
s

s

// Euler loops: one for time, one for each

//spatial dimension

for (double tI = 0; tI < (tTot + tStep); tI += tStep)
{

vector<vector<double>> 1lpTemp;

1pTemp.resize(yDim + 1);

for (int rI = 0; rI < (yDim + 1); rI++) {
1pTemp[rI].resize(xDim + 1);

}
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laplace(1lpTemp, beforeMat, step, neumannX, neumannY, xDim, yDim);

for (int rI = 0; rI < (yDim + 1); rI++)

{

for (int cI = 0; cI < (xDim + 1); cI++)

{

afterMat [rI] [cI] [timeIndex] = beforeMat[rI][cI] + tStep*lpTemp[rI][cI];
beforeMat [rI] [cI] = afterMat[rI][cI][timeIndex];
}

}

1pTemp.erase(lpTemp.begin(), lpTemp.end());
//1pTemp.shrink_to_£fit();

1pTemp.clear();

beforeMat.erase(beforeMat.begin(), beforeMat.end());
//beforeMat .shrink_to_fit();

beforeMat.clear();

}// end Euler

// SHARPENING FUNCTION

// SHARPENING FUNCTION

//void sharpening(vector<vector<vector<vector<double>>>>& input, int tI, double threshold)

void sharpening(vector<vector<vector<double>>>& fiber, vector<vector<vector<double>>>& water, vector<vector<vector<double>>>& air, int tI,
vector<vector<double>>& waterAir, int lengthInterface)

{

double z0, z1, x0, x1, xd;

for (int rI = 0; rI < (yDim + 1); rI++)

{

for (int cI = 0; cI < (xDim + 1); cI++)

{

vector<double>tempVec(3);

/*tempVec[0] = fiber[rI][cI][zI][tI];

tempVec[1] = water [rI][cI][zI][tI];

tempVec[2] = air[rI][cI][zI][tI];*/

/xtempVec[0] = ((fiber[rI][cI][tI]) / (fiber[rI][cI][tI] + water[rI][cI][tI] + air[rI][cI][tI]));

tempVec[1] = ((water[rI][cI][tI]) / (fiber[rI][cI][tI] + water[rI][cI][tI] + air[rI][cI][tI]));

tempVec[2] = ((air[rI][cI][tI]) / (fiber[rI][cI][tI] + water[rI][cI][tI] + air([rI][cI][tI]));*/

tempVec[0] = fiber[rI][cI][tI];

tempVec[1] = water[rI][cI][tI];

tempVec[2] = air[rI][cI][tI];

if (tempVec[0] > 0.5)

{

fiber [rI][cI][tI] = 1;

water [rI] [cI][tI] = O;

air[rI][cI][tI] = 0;

}
else
{

z0 =
zl =
x0 =
x1 =
xd = 0;

for (int index = 0; index < (lengthInterface - 1); index++)

{

if (tempVec[2] >= waterAir[index + 1][2] && tempVec[2] <= waterAir([index][2] && waterAir[index][2] != 0)
{

z0 = waterAir[index] [2];

z1 = waterAir[index + 1][2];

x0 = waterAir[index] [1];

x1 = waterAir[index + 1][1];

xd = x0 + (((tempVec[2] - 20) / (z1 - z0))*(x1 - x0));

//cout << "Great success dude! xd=\t"<<xd<<"\n";

break;

s

s

if (xd == 0)

{

double minimum = 25;

double minIndex = 1;

for (int index = 0; index < (lengthInterface - 1); index++)

{

if (abs(tempVec[2] - waterAir[index + 1][2])<minimum)

{

minimum = abs(tempVec[2] - waterAir[index + 1]1[2]);

minIndex = index + 1;

}

}

xd = waterAir[minIndex] [1];

//cout << "Big fail dude! xd=\t" << xd <<"\n";
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if (tempVec[1] > xd)
{

fiber [rI] [cI][tI] =
water [rI] [cI][tI] =
air[rI][cI][tI] = O;
}

else

{

fiber [rI][cI][tI] =
water [rI] [cI][tI] =
air[rI][cI][tI] =
¥

¥

}
}
}// end sharpening

A.3 Narrow channels filled with obstacles

#define _USE_MATH_DEFINES

// User defines

// Mathematics stuff
//#define _USE_MATH_DEFINES
//#define WIN32_LEAN_AND_MEAN
// Include headers

#include <SDKDDKVer.h>
#include <windows.h>

#include <stdlib.h>

#include <malloc.h>

#include <memory.h>

#include <tchar.h>

#include <iostream>

#include <string>

#include <cmath>

//#include "engine.h"
#include <fstream>
#include<direct.h>

#include <sstream>

#include <stdio.h>

#include "math.h"
#include<vector>
#include<time.h>

#include <ctime>

#include <chrono>

// Constants
// number 0f
static const
static const
static const
static const
static const
// radius of

pixels

int xDim = 300;

int yDim = 300;

int xDimZoom = 500;
int yDimZoom = 500;
int timeTotal = 300;
sphere

static const
static const
static const
static const

int heightSquare
int lengthSquare
int heightZoom =
int lengthZoom =

=1;
1;

Bl

// step size

double step, tTot, tStep, stepZoom, tStepZoom, tTotZoom;
// x and y indices

double x, y;

// row and column indices

int rI, cI, zI;

// Standard stuff
using std::string;
using namespace std;
using std::vector;

// Declaration of functions

// Save file in folder

void saveFileDirectory(vector<vector<vector<double>>>, int, string, int, int, int);

void cube(vector<vector<double>>&, vector<vector<double>>&, int, int, int, int, int, int);
void laplace(vector<vector<double>>&, vector<vector<double>>&, double, int, int, int, int);
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void eulerForward(vector<vector<vector<double>>>&, int, double, double, double, int, int, int, int);
void sharpening(vect0r<vector<vector<double>>>&, vector<vector<vector<double>>>&, vector<vector<vector<double>>>&, int,
vector<vector<double>>&, int);

struct tm newtime;
__time32_t aclock;

// MAIN PROGRAM

int main()

{

// Working directory

string run;

std::ostringstream eleStrFib;

eleStrFib << xDim;

std::string eleStringFib = eleStrFib.str();
std::ostringstream eleStrFib2;

eleStrFib2 << yDim;

std::string eleStringFib2 = eleStrFib2.str();
std::ostringstream timeStrFib;

timeStrFib << timeTotal;

std::string timeStringFib = timeStrFib.str();

run = ".//20150516FifthTry" + eleStringFib + "Ydim" + eleStringFib2 + "Time" + timeStringFib + "//";
//run = ".//Repetitive//";

//run = ".//newFolder//";
CreateDirectory(run.c_str(), NULL);

string fiberStr = run + "fiber";
CreateDirectory(fiberStr.c_str(), NULL);

string waterStr = run + "water";
CreateDirectory(waterStr.c_str(), NULL);

string airStr = run + "air";
CreateDirectory(airStr.c_str(), NULL);

// Create timefolder

string timeFolderFib = fiberStr + "//timeFolder//";
CreateDirectory(timeFolderFib.c_str(), NULL);
string timeFolderWat = waterStr + "//timeFolder//";
CreateDirectory(timeFolderWat.c_str(), NULL);
string timeFolderAir = airStr + "//timeFolder//";
CreateDirectory(timeFolderAir.c_str(), NULL);

cout << "\tHello there!\n\n\tNow starts the program!\n\n \n\n";
// current date/time based on current system

//Time stuff

char buffer[32];

errno_t errNum;

_time32(&aclock); // Get time in seconds.

_localtime32_s(&newtime, &aclock); // Convert time to struct tm form.

// Print local time as a string.

errNum = asctime_s(buffer, 32, &newtime);
if (errNum)

{

printf ("Error code: %d", (int)errNum);
return 1;

}

printf("Current date and time: %s\n\n", buffer);

//Projection triangle

string diffFiber = run + "//DiffusedFiber//";
CreateDirectory(diffFiber.c_str(), NULL);
string diffWater = run + "//DiffusedWater//";
CreateDirectory(diffWater.c_str(), NULL);
string diffAir = run + "//DiffusedAir//";
CreateDirectory(diffAir.c_str(), NULL);

//Save number of element

std::ofstream outputnuOfEle(run + "xDim.txt");
outputnuOfEle << xDim;

outputnuOfEle.close();

//Save number of element

std::ofstream outputnuOfEle2(run + "yDim.txt");
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outputnuOfEle2 << yDim;

outputnuOfEle2.close();

//Save radius

std::ofstream outputRadius(run + "length.txt");
outputRadius << lengthSquare;
outputRadius.close();

//Save radius

std::ofstream outputRadius2(run + "height.txt");
outputRadius2 << heightSquare;
outputRadius2.close();

// Define mesh

vector<vector<double>>Xplane;
vector<vector<double>>Yplane;
Xplane.resize(yDim + 1);

Yplane.resize(yDim + 1);

for (int rI = 0; rI < (yDim + 1); rI++)

{

Xplane[rI].resize(xDim + 1);
Yplane[rI].resize(xDim + 1);

s

vector<vector<double>>XplaneZoom;
vector<vector<double>>YplaneZoom;
XplaneZoom.resize(yDimZoom + 1);
YplaneZoom.resize(yDimZoom + 1);

for (int rI = 0; rI < (yDimZoom + 1); rI++)
{

XplaneZoom[rI].resize(xDimZoom + 1);
YplaneZoom[rI].resize(xDimZoom + 1);

}

//Step length

step = ((lengthSquare) / ((double)xDim));
std::ofstream outputnuOfEle3(run + "step.txt");
outputnuOfEle3 << step;

outputnuOfEle3.close();

// Assignvalues to mesh

//Save matrices in files

std::ofstream outputX(run + "Xplane.txt");
std::ofstream outputY(run + "Yplane.txt");

for (rI = 0, y = lengthSquare; rI < (yDim + 1); rI++, y -= (step))
{

for (¢I =0, x = 0; cI < (xDim + 1); cI++, x += (step))
{

Xplane[rI][cI] = x;

Yplane[rI][cI] = y;

outputX << Xplane[rI][cI] << " ";

outputY << Yplane[rI][cI] << " ";

}

outputX << "\n";

outputY << "\n";

¥

// Close files

outputX.close();

outputY.close();

//Zoomed in stuff

//Step length

stepZoom = ((lengthZoom) / ((double)xDimZoom)) ;

std::ofstream outputstepZoom(run + "stepZoom.txt");
outputstepZoom << stepZoom;

outputstepZoom.close();

// Assignvalues to mesh

//Save matrices in files

std::ofstream outputXZoom(run + "XplaneZoom.txt");
std::ofstream outputYZoom(run + "YplaneZoom.txt");

for (rI = 0, y = 1; rI < (yDimZoom + 1); rI++, y -= (stepZoom))
{

for (cI = 0, x = 0; cI < (xDimZoom + 1); cI++, x += (stepZoom))
{

XplaneZoom[rI] [cI] = x;

YplaneZoom[rI] [cI] = y;

outputXZoom << XplaneZoom[rI][cI] << " ";

outputYZoom << YplaneZoom[rI][cI] << " ";

outputXZoom << "\n";
outputYZoom << "\n";
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// Close files
outputXZoom.close();
outputYZoom.close();

cout << "Second print\n";

vector<vector<vector<double>>> fiberZoom;
vector<vector<vector<double>>> waterZoom;
vector<vector<vector<double>>> airZoom;
fiberZoom.resize(yDimZoom + 1);
waterZoom.resize(yDimZoom + 1);
airZoom.resize(yDimZoom + 1);

for (int rI = 0; rI < (yDimZoom + 1); rI++)
{

fiberZoom[rI].resize(xDimZoom + 1);
waterZoom[rI].resize(xDimZoom + 1);
airZoom[rI].resize(xDimZoom + 1);

for (int cI = 0; cI < (xDimZoom + 1); cI++)
{

fiberZoom[rI] [cI].resize(2);

waterZoom[rI] [cI].resize(2);
airZoom[rI][cI].resize(2);

¥

¥

cout << "Third print\n";

for (int rI = 0; rI < (yDimZoom + 1); rI++)

{

for (int cI = 0; cI < (xDimZoom + 1); cI++)
{

if (XplaneZoom[rI][cI] <= 0.5)

{

fiberZoom[rI] [cI][0] = 1;
waterZoom[rI][cI][0] = 0;
airZoom[rI] [cI][0] = O
s

if (XplaneZoom([rI][cI] > 0.5)

{

if (YplaneZoom[rI][cI] <= (1 - XplaneZoom[rI][cI]))

fiberZoom[rI] [cI] [0]
waterZoom[rI] [cI][0]
airZoom[rI] [cI][0] = O;

}
if (YplaneZoom[rI][cI] > (1 - XplaneZoom[rI][cI]))
{

fiberZoom[rI] [cI] [0]
waterZoom[rI] [cI][0]
airZoom[rI] [cI][0] = 1;
}

¥
}
¥
cout << "Fourth print\n";

saveFileDirectory(fiberZoom, 0, diffFiber, 0, xDimZoom, yDimZoom) ;
saveFileDirectory(waterZoom, 0, diffWater, O, xDimZoom, yDimZoom) ;
saveFileDirectory(airZoom, 0, diffAir, 0, xDimZoom, yDimZoom);

// Allocate Memory fibermatrix.
//vector<vector<vector<double>>>fiber ((yDim + 1), vector<vector<double>>((xDim + 1), vector<double>(2)));
vector<vector<vector<double>>> fiber;
vector<vector<vector<double>>> water;
vector<vector<vector<double>>> air;
fiber.resize(yDim + 1);
water.resize(yDim + 1);

air.resize(yDim + 1);

for (int rI = 0; rI < (yDim + 1); rI++)
{

fiber[rI].resize(xDim + 1);

water [rI].resize(xDim + 1);
air[rI].resize(xDim + 1);

for (int cI = 0; cI < (xDim + 1); cI++)

fiber [rI][cI].resize(2);

water [rI] [cI].resize(2);
air[rI] [cI].resize(2);
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[

// Define timeSteps

tStepZoom = ((stepZoom*stepZoom) / (10));
tTotZoom = 3500 * tStepZoom;

// Save all the variables above

// save tStep

std::ofstream outputtStepl(run + "tStepZoom.txt");
outputtStepl << tStepZoom;

outputtStepl.close();

// Save tTot

std::ofstream outputtTot2step3(run + "tTotZoom.txt");
outputtTot2step3 << tTotZoom;
outputtTot2step3.close();

double minEleX, minEleXSigned, minEleY, minEleYSigned, diffX, diffY, minDiffX, minDiffY;
minDiffX = 25;

minDiffY = 25;

for (int index = 0; index < (xDimZoom + 1); index++)

{

diffX = XplaneZoom[1] [index] - 0.5;

//cout << "Difference X:\t" << diffX << "\n";

if (abs(diffX) < minDiffX)

{

minEleX = abs(XplaneZoom[1] [index]);

minEleXSigned = XplaneZoom[1] [index];

minDiffX = abs(diffX);

//cout << "Minimal element:\t" << minEleXSigned << "\mn";
s

s

for (int index = 0; index < (yDimZoom + 1); index++)
{

diffY = YplaneZoom[index][1] - 0.5;

//cout << "Difference Y:\t" << diffY << "\n";

if (abs(diffY) < minDiffY)

{

minEleY = abs(YplaneZoom[index][1]);

minEleYSigned = YplaneZoom[index][1];

minDiffY = abs(diffY);

//cout << "Minimal element:\t" << minEleYSigned << "\n";

}

cout << "Minimal value X:\t" << minEleXSigned << "\n";
cout << "Minimal value Y:\t" << minEleYSigned << "\n";

// Number of edge elements
int fibWat = 0;
int fibAir = 0;
int watAir = 0;

for (int rI = 1; rI < (yDimZoom + 1); rI++)

{

for (int cI = 0; cI < (xDimZoom + 1); cI++)

{

// Interface fiber air

if (XplaneZoom[rI][cI] == minEleXSigned && YplaneZoom[rI][cI] >= minEleYSigned && YplaneZoom[rI][cI] <= 0.7)
{

fibAir++;

s

// Interface fiber water

if (XplaneZoom[rI][cI] == minEleXSigned && YplaneZoom[rI][cI] <= minEleYSigned && YplaneZoom[rI][cI] > 0.2)
{

fibWat++;

s

// Interface water air

if (YplaneZoom[rI][cI] <= (1 - XplaneZoom[rI][cI])

&& YplaneZoom[rI - 1][cI] > (1 - XplaneZoom[rI][cI])

&& XplaneZoom[rI] [cI] >= minEleXSigned && XplaneZoom[rI][cI] <= 0.8)
{

watAir++;

}

}

}
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std::ofstream outputtStepfibWat(run + "fibWatInt.txt");
outputtStepfibWat << fibWat;

outputtStepfibWat.close();

// Save tTot

std::ofstream outputtTot2stepfibAir(run + "fibAirInt.txt");
outputtTot2stepfibAir << fibAir;
outputtTot2stepfibAir.close();

std::ofstream outputtTot2stepwatdir(run + "watAirInt.txt");
outputtTot2stepwatAir << wathir;
outputtTot2stepwatlir.close();

vector<vector<double>>fibWatVec((fibWat), vector<double>(2));
vector<vector<double>>fibAirVec((fibAir), vector<double>(2));
vector<vector<double>>watAirVec((watAir), vector<double>(2));
int indexFibWat = 0;
int indexFibAir = 0;
int indexWatAir = 0;

for (int rI = 1; rI < (yDimZoom + 1); rI++)

{

for (int cI = 0; cI < (xDimZoom + 1); cI++)

{

// Interface fiber air

if (XplaneZoom[rI][cI] == minEleXSigned && YplaneZoom[rI][cI] >= minEleYSigned && YplaneZoom[rI][cI] <= 0.7)
{

fibAirVec[indexFibAir] [0] = rI;

fibAirVec[indexFibAir] [1] cI;

indexFibAir++;

s

// Interface fiber water

if (XplaneZoom[rI][cI] == minEleXSigned && YplaneZoom[rI][cI] <= minEleYSigned && YplaneZoom[rI][cI] > 0.2)
{

fibWatVec[indexFibWat] [0] = rI;

fibWatVec [indexFibWat] [1] cI;

indexFibWat++;

s

// Interface water air

if (YplaneZoom[rI][cI] <= (1 - XplaneZoom[rI][cI])

&& YplaneZoom[rI - 1][cI] > (1 - XplaneZoom[rI][cI])

&& XplaneZoom[rI][cI] >= minEleXSigned && XplaneZoom[rI][cI] <= 0.8)
{

watAirVec[indexWatAir] [0] = rI;

watAirVec[indexWatAir] [1] = cI;

indexWatAir++;

}
}

vector<vector<double>>fibWatIntVec((fibWat), vector<double>(3));
vector<vector<double>>fibAirIntVec((fibAir), vector<double>(3));
vector<vector<double>>watAirIntVec((watAir + 1), vector<double>(3));

cout << "Now starts short Euler\n";

_time32(&aclock); // Get time in seconds.

_localtime32_s(&newtime, &aclock); // Convert time to struct tm form.
errNum = asctime_s(buffer, 32, &newtime);

if (errNum)

{

printf ("Error code: %d", (int)errNum);

return 1;

}

printf("Current date and time: %s\n\n", buffer);

eulerForward(fiberZoom, 1, tTotZoom, stepZoom, tStepZoom, 1, 1, xDimZoom, yDimZoom);
eulerForward(waterZoom, 1, tTotZoom, stepZoom, tStepZoom, 1, 1, xDimZoom, yDimZoom);
eulerForward(airZoom, 1, tTotZoom, stepZoom, tStepZoom, 1, 1, xDimZoom, yDimZoom);

for (int index = 0; index < (fibWat - 1); index++)

{

fibWatIntVec[index] [0] = fiberZoom[fibWatVec[index][0]] [fibWatVec[index][1]][1];
fibWatIntVec[index] [1] = waterZoom[fibWatVec[index] [0]] [fibWatVec[index] [1]][1];
fibWatIntVec[index] [2] = airZoom[fibWatVec[index] [0]] [fibWatVec [index] [1]1]1[1];

}

for (int index = 0; index < (fibAir - 1); index++)

{
fibAirIntVec[index] [0] = fiberZoom[fibAirVec[index][0]] [fibAirVec[index][1]1][1];
fibAirIntVec[index] [1] = waterZoom[fibAirVec[index][0]] [fibAirVec[index][1]][1];
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fibAirIntVec[index] [2] = airZoom[fibAirVec[index] [0]] [fibAirVec[index] [1]11[1];
¥

for (int index = 0; index < (watAir - 1); index++)

{

watAirIntVec[index] [0] = ((fiberZoom[watAirVec[index] [0]] [watAirVec[index][1]]1[1] + fiberZoom[watAirVec[index] [0] + 1] [watAirVec[index][111[11) / (2));
watAirIntVec[index] [1] = ((waterZoom([watAirVec[index] [0]] [watAirVec[index][1]]1[1] + waterZoom[watAirVec[index][0] + 1] [watAirVec([index][1]11[1]) / (2));
watAirIntVec[index] [2] = ((airZoom[watAirVec[index] [0]] [watAirVec[index][1]]1[1] + airZoom[watAirVec[index][0] + 1] [watAirVec[index][1]11[11) / (2));

}

fibWatIntVec[0] [0] = fibWatIntVec[1][0];
fibWatIntVec[0] [1] = fibWatIntVec[1][1];
fibWatIntVec[0] [2] = fibWatIntVec[1][2];
fibAirIntVec[0][0] = fibAirIntVec[1][0];
fibAirIntVec[0]1[1] = fibAirIntVec[1]1[1];
fibAirIntVec[0]1[2] = fibAirIntVec[1][2];

cout << "Finished! Let us organize the suckers!\n";

// Organize them based on fiber column

// Fiber Water

for (int i = 0; i < fibWat; ++i)

for (int j = 0; j < i; ++j)

if (f£ibWatIntVec[j1[0] > fibWatIntVec[il[0])
std: :swap(fibWatIntVec[i], fibWatIntVec[jl);
// Fiber Air

for (int i = 0; i < fibAir; ++i)

for (int j = 0; j < i; ++j)

if (fibAirIntVec[j]1[0] > fibAirIntVec[i][0])
std::swap(fibAirIntVec[i], fibAirIntVec[jl);
// Water Air

for (int i = 0; i < watAir; ++i)

for (int j = 0; j < i; ++j)

if (watAirIntVec[j][0] > watAirIntVec[i] [0])
std: :swap(watAirIntVec[i], watAirIntVec[jl);

cout << "Save ’em!\n";
std::ofstream outputFibWat(run + "fibWat.txt");
for (int i = 0; i < (fibWat - 1); i++)

outputFibWat << fibWatIntVec[i][0] << "\t" << fibWatIntVec[i][1] << "\t" << fibWatIntVec[i][2] << "\n";
}

outputFibWat.close();

std::ofstream outputFibAir(run + "fibAir.txt");

for (int i = 0; i < (fibAir - 1); i++)

{

outputFibAir << fibAirIntVec[i][0] << "\t" << fibAirIntVec[i][1] << "\t" << fibAirIntVec[i][2] << "\n";
¥

outputFibAir.close();

double aFib = watAirIntVec[watAir - 1][0];

double aAir = watAirIntVec[watAir - 1][2];

double bFib = watAirIntVec[watAir - 2][0];

double bAir = watAirIntVec[watAir - 2] [2];

double airHej = aAir + ((0.5 - aFib) / (bFib - aFib))*(bAir - alir);
double fibHej = 0.5;

double watHej = 1 - fibHej - airHej;

watAirIntVec[watAir] [0] = fibHej;
watAirIntVec[watAir] [1] = watHej;
watAirIntVec[watAir] [2] = airHej;

// Water Air

for (int i = 0; i < watAir; ++i)

for (int j = 0; j < i; ++j)

if (watAirIntVec[j][0] > watAirIntVec[i] [0])
std: :swap(watAirIntVec[il], watAirIntVec[jl);

std::ofstream outputwatAir(run + "watAir.txt");

for (int i = 0; i < watAir; i++)

{

outputwatAir << watAirIntVec[i][0] << "\t" << watAirIntVec[i][1] << "\t" << watAirIntVec[i][2] << "\n";
}

outputwatAir.close();
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cout << "QOkay! Now a projection triangle is formed, let us move on!\n";
_time32(&aclock); // Get time in seconds.

_localtime32_s(&newtime, &aclock); // Convert time to struct tm form.
errNum = asctime_s(buffer, 32, &newtime);

if (errNum)

{

printf ("Error code: %d", (int)errNum);

return 1;

¥

printf("Current date and time: %s\n\n", buffer);

// Initialize fiberMatrix.

//Loop through matrix

//std::ofstream outputFib(timeFolder + "O.txt");
for (int rI = 0; rI < (yDim + 1); rI++)

{

for (int cI = 0; cI < (xDim + 1); cI++)

{

if (Xplane[rI][cI]<0.25)

fiber [rI][cI][0] = 1;
water [rI][cI][0] = O;
air[rI][cI1[0] = O;

¥
if (Xplane([rI][cI]>0.75)
{

fiber [rI][cI][0] =
water [rI][cI][0] =
air[rIl[cI1[0] = O;
s

if (((Xplane[rI][cI] - 0.6)*(Xplane[rI][cI] - 0.6)) + ((Yplane[rI][cI] - 0.35)*(Yplane[rI][cI] - 0.35))<(0.1%0.1))
{

fiber[rI] [cI][0] =
water [rI][cI][0] =
air[rI][cI][0] = O;
s

if (((Xplane[rI][cI] - 0.4)*(Xplane[rI][cI] - 0.4)) + ((Yplane[rI]([cI] - 0.5)*(Yplane[rI][cI] - 0.5))<(0.1%0.1))
{

fiber [rI][cI][0]
water [rI] [cI][0]
air[rI][cI][0] =
}

if (((Xplane[rI][cI] - 0.6)*(Xplane[rI][cI] - 0.6)) + ((Yplane[rI][cI] - 0.65)*(Yplane[rI][cI] - 0.65))<(0.1%0.1))
{

1;
0;

o nn

fiber[rI] [cI] (0]
water [rI][cI][0]
air[rI][cI][0] =
}

if (((Xplane[rI][cI] - 0.4)*(Xplane[rI][cI] - 0.4)) + ((Yplane[rI][cI] - 0.8)*(Yplane[rI][cI] - 0.8))<(0.1x0.1))
{

o

fiber [rI][cII[0] = 1;

water [rI] [cI][0] = O;

air[rI][cI][0] = O;

}

if (((Xplane[rI][cI] - 0.6)*(Xplane[rI][cI] - 0.6)) + ((Yplane[rI][cI] - 0.95)(Yplane[rI][cI] - 0.95))<(0.1%0.1))
{

fiber [rI][cI][0] = 1;

water [rI] [cI][0] = O;

o nn

air[rI][cI][0] =
¥

//Rest of crap &nna!
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if (fiber[rI][cI]1[0] == 0)
{
if (Yplane[rI][cI] < 0.2)

fiber [rI] [cI][0] = O;
water [rI][cI][0] = 1;
air[rI][cI][0] = 0;

}

else

{

fiber [rI][cI][0] = 0;
water [rI] [cI][0] = 0;
air[rIl[cI1[0] = 1;

}

¥
¥
¥

//outputFib.close();

saveFileDirectory(fiber, 0, timeFolderFib, O, xDim, yDim);
saveFileDirectory(water, 0, timeFolderWat, O, xDim, yDim);
saveFileDirectory(air, 0, timeFolderAir, 0, xDim, yDim);

//Step length

step = ((lengthSquare) / ((double)xDim));
std::ofstream outputnuOfEle39(run + "step.txt");
outputnuOfEle39 << step;
outputnu0fEle39.close();

// Define timeSteps

tStep = ((stepkstep) / (10));

tTot = 300 * tStep;

// Save all the variables above

// save tStep

std::ofstream outputtStep22(run + "tStep.txt");
outputtStep22 << tStep;

outputtStep22.close();

// Save tTot

std::ofstream outputtTot2step32(run + "tTot.txt");
outputtTot2step32 << tTot;
outputtTot2step32.close();

// REAL PROGRAM STARTS

for (int tI = 1; tI < (timeTotal + 1); tI++)

{

// EULER FORWARD!!!

// FIBER

eulerForward(fiber, 1, tTot, step, tStep, 0, 1, xDim, yDim);
cout << "\t\t\tFiber Ready!\n";

eulerForward(water, 1, tTot, step, tStep, 0, 1, xDim, yDim);
cout << "\t\t\tWater Ready!\n";

eulerForward(air, 1, tTot, step, tStep, 0, 1, xDim, yDim);
cout << "\t\t\tAir Ready!\n";

saveFileDirectory(fiber, 1, diffWater, tI, xDim, yDim);
saveFileDirectory(water, 1, diffFiber, tI, xDim, yDim);
saveFileDirectory(air, 1, diffAir, tI, xDim, yDim);

sharpening(fiber, water, air, 1, watAirIntVec, watAir);
saveFileDirectcry(fiber, 1, timeFolderFib, tI, xDim, yDim);
saveFileDirectory(water, 1, timeFolderWat, tI, xDim, yDim);
saveFileDirectory(air, 1, timeFolderAir, tI, xDim, yDim);
// Change values of first vector

for (int rI = 0; rI < (yDim + 1); rI++)

{

for (int cI = 0; cI < (xDim + 1); cI++)
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fiber [rI] [cI][0] = fiber[rI][cI][1];

water [rI] [cI][0] = water[rI][cI][1];

air[rI][cI1[0] = airl[rI][cI][1];

s

s

_time32(&aclock) ; // Get time in seconds.
_localtime32_s(&newtime, &aclock); // Convert time to struct tm form.
cout << "\nTime step\t" << tI << "\tof\t" << timeTotal << "\n"
errNum = asctime_s(buffer, 32, &newtime);

if (errNum)

{

printf ("Error code: %d", (int)errNum);

return 1;

}

printf("Current date and time: %s\n\n", buffer);

¥

// End of program
cout << "Program worked hey?! \n\n\n\n";
return O;

}

// FUNCTION SAVE FILE DIRECTORY

void saveFileDirectory(vector<vector<vector<doub1e>>> ARRAY, int tI, string directory, int time, int xDim, int yDim)
{

//std::string folder = ".//£ib0";
//CreateDirectory(directory.c_str(), NULL);

std::ostringstream ostr;

ostr << time;

std::string theNumberString = ostr.str();

st string end = ".txt";

std::string fileFolder = directory + "//t" + theNumberString + end;
std::ofstream output(fileFolder);

for (int rI = 0; rI < (yDim + 1); rI++)

for (int cI = 0; cI < (xDim + 1); cI++)
{

output << ARRAY[rI][cI][tI] << " ";

}

output << "\n";

s

output.close();

s

// Void cube

void cube(vector<vector<double>>& cube, vector<vector<double>>& lpMat, int rI, int cI, int neumannX, int neumanny,
int xDim, int yDim)

{

int yTemp, xTemp;

for (int x = 0; x < 3; x++)
{

for (int y = 0; y < 3; y++)
{

xTemp = cI - 1 + x;

yTemp = rI - 1 + y;

if (yTemp == (yDim + 1))

{

if (neumannY == 1)
{

yTemp = yDim;

s

if (neumannY == 0)
{

yTemp = 03

¥

¥

if (yTemp == -1)

{

if (neumannY == 1)
{

yTemp = 03
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¥

if (neumannY == 0)

{

yTemp = yDim;

}

}

if (xTemp == (xDim + 1))
{

if (neumannX == 1)

xTemp = xDim;

}

if (neumannX == 0)
{

xTemp = 03

s

s

if (xTemp == -1)

{

if (neumannX == 1)
{

xTemp = 03

s

if (neumannX == 0)
{

xTemp = xDim;

}
}
cube[y] [x] = 1lpMat[yTemp] [xTemp] ;

}

}// end cube function

// Void function Laplace
void laplace(vector<vector<double>>& lpMat, vector<vector<double>>& inputMat, double step, int neumannX, int neumanny,
int xDim, int yDim)

// Allocate memory for the sums

double cornerSum, faceSum, nom;

// Create a cube 3x3x3

//vector<vector<vector<double>>>cubeTemp((3), vector<vector<double>>((3), vector<double>(3)));

// Create a cube 3x3x3
vector<vector<double>>cubeTemp;
cubeTemp.resize(3);

for (int index = 0; index < 3; index++)
{

cubeTemp [index] .resize(3);

¥
//LO0OPS

for (int rI = 0; rI < (yDim + 1); rI++)
{
for (int cI = 0; cI < (xDim + 1); cI++)

cube(cubeTemp, inputMat, rI, cI, neumannX, neumannY, xDim, yDim);

// Calculate stuff

// FACES

faceSum = cubeTemp[1][2] + cubeTemp[1][0] + //Right + Left

cubeTemp[2] [1] + cubeTemp[0][1]; // Forward + Backward

// EDGES

cornerSum = cubeTemp[2] [2] + cubeTemp[2][0] + //ForwardRight + ForwardLeft
cubeTemp [0] [2] + cubeTemp[0] [0]; //BackwardRight + BackwardLeft

nom = ((2 * faceSum) / (3)) + ((cornerSum) / (6)) - ((10 * inputMat[rI][cI]) / (3));
// Laplace matrix

1pMat [rI][cI] = ((nom) / (step*step));

//cout <<"Laplace matrix:\t" <<lpMat[rI][cI]<<"\n";

s

}

}

// Euler Forward!
void eulerForward(vector<vector<vector<double>>>& afterMat, int timeIndex, double tTot, double step, double tStep, int neumannX, int neumannY,
int xDim, int yDim)
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{

//Create temporary vector beforeMat
vector<vector<double>> beforeMat;
beforeMat.resize(yDim + 1);

for (int rI = 0; rI < (yDim + 1); rI++) {
beforeMat [rI].resize(xDim + 1);

¥

// Initialiaze beforeMat to initialMat

for (int rI = 0; rI < (yDim + 1); rI++)

{

for (int cI = 0; cI < (xDim + 1); cI++)

{

beforeMat [rI] [cI] = afterMat[rI][cI][timeIndex - 1];
s

s

// Euler loops: one for time, one for each

//spatial dimension

for (double tI = 0; tI < (tTot + tStep); tI += tStep)
{

vector<vector<double>> 1lpTemp;

1pTemp.resize(yDim + 1);

for (int rI = 0; rI < (yDim + 1); rI++) {
1pTemp[rI].resize(xDim + 1);

laplace(1pTemp, beforeMat, step, neumannX, neumannY, xDim, yDim);

for (int rI = 0; rI < (yDim + 1); rI++)

{

for (int cI = 0; cI < (xDim + 1); cI++)

{

afterMat [rI] [cI] [timeIndex] = beforeMat[rI][cI] + tStepxlpTemp[rI][cI];
beforeMat [rI] [cI] = afterMat[rI][cI][timeIndex];
s

s

1pTemp.erase(1pTemp.begin(), lpTemp.end());
//1pTemp.shrink_to_fit();

1pTemp.clear();

s

beforeMat .erase (beforeMat.begin(), beforeMat.end());
//beforeMat .shrink_to_fit();

beforeMat.clear();

}// end Euler

// SHARPENING FUNCTION

// SHARPENING FUNCTION

//void sharpening(vector<vector<vector<vector<double>>>>& input, int tI, double threshold)

void sharpening(vector<vector<vector<double>>>& fiber, vector<vector<vector<double>>>& water, vector<vector<vector<double>>>& air, int tI,
vector<vector<double>>& waterAir, int lengthInterface)

{

double z0, z1, x0, x1, xd;

for (int rI = 0; rI < (yDim + 1); rI++)

{

for (int cI = 0; cI < (xDim + 1); cI++)

{

vector<double>tempVec(3) ;

/*tempVec[0] = fiber[rI][cI][zI][tI];

tempVec[1] = water [rI][cI][zI][tI];

tempVec[2] = air[rI][cI][zI][tI];*/

/*tempVec[0] = ((fiber[rI][cI][tI]) / (fiber[rI][cI][tI] + water[rI][cI][tI] + air[rI][cI][tI]));

tempVec[1] = ((water[rI][cI][tI]) / (fiber[rI][cI][tI] + water[rI][cI][tI] + air([rI][cI][tI]));

tempVec[2] = ((air[rI][cI][tI]) / (fiber[rI][cI][tI] + water[rI][cI][tI] + air[rI][cI][tI]));*/

tempVec[0] = fiber[rI][cI][tI];

tempVec[1] = water[rI][cI][tI];

tempVec[2] = air[rI][cI][tI];

//if (tempVec[0] > 0.5)

if (fiber[rI][cII[0] == 1)

{

fiber [rI] [cI][tI]
water [rI] [cI][tI]
air[rI][cI][tI] =
¥
else
{
z0 =
zl =
x0 =
x1 =
xd =
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for (int index = 0; index < (lengthInterface - 1); index++)
{

if (tempVec[2] >= waterAir([index + 1][2] && tempVec[2] <= waterAir[index][2] && waterAir[index][2] != 0)
{

2z0 = waterAir[index] [2];

z1 = waterAir[index + 1][2];

x0 = waterAir[index][1];

x1 = waterAir[index + 1][1];

xd = x0 + (((tempVec[2] - 20) / (z1 - z0))*(x1 - x0));
//cout << "Great success dude! xd=\t" << xd << "\n";

break;

¥

¥

if (xd == 0)

{

double minimum = 25;

double minIndex = 1;

for (int index = 0; index < (lengthInterface - 1); index++)
{

if (abs(tempVec[2] - waterAir[index + 1][2])<minimum)

{

minimum = abs(tempVec[2] - waterAir[index + 1]1[2]);
minIndex = index + 1;

}

}

xd = waterAir[minIndex] [1];

//cout << "Big fail dude! xd=\t" << xd << "\n";

}

if (tempVec[1] > xd)

fiber [rI] [cI][tI] = 0;
water [rI] [cI][tI] = 1;
air[rI][cI][tI] = O;
}

else

{

fiber [rI] [cI][tI] =
water [rI][cI][tI] = O;
air[rI][cI][tI] = 1
}

}

o

}
}
}// end sharpening

A.4 Labyrinth simulation

#define _USE_MATH_DEFINES

// User defines

// Mathematics stuff
//#define _USE_MATH_DEFINES
//#define WIN32_LEAN_AND_MEAN
// Include headers

#include <SDKDDKVer.h>
#include <windows.h>

#include <stdlib.h>

#include <malloc.h>

#include <memory.h>

#include <tchar.h>

#include <iostream>

#include <string>

#include <cmath>

//#include "engine.h"
#include <fstream>
#include<direct.h>

#include <sstream>

#include <stdio.h>

#include "math.h"
#include<vector>
#include<time.h>

#include <ctime>

#include <chrono>

// Constants

// number Of pixels

static const int xDim = 600;
static const int yDim = 600;
static const int xDimZoom = 500;
static const int yDimZoom = 500;
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static const int timeTotal = 300;
// radius of sphere

static const int heightSquare
static const int lengthSquare
static const int heightZoom =
static const int lengthZoom =
// step size

double step, tTot, tStep, stepZoom, tStepZoom, tTotZoom;
// x and y indices

double x, y;

// row and column indices

int rI, cI, zI;

o

// Standard stuff
using std::string;
using namespace std;
using std::vector;

// Declaration of functions

// Save file in folder

void saveFileDirectory(vector<vector<vector<double>>>, int, string, int, int, int);

void cube(vector<vector<double>>&, vector<vector<double>>&, int, int, int, int, int, int);

void laplace(vector<vector<double>>&, vector<vector<double>>&, double, int, int, int, int);

void eulerForward(vector<vector<vector<double>>>&, int, double, double, double, int, int, int, int);

void sharpening(vector<vector<vector<double>>>&, vector<vector<vector<double>>>&, vector<vector<vector<double>>>&, int,
vector<vector<double>>&, int);

struct tm newtime;
__time32_t aclock;

// MAIN PROGRAM

int main()

{

// Working directory

string run;

std::ostringstream eleStrFib;

eleStrFib << xDim;

std::string eleStringFib = eleStrFib.str();
std::ostringstream eleStrFib2;

eleStrFib2 << yDim;

std::string eleStringFib2 = eleStrFib2.str();
std::ostringstream timeStrFib;

timeStrFib << timeTotal;

std::string timeStringFib = timeStrFib.str();

run = ".//20150529CreepyLabyrinthThirdTry" + eleStringFib + "Ydim" + eleStringFib2 + "Time" + timeStringFib + "//";
//run = ".//Repetitive//";
//run = ".//newFolder//";

CreateDirectory(run.c_str(), NULL);

string fiberStr = run + "fiber";
CreateDirectory(fiberStr.c_str(), NULL);

string waterStr = run + "water";
CreateDirectory(waterStr.c_str(), NULL);

string airStr = run + "air";
CreateDirectory(airStr.c_str(), NULL);

// Create timefolder

string timeFolderFib = fiberStr + "//timeFolder//";
CreateDirectory(timeFolderFib.c_str(), NULL);
string timeFolderWat = waterStr + "//timeFolder//";
CreateDirectory(timeFolderWat.c_str(), NULL);
string timeFolderAir = airStr + "//timeFolder//";
CreateDirectory(timeFolderAir.c_str(), NULL);

cout << "\tHello there!\n\n\tNow starts the program!\n\n \n\n";
// current date/time based on current system

//Time stuff

char buffer[32];

errno_t errNum;

_time32(&aclock); // Get time in seconds.

_localtime32_s(&newtime, &aclock); // Convert time to struct tm form.

// Print local time as a string.

errNum = asctime_s(buffer, 32, &newtime);
if (errNum)

133



A.4. LABYRINTH SIMULATION APPENDIX A. C++ CODE

{

printf ("Error code: %d", (int)errNum);
return 1;

s

printf("Current date and time: %s\n\n", buffer);

//Projection triangle

string diffFiber = run + "//DiffusedFiber//";
CreateDirectory(diffFiber.c_str(), NULL);
string diffWater = run + "//DiffusedWater//";
CreateDirectory(diffWater.c_str(), NULL);
string diffAir = run + "//DiffusedAir//";
CreateDirectory(diffAir.c_str(), NULL);

//Save number of element

std::ofstream outputnuOfEle(run + "xDim.txt");
outputnuOfEle << xDim;

outputnuOfEle.close();

//Save number of element

std::ofstream outputnuOfEle2(run + "yDim.txt");
outputnuOfEle2 << yDim;

outputnuOfEle2.close();

//Save radius

std::ofstream outputRadius(run + "length.txt");
outputRadius << lengthSquare;
outputRadius.close();

//Save radius

std::ofstream outputRadius2(run + "height.txt");
outputRadius2 << heightSquare;
outputRadius2.close();

// Define mesh

vector<vector<double>>Xplane;
vector<vector<double>>Yplane;
Xplane.resize(yDim + 1);

Yplane.resize(yDim + 1);

for (int rI = 0; rI < (yDim + 1); rI++)

{

Xplane[rI].resize(xDim + 1);
Yplane[rI].resize(xDim + 1);

¥

vector<vector<double>>XplaneZoom;
vector<vector<double>>YplaneZoom;
XplaneZoom.resize(yDimZoom + 1);
YplaneZoom.resize(yDimZoom + 1);

for (int rI = 0; rI < (yDimZoom + 1); rI++)
{

XplaneZoom[rI].resize(xDimZoom + 1);
YplaneZoom[rI].resize(xDimZoom + 1);

}

//Step length

step = ((lengthSquare) / ((double)xDim));
std::ofstream outputnuOfEle3(run + "step.txt");
outputnuOfEle3 << step;

outputnuOfEle3.close();

// Assignvalues to mesh

//Save matrices in files

std::ofstream outputX(run + "Xplane.txt");
std::ofstream outputY(run + "Yplane.txt");

for (rI = 0, y = lengthSquare; rI < (yDim + 1); rI++, y -= (step))
{

for (cI =0, x = 0; cI < (xDim + 1); cI++, x += (step))
{

Xplane[rI] [cI] = x;
Yplane[rI][cI] = y;

outputX << Xplane[rI][cI] << " ";
outputY << Yplane[rI][cI] << " ";
s

outputX << "\n";

outputY << "\n";

s

// Close files

outputX.close();

outputY.close();

//Zoomed in stuff
//Step length

stepZoom = ((lengthZoom) / ((double)xDimZoom)) ;
std::ofstream outputstepZoom(run + "stepZoom.txt");
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outputstepZoom << stepZoom;

outputstepZoom.close();

// Assignvalues to mesh

//Save matrices in files

std::ofstream outputXZoom(run + "XplaneZoom.txt");

st ofstream outputYZoom(run + "YplaneZoom.txt");

for (rI = 0, y = 1; rI < (yDimZoom + 1); rI++, y -= (stepZoom))
{

for (cI = 0, x = 0; cI < (xDimZoom + 1); cI++, x += (stepZoom))

XplaneZoom[rI] [cI] = x;
YplaneZoom[rI][cI] = y;

outputXZoom << XplaneZoom[rI][cI] << " ";
outputYZoom << YplaneZoom[rI][cI] << " ";
s

outputXZoom << "\n";

outputYZoom << "\n";

s

// Close files

outputXZoom.close();

outputYZoom.close();

cout << "Second print\n";

vector<vector<vector<double>>> fiberZoom;
vector<vector<vector<double>>> waterZoom;
vector<vector<vector<double>>> airZoom;
fiberZoom.resize(yDimZoom + 1);
waterZoom.resize(yDimZoom + 1);
airZoom.resize(yDimZoom + 1);

for (int rI = 0; rI < (yDimZoom + 1); rI++)
{

fiberZoom[rI].resize(xDimZoom + 1);
waterZoom[rI].resize(xDimZoom + 1);
airZoom[rI].resize(xDimZoom + 1);

for (int cI = 0; cI < (xDimZoom + 1); cI++)
{

fiberZoom[rI] [cI].resize(2);

waterZoom[rI] [cI].resize(2);

airZoom[rI] [cI].resize(2);

¥

¥

cout << "Third print\n";
for (int rI = 0; rI < (yDimZoom + 1); rI++)

for (int cI = 0; cI < (xDimZoom + 1); cI++)
{

if (XplaneZoom[rI][cI] <= 0.5)

{

fiberZoom[rI] [cI][0] = 1;

waterZoom[rI] [cI][0] = 0;

airZoom[rI] [cI][0] = O;

}

if (XplaneZoom([rI][cI] > 0.5)

{

if (YplaneZoom[rI][cI] <= ((3 - (4 * XplaneZoom[rI][cI])) / (2)))
{

fiberZoom[rI] [cI][0] = 0;

waterZoom[rI] [cI][0] = 1;

airZoom[rI] [cI][0] = O;

}

if (YplaneZoom[rI][cI] > ((3 - (4 * XplaneZoom[rI][cI])) / (2)))
{

fiberZoom[rI] [cI1[0] = 0;

waterZoom[rI] [cI][0] = 0;

airZoom[rI] [cI][0] = 1;

}

¥
}
}
cout << "Fourth print\n";

saveFileDirectory(fiberZoom, 0, diffFiber, 0, xDimZoom, yDimZoom) ;
saveFileDirectory(waterZoom, 0, diffWater, O, xDimZoom, yDimZoom) ;
saveFileDirectory(airZoom, 0, diffAir, O, xDimZoom, yDimZoom);
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// Allocate Memory fibermatrix.

//vector<vector<vector<double>>>fiber ((yDim + 1), vector<vector<double>>((xDim + 1), vector<double>(2)));
vector<vector<vector<double>>> fiber;

vector<vector<vector<double>>> water;

vector<vector<vector<double>>> air;

fiber.resize(yDim + 1);

water.resize(yDim + 1);

air.resize(yDim + 1);

for (int rI = 0; rI < (yDim + 1); rI++)

fiber[rI].resize(xDim + 1);

water [rI].resize(xDim + 1);
air[rI].resize(xDim + 1);

for (int cI = 0; cI < (xDim + 1); cI++)
{

fiber [rI] [cI].resize(2);

water [rI] [cI].resize(2);
air[rI][cI].resize(2);

s

s

// Define timeSteps

tStepZoom = ((stepZoom*stepZoom) / (10));

tTotZoom = 3500 * tStepZoom;

// Save all the variables above

// save tStep

std::ofstream outputtStepl(run + "tStepZoom.txt");
outputtStepl << tStepZoom;

outputtStepl.close();

// Save tTot

std::ofstream outputtTot2step3(run + "tTotZoom.txt");
outputtTot2step3 << tTotZoom;
outputtTot2step3.close();

double minEleX, minEleXSigned, minEleY, minEleYSigned, diffX, diffY, minDiffX, minDiffY;
minDiffX = 25;

minDiffY = 25;

for (int index = 0; index < (xDimZoom + 1); index++)

{

diffX = XplaneZoom[1] [index] - 0.5;

//cout << "Difference X:\t" << diffX << "\n";

if (abs(diffX) < minDiffX)

{

minEleX = abs(XplaneZoom[1] [index]);

minEleXSigned = XplaneZoom[1] [index];

minDiffX = abs(diffX);

//cout << "Minimal element:\t" << minEleXSigned << "\mn";
s

s

for (int index = 0; index < (yDimZoom + 1); index++)

{

diffY = YplaneZoom[index][1] - 0.5;

//cout << "Difference Y:\t" << diffY << "\n";

if (abs(diffY) < minDiffY)

{

minEleY = abs(YplaneZoom[index][1]);

minEleYSigned = YplaneZoom[index][1];

minDiffY = abs(diffY);

//cout << "Minimal element:\t" << minEleYSigned << "\n";
}

}

cout << "Minimal value X:\t" << minEleXSigned << "\n";
cout << "Minimal value Y:\t" << minEleYSigned << "\n";

// Number of edge elements
int fibWat = 0;
int fibAir = 0;
int watAir = 0;

for (int rI = 1; rI < (yDimZoom + 1); rI++)
{

for (int cI = 0; cI < (xDimZoom + 1); cI++)

// Interface fiber air
if (XplaneZoom[rI][cI] == minEleXSigned && YplaneZoom[rI][cI] >= minEleYSigned && YplaneZoom[rI][cI] <= 0.7)
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fibAir++;

¥

// Interface fiber water

if (XplaneZoom[rI][cI] == minEleXSigned && YplaneZoom[rI][cI] <= minEleYSigned && YplaneZoom[rI][cI] > 0.2)
{

fibWat++;

// Interface water air

if (YplaneZoom[rI][cI] <= ((3 - (4 * XplaneZoom[rI][cI])) / (2))

&& YplaneZoom[rI - 1][cI] > ((3 - (4 * XplaneZoom[rI][cIl)) / (2))
&& XplaneZoom[rI][cI] >= minEleXSigned && XplaneZoom[rI][cI] <= 0.7)
{

watAir++;

}

}

}

std::ofstream outputtStepfibWat(run + "fibWatInt.txt");
outputtStepfibWat << fibWat;

outputtStepfibWat.close();

// Save tTot

std::ofstream outputtTot2stepfibAir(run + "fibAirInt.txt");
outputtTot2stepfibAir << fibAir;
outputtTot2stepfibAir.close();

std::ofstream outputtTot2stepwatAir(run + "watAirInt.txt");
outputtTot2stepwatAir << wathir;
outputtTot2stepwatAir.close();

vector<vector<double>>fibWatVec((fibWat), vector<double>(2));
vector<vector<double>>fibAirVec((fibAir), vector<double>(2));
vector<vector<double>>watAirVec((watAir), vector<double>(2));
int indexFibWat = 0;
int indexFibAir = 0;
int indexWatAir = 0;

for (int rI = 1; rI < (yDimZoom + 1); rI++)

{

for (int c¢I = 0; cI < (xDimZoom + 1); cI++)

{

// Interface fiber air

if (XplaneZoom[rI][cI] == minEleXSigned && YplaneZoom[rI][cI] >= minEleYSigned && YplaneZoom[rI][cI] <= 0.7)
{

fibAirVec[indexFibAir] [0] = rI;

fibAirVec[indexFibAir] [1] = cI;

indexFibAir++;

s

// Interface fiber water

if (XplaneZoom[rI][cI] == minEleXSigned && YplaneZoom[rI][cI] <= minEleYSigned && YplaneZoom[rI][cI] > 0.2)
{

fibWatVec [indexFibWat] [0] = rI;

fibWatVec [indexFibWat] [1] = cI;

indexFibWat++;

s

// Interface water air

if (YplaneZoom[rI][cI] <= ((3 - (4 * XplaneZoom[rI][cI])) / (2))

&& YplaneZoom[rI - 1]1[cI] > ((3 - (4 * XplaneZoom[rI][cIl)) / (2))
&& XplaneZoom[rI][cI] >= minEleXSigned && XplaneZoom[rI][cI] <= 0.7)
{

watAirVec[indexWatAir] [0] = rI;

watAirVec [indexWatAir] [1] = cI;

indexWatAir++;

}

s

s

vector<vector<double>>fibWatIntVec((fibWat), vector<double>(3));
vector<vector<double>>fibAirIntVec((fibAir), vector<double>(3));
vector<vector<double>>watAirIntVec((watAir + 1), vector<double>(3));

cout << "Now starts short Euler\n";

_time32(&aclock); // Get time in seconds.

_localtime32_s(&newtime, &aclock); // Convert time to struct tm form.
errNum = asctime_s(buffer, 32, &newtime);

if (errNum)

{

printf ("Error code: %d", (int)errNum);

return 1;
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}

printf("Current date and time: %s\n\n", buffer);

eulerForward(fiberZoom, 1, tTotZoom, stepZoom, tStepZoom, 1, 1, xDimZoom, yDimZoom);
eulerForward(waterZoom, 1, tTotZoom, stepZoom, tStepZoom, 1, 1, xDimZoom, yDimZoom);
eulerForward(airZoom, 1, tTotZoom, stepZoom, tStepZoom, 1, 1, xDimZoom, yDimZoom) ;

for (int index = 0; index < (fibWat - 1); index++)

{

fibWatIntVec[index] [0] = fiberZoom[fibWatVec[index][0]] [fibWatVec[index][1]1][1];
fibWatIntVec[index] [1] = waterZoom[fibWatVec[index][0]] [fibWatVec[index][1]][1];
fibWatIntVec[index] [2] = airZoom[fibWatVec[index] [0]] [fibWatVec[index] [1]11[1];

¥

for (int index = 0; index < (fibAir - 1); index++)

{

fibAirIntVec[index] [0] = fiberZoom[fibAirVec[index][0]] [fibAirVec[index][11]1[1];
fibAirIntVec[index] [1] = waterZoom[fibAirVec[index] [0]] [fibAirVec[index][1]][1];
fibAirIntVec[index] [2] = airZoom[fibAirVec[index] [0]] [fibAirVec[index] [1]11[1];

3}

for (int index = 0; index < (watAir - 1); index++)

{

watAirIntVec[index] [0] = ((fiberZoom[watAirVec[index] [0]] [watAirVec[index][1]]1[1] + fiberZoom[watAirVec[index][0] + 1] [watAirVec([index][1]11[1]) / (2));
watAirIntVec[index] [1] = ((waterZoom[watAirVec[index][0]] [watAirVec[index][1]1]1[1] + waterZoom[watAirVec[index][0] + 1] [watAirVec[index][1]11[1]1) / (2));
watAirIntVec[index] [2] = ((airZoom([watAirVec[index] [0]] [watAirVec[index][1]]1[1] + airZoom[watAirVec[index][0] + 1] [watAirVec[index][1]11[11) / (2));

}

fibWatIntVec[0] [0] = fibWatIntVec[1][0];
fibWatIntVec[0] [1] = fibWatIntVec[1][1];
fibWatIntVec[0][2] = fibWatIntVec[1][2];
fibAirIntVec[0]1[0] = fibAirIntVec[1][0];
fibAirIntVec[0]1[1] = fibAirIntVec[1]1[1];
fibAirIntVec[0]1[2] = fibAirIntVec[1]1[2];

cout << "Finished! Let us organize the vectors!\n";

// Organize them based on fiber column

// Fiber Water

for (int i = 0; i < fibWat; ++i)

for (int j = 0; j < i; ++j)

if (fibWatIntVec[jl[0] > fibWatIntVec[il[0])
std: :swap(fibWatIntVec[i], fibWatIntVec[jl);
// Fiber Air

for (int i = 0; i < fibAir; ++i)

for (int j = 0; j < i; ++j)

if (£ibAirIntVec[j1[0] > fibAirIntVec[il([0])
std: :swap(fibAirIntVec[i], fibAirIntVec[jl);
// Water Air

for (int i = 0; i < watAir; ++i)

for (int j = 0; j < i; ++j)

if (watAirIntVec[j][0] > watAirIntVec[i][0])
std: :swap(watAirIntVec[i], watAirIntVec[jl);

cout << "Save ’em!\n";

std::ofstream outputFibWat(run + "fibWat.txt");

for (int i = 0; i < (fibWat - 1); i++)

{

outputFibWat << fibWatIntVec[i][0] << "\t" << fibWatIntVec[i][1] << "\t" << fibWatIntVec[i][2] << "\n";

outputFibWat.close();

std::ofstream outputFibAir(run + "fibAir.txt");

for (int i = 0; i < (fibAir - 1); i++)

{

outputFibAir << fibAirIntVec[i][0] << "\t" << fibAirIntVec[i][1] << "\t" << fibAirIntVec[i][2] << "\n";
s

outputFibAir.close();

double aFib = watAirIntVec[watAir - 1][0];

double aAir = watAirIntVec[watAir - 1][2];

double bFib = watAirIntVec[watAir - 2] [0];

double bAir = watAirIntVec[watAir - 2][2];

double airHej = aAir + ((0.5 - aFib) / (bFib - aFib))*(bAir - aAir);
double fibHej 0.5;

double watHej = 1 - fibHej - airHej;

watAirIntVec[watAir] [0] = fibHej;

watAirIntVec[watAir] [1] = watHej;

watAirIntVec[watAir] [2] = airHej;

// Water Air
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for (int i = 0; i < watAir; ++i)

for (int j = 0; j < i; ++j)

if (watAirIntVec[j][0] > watAirIntVec[i] [0])
std: :swap(watAirIntVec[il], watAirIntVec[jl);

std::ofstream outputwatAir(run + "watAir.txt");

for (int i = 0; i < watAir; i++)

{

outputwatAir << watAirIntVec[i][0] << "\t" << watAirIntVec[i][1] << "\t" << watAirIntVec[i][2] << "\n";

outputwatAir.close();

cout << "QOkay! Now a projection triangle is formed, let us move on!\n";
_time32(&aclock); // Get time in seconds.

_localtime32_s(&newtime, &aclock); // Convert time to struct tm form.
errNum = asctime_s(buffer, 32, &newtime);

if (errNum)

{

printf ("Error code: %d", (int)errNum);

return 1;

}

printf("Current date and time: %s\n\n", buffer);
// Initialize fiberMatrix.

//Loop through matrix

//std::of stream outputFib(timeFolder + "O.txt");
for (int rI = 0; rI < (yDim + 1); rI++)

{

for (int cI = 0; cI < (xDim + 1); cI++)

{

// Fiber walls

if (Xplane[rI][cI]<=0.35)

{

fiber [rI] [cI][0]
water [rI] [cI][0]
air[rI][cI][0] = O;

s

if (Xplane[rI]([cI]>=1.3)

fiber [rI][cI][0] = 1;
water [rI] [cI][0] = O;
air[rI][cI1[0] = O;

}

if (Xplane[rI][cI] >= 0.35 && Xplane[rI][cI] <=1
&& Yplane[rI][cI] >= 0.75 && Yplane[rI][cI] <= 1.25)
{

fiber [rI][cI][0]
water [rI] [cI][0]
air[rIl[cI1[0] = O;

s

if (Xplane[rI][cI] >= 0.7 && Xplane[rI][cI] <= 1.75
&& Yplane[rI][cI] <= 0.5)

{

fiber [rI] [cI][0]
water [rI] [cI][0]
air[rI][cI][0] = O;

}

if (Xplane[rI][cI] >= 0.7 && Xplane[rI][cI] <= 1.75
&& Yplane[rI][cI] >= 1.5)

{

fiber [rI][cI][0] = 1;

water [rI][cI][0] = 0;

air[rI][cI1[0] = O;

s

// Fiber Obstacles: Squares

if (Xplane[rI][cI] >= 0.39 && Xplane[rI][cI] <= 0.5
&& Yplane[rI][cI] >= 0.27 && Yplane[rI][cI]<=0.65)

{

fiber [rI] [cI][0] = 1;

water [rI] [cI][0] = O;

air[rI][cI][0] = O;

s

if (Xplane[rI][cI] >= 0.55 && Xplane[rI][cI] <= 0.65
&& Yplane[rI][cI] >= 0.30 & Yplane[rI][cI] <= 0.65)
{

fiber [rI][cI][0] = 1;

water [rI] [cI][0] = O;

air[rI][cI1[0] = O;

}

if (Xplane[rI]([cI] >= 0.45 && Xplane[rI]([cI] <= 1.05
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&& Yplane[rI][cI] >= 1.32 && Yplane[rI]([cI] <= 1.4)

{

fiber [rI] [cI][0] = 1;

water [rI] [cI][0] = O;

air[rI][cI][0] = O;

}

// Fiber Obstacles: Circles

if (((Xplane[rI][cI] - 1.14)*(Xplane[rI][cI] - 1.14)) + ((Yplane[rI]([cI] - 0.75)*(Yplane[rI][cI] - 0.75)) < (0.1%0.1))
{

fiber [rI][cI][0] = 1;

water [rI][cI][0] = O;

air[rI][cI1[0] = O;

¥

if (((Xplane[rI][cI] - 1.15)*(Xplane[rI][cI] - 1.15)) + ((Yplane[rI][cI] - 1.15)*(Yplane[rI][cI] - 1.15)) < (0.12%0.12))
{

fiber [rI][cI][0] = 1;

water [rI][cI][0] = O;

air[rI][cI][0] = O;

¥

// Triangle

if (Yplane[rI]([cI] >= 1.5 && Yplane[rI][cI]<=1.75 &&
Xplane[rI][cI] >= ((2.75 - Yplane[rI][cI]) / (2.5)) && Xplane[rI][cI] <= ((Yplane[rI][cI]-0.25) / (2.5)))
{

fiber[rI]1[cI][0] = 1;

water [rI][cI][0] = O;

air[rI][cI][0] = O;

i

//Rest of crap &nna!

if (fiber[rI][cI][0] == 0)
{

if (Yplane[rI][cI] < 0.15)

fiber [rI] [cI][0] = O;
water [rI][cI][0] = 1;
air[rI][cI][0] = O;
s

else

{

fiber [rI][cI][0] = 0;
water [rI][cI][0] = O;
air[rI][cI][0] = 1;

}

}
}
}

//outputFib.close();

saveFileDirectory(fiber, 0, timeFolderFib, 0, xDim, yDim);
saveFileDirectory(water, 0, timeFolderWat, O, xDim, yDim);
saveFileDirectory(air, 0, timeFolderAir, 0, xDim, yDim);

//Step length

step = ((lengthSquare) / ((double)xDim));
std::ofstream outputnuOfEle39(run + "step.txt");
outputnuOfEle39 << step;
outputnu0fEle39.close();

// Define timeSteps

tStep = ((step*step) / (10));

tTot = 600 * tStep;

// Save all the variables above

// save tStep

std::ofstream outputtStep22(run + "tStep.txt");
outputtStep22 << tStep;

outputtStep22.close();

// Save tTot

std::ofstream outputtTot2step32(run + "tTot.txt");
outputtTot2step32 << tTot;
outputtTot2step32.close();

// REAL PROGRAM STARTS
for (int tI = 1; tI < (timeTotal + 1); tI++)

{
// EULER FORWARD!!!
// FIBER
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eulerForward(fiber, 1, tTot, step, tStep, 0, 1, xDim, yDim);
cout << "\t\t\tFiber Ready!\n";

eulerForward (water, 1, tTot, step, tStep, 0, 1, xDim, yDim);
cout << "\t\t\tWater Ready!\n";

eulerForward(air, 1, tTot, step, tStep, 0, 1, xDim, yDim);
cout << "\t\t\tAir Ready!\n";

saveFileDirectory(fiber, 1, diffWater, tI, xDim, yDim);
saveFileDirectory(water, 1, diffFiber, tI, xDim, yDim);
saveFileDirectory(air, 1, diffAir, tI, xDim, yDim);

sharpening(fiber, water, air, 1, watAirIntVec, watAir);
saveFileDirectory(fiber, 1, timeFolderFib, tI, xDim, yDim);
saveFileDirectory(water, 1, timeFolderWat, tI, xDim, yDim);
saveFileDirectory(air, 1, timeFolderAir, tI, xDim, yDim);
// Change values of first vector

for (int rI = 0

{

for (int cI = 0; cI < (xDim + 1); cI++)

rI < (yDim + 1); rI++)

fiber [rI][cI][0] = fiber[rI][cI][1];

water [rI] [cI][0] = water[rI][cI][1];

air[rI][cI][0] = air[rI][cI][1];

}

}

_time32(&aclock); // Get time in seconds.
_localtime32_s(&newtime, &aclock); // Convert time to struct tm form.
cout << "\nTime step\t" << tI << "\tof\t" << timeTotal << "\n";
errNum = asctime_s(buffer, 32, &newtime);

if (errNum)

{

printf ("Error code: %d", (int)errNum);

return 1;

s

printf("Current date and time: %s\n\n", buffer);

// End of program
cout << "Program worked hey?! \n\n\n\n";
return O;

}

// FUNCTION SAVE FILE DIRECTORY

void saveFileDirectory(vector<vector<vector<double>>> ARRAY, int tI, string directory, int time, int xDim, int yDim)
{

//std::string folder = ".//fib0";
//CreateDirectory(directory.c_str(), NULL);

std::ostringstream ostr;

ostr << time;

std::string theNumberString = ostr.str();

st string end = ".txt";

std::string fileFolder = directory + "//t" + theNumberString + end;
std::ofstream output(fileFolder);

for (int rI = 0; rI < (yDim + 1); rI++)

for (int cI = 0; cI < (xDim + 1); cI++)
{

output << ARRAY[rI][cI][tI] << " ";

s

output << "\n";

s

output.close();

s

// Void cube

void cube(vector<vector<double>>& cube, vector<vector<double>>& lpMat, int rI, int cI, int neumannX, int neumanny,
int xDim, int yDim)

{

int yTemp, xTemp;

for (int x = 0; x < 3; x++)

{

for (int y = 0; y < 3; y++)

141



A.4. LABYRINTH SIMULATION APPENDIX A. C++ CODE

{
xTemp = cI - 1 + x;
yTemp = rI - 1 + y;

if (yTemp == (yDim + 1))
{

if (neumannY == 1)
{

yTemp = yDim;

}

if (neumannY == 0)
{

yTemp = 0;

¥

}

if (yTemp == -1)

{

if (neumannY == 1)
{

yTemp = 03

s

if (neumannY == 0)
{

yTemp = yDim;

}

if (xTemp == (xDim + 1))
{

if (neumannX == 1)

xTemp = xDim;

}

if (neumannX == 0)
{

xTemp = 03

s

s

if (xTemp == -1)

{

if (neumannX == 1)
{

xTemp = 03

¥

if (neumannX == 0)
{

xTemp = xDim;

}
}
cube[y] [x] = 1lpMat[yTemp] [xTemp] ;

}

}// end cube function

// Void function Laplace
void laplace(vector<vector<double>>& lpMat, vector<vector<double>>& inputMat, double step, int neumannX, int neumannY,
int xDim, int yDim)

// Allocate memory for the sums

double cornerSum, faceSum, nom;

// Create a cube 3x3x3

//vector<vector<vector<double>>>cubeTemp((3), vector<vector<double>>((3), vector<double>(3)));

// Create a cube 3x3x3
vector<vector<double>>cubeTemp;
cubeTemp.resize(3);

for (int index = 0; index < 3; index++)
{

cubeTemp [index] .resize(3);

}

//LO0PS

for (int rI = 0; rI < (yDim + 1); rI++)
{

for (int cI = 0; cI < (xDim + 1); cI++)

cube(cubeTemp, inputMat, rI, cI, neumannX, neumannY, xDim, yDim);
// Calculate stuff
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// FACES

faceSum = cubeTemp[1] [2] + cubeTemp[1][0] + //Right + Left

cubeTemp [2] [1] + cubeTemp[0] [1]; // Forward + Backward

// EDGES

cornerSum = cubeTemp[2] [2] + cubeTemp[2] [0] + //ForwardRight + ForwardLeft
cubeTemp[0] [2] + cubeTemp[0] [0]; //BackwardRight + BackwardLeft

nom = ((2 * faceSum) / (3)) + ((cornerSum) / (6)) - ((10 * inputMat[rI][cI]) / (3));
// Laplace matrix

1pMat [rI][cI] = ((nom) / (step*step));

//cout <<"Laplace matrix:\t" <<lpMat[rI][cI]<<"\n";

}

}

¥

// Euler Forward!
void eulerForward(vector<vector<vector<double>>>& afterMat, int timeIndex, double tTot, double step, double tStep, int neumannX, int neumannY,
int xDim, int yDim)

{

//Create temporary vector beforeMat
vector<vector<double>> beforeMat;
beforeMat.resize(yDim + 1);

for (int rI = 0; rI < (yDim + 1); rI++) {
beforeMat [rI].resize(xDim + 1);

}

// Initialiaze beforeMat to initialMat

for (int rI = 0; rI < (yDim + 1); rI++)

{

for (int cI = 0; cI < (xDim + 1); cI++)

{

beforeMat [rI] [cI] = afterMat[rI][cI][timeIndex - 1];
s

s

// Euler loops: one for time, one for each

//spatial dimension

for (double tI = 0; tI < (tTot + tStep); tI += tStep)
{

vector<vector<double>> 1pTemp;

1pTemp.resize(yDim + 1);

for (int rI = 0; rI < (yDim + 1); rI++) {
1pTemp[rI].resize(xDim + 1);

laplace(1pTemp, beforeMat, step, neumannX, neumannY, xDim, yDim);

for (int rI = 0; rI < (yDim + 1); rI++)

{

for (int cI = 0; cI < (xDim + 1); cI++)

{

afterMat [rI] [cI] [timeIndex] = beforeMat[rI][cI] + tStepxlpTemp[rI][cI];
beforeMat [rI] [cI] = afterMat[rI][cI][timeIndex];
s

s

1pTemp.erase(1pTemp.begin(), lpTemp.end());
//1pTemp.shrink_to_fit();

1pTemp.clear();

}

beforeMat .erase (beforeMat.begin(), beforeMat.end());
//beforeMat.shrink_to_fit();

beforeMat.clear();

}// end Euler

// SHARPENING FUNCTION

// SHARPENING FUNCTION

//void sharpening(vector<vector<vector<vector<double>>>>& input, int tI, double threshold)

void sharpening(vector<vector<vector<double>>>& fiber, vector<vector<vector<double>>>& water, vector<vector<vector<double>>>& air, int tI,
vector<vector<double>>& waterAir, int lengthInterface)

{

double z0, z1, x0, x1, xd;

for (int rI = 0; rI < (yDim + 1); rI++)

{

for (int cI = 0; cI < (xDim + 1); cI++)

{

vector<double>tempVec(3) ;

/*tempVec[0] = fiber[rI][cI][zI][tI];

tempVec[1] = water [rI][cI][zI][tI];

tempVec[2] = air[rI][cI][zI][tI];*/

/*tempVec[0] = ((fiber[rI][cI][tI]) / (fiber[rI][cI][tI] + water[rI][cI][tI] + air[rI][cI][tI]));
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tempVec[1] = ((water[rI][cI][tI]) / (fiber([rI][cI][tI] + water[rI][cI][tI] + air[rI]([cI][tI]));

tempVec[2] = ((air[rI][cI][tI]) / (fiber[rI][cI][tI] + water[rI][cI][tI] + air[rI][cI][tI]));*/

tempVec[0] = fiber[rI][cI][tI];

tempVec[1] = water[rI][cI][tI];

tempVec[2] = air[rI][cI][tI];

//if (tempVec[0] > 0.5)

if (fiber[rI][cI][0] == 1)

{

fiber [rI] [cI][tI] = 1;

water [rI] [cI][tI] = O;

air[rI][cI][tI] = O;

}

else

{

z0 = 03

zl = 0;
0
0

x0 = 0;
x1 =
xd = 0;

for (int index = 0; index < (lengthInterface - 1); index++)
{

if (tempVec[2] >= waterAir[index + 1][2] && tempVec[2] <= waterAir[index][2] && waterAir[index][2] != 0)
{

z0 = waterAir[index] [2];

z1 = waterAir[index + 1][2];

x0 = waterAir[index] [1];

x1 = waterAir[index + 1][1];

xd = x0 + (((tempVec[2] - 20) / (z1 - z0))*(x1 - x0));
//cout << "Great success dude! xd=\t" << xd << "\n";

break;

¥

s

if (xd == 0)

{

double minimum = 25;

double minIndex = 1;

for (int index = 0; index < (lengthInterface - 1); index++)
{

if (abs(tempVec[2] - waterAir[index + 1][2])<minimum)

{

minimum = abs(tempVec[2] - waterAir([index + 1][2]);
minIndex = index + 1;

}

}

xd = waterAir[minIndex] [1];

//cout << "Big fail dude! xd=\t" << xd << "\n";

}

if (tempVec[1] > xd)

fiber [rI][cI][tI] = O;
water [rI] [cI][tI] = 1;
air[rI] [cI][tI] = O;

¥

else

{

fiber [rI][cI][tI] = O;
water [rI] [cI][tI] = O;
air[rI] [cI][tI] = 1;

}

}

}
}
}// end sharpening

A.5 3D simulation

#define _USE_MATH_DEFINES

// User defines

// Mathematics stuff
//#define _USE_MATH_DEFINES
//#define WIN32_LEAN_AND_MEAN
// Include headers

#include <SDKDDKVer.h>
#include <windows.h>
#include <stdlib.h>
#include <malloc.h>
#include <memory.h>
#include <tchar.h>
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#include <iostream>
#include <string>
#include <cmath>
//#include "engine.h"
#include <fstream>
#include<direct.h>
#include <sstream>
#include <stdio.h>
#include "math.h"
#include<vector>
#include<time.h>

// Constants

// number Of pixels

static const int nuOfEle = 150;

static const int timeTotal = 150;

static const int xDimZoom = 500;

static const int yDimZoom = 500;

static const int heightZoom = 1;

static const int lengthZoom = 1;

// radius of sphere

static const int cubeDim = 1;

// step size

//double step, tTotlstepl, tTotlstep2, tTot2stepl, tTot2step2, tStepl, tStep2, tTotlstep3, tTot2step3, tStep3;
double step, tTot, tStep, stepZoom, tStepZoom, tTotZoom;
// x and y indices

double x, y;

// row and column indices

int rI, cI, zI;

// Standard stuff
using std::string;
using namespace std;
using std::vector;

// Declaration of functions

// Save file in folder

void saveVecDirectory(vector<double>, string);

void saveFileDirectory(vector<vector<vector<vector<double>>>>, int, string);

void cube(vector<vector<vector<double>>>&, vector<vector<vector<double>>>&, int, int, int,
vector<vector<double>>&, vector<vector<double>>&, vector<double>&, int, int, int);

void laplace(vector<vector<vector<double>>>&, vector<vector<vector<double>>>&, double,
vector<vector<double>>&, vector<vector<double>>&, vector<double>&, int, int, int);

void eulerForward(vector<vector<vector<vector<double>>>>&, int, double, double, double,
vector<vector<double>>&, vector<vector<double>>&, vector<double>&, int, int, int);

void sharpening(vector(vector<vector<vector<doub1e>>>>&, vector<vector<vector<vector<double>>>>&, vector<vector<vector<vector<double>>>>&,
int, vector<vector<double>>&, int);

void saveFileDirectorde(vector<vector<vector<double>>>, int, string, int, int, int);

void cube2d(vector<vector<double>>&, vector<vector<double>>&, int, int, int, int, int, int);

void laplace2d(vector<vector<double>>&, vector<vector<double>>&, double, int, int, int, int);

void eulerForward2d(vector<vector<vector<double>>>&, int, double, double, double, int, int, int, int);

struct tm newtime;
__time32_t aclock;

// MAIN PROGRAM
int main()
{
// Working directory
string run;
std::ostringstream eleStrFib;
eleStrFib << nuOfEle;

:string eleStringFib = eleStrFib.str();
stringstream timeStrFib;
timeStrFib << timeTotal;
std::string timeStringFib = timeStrFib.str();
run = ".//20150514ThreeDimension" + eleStringFib + "Time" + timeStringFib + "tTot150//";
CreateDirectory(run.c_str(), NULL);
// Fiber directory
string fiberStr = run + "fiber//";
CreateDirectory(fiberStr.c_str(), NULL);
string fiberDiffStr = fiberStr + "Diffused//";
CreateDirectory(fiberDiffStr.c_str(), NULL);
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// Water directory

string waterStr = run + "water//";
CreateDirectory(waterStr.c_str(), NULL);
string waterDiffStr = waterStr + "Diffused//";
CreateDirectory(waterDiffStr.c_str(), NULL);
// Air directory

string airStr = run + "air//";
CreateDirectory(airStr.c_str(), NULL);

string airDiffStr = airStr + "Diffused//";
CreateDirectory(airDiffStr.c_str(), NULL);

cout << "\tHello there!\n\n\tNow starts the program!\n\n \n\n";
// current date/time based on current system

//Time stuff

char buffer[32];

errno_t errNum;

_time32(&aclock); // Get time in seconds.

_localtime32_s(&newtime, &aclock); // Convert time to struct tm form.

// Print local time as a string.

errNum = asctime_s(buffer, 32, &newtime);
if (errNum)

printf ("Error code: %d", (int)errNum);
return 1;
¥

printf("Current date and time: %s\n\n", buffer);

// Projection triangle stuff in 2D
vector<vector<double>>XplaneZoom;
vector<vector<double>>YplaneZoom;
XplaneZoom.resize(yDimZoom + 1);
YplaneZoom.resize(yDimZoom + 1);

for (int rI = 0; rI < (yDimZoom + 1); rI++)
{

XplaneZoom[rI].resize(xDimZoom + 1);
YplaneZoom[rI].resize(xDimZoom + 1);

//Zoomed in stuff

//Step length

stepZoom = ((lengthZoom) / ((double)xDimZoom)) ;
std::ofstream outputstepZoom(run + "stepZoom.txt");
outputstepZoom << stepZoom;

outputstepZoom.close();

// Assignvalues to mesh

//Save matrices in files

std::ofstream outputXZoom(run + "XplaneZoom.txt");

std::ofstream outputYZoom(run + "YplaneZoom.txt");

for (rI = 0, y = 1; rI < (yDimZoom + 1); rI++, y -= (stepZoom))
{

for (cI = 0, x = 0; cI < (xDimZoom + 1); cI++, x += (stepZoom))
{

XplaneZoom[rI] [cI] = x;
YplaneZoom[rI] [cI] = y;

outputXZoom << XplaneZoom[rI][cI] << " ";
outputYZoom << YplaneZoom[rI][cI] << " ";
¥

outputXZoom << "\n";

outputYZoom << "\n";

s

// Close files

outputXZoom.close();

outputYZoom.close();

cout << "Second print\n";

vector<vector<vector<double>>> fiberZoom;
vector<vector<vector<double>>> waterZoom;
vector<vector<vector<double>>> airZoom;
fiberZoom.resize(yDimZoom + 1);
waterZoom.resize (yDimZoom + 1);
airZoom.resize(yDimZoom + 1);

for (int rI = 0; rI < (yDimZoom + 1); rI++)
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fiberZoom[rI].resize(xDimZoom + 1);
waterZoom[rI].resize(xDimZoom + 1);
airZoom[rI].resize(xDimZoom + 1);

for (int cI = 0; cI < (xDimZoom + 1); cI++)
{

fiberZoom[rI] [cI].resize(2);

waterZoom[rI] [cI].resize(2);

airZoom[rI] [cI].resize(2);

}

}

cout << "Third print\n";

for (int rI = 0; rI < (yDimZoom + 1); rI++)

{

for (int cI = 0; cI < (xDimZoom + 1); cI++)
{

if (XplaneZoom[rI][cI] <= 0.5)

{

fiberZoom[rI] [cI]1[0] =
waterZoom [rI] [cI][0]
airZoom[rI] [cI][0] =
}

if (XplaneZoom([rI][cI] > 0.5)

{

if (YplaneZoom[rI][cI] <= ((3 - (4 * XplaneZoom[rI][cI])) / (2)))
{

fiberZoom[rI] [cI][0] = 0;

waterZoom[rI] [cI][0] = 1;

airZoom[rI] [cI][0] = O;

}

if (YplaneZoom[rI][cI] > ((3 - (4 * XplaneZoom[rI][cI])) / (2)))
{

fiberZoom[rI] [cI][0] = O;

waterZoom[rI] [cI][0] = 0;

airZoom[rI] [cI][0] = 1;

}

s
s
s
cout << "Fourth print\n";

saveFileDirectory2d(fiberZoom, 0, fiberDiffStr, 0, xDimZoom, yDimZoom);
saveFileDirectory2d(waterZoom, 0, waterDiffStr, 0, xDimZoom, yDimZoom);
saveFileDirectory2d(airZoom, 0, airDiffStr, 0, xDimZoom, yDimZoom);

// Define timeSteps

tStepZoom = ((stepZoom*stepZoom) / (10));

tTotZoom = 3500 * tStepZoom;

// Save all the variables above

// save tStep

std::ofstream outputtStepl(run + "tStepZoom.txt");
outputtStepl << tStepZoom;

outputtStepl.close();

// Save tTot

std::ofstream outputtTot2step3(run + "tTotZoom.txt");
outputtTot2step3 << tTotZoom;
outputtTot2step3.close();

double minEleX, minEleXSigned, minEleY, minEleYSigned, diffX, diffY, minDiffX,
minDiffX = 25;

minDiffY = 25;

for (int index = 0; index < (xDimZoom + 1); index++)

{

diffX = XplaneZoom[1] [index] - 0.5;

//cout << "Difference X:\t" << diffX << "\n";

if (abs(diffX) < minDiffX)

{

minEleX = abs(XplaneZoom[1] [index]);

minEleXSigned = XplaneZoom[1] [index];

minDiffX = abs(diffX);

//cout << "Minimal element:\t" << minEleXSigned << "\n";
}

}

for (int index = 0; index < (yDimZoom + 1); index++)

{
diffY = YplaneZoom[index] [1] - 0.5;
//cout << "Difference Y:\t" << diffY << "\n";
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if (abs(diffY) < minDiffY)

{

minEleY = abs(YplaneZoom[index] [1]);

minEleYSigned = YplaneZoom[index][1];

minDiffY = abs(diffY);

//cout << "Minimal element:\t" << minEleYSigned << "\n";

}

cout << "Minimal value X:\t" << minEleXSigned << "\n";
cout << "Minimal value Y:\t" << minEleYSigned << "\n";

// Number of edge elements
int fibWat = 0;
int fibAir = 0;
int watAir = 0;

for (int rI = 1; rI < (yDimZoom + 1); rI++)

{

for (int cI = 0; cI < (xDimZoom + 1); cI++)

{

// Interface fiber air

if (XplaneZoom[rI][cI] == minEleXSigned && YplaneZoom[rI][cI] >= minEleYSigned && YplaneZoom[rI][cI] <= 0.7)
{

fibAir++;

// Interface fiber water

if (XplaneZoom[rI][cI] == minEleXSigned && YplaneZoom[rI][cI] <= minEleYSigned && YplaneZoom[rI][cI] > 0.2)
{

fibWat++;

}

// Interface water air

if (YplaneZoom[rI][cI] <= ((3 - (4 * XplaneZoom[rI][cI])) / (2))

&% YplaneZoom[rI - 1][cI] > ((3 - (4 * XplaneZoom[rI][cI])) / (2))
&& XplaneZoom[rI] [cI] >= minEleXSigned && XplaneZoom([rI][cI] <= 0.7)
{

watAir++;

}

}

}

std::ofstream outputtStepfibWat(run + "fibWatInt.txt");
outputtStepfibWat << fibWat;

outputtStepfibWat.close();

// Save tTot

std::ofstream outputtTot2stepfibAir(run + "fibAirInt.txt");
outputtTot2stepfibAir << fibAir;
outputtTot2stepfibAir.close();

std::ofstream outputtTot2stepwatAir(run + "watAirInt.txt");
outputtTot2stepwatAir << watAir;
outputtTot2stepwatAir.close();

vector<vector<double>>fibWatVec((fibWat), vector<double>(2));
vector<vector<double>>fibAirVec((fibAir), vector<double>(2));
vector<vector<double>>watAirVec((watAir), vector<double>(2));
int indexFibWat = 0;
int indexFibAir = 0;
int indexWatAir = 0;

for (int rI = 1; rI < (yDimZoom + 1); rI++)

{

for (int cI = 0; cI < (xDimZoom + 1); cI++)

{

// Interface fiber air

if (XplaneZoom[rI][cI] == minEleXSigned && YplaneZoom[rI][cI] >= minEleYSigned && YplaneZoom[rI][cI] <= 0.7)
{

fibAirVec[indexFibAir] [0] = rI;

fibAirVec[indexFibAir] [1] = cI;

indexFibAir++;

}

// Interface fiber water

if (XplaneZoom[rI][cI] == minEleXSigned && YplaneZoom[rI][cI] <= minEleYSigned && YplaneZoom[rI][cI] > 0.2)
{

fibWatVec [indexFibWat] [0] = rI;

fibWatVec [indexFibWat] [1] cI;

indexFibWat++;
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// Interface water air

if (YplaneZoom[rI][cI] <= ((3 - (4 * XplaneZoom[rI][cI])) / (2))
&& YplaneZoom[rI - 1][cI] > ((3 - (4 * XplaneZoom[rI][cI])) / (2))
&& XplaneZoom[rI] [cI] >= minEleXSigned && XplaneZoom([rI][cI] <= 0.7)
{

watAirVec[indexWatAir] [0] = rI;

watAirVec[indexWatAir] [1] = cI;

indexWatAir++;

}

}

}

vector<vector<double>>fibWatIntVec((fibWat), vector<double>(3));
vector<vector<double>>fibAirIntVec ((fibAir), vector<double>(3));
vector<vector<double>>watAirIntVec((watAir + 1), vector<double>(3));

cout << "Now starts short Euler\n";
_time32(&aclock); // Get time in seconds.
_localtime32_s(&newtime, &aclock); // Convert time to struct tm form.

// Print local time as a string.

errNum = asctime_s(buffer, 32, &newtime);
if (errNum)

{

printf ("Error code: %d", (int)errNum);
return 1;

}

printf("Current date and time: %s\n\n", buffer);

eulerForward2d(fiberZoom, 1, tTotZoom, stepZoom, tStepZoom, 1, 1, xDimZoom, yDimZoom);
eulerForward2d(waterZoom, 1, tTotZoom, stepZoom, tStepZoom, 1, 1, xDimZoom, yDimZoom);
eulerForward2d(airZoom, 1, tTotZoom, stepZoom, tStepZoom, 1, 1, xDimZoom, yDimZoom);

for (int index = 0; index < (fibWat - 1); index++)

{

fibWatIntVec[index] [0] = fiberZoom[fibWatVec[index] [0]] [fibWatVec[index] [11][1];
fibWatIntVec[index] [1] = waterZoom[fibWatVec[index] [0]] [fibWatVec[index] [1]][1];
fibWatIntVec[index] [2] = airZoom[fibWatVec[index] [0]] [fibWatVec[index] [1]1]1[1];

}

for (int index = 0; index < (fibAir - 1); index++)

{

fibAirIntVec[index] [0] = fiberZoom[fibAirVec[index][0]] [fibAirVec[index][1]1][1];
fibAirIntVec[index] [1] = waterZoom[fibAirVec[index][0]] [fibAirVec[index][1]1][1];
fibAirIntVec[index] [2] = airZoom[fibAirVec[index] [0]] [fibAirVec[index] [1]11[1];

}

for (int index = 0; index < (watAir - 1); index++)

{

watAirIntVec[index] [0] = ((fiberZoom[watAirVec[index] [0]] [watAirVec[index][1]1]1[1] + fiberZoom[watAirVec[index][0] + 1] [watAirVec([index][111[1]) / (2));
watAirIntVec[index] [1] = ((waterZoom[watAirVec[index] [0]] [watAirVec[index][1]1]1[1] + waterZoom[watAirVec[index][0] + 1] [watAirVec[index][111[1]) / (2));
watAirIntVec[index] [2] = ((airZoom[watAirVec[index] [0]] [watAirVec[index][1]1]1[1] + airZoom[watAirVec[index][0] + 1] [watAirVec([index][111[11) / (2));

s

fibWatIntVec[0] [0] = fibWatIntVec[1][0];
fibWatIntVec[0] [1] = fibWatIntVec[1][1];
fibWatIntVec[0][2] = fibWatIntVec[1][2];
fibAirIntVec[0][0] = fibAirIntVec[1][0];
fibAirIntVec[0][1] = fibAirIntVec[1][1];
fibAirIntVec[0] [2] = fibAirIntVec[1][2];

cout << "Finished! Let us organize the vectors!\n";

// Organize them based on fiber column

// Fiber Water

for (int i = 0; i < fibWat; ++i)

for (int j = 0; j < i; ++j)

if (fibWatIntVec[j][0] > fibWatIntVec[i][0])
std: :swap(fibWatIntVec[i], fibWatIntVec[jl);
// Fiber Air

for (int i = 0; i < fibAir; ++i)

for (int j = 0; j < i; ++j)

if (fibAirIntVec[j][0] > fibAirIntVec[i] [0])
std: :swap(fibAirIntVec[i], fibAirIntVec[jl);
// Water Air

for (int i = 0; i < watAir; ++i)

for (int j = 0; j < i; ++j)

if (watAirIntVec[j][0] > watAirIntVec[i][0])
std: :swap(watAirIntVec[i], watAirIntVec[jl);

cout << "Save ’em!\n";
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std::ofstream outputFibWat(run + "fibWat.txt");

for (int i = 0; i < (fibWat - 1); i++)

{

outputFibWat << fibWatIntVec[i][0] << "\t" << fibWatIntVec[i][1] << "\t" << fibWatIntVec[i][2] << "\n"
}

outputFibWat.close();

std::ofstream outputFibAir(run + "fibAir.txt");

for (int i = 0; i < (fibAir - 1); i++)

{

outputFibAir << fibAirIntVec[i][0] << "\t" << fibAirIntVec[i][1] << "\t" << fibAirIntVec[i][2] << "\n"
}

outputFibAir.close();

double aFib = watAirIntVec[watAir - 11[0];

double alAir = watAirIntVec[watAir - 1][2];

double bFib = watAirIntVec[watAir - 2]1[0];

double bAir = watAirIntVec[watAir - 2][2];

double airHej = aAir + ((0.5 - aFib) / (bFib - aFib))*(bAir - aAir);
double fibHej = 0.5;

double watHej = 1 - fibHej - airHej;

watAirIntVec[watAir] [0] = fibHej;
watAirIntVec[watAir] [1] = watHej;
watAirIntVec[watAir] [2] = airHej;

// Water Air

for (int i = 0; i < watAir; ++i)

for (int j = 0; j < i; ++j)

if (watAirIntVec[j][0] > watAirIntVec[i][0])
std: :swap(watAirIntVec[i], watAirIntVec[jl);

std::ofstream outputwatAir(run + "watAir.txt");

for (int i = 0; i < watAir; i++)

{

outputwatAir << watAirIntVec[i][0] << "\t" << watAirIntVec[il[1] << "\t" << watAirIntVec[i][2] << "\n";
s

outputwatAir.close();

cout << "Okay! Now a projection triangle is formed, let us move on!\n";

_time32(&aclock); // Get time in seconds.
_localtime32_s(&newtime, &aclock); // Convert time to struct tm form.

// Print local time as a string.

errNum = asctime_s(buffer, 32, &newtime);
if (errNum)

{

printf ("Error code: %d", (int)errNum);
return 1;

s

printf("Current date and time: %s\n\n", buffer);

// Real simulation stuff in 3D

//Save number of element

std::ofstream outputnuOfEle(run + "nuOfEle.txt");
outputnuOfEle << nuOfEle;

outputnuOfEle.close();

//Save radius

std::ofstream outputRadius(run + "cubeDim.txt");
outputRadius << cubeDim;

outputRadius.close();

// Define mesh

vector<vector<double>>Xplane;
vector<vector<double>>Yplane;
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Xplane.resize(nuOfEle + 1);

Yplane.resize (nuOfEle + 1);

for (int rI = 0; rI < (nuOfEle + 1); rI++)
{

Xplane[rI].resize (nuOfEle + 1);
Yplane[rI].resize(nuOfEle + 1);

}

// Zvec

vector<double>Zvec;

Zvec.resize(nuOfEle + 1);

//Step length

step = ((cubeDim) / ((double)nuOfEle));

// Assignvalues to mesh

//Save matrices in files

std::ofstream outputX(run + "Xplane.txt");
std::ofstream outputY(run + "Yplane.txt");

for (rI = 0, y = cubeDim; rI < (nuOfEle + 1); rI++, y +=

{

for (cI = 0, x = 0; cI < (nu0fEle + 1); cI++, x +=

{

Xplane[rI][cI] = x;

Yplane[rI][cI] = y;

outputX << Xplane[rI][cI] << " ";
outputY << Yplane[rI][cI] << " ";

}

outputX << "\n";

outputY << "\n";

}

// Close files

outputX.close();

outputY.close();

for (int zI = 0; zI < (nuOfEle + 1); zI++)
{

Zvec[zI] = Xplane[1][zI];

s

std::string fileName = run + "z.txt";
saveVecDirectory(Zvec, fileName);

// Define timeSteps

tStep = ((stepxstep) / (10));
tTot = 100 * tStep;

// Save all the variables above
// save tStep

std::ofstream outputtStepl2(run + "tStep.txt");

outputtStepl2 << tStep;
outputtStepl2.close();
// Save tTot

std::ofstream outputtTot2step32(run + "tTot.txt");

outputtTot2step32 << tTot;
outputtTot2step32.close();
// REAL PROGRAM STARTS

//3D cube
// Zero time steps

(step))

(-step))

vector<vector<vector<vector<double>>>>fiber ((nuOfEle + 1), vector<vector<vector<double>>>((nuOfEle + 1),

vector<vector<double>>((nu0fEle + 1), vector<double>((2)))));

vector<vector<vector<vector<double>>>>water ((nuOfEle + 1), vector<vector<vector<double>>>((nuOfEle + 1),

vector<vector<double>>((nuOfEle + 1), vector<double>((2)))));

vector<vector<vector<vector<double>>>>air ((nuOfEle + 1), vector<vector<vector<double>>>((nuOfEle + 1),

vector<vector<double>>((nuOfEle + 1), vector<double>((2)))));

double leftWall, rightWall, cylinderRadius, cylinderWall;

// Assign values sphere

for (int zI = 0; zI < (nuOfEle + 1); zI++)
{
for (int rI = 0; rI < (nuOfEle + 1); rI++)
{
for (int cI = 0; cI < (nuOfEle + 1); cI++)
{

double leftWall = (0.1*Yplane[rI][cI] * Yplane[rI][cI]) + 0.1;

double rightWall = (-0.1*Yplane[rI][cI] * Yplane[rI][cI]) + 0.3;
double cylinderRadius = (-0.4)*(Zvec[zI] * (Zvec[zI] - 1)) + 0.2;
double cylinderWall = ((Xplane[rI][cI] - 0.69) * (Xplane[rI][cI] - 0.69)) + ((Yplane[rI][cI] - 0.5)*(Yplane[rI][cI] - 0.5));

//cout << "Radius:\t" << cylinderRadius << "\t,Z-value:\t" << Zvec[zI]<<"\n";
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if (Xplane[rI][cI] < leftWall)
{

fiber [rI] [cI] [21] [0]
air[rI] [cI] [zI][0] =
water [rI] [cI] [zI][0]
s

if (Xplane[rI][cI] > rightWall && (cylinderRadius*cylinderRadius) < cylinderWall)

oo

{

if (((Yplane[rI][cI] - 0.5)*(Yplane[rI][cI] - 0.5)) + ((Zvec[zI] - 0.5)*(Zvec[zI] - 0.5))<0.02 &&
Xplane [rI][cI]<0.7)
{

fiber [rI][cI][2I][0]
air[rI][cI][zI][0] =
water [rI][cI] [2I][0]
}

else

{

fiber [rI] [cI] [2I] [0]
air[rI][cI][zI][0] =
water [rI] [cI][zI][0] =
}

}

if (fiber[rI][cI][zI1[0] == 0)

1

{
if (Zvec([zI]1<0.25)
{

fiber [rI][cI] [2I][0]
air[rI] [cI][zI][0] =
water [rI] [cI] [zI] [0]
¥

else

{

fiber [rI] [cI] [2I] [0]
air[rI][cI][zI][0] =
water [rI] [cI][zI][0]
s

s

}/xT
}/ /el
}/ /21

// Save initial fiber
string folderFib = fiberStr + ".//timefolder";
CreateDirectory(folderFib.c_str(), NULL);

std::ostringstream iniFib;

iniFib << 03

std::string theNumberStringFib = iniFib.str();

string tempStrFib = folderFib + "//t" + theNumberStringFib;
saveFileDirectory(fiber, 0, tempStrFib);

// Save initial water
string folderWat = waterStr + ".//timefolder";
CreateDirectory(folderWat.c_str(), NULL);

std::ostringstream iniWat;

iniWat << 0;

std::string theNumberStringWat = iniWat.str();

string tempStrWat = folderWat + "//t" + theNumberStringWat;
saveFileDirectory(water, 0, tempStrWat);

// Save initial air
string folderAir = airStr + ".//timefolder";
CreateDirectory(folderAir.c_str(), NULL);

std::ostringstream iniAir;

inidir << 0;

std::string theNumberStringAir = iniAir.str(Q);

string tempStrAir = folderAir + "//t" + theNumberStringAir;
saveFileDirectory(air, 0, tempStrAir);

// TIME LOOP

cout << "\nTime step\t" << 1 << "\tof\t" << timeTotal << "\n\n";
for (int tI = 1; tI < (timeTotal + 1); tI++)

// EULER FORWARD!!!

// FIBER
eulerForward(fiber, 1, tTot, step, tStep, Xplane, Yplane, Zvec, 1, 1, 1);
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// Sharpen newly filled vector

//sharpening(fiber, 1, (1 / 2));

// Water

cout << "\t\t\tFiber Ready!\n";

eulerForward(water, 1, tTot, step, tStep, Xplane, Yplane, Zvec, 1, 1, 1);
// Sharpen newly filled vector

//sharpening(water, 1, (1/4));

// Air

cout << "\t\t\tWater Ready!\n";

eulerForward(air, 1, tTot, step, tStep, Xplane, Yplane, Zvec, 1, 1, 1);
// Sharpen newly filled vector

//sharpening(air, 1, (1 / 4));

cout << "\t\t\tAir Ready!\n";

std::ostringstream ostrFib2;

ostrFib2 << tI;

std::string theNumberStringFib2 = ostrFib2.str();

string tempStrFib2 = fiberDiffStr + "//t" + theNumberStringFib2;
saveFileDirectory(fiber, 1, tempStrFib2);

// Save stuff

std::ostringstream ostrWat2;

ostrWat2 << tI;

std::string theNumberStringWat2 = ostrWat2.str();

string tempStrWat2 = waterDiffStr + "//t" + theNumberStringWat2;
saveFileDirectory(water, 1, tempStrWat2);

// Save stuff

std::ostringstream ostrAir2;

ostrAir2 << tI;

std::string theNumberStringAir2 = ostrAir2.str();

string tempStrAir2 = airDiffStr + "//t" + theNumberStringAir2;
saveFileDirectory(air, 1, tempStrAir2);

sharpening(fiber, water, air, 1, watAirIntVec, watAir);
//sharpening(fiber, water, air);

// Save stuff

std::ostringstream ostrFib;

ostrFib << tI;

std::string theNumberStringFib = ostrFib.str();

string tempStrFib = folderFib + "//t" + theNumberStringFib;
saveFileDirectory(fiber, 1, tempStrFib);

// Save stuff

std::ostringstream ostrWat;

ostrWat << tI;

std::string theNumberStringWat = ostrWat.str();

string tempStrWat = folderWat + "//t" + theNumberStringWat;
saveFileDirectory(water, 1, tempStrWat);

// Save stuff

std::ostringstream ostrAir;

ostrAir << tI;

std::string theNumberStringAir = ostrAir.str();

string tempStrAir = folderAir + "//t" + theNumberStringAir;
saveFileDirectory(air, 1, tempStrAir);

// Change values of first vector
for (int zI = 0; zI < (nuOfEle + 1); zI++)

{
for (int rI = 0; rI < (nuOfEle + 1); rI++)
{
for (int cI = 0; cI < (nuOfEle + 1); cI++)
{

fiber [rI][cI][zI][0] = fiber[rI][cI][zI][1];
water [rI] [cI][zI][0] = water[rI][cI][zI][1];
air[rI] [cI] [zI] [0] = air[rI][cI][zI][1];

}

}

}

cout << "\nTime step\t" << tI << "\tof\t" << timeTotal << "\n\n";
_time32(&aclock); // Get time in seconds.

_localtime32_s(&newtime, &aclock); // Convert time to struct tm form.

// Print local time as a string.

errNum = asctime_s(buffer, 32, &newtime);

if (errNum)

{

printf ("Error code: %d", (int)errNum);

return 1;

}

printf("Current date and time: %s\n\n", buffer);

}
// Program worked!

cout << "Program worked!\n\n";
// end of main
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return 0;
}// END MAIN

// NEW FUNCTIONS: YIIIIIIIIIITHAAAAAAAAAAAAAAA!!!

// FUNCTION SAVE VECTOR DIRECTORY

void saveVecDirectory(vector<double> VEC, string directory)
{

std::string filefolder = directory;

std::ofstream output(filefolder);

int length = VEC.size();

int zI;

//std: :ofstream output(directory.c_str());

for (zI = 0; zI < length; zI++)

{

/*std: :ostringstream ostr;

ostr << zI;

std::string theNumberString = ostr.str();

std::string end = ".txt";

std::string fileFolder = directory + "//" + theNumberString + end;*/
output << VEC[zI] << "\n";

output.close();
}

// FUNCTION SAVE FILE DIRECTORY

void saveFileDirectory(vector<vector<vector<vector<double>>>> ARRAY, int tI, string directory)
{

//std::string folder = ".//fib0";
CreateDirectory(directory.c_str(), NULL);

for (int zI = 0; zI < (nuOfEle + 1); zI++)

{

std::ostringstream ostr;

ostr << zI;

std::string theNumberString = ostr.str();

st string end = ".txt";

std::string fileFolder = directory + "//" + theNumberString + end;
std::ofstream output(fileFolder);

for (int rI = 0; rI < (nuOfEle + 1); rI++)
{

for (int cI = 0; cI < (nuOfEle + 1); cI++)
{

output << ARRAY[rI][cI][zI][tI] << " ";

s

output << "\n";

s

output.close();

s

}

// Void cube
void cube(vector<vector<vector<double>>>& cube, vector<vector<vector<double>>>& lpMat, int zI, int rI, int cI,
vector<vector<double>>& Xplane, vector<vector<double>>& Yplane, vector<double>& Zvec, int neumannX, int neumannY, int neumannZ)

{

int xTemp, yTemp, zTemp;
for (int z = 0; z < 3; z++)

{
for (int y = 0; y < 3; y++)
{
for (int x = 0; x < 3; x++)
{

xTemp = cI - 1 + x;
yTemp = rI - 1 + y;
zTemp = zI - 1 + z;

if (zTemp == (nuOfEle + 1))
{
if (neumannZ == 1)

zTemp = nuOfEle;
¥

if (neumannZ == 0)
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{

zTemp = 03

s

s

if (zTemp == -1)

{

if (neumannZ == 1)
{

zTemp = 0;

}

if (neumannZ == 0)
{

zTemp = nuOfEle;

}

s

if (yTemp == (nuOfEle + 1))
if (neumannY == 1)
{

yTemp = nuOfEle;

s

if (neumannY == 0)
{

yTemp = 03

¥

¥

if (yTemp == -1)

{

if (neumannY == 1)
{

yTemp = 03

s

if (neumannY == 0)
{

yTemp = nuOfEle;

s

s

if (xTemp == (nuOfEle + 1))
{

if (neumannX == 1)
{

xTemp = nuOfEle;

¥

if (neumannX == 0)
xTemp = 0;

}

}

if (xTemp == -1)

{

if (neumannX == 1)
{

xTemp = 03

s

if (neumannX == 0)
{

xTemp = nuOfEle;

s

cube [y] [x] [z] = lpMat [yTemp] [xTemp] [zTemp] ;
}//end x

}//end y

}//end z

}// end cube function

// Void function Laplace

void laplace(vector<vector<vector<double>>>& lpMat, vector<vector<vector<double>>>& inputMat, double step,
vector<vector<double>>& Xplane, vector<vector<double>>& Yplane, vector<double>& Zvec, int neumannX, int neumannY, int neumannZ)

{

// Allocate memory for the sums

double cornerSum, faceSum, edgeSum, nom;

double radius = 1;
// Create a cube 3x3x3

//vector<vector<vector<double>>>cubeTemp((3), vector<vector<double>>((3), vector<double>(3)));

// Create a cube 3x3x3
vector<vector<vector<double>>>cubeTemp;
cubeTemp.resize(3);

for (int index = 0; index < 3; index++)
{

cubeTemp [index] .resize(3);

for (int hej = 0; hej < 3; hej++)
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{
cubeTemp [index] [hej].resize(3);
}
}

//L00PS

for (int zI = 0; zI < (nuOfEle + 1); zI++)
{

for (int rI = 0; rI < (nuOfEle + 1); rI++)

for (int cI = 0; cI < (nuOfEle + 1); cI++)
{

cube(cubeTemp, inputMat, zI, rI, cI, Xplane, Yplane, Zvec, neumannX, neumannY, neumannZ);
// Calculate stuff

// FACES

faceSum = cubeTemp[2] [1]1[1] + cubeTemp[0][1][1] + //Forward +Backward

cubeTemp[1] [1] [2] + cubeTemp[1][1]1[0] + //Up + Down

cubeTemp[1] [0] [1] + cubeTemp[1][2][1]; //Left + Right

// EDGES

edgeSum = cubeTemp[2] [1][2] + cubeTemp[2][1][0] + //ForwardUp +ForwardDown
cubeTemp [2] [0] [1] + cubeTemp[2] [2][1] + //ForwardLeft +ForwardRight

cubeTemp[0] [1] [2] + cubeTemp[0][1]1[0] + //BackwardUp + BackwardDown

cubeTemp [0] [0] [1] + cubeTemp[0][2][1] + //BackwardLeft + BackwardRight

cubeTemp[1] [0] [2] + cubeTemp[1][0][0] + //LeftUp + LeftDown

cubeTemp[1] [2] [2] + cubeTemp[1][2][0];//RightUp + RightDown

cornerSum = cubeTemp[2] [2] [2] + cubeTemp[2][2][0] + //ForwardRightUp +ForwardRightDown
cubeTemp [2] [0] [2] + cubeTemp[2] [0][0] + //ForwardLeftUp +ForwardLeftDown
cubeTemp [0] [2] [2] + cubeTemp[0][2][0] + //BackwardRightUp +BackwardRightDown
cubeTemp [0] [0] [2] + cubeTemp[0] [0][0]; //BackwardLeftUp +BackwardLeftDown

nom = ((3 * faceSum) / (13)) + ((3 * edgeSum) / (26)) + ((cornerSum) / (13)) - ((44 * inputMat[rI][cI][zI]) / (13));// Stencil 27
//nom = ((faceSum) / (3)) + ((edgeSum) / (6)) - (4 * inputMat[rI][cI][zI]);

//nom = faceSum - 6*inputMat [rI][cI][zI];// Stencil 7

//cout << "\t\Face:\t" << faceSum << "\n\tEdge:\t" << edgeSum << "\n\tCormer:\t" << cornerSum
//cout << "\n\tNom:" << nom << "\n--------——-—--———- \n\n";

1pMat [rI] [cI][2I] = ((nom) / (step*step));
¥

}
}
}

// Euler Forward!
void eulerForward(vector<vector<vector<vector<double>>>>& afterMat, int timeIndex, double tTot, double step, double tStep,
vector<vector<double>>& Xplane, vector<vector<double>>& Yplane, vector<double>& Zvec, int neumannX, int neumannY, int neumannZ)

{

//Create temporary vector beforeMat
vector<vector<vector<double>>> beforeMat;
beforeMat.resize (nuOfEle + 1);

for (int rI = 0; rI < (nuOfEle + 1); rI++) {
beforeMat [rI].resize(nu0fEle + 1);

for (int cI = 0; cI < (nuOfEle + 1); cI++)

{

beforeMat [rI] [cI].resize(nuOfEle + 1);

s

}

// Initialiaze beforeMat to initialMat
for (int zI = 0; zI < (nuOfEle + 1); zI++)
{

for (int rI = 0; rI < (nuOfEle + 1); rI++)
{

for (int cI = 0; cI < (nuOfEle + 1); cI++)

{

beforeMat [rI] [cI][zI] = afterMat[rI][cI][zI][timeIndex - 1];
s

s

s

// Euler loops: one for time, one for each

//spatial dimension

for (double tI = 0; tI < (tTot + tStep); tI += tStep)
{

vector<vector<vector<double>>> 1pTemp;

1pTemp.resize (nuOfEle + 1);

for (int rI = 0; rI < (nuOfEle + 1); rI++) {
1pTemp[rI].resize(nuOfEle + 1);

for (int cI = 0; cI < (nuOfEle + 1); cI++)

{
1pTemp[rI] [cI].resize(nuOfEle + 1);
}
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¥
laplace(1lpTemp, beforeMat, step, Xplane, Yplane, Zvec, neumannX, neumannY, neumannZ);
for (int zI = 0; zI < (nuOfEle + 1); zI++)

{
for (int rI = 0; rI < (nuOfEle + 1); rI++)
{
for (int cI = 0; cI < (nuOfEle + 1); cI++)
{

afterMat [rI] [cI] [2zI] [timeIndex] = beforeMat [rI][cI][zI] + tStep*lpTempl[rI][cI][zI];
beforeMat [rI] [cI][zI] = afterMat[rI][cI][zI][timeIndex];

¥

¥

}

1pTemp.erase (1pTemp.begin(), lpTemp.end());

//1pTemp.shrink_to_fit();

1pTemp.clear();

}

beforeMat.erase(beforeMat.begin(), beforeMat.end());
//beforeMat.shrink_to_fit();
beforeMat.clear();

}// end Euler

// SHARPENING FUNCTION

// SHARPENING FUNCTION

//void sharpening(vector<vector<vector<vector<double>>>>& input, int tI, double threshold)

void sharpening(vector<vector<vector<vector<double>>>>& fiber, vector<vector<vector<vector<double>>>>& water, vector<vector<vector<vector<double>>>>& air,
int tI,vector<vector<double>>& waterAir, int lengthInterface)

{

//double denom, watHat, airHat, thresHold;

double z0, z1, x0, x1, xd;

for (int rI = 0; rI < (nuOfEle + 1); rI++)

{
for (int cI = 0; cI < (nuOfEle + 1); cI++)
{
for (int zI = 0; zI < (nuOfEle + 1); zI++)
{

vector<double>tempVec(3);
tempVec[0] = fiber[rI][cI][zI][tI];
tempVec[1] = water [rI][cI][zI][tI];
tempVec[2] = air[rI][cI][zI][tI];
if (tempVec[0] > 0.5)

{

fiber [rI] [cI][2I][tI] = 1;
water [rI] [cI][2I][tI] = O;
air[rI] [cI] [zI][tI] = O;

}
else
{

z0 =
zl =
x0 =
x1 =
xd 0;

for (int index = 0; index < (lengthInterface - 1); index++)

{

if (tempVec[2] >= waterAir[index + 1][2] && tempVec[2] <= waterAir[index][2] && waterAir[index][2] != 0)
{

2z0 = waterAir[index][2];

z1 = waterAir[index + 1][2];

x0 = waterAir[index][1];

x1 = waterAir[index + 1][1];

xd = x0 + (((tempVec[2] - 20) / (z1 - z0))*(x1 - x0));

//cout << "Great success dude! xd=\t" << xd << "\n";

break;

s

s

if (xd == 0)

{

double minimum = 25;

double minIndex = 1;

for (int index = 0; index < (lengthInterface - 1); index++)

{

if (abs(tempVec[2] - waterAir[index + 1][2])<minimum)

minimum = abs(tempVec[2] - waterAir[index + 1][2]);
minIndex = index + 1;

¥

xd = waterAir[minIndex][1];
//cout << "Big fail dude! xd=\t" << xd << "\n";
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¥

if (tempVec[1] > xd)

{

fiber [rI] [cI] [2I][tI] = O;
water [rI] [cI] [2zI][tI] = 1;
air[rI] [cI][zI][tI] = O;

}

else

{

fiber [rI] [cI][2I][tI] = O;
water [rI] [cI] [zI][tI] = O;
air[rI] [cI] [zI][tI] = 1;

¥

}

}/ /21

}//c1

}//r1

}// end sharpening

// FUNCTION SAVE FILE DIRECTORY

void saveFileDirectory2d(vector<vector<vector<double>>> ARRAY, int tI, string directory, int time, int xDim, int yDim)
{

//std::string folder = ".//£ib0";
//CreateDirectory(directory.c_str(), NULL);

std::ostringstream ostr;

ostr << time;

std::string theNumberString = ostr.str();

std::string end = ".txt";

std::string fileFolder = directory + "//t" + theNumberString + end;
std::ofstream output(fileFolder);

for (int rI = 0; rI < (yDim + 1); rI++)

{

for (int cI = 0; cI < (xDim + 1); cI++)
{

output << ARRAY[rI][cI][tI] << " ";

s

output << "\n";

output.close();
}

// Void cube

void cube2d(vector<vector<double>>& cube, vector<vector<double>>& lpMat, int rI, int cI, int neumannX, int neumannY,
int xDim, int yDim)

{

int yTemp, xTemp;

for (int x = 0; x < 3; x++)
{

for (int y = 0; y < 3; y++)
{

xTemp = cI - 1 + x;

yTemp = rI - 1 + y;

if (yTemp == (yDim + 1))

{

if (neumannY == 1)
{

yTemp = yDim;

¥

if (neumannY == 0)
{

yTemp = 03

s

s

if (yTemp == -1)

if (neumanny 1
{

yTemp = 03

s

if (neumannY == 0)

{
yTemp = yDim;
}

}
if (xTemp == (xDim + 1))
{

if (neumannX == 1)
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{

xTemp = xDim;

¥

if (neumannX == 0)
{

xTemp = 03

}

¥

if (xTemp == -1)

{

if (neumannX == 1)
{

xTemp = 03

}

if (neumannX == 0)
{

xTemp = xDim;

¥
¥
cube[y] [x] = 1lpMat[yTemp] [xTemp] ;
}

}

}// end cube function

// Void function Laplace

void laplace2d(vector<vector<double>>& lpMat, vector<vector<double>>& inputMat, double step, int neumannX, int neumannY,
int xDim, int yDim)

{

// Allocate memory for the sums

double cornerSum, faceSum, nom;

// Create a cube 3x3x3

//vector<vector<vector<double>>>cubeTemp((3), vector<vector<double>>((3), vector<double>(3)));

// Create a cube 3x3x3
vector<vector<double>>cubeTemp;
cubeTemp.resize(3);

for (int index = 0; index < 3; index++)
{

cubeTemp [index] .resize(3);

¥
//L00PS
for (int rI = 0; rI < (yDim + 1); rI++)

for (int cI = 0; cI < (xDim + 1); cI++)

{

cube2d(cubeTemp, inputMat, rI, cI, neumannX, neumannY, xDim, yDim);

// Calculate stuff

// FACES

faceSum = cubeTemp[1] [2] + cubeTemp[1][0] + //Right + Left

cubeTemp [2] [1] + cubeTemp[0] [1]; // Forward + Backward

// EDGES

cornerSum = cubeTemp[2] [2] + cubeTemp[2] [0] + //ForwardRight + ForwardLeft
cubeTemp[0] [2] + cubeTemp[0][0]; //BackwardRight + BackwardLeft

nom = ((2 * faceSum) / (3)) + ((cornerSum) / (6)) - ((10 * inputMat[rI][cI]) / (3));
// Laplace matrix

1pMat [rI][cI] = ((nom) / (step*step));

//cout <<"Laplace matrix:\t" <<lpMat[rI][cI]<<"\n";

}

}

}

// Euler Forward!
void eulerForward2d(vector<vector<vector<double>>>& afterMat, int timeIndex, double tTot, double step, double tStep, int neumannX, int neumannY,
int xDim, int yDim)

{

//Create temporary vector beforeMat
vector<vector<double>> beforeMat;
beforeMat.resize(yDim + 1);

for (int rI = 0; rI < (yDim + 1); rI++) {
beforeMat [rI].resize(xDim + 1);

}

// Initialiaze beforeMat to initialMat

for (int rI = 0; rI < (yDim + 1); rI++)
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for (int cI = 0; cI < (xDim + 1); cI++)

{

beforeMat [rI] [cI] = afterMat[rI][cI][timeIndex - 1];
s

s

// Euler loops: one for time, one for each
//spatial dimension
for (double tI = 0; tI < (tTot + tStep); tI += tStep)

vector<vector<double>> 1lpTemp;
1pTemp.resize(yDim + 1);

for (int rI = 0; rI < (yDim + 1); rI++) {
1pTemp[rI].resize(xDim + 1);

s

laplaceQd(lpTemp, beforeMat, step, neumannX, neumannY, xDim, yDim);

for (int rI = 0; rI < (yDim + 1); rI++)

{

for (int cI = 0; cI < (xDim + 1); cI++)

{

afterMat [rI] [cI] [timeIndex] = beforeMat[rI][cI] + tStepxlpTemp[rI][cI];
beforeMat [rI] [cI] = afterMat[rI][cI][timeIndex];
}

}

1pTemp.erase(1pTemp.begin(), lpTemp.end());
//1pTemp.shrink_to_fit();

1pTemp.clear();

}

beforeMat .erase(beforeMat.begin(), beforeMat.end());
//beforeMat.shrink_to_fit();

beforeMat.clear();

}// end Euler
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Appendix B is divided into four different parts named "Projection Triangle”, "Plotting
in R?”, "Plotting in R3” and "Test of convolution formula”. The first three scripts plots
the generated output matrices from the c++ scripts in appendix A. The script in section
"Test of convolution formula” generates the graphs illustrated in section 4.1.2 on page
71.

B.1 Plotting of projection triangle

folder = ’./20150526CreepyLabyrinth600Ydim600Time300/ ;
fibWat = load([folder,’fibWat.txt’]);
[r, c] = size(fibWat);

fibWat2 = zeros(r-1,c);

fibAir = load([folder,’fibAir.txt’]);
[r1, c1] = size(fibAir);

fibAir2 = zeros(r-1,c);

watAir = load([folder,’watAir.txt’]);
[r2, c2] = size(wathAir);

watAir2 = zeros(r,c);

tTot = load([folder,’tTotZoom.txt’]1);
tStep = load([folder,’tStepZoom.txt’]);
hej = tTot/tStep;

tTot2 = load([folder,’tTot.txt’]1);
tStep2 = load([folder,’tStep.txt’]);
hej2 = tTot2/tStep;

aFib = watAir(r2,1);
alir = watAir(r2,3);
bFib = watAir(r2-1,1);

bAir = watAir(r2-1,3);

airHej = aAir + ((0.5 - aFib) / (bFib - aFib))*(bAir - aAir);
fibHej = 0.5;
watHej = 1-fibHej-airHej;

W

for index = 2:r

fibWat2(index,1) = ((fibWat(index,1))/(sum(fibWat(index,:))));
fibWat2(index,2) = ((fibWat(index,2))/(sum(fibWat(index,:))));
fibWat2(index,3) = ((fibWat(index,3))/(sum(fibWat(index,:))));

end
for index = 2:ri

fibAir2(index, 1)
fibAir2(index,2)

((fibAir(index,1))/(sum(fibAir(index,:))));
((fibAir(index,2))/(sum(fibAir(index,:))));
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fibAir2(index,3) = ((fibAir(index,3))/(sum(fibAir(index,:))));

end
for index = 2:r2
% Air
watAir2(index,1) = ((watAir(index,1))/(sum(watAir(index,:))));
watAir2(index,2) = ((watAir(index,2))/(sum(watAir(index,:))));
watAir2(index,3) = ((watAir(index,3))/(sum(watAir(index,:))));
end

[r5,c5]=size(fibAir2);

fibAir2(r5+1,1) = (1/2);
fibAir2(r5+1,2) = (1/8);
fibAir2(r5+1,3) = (3/8);

%% Figure 1

%watAir (r2+1,1) = fibHej;
YwatAir (r2+1,2) = watHej;
%watAir(r2+1,3) = airHej;

a = [0.5; 0.5];
b= [0; (1/8)]1;
c = [0.5; (3/8)];

% hh
figure(1)
clf
plot3([0;0],[1;0],[0;1], black’,’Linewidth’,2)
hold on
plot3([0;1],[1;01,[0;0], black’,’Linewidth’,2)
hold on
plot3([1;0],[0;0],[0;1], black’, ’Linewidth’,2)
hold on
plot3(0.5,0,0.5,  *black’, ’Linewidth’ ,55)
hold on
plot3(0,0.5,0.5, *black’, ’Linewidth’,55)
hold on
hl = plot3(fibWat(2:r,3),fibWat(2:r,2),fibWat(2:r,1),’--blue’,’Linewidth’,2);
hold on
h2 = plot3(watAir(:,3),watAir(:,2),watAir(:,1),’red’,’Linewidth’,3);
hold on
h3 = plot3(fibAir(2:r1,3),fibAir(2:r1,2),fibAir(2:r1,1),’--green’,’Linewidth’,2);
hold on
plot3(0.5,0.5,0,*red’,’Linewidth’,2.5)
%h3 = plot3(c,b,a,’green’,’Linewidth’,1.5);
hold on
plot3(0.5,0.5,0, *black’, ’Linewidth’,55)
hold on
hej = plot3(0.4262,0.0738,0.5, *cyan’,’Linewidth’,60);
hold off
grid on
x = [0.54,0.51];
y = [0.4, 0.463];
x2 = [0.38,0.4];
y2 = [0.15, 0.11];
j2 = annotation(’textarrow’, x2,y2,...
’String’, ’$\left(\frac{1}{2},\frac{1}{2},0\right)$’);
set(j2,’interpreter’,’latex’, ’Fontsize’,20)
x3 = [0.23,0.245];
y3 = [0.52, 0.515];
j3 = annotation(’textarrow’, x3,y3,...
’String’, ’$\left(\frac{1}{2},0,\frac{1}{2}\right)$’);
set(j3,’interpreter’,’latex’,’Fontsize’,20)
x4 = [0.575,0.55];
y4 = [0.53, 0.51];
j4 = annotation(’textarrow’, x4,y4,...
’String’, ’$\left(0,\frac{1}{2},\frac{1}{2}\right)$’);
set(j4,’interpreter’,’latex’,’Fontsize’,20)
jb = annotation(’textbox’, [0.15, 0.65, 0.1, 0.1],...
’String’, {’$u_{1}\Leftrightarrow\textrm{Gas}$’, $u_{2}\Leftrightarrow\textrm{Liquid}$’,’$u_{3}\Leftrightarrow\textrm{Solid}$’});
set(j5,’ interpreter’,’latex’, ’Fontsize’,20)
x6 = [0.135; 0.103];
y6 = [0.135; 0.115];
j6 = annotation(’textarrow’, x6,y6,...
’String’, *$u_{1}=(1,0,0)$’);
set(j6,’ interpreter’,’latex’, ’Fontsize’,20)
x7 = [0.4; 0.4];
y7 = [0.8; 0.91];
j7 = annotation(’textarrow’, x7,y7,...
’String’, ’$u_{3}=(0,0,1)$");
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set(j7,’interpreter’,’latex’, ’Fontsize’,20)

x8 = [0.64; 0.695];

y8 = [0.135; 0.115];

j8 = annotation(’textarrow’, x8,y8,...
’String’, ’$u_{2}=(0,1,0)$’);

set(j8, ’interpreter’,’latex’, ’Fontsize’,20)

h = legend([h1,h2,h3,hejl,{’$\Gamma_{\textrm{Solid}, \textrm{Gas}}$’, $\Gamma_{\textrm{Liquid}, \textrm{Gas}}$’,...
’$\Gamma_{\textrm{Solid}, \textrm{Liquid}}$’,’$\left(0.4262,0.0738,0.5\right)$’});

set(h,’interpreter’,’latex’,’Fontsize’,30)

title([’\textbf{Projection triangle:}’,’Grid size: $500\times 500$’],’interpreter’,’latex’,’Fontsize’,40)

set(gca, *xtick’, [1,’ytick’, [1,’ztick’, [])

%view(3)

view([-45, 360])

Yhview([90,90])

B.2 Plotting in R?

folder = ’./20150529CreepyLabyrinthThirdTry600Ydim600Time300/ "’ ;
%X = load([folder,’XplaneZoom.txt’]);
load([folder,’YplaneZoom.txt’]);

X = load([folder,’Xplane.txt’]);

Y = load([folder,’Yplane.txt’]);

%fibAir = load([folder,’fibAirInt.txt’]);
%fibWat = load([folder,’fibWatInt.txt’]);
%watAir = load([folder,’watAirInt.txt’]);

time = 38;

fiber = load([folder,’fiber/timeFolder/t’,num2str(time),’.txt’]);
%fiber = load([folder,’DiffusedFiber/t’,num2str(time),’.txt’]);
water = load([folder,’water/timeFolder/t’,num2str(time),’.txt’]);
Jwater = load([folder,’DiffusedWater/t’,num2str(time),’.txt’]);
air = load([folder,’air/timeFolder/t’,num2str(time),’.txt’]);
%air = load([folder,’DiffusedAir/t’,num2str(time),’.txt’]);

[r, c] = size(fiber);

indFib = 1;
indWat = 1;
indAir = 1;

fibRep = zeros(1,2);
watRep = zeros(1,2);
airRep = zeros(1,2);
for rI = 1:r
for cI = 1:c
if fiber(rI,cI)==1
fibRep(indFib,1) = X(rI,cI);
fibRep(indFib,2) = Y(rI,cI);
indFib = indFib + 1;
end
if water(rI,cI)==
watRep(indWat,1) = X(rI,cI);
watRep(indWat,2) = Y(rI,cI);
indWat = indWat + 1;
end
if air(rI,cI)==
airRep(indAir,1) = X(rI,cI);
airRep(indAir,2) = Y(rI,cI);
indAir = indAir + 1;
end
end
end

o

figure(1)

clf

hi=plot(fibRep(:,1),fibRep(:,2),’*’,’Color’,[.7 .5 01);

hold on

h2 = plot(watRep(:,1),watRep(:,2),’*blue’);

hold on

h3 = plot(airRep(:,1),airRep(:,2),’*cyan’);

leg = legend([h1,h2,h3],’Solid’,’Liquid 1°,’Gas’);

set(leg, ’interpreter’,’latex’,’Fontsize’,50, Location’, ’East’)
xlabel(’$x$’,’ interpreter’,’latex’, ’Fontsize’,40)
ylabel(’$y$’,’interpreter’,’latex’,’Fontsize’,40)
title({’\textbf{Interfaces for three phases in 2 dimensions}’,...
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[’\textbf{Time steps=}’,num2str(time),’, \textbf{Grid Size:} $600\times 600$°1},...

’interpreter’,’latex’,’Fontsize’,40)
#title({’\textbf{Interfaces for three phases in 2 dimensions}’,”$\;\;\;\s N\ NN\ NN NN\ 5\ N5\ 5\ s 8\ textbf{Zoomed in domain}’},...
% ’interpreter’,’latex’,’Fontsize’,43)
grid on
set(gca, ’Fontsize’,20,...

"Xtick’,[0:0.25:2],...

’Ytick’, [0:0.25:2])
%hset(gea, ...
% ’Yticklabel’,{’0’,’$\frac{1}{4}$’, $\frac{1}{2}$’, $\frac{3}{4}$’, $18’,’$\frac{6}{4}$’, *$\frac{3}{2}$’, *$\frac{73{4}$°,°2°},...
% ’Xticklabel’,{’0’,’$\frac{1}{4}$’, $\frac{1}{2}$’, $\frac{3}{4}$’, $1$’, $\frac{6}{4}$’, ’$\frac{3}{2}$’, ’$\frac{7}{4}$°,°2°}, ...
% ’TickLabelInterpreter’,’latex’,’Fontsize’,30);
axis([0,2,0,2])
%axis([0,6,0,6])
%axis([0,1,0,1])

B.3 Plotting in R3

The plotting in R? is conducted in two steps. First the 3D tensors are loaded into
Matlab, and secondly they are plotted.

B.3.1 Loading of 3D tensors

function [x,y,z] = representation3D(sphere,Xplane,Yplane,zVec, nuOfEle)
matrix = zeros((nuOfEle + 1), (nuOfEle + 1), (nuOfEle + 1));

for zI = 1:(nuOfEle+1)
for rI = 1:(nuOfEle+1)
for cI = 1:(nu0fEle+1)
if sphere(rI,cI,zI) 1
matrix(rI,cI,zI) = zVec(zI);

else
matrix(rI,cI,zI) = NaN;
end
end
end
end
x = Xplane(:,:);
y = Yplane(:,:);

z = matrix(:,:,1);

for index = 2:(nu0fEle + 1)
x = [x;Xplanel;
y = [y;Yplanel;
z = [z;matrix(:,:,index)];

B.3.2 Plotting of tensors

folder = ’./20150514ThreeDimension150Time300tTot150/”;

tTot = load([folder,’tTot.txt’]);

Y%radius = load([folder,’radius.txt’]);

Xplane = load([folder,’Xplane.txt’]);

Yplane = load([folder,’Yplane.txt’]);

nuOfEle = load([folder,’nu0fEle.txt’]);

zVec = load([folder,’z.txt’]);

timeStep = 108;

fiber = zeros(nuOfEle+1,nu0fEle+1,nu0fEle+1);

water = zeros(nuOfEle+1,nu0fEle+1,nu0fEle+1);

air = zeros(nuOfEle+1,nu0fEle+1,nu0fEle+1);

for zI = 1:(nu0OfEle+1)
fiber(:,:,zI) = load([folder,’fiber/timefolder/t’,num2str(timeStep),’/’ ,num2str(zI-1),’.txt’]);
air(:,:,zI) = load([folder,’air/timefolder/t’,num2str(timeStep),’/’,num2str(zI-1),’.txt’1);
water(:,:,zI) = load([folder,’water/timefolder/t’,num2str(timeStep),’/’ ,num2str(zI-1),’.txt’1);

[xFib,yFib,zFib] = representation3D(fiber,Xplane,Yplane,zVec,nu0OfEle);
[xWat,yWat,zWat] = representation3D(water,Xplane,Yplane,zVec,nu0OfEle);
[xAir,yAir,zAir] = representation3D(air,Xplane,Yplane,zVec,nuOfEle);
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%% Plottning

figure(1)

clf

%subplot(2,2,3)

subplot(1,2,1)

%plot3(xFib,yFib,zFib, ’red’)

%surf (xFib,yFib,zFib, ’FaceColor’, [0.7,0.5,0],’Facealpha’,0.15, ’edgecolor’, ’none’)

%hold on

%plot3(xWat,yWat,zWat, *blue’)

surf (xWat,yWat,zWat, ’FaceColor’,’blue’,’Facealpha’,1,’edgecolor’, ’none’)

%mesh (xWat,yWat,zWat, [1,0,0]);

hold on

surf (xAir,yAir,zAir, ’FaceColor’,’cyan’,’Facealpha’,0.15, ’edgecolor’, ’none’)

hold off

%h = legend(’\texttt{Fiber}’,’\texttt{Water}’,’\texttt{Air}’);

%set(h,’interpreter’,’latex’,’Fontsize’,20, ’Location’, ’NorthEast’);

xlabel(’$x$’,’interpreter’,’latex’,’Fontsize’,30)

ylabel(’$y$’,’interpreter’,’latex’,’Fontsize’,30)

zlabel(’$z$’,’interpreter’,’latex’,’Fontsize’,30)

title(’\textbf{Without solid phase}’,...
’interpreter’,’latex’,’Fontsize’,15)

grid on

% a = annotation(’textbox’, [0.18,0.7,0.1,0.1],...

% ’String’, ...

% {’\textbf{\underbar{Fact box}}’,...

% [’Grid:$\;\;\;$’ ,num2str (nuOfEle),’$\times$’ ,num2str (nu0fEle),’$\times$’ ,num2str (nu0fEle)],...
% [’Time step, $\Delta\tau=$’,num2str(2*tTot)]});

% set(a,’interpreter’,’latex’,’Fontsize’,20)

ax = gca;

ax.XTick = [0,0.25,0.5,0.75,1];
ax.YTick = [0,0.25,0.5,0.75,1];
ax.ZTick = [0,0.25,0.5,0.75,1];
ax.TickLabelInterpreter = ’latex’;
ax.XTickLabel = {’$0$’,’$\frac{1}{4}$’, $\dfrac{13{2}$’, $\frac{3}{4}$’,°$1$°};
ax.YTickLabel = {’$0$’,’$\frac{1}{4}$’, $\dfrac{13{2}$’, $\frac{3}{4}$’,°$1$°};
ax.ZTickLabel = {’$0$’,’$\frac{1}{4}$’, $\dfrac{13{2}$’, $\frac{3}{4}$’,°$1$°};
set(gca, ’Fontsize’,20)
axis([0,1,0,1,0,1])
%view(3)
view([15 10])
zoom(1.15)
hview([5,5])
%camzoom(1.1)
light (’Position’, [0 0 -1],’Style’,’local’)
%light (*Position’, [0 -1 0],’Style’,’local’)
light (’Position’, [0 0 1],’Style’,’local’)
light (’Position’,[0.1 0.1 0.9],’Style’,’local’)
light (’Position’, [0 -0.1 1],’Style’,’local’)
light (’Position’,[1 0 0],’Style’,’local’)
% ‘%hcamlight (*headlight’)
%subplot(2,2,4)
subplot(1,2,2)
%plot3(xFib,yFib,zFib, ’red’)
al = surf(xFib,yFib,zFib, FaceColor’,[0.7,0.5,0], Facealpha’,0.25,’edgecolor’,’none’);%, ’edgealpha’,0.2);
hold on
%plot3(xWat,yWat,zWat, ’blue’)
a2 = surf(xWat,yWat,zWat,’FaceColor’,’blue’,’Facealpha’,1,’edgecolor’,’none’);
%mesh (xWat,yWat,zWat, [1,0,0]);
hold on
a3 = surf(xAir,yAir,zAir,’FaceColor’,’cyan’,’Facealpha’,1,’edgecolor’,’none’);
hold off
%set(al, ’handlevisibility’,’off’)
%al.Color(4) = 0.4;
%alpha(0.5)
h = legend(’\texttt{Solid}’,’\texttt{Liquid 1}’,’\texttt{Gas}’);
pos = get(h,’position’);
set(h,’interpreter’,’latex’, ’Fontsize’,20,’position’,[0.88 0.6 pos(3:4)1);%,’Location’,’NorthWest’);
xlabel(’$x$’,’interpreter’,’latex’,’Fontsize’,30)
ylabel(’$y$’,’interpreter’,’latex’,’Fontsize’,30)
zlabel(’$z$’,’interpreter’,’latex’,’Fontsize’,30)
title(’\textbf{With solid phase}’,...
’interpreter’,’latex’,’Fontsize’,15)

BRI N

grid on

% a = annotation(’textbox’, [0.18,0.7,0.1,0.1],...

% ’String’,...

% {’\textbf{\underbar{Fact box}}’,...

% [’Grid:$\;\;\;$’ ,num2str (nuOfEle),’$\times$’ ,num2str (nuOfEle),’$\times$’ ,num2str (nu0fEle)],...
% [’Time step, $\Delta\tau=$’,num2str(2*tTot)]1});

% set(a,’interpreter’,’latex’,’Fontsize’,20)

ax = gca;
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ax.XTick = [0,0.25,0.5,0.75,1];
ax.YTick = [0,0.25,0.5,0.75,1];
ax.ZTick = [0,0.25,0.5,0.75,1];

ax.TickLabelInterpreter = ’latex’;

ax.XTickLabel = {’$0$’,’$\frac{1}{4}$’, $\dfrac{13{2}$’, $\frac{3}{4}$’,°$1$°};
ax.YTickLabel = {’$0$’,’$\frac{1}{4}$’, $\dfrac{1}{2}$’, $\frac{3}{4}$’,’$1$°};
ax.ZTickLabel = {’$0$’,’$\frac{1}{4}$’,’$\dfrac{13{2}$’, *$\frac{3}{4}$’,°$1$°};
set(gca, ’Fontsize’,20)

axis([0,1,0,1,0,1])

%view(3)

view([15 10])

%view([60 20])

hej = annotation(’textbox’, [0 0.9 1 0.1], ...

’String’, {’\textbf{Capillary flow in } $\mathbf{R} {3}:\;\;$’, [’$\;\; 5\ 0\ \\5\5\5\;$’ , num2str (timeStep) ,’$\;$time steps’1}, ...

’EdgeColor’, ’none’, ...
’HorizontalAlignment’, ’center’);
set(hej,’interpreter’,Vlatex’,’Fontsize’,20)

B.4 Test of convolution formulas

The test of the convolution formulas is done by plotting various points using the two
function files w1 and ue which correspond to the convolutions in equation 4.18 and 4.19
on page 71. Thus the first script represents the plotting of various points, and this
program calls the functions uq and us in order to calculate the convolutions.

B.4.1 Plotting of points

%% Test of analytical formulae

%yl = 0.001;
%yl = 0.001;
%yl = sqrt()
tau = le-6;
%yl = 0.001;

%u3Ini = 0.5+((y172)/(8*tau));

u3Ini = 0.502;

%u3Ini = 0.51;

y1 = sqrt(8xtaux(u3Ini-0.5));
alpha = pi/4;
xInt = yixtan(alpha);

k = ((y1-0)/(0-xInt));

% Initial ul and u2

uilni = ((alpha)/(2%pi))-((cos(alpha))/(4*sqrt(pi)*sqrt(tau)))*yi+((alpha+(sin(alpha)*cos(alpha)))/(8*pixtau))*y1~2;

u2Ini = 1-ullni-u3Ini;

%Point 4

x1p = xInt/4;

yip = kkxxlp+yl;

alphal = atan(((y1-yip)/(x1p)));

u3x1pylp = u3Conv(ylp,x1p,alphal,tau,u3Ini);

ulx1pylp = uiConv(ylp,x1p,alpha,tau,ullni,alphal);

u2x1pylp 1-ulx1pylp-u3x1ipylp;
% Point 2

x2p = x1p-0.000005;

y2p = yip;

alpha2 = atan(((yl-y2p)/(x2p)));
u3x2py2p = u3Conv(y2p,x2p,alpha2,tau,u3Ini);
ulx2py2p = ulConv(y2p,x2p,alpha,tau,ullni,alpha2);

u2x2py2p 1-ulx2py2p-u3x2py2p;
% Point 3

x3p = x1p+0.000005;

y3p = yip;

alpha3 = atan(((y1-y3p)/(x2p)));

u3x3py3p = u3Conv(y3p,x3p,alpha2,tau,u3Ini);
ulx3py3p = ulConv(y3p,x3p,alpha,tau,ullni,alphad);
u2x3py3p = 1-ulx3py3p-u3dx3py3p;

W
figure(3)
clf
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h0 = plot(0,y1,’*black’,’Linewidth’,5);
hold on

h6 = plot(xlp,ylp,’*green’,’Linewidth’,5);
%hold on

%h7 = plot(x2p,y2p,’*blue’,’Linewidth’,5);
%hold on

%h8 = plot(x3p,y3p,’*red’,’Linewidth’,5);
hold on

h0 = plot(xInt,0,’*black’,’Linewidth’,5);
hold on

h8 = plot(linspace(0,1.4e-04,100) ,k*linspace(0,1.4e-04,100)+y1,’~--black’);
hold off

grid on

apa = legend([’Triple Junction:(’,num2str(0),’,’,num2str(y1),’)’], [’Point 1:(’,num2str(x1p),’,’,num2str(yip),’)’°1,...%,...
[’Intersection: (’ ,num2str(xInt),’,’,num2str(0),’) ], $\Gamma_{12} (t=\Delta\tau)$’);

%[’Point 2:(’ ,num2str(x2p),’,’ ,num2str(y2p),’)’],...
%[’Point 3:(’ ,num2str(x3p),’,’ ,num2str(y3p),’)’],...
set(apa,’interpreter’,’1atex’,’Fontsize’,20)
%set(get(gca, ’Xticklabel’),’ Interpreter’,’latex’);
set(gca, ’Ytick’,[0:0.00003:0.00012], ...

’Yticklabel’,{’0’,’$0.3\times 10°{-3}$’,’$0.6\times 10°{-3}$’,’$0.9\times 10°{-3}$’,’$1.2\times 10°{-3}$°},...

’Xtick’,[0:0.00003:0.00012], ...

’Xticklabel’,{’0’,’$0.3\times 10"{-3}$’,’$0.6\times 10°{-3}$’,’$0.9\times 10°{-3}$’,’$1.2\times 10"{-3}$°},...

’TickLabellInterpreter’,’latex’,’Fontsize’,15);
xlabel(’$x$’,’interpreter’,’latex’,’Fontsize’,25);
ylabel(’$y$’,’interpreter’,’latex’,’Fontsize’,25);

title({’\textbf{Numerical test of analytical formulae: Representation of points}’,’\textbf{Conservation of contact angle,...

$\alpha_{0}=\frac{\pi}{4}$}’},’ interpreter’,’latex’,’Fontsize’,30)
axis([0,1.3e-04,0,1.3e-04])

%% figure 4

figure(4)

clf
plot3([0;01,[1;0],[0;1], black’, ’Linewidth’,2)
hold on
plot3([0;1],[1;0],[0;0], black’, ’Linewidth’,2)
hold on
plot3([1;0],[0;0],[0;1], black’, ’Linewidth’,2);
hold on
hej = plot3(3/8,1/8,0.5, *black’,’Linewidth’,120);
hold on
h3 = plot3(u2xlpylp,ulxlpylp,udxipylp,’*green’,’Linewidth’,100);
%hold on

%h4 = plot3(u2x2py2p,ulx2py2p,u3x2py2p, ’*blue’,’Linewidth’,100);
%hold on

%h5 = plot3(u2x3py3p,ulx3py3p,udx3py3p,’*red’,’Linewidth’,100);
hold on
plot3(0.5,0.5,0,’*black’, ’Linewidth’,4)

hold on

plot3([0.5;01,[0;0.5]1,[0.5;0.5], yellow’, ’Linewidth’,3)
hold on

lot3([3/8; u2xilpylp; 0.5],[1/8; ulxlpylp; 0.5],[0.5; u3xlpylp; 0],’--green’,’Linewidth’,1.5)
p pPylp pylp pylp g

hold on

%plot3([3/8; u2x2py2p; 0.5],[1/8; ulx2py2p; 0.5],[0.5; u3x2py2p; 0],’--blue’,’Linewidth’,1.5)

%hold on

%plot3([3/8; u2x3py3p; 0.5],[1/8; ulx3py3p; 0.5],[0.5; u3x3py3p; 0],’--red’,’Linewidth’,1.5)

%hold on
plot3(0.5,0.5,0,’*red’,’Linewidth’,2.5)
%h3 = plot3(c,b,a,’green’,’Linewidth’,1.5);
hold on
plot3(0.5,0.5,0, *black’, ’Linewidth’,55)
hold off
grid on
x = [0.54,0.51];
y = [0.4, 0.463];
x2 = [0.3,0.32];
y2 = [0.15, 0.11];
j2 = annotation(’textarrow’, x2,y2,...
’String’, ’$\left(\frac{1}{2},\frac{1}{2},0\right)$’);
set(j2,’interpreter’,’latex’,’Fontsize’,20)
x3 = [0.18,0.2];
y3 = [0.52, 0.5];
j3 = annotation(’textarrow’, x3,y3,...
’String’, ’$\left(\frac{1}{2},0,\frac{1}{2}\right)$’);
set(j3,’interpreter’,’latex’, ’Fontsize’,20)
x4 = [0.47,0.44];
y4 = [0.53, 0.50];
j4 = annotation(’textarrow’, x4,y4,...
’String’, ’$\left(0,\frac{1}{2},\frac{1}{2}\right)$’);
set(j4,’interpreter’,’latex’,’Fontsize’,20)
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jb = annotation(’textbox’, [0.15, 0.65, 0.1, 0.1],...
’String’, {’$u_{1}\Leftrightarrow\textrm{Gas}$’, $u_{2}\Leftrightarrow\textrm{Liquid}$’,’$u_{3}\Leftrightarrow\textrm{Solid}$’});
set(j5,’interpreter’,’latex’, ’Fontsize’,20)
x6 = [0.11; 0.085];
y6 = [0.135; 0.115];
j6 = annotation(’textarrow’, x6,y6,...
’String’, *$u_{1}=(1,0,0)$°);
set(j6,’interpreter’,’latex’,’Fontsize’,20)
x7 = [0.32; 0.32];
y7 = [0.75; 0.885];
j7 = annotation(’textarrow’, x7,y7,...
’String’, ’$u_{3}=(0,0,1)$");
set(j7,’interpreter’,’latex’,’Fontsize’,20)
x8 = [0.52; 0.555];
y8 = [0.135; 0.115];
j8 = annotation(’textarrow’, x8,y8,...
’String’, ’$u_{2}=(0,1,0)$’);
set(jS,’interpreter’,’latex’,’Fontsize’,QO)

h = legend([h3], [’Point 1: $\left(’,num2str(u2xipylp),’,’,num2str(ulxipylp),’,’,num2str (udxipylp),’\right)$°1);%,...

%[’Point 2: $\left(’,num2str (u2x2py2p),’,’ ,num2str (ulx2py2p),’,’ ,num2str (udx2py2p),’\right)$°1,...%,...
%[’Point 3: $\left(’,num2str(u2x3py3p),’,’,num2str(ulx3py3p),’,’ ,num2str (udx3py3p),’\right)$’1});
% [’Point 2: $\left(’,num2str(u2x6y6),’,’,num2str(ulx6y6),’,’,num2str (udx6y6),’\right)$°1,...
% [’Point 3: $\left(’,num2str(u2x5y5),’,’,num2str(ulx5y5),’,’ ,num2str (udx5y5),’\right)$’],...
% [’Point 4: $\left(’,num2str(u2x4y4),’,’,num2str(ulxdy4),’,’ ,num2str(udx4y4),’\right)$’],...
% [’Point 5: $\left(’,num2str(u2x3y3),’,’,num2str(ulx3y3),’,’ ,num2str(udx3y3),’\right)$’],...
% [’Point 6: $\left(’,num2str(u2x2y2),’,’,num2str(ulx2y2),’,’ ,num2str(udx2y2),’\right)$’],...
% '$\left (u_{2}"{\star\star},u_{1}"{\star\star},u_{3}"{\star\star}\right)=\left (\frac{3}{8},\frac{1}{8}, \frac{1}{2}\right)$’});

set(h,’interpreter’,’latex’,’Fontsize’,30)

title({’\textbf{Numerical test of analytical formulae: Projection Triangle}’,’\textbf{Conservation of contact angle, $\alpha_{0}=\frac{\pi}{4}$}’},...

’interpreter’,’latex’,’Fontsize’,30)
set(gca, ’xtick’, [1,’ytick’, [1, ztick’, [1)
view([-45, 3601)

B.4.2 Uq

function ul = uiConv(y0,x0,alpha,tau,ullni,alphal)
Q = y0/x0;
theta = atan(Q);
%termIni = ((alpha)/(2%pi));
N = (1+Q"2)*(alpha+cos(theta-alpha)*sin(theta-alpha))-Q;
g = ((sqrt(pi)*sqrt(tau)*cos(alpha))/(alpha+(sin(alpha)*cos(alpha))))-(Q*x0);
f = ((pixtauxcos(alpha))/(alpha+(sin(alpha)*cos(alpha))));
h = ((sqrt(pi)#*sqrt(tau)*((sqrt(1+Q"2)*sin(theta-alpha))-1))/(N));
j = ((pixtaux(1-(sqrt(1+Q~2)*sin(theta-alpha)))~2)/(N"2));
diff = ulIni-((alpha)/(2*%pi));
fraction = ((2*tau*diff)/(pi*(alpha+(sin(alpha)*cos(alpha)))));
factor = ((N)/(8*pi*tau));
% Forsta forsdk: ul = ((alpha)/(2*pi))+factor*((g/tan(alpha))-h-((sqrt(f+fraction))/(tan(alpha)))) 2-factor*j;
% Andra foérsdk: ul = ((alpha)/(2%pi))+factor*((g/tan(alpha))-h+((sqrt(f+fraction))/(tan(alpha)))) 2-factor*j;
ul = ((alpha)/(2+pi))+factor*((g/tan(alphal))-h-((sqrt(f+fraction))/(tan(alphal)))) 2-factor*j;

B.4.3 us

function u3 = u3Conv(y0,x0,alphal,tau,u3Ini)
Q = y0/x0;
%theta = atan(Q);
%disp(’First Thing’)
diff = u3Ini - 0.5;
nom = sqrt(8xtauxdiff)-(Q.*x0);
frac = ((nom)/(tan(alphal)));
f = ((2*sqrt(tau))/(sqrt(pi)*(1+Q"2)));
g = ((4xtau)/(pi*(1+Q°2)));
square = (frac-f)"2;
factor = ((1+Q°2)/(8*tau));
u3 = 0.5+factor*(square-g);
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