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Abstract

Optimizing the configuration and overall performance
of synchronized modular systems is considered in this pa-
per. The synchronized modules can be considered as a hy-
brid system, including continuous-time dynamics of local
moving devices, combined with high-level discrete event
sequences. The continuous-time trajectories are approx-
imated by the Gauss pseudospectral method, resulting in
a nonlinear programming (NLP) problem. The optimal
configuration generates the maximal production rate sub-
ject to dynamic constraints. A complete design procedure
is presented and applied to a case study of a packaging
machine, where an alternative optimal configuration is
achieved compared to current industrial practices.

1. Introduction

In manufacturing industries, it is quite common that
new hardware technologies are combined with traditional
design methods. By these traditional methods, the overall
system performance is affected and the full advantage of
new technologies is not used. Especially in package solu-
tion industries, previous generation mechanically driven
systems are replaced with mechatronic devices. These
mechatronic systems include different modules, but they
are synchronized to a single master in the same way as
traditional mechanical drive systems. The existing so-
lutions include continuous-time dynamics of moving de-
vices along with discrete event sequences. The model-
ing of mechatronic package machines with continuous
and discrete behavior along with synchronization are dis-
cussed in detail in [1, 3, 4, 6, 13].

Optimization is often a natural part of system design,
even during early configuration phases. A mechatronic
system, involving mixed continuous and discrete behav-
ior, is generally a hybrid system [7]. Often there is a clear
separation between the continuous and the discrete part,
meaning that the continuous parts may first be evaluated
before the higher level discrete parts are considered. Es-
pecially, this is the case for mechatronic systems where
the movements of individual components are synchro-
nized with a master profile. The optimization of such hy-

brid systems is considered in this paper, where each local
module of the system defines an optimal control problem,
which is later combined with shared variables for synchro-
nization. Along with this, high-level discrete sequences of
operations are also defined representing the transition be-
tween discrete states.

Optimal control problems are often solved numerically
by collocation methods [10]. The original continuous op-
timization problem is then only considered at discrete col-
location points, and the approximate optimization formu-
lation is transformed to a Nonlinear Programming (NLP)
problem, [11, 12], which can be solved by solvers such as
bonmin [5]. One common approximation, applied in this
paper, is the Gaussian pseudospectral method (GPM) [16],
where the continuous trajectory is approximated by a La-
grange polynomial and the trajectory is only optimized at
discrete time instances.

An application of the GPM is presented in this paper
for optimization of a packaging machine during its early
stages of design configuration. The resulting effect of the
optimal solutions are verified for different modules. The
bridge between discrete sequences of operations and the
continuous dynamics is also modeled.

The main contributions of this paper are as follows:
Early configuration design of a mechatronic system is for-
mulated as optimization of a modular hybrid system. A
clear decoupling of the continuous and the discrete behav-
ior makes it possible to solve the problem in two steps, in-
cluding continuous trajectory optimization followed by a
high level configuration and operation sequence optimiza-
tion.

A filling machine (TR/28) from Tetra Pak, package so-
lution industry is used as a case study in this paper. Op-
timal control problems are defined, including continuous
and discrete dynamic constraints, for the index conveyor
and the filling module (Lift and Pump) of the filling ma-
chine. As a result of this optimization, an interesting al-
ternative optimal configuration is obtained, compared to
industrial practice.

This paper is organized as follows. In Section 2, the
continuous optimization problem, including its approxi-
mation, is presented. Section 3 describes the modeling
of discrete event sequences. This is followed by the case
study in Section 4 and a discussion and conclusions in



Section 5.

2 Continuous Optimal Control

In this section the continuous optimal control problem
is formulated, followed by an approximation based on the
Gauss pseudospectral method.

2.1 Optimal Control
A continuous optimal control problem is modeled to

determine a control input that allows the system to follow
a state variable or trajectory and at the same time, mini-
mize or maximize the chosen performance criteria [15]. A
standard performance index is chosen in the optimal con-
trol problem formulation.

J = Φ(x(t f ), t f )+

t f∫
t0

g(x(t),u(t), t)dt (1)

where Φ : Rn×R→ R is the terminal cost and g : Rn×
Rm ×R→ R is the integral cost. In this cost function,
the state variables are subject to first-order dynamic con-
straints.

ẋ = f(x(t),u(t), t) (2)

where f : Rn×Rm×R→ Rn. The boundary conditions
and algebraic path constraints that restricts the state vari-
ables are described by,

ψ(x(t0), t0,x(t f ), t f ) = 0
b(x(t),u(t), t)≤ 0

(3)

with ψ :Rn×R×Rn×R→Rq and b :Rn×Rm×R→Rr.
The inequality constraints relating to states and control are
included in the path constraints b≤ 0.

2.2 Continuous-time Approximation
The nonlinear optimal control problem (1) - (3) is

solved numerically by GPM, where Lagrange polynomi-
als are used to approximate the states. The states have co-
efficients of initial state and N collocation points. The set
of collocation points used are either Legendre-Gauss(LG),
Legendre-Gauss-Radau or Legendre-Gauss-Lobatto, and
these are obtained from the roots of Legendre polyno-
mial [9]. The set of points are defined in the domain
[−1,1]. In this paper, LG points are used that include nei-
ther of the endpoints.

The polynomial X(t), the state vector approximation is
of degree N and hence requires N + 1 points to define its
derivative. Let Lk(t), k = 0, ...,N be a basis for Lagrangian
polynomial on the interval [−1,1] [8]. Then,

Lk(t) =
N

∏
i=0
i6=k

t− ti
tk− ti

, k = 0, ...,N (4)

from which it is seen that,

Lk(ti) =

{
1 if k = i
0, if k 6= i

(5)

The state vector x(t) is approximated by X(t) as,

x(t)≈ X(t) =
N

∑
k=0

x(tk) ·Lk(t) (6)

As mentioned earlier, the Lagrange polynomial is in the
interval [−1,1] and the interpolation points used are −1
and the N Gaussian quadrature points. Differentiating (6)
results in the following expression for the approximated
state derivatives Ẋ(ti),

ẋ(ti)≈ Ẋ(ti) = x(t0) · D̄i +
N

∑
k=1

x(tk) ·Dik (7)

where, D̄i = L̇0(ti) and Dik = L̇k(ti). The optimal control
problem as defined in (1)-(3) is transformed to an NLP
as follows. The performance index, (1) is approximated
using Gauss quadrature such that,

J = Φ(X(t f ), t f )+
t f − t0

2

N

∑
k=1

wk ·g(X(tk),U(tk), tk) (8)

where U(tk) is an N−1 degree approximation of the con-
trols u(t) collocated at the Gaussian points. wk are the
Gaussian weights; (t f − t0)/2 comes from transforming
the problem from t ∈ [−1,1] into t ∈ [t0, t f ]. The first or-
der derivative of the state variables are approximated as,

Ẋ(ti) =
2

(t f − t0)
X(t0) · D̄i +

2
(t f − t0)

N

∑
k=1

X(tk) ·Dik =

f(X(tk),U(tk), tk), i = 1, ..,N
(9)

The boundary and path constraints from (3) are forced to
be,

ψ(X(t0), t0,X(t f ), t f ) = 0
b(X(tk),U(tk), tk)≤ 0, k = 1, ...,N

(10)

The terminal states of the optimal control problem are fol-
lowed by quadrature approximation as,

X(t f ) = X(t0)+
(t f − t0)

2

N

∑
k=1

wk · f(X(tk),U(tk), tk) (11)

The decision variables for the optimal control problem are
the states X(tk), the controls U(tk), the initial time t0 and
the final time t f .

3 Discrete Event Sequences

As described in Section 1, often mechatronic systems
are considered as hybrid systems, which also establishes a



clear distinction between continuous and discrete behav-
iors. Although these systems exhibit modular structures,
they are later synchronized to a single master. The con-
tinuous dynamics of the system are synchronized between
the modules. Hence, the discrete actions follow the time
cycle of the synchronized master of the system. As de-
scribed in Section 2.2, the continuous dynamics of each
module is modeled with Lagrangian polynomials. The
discrete event sequences of such a mechatronic system
are naturally represented based on sequences of operations
(SOPs) [14]. An Operation is formally defined by a three
state Extended Finite Automaton (EFA), where an EFA
is a generalization of an automaton including variables,
guards and actions [14].

Each operation is self-contained, i.e. it holds neces-
sary information to determine its own state and also, to-
gether with other operations, determine the relation be-
tween each other. The relation between different oper-
ations can be sequence, parallel, alternative or arbitrary
order. The pre- and post-conditions of an operation, as
shown in Figure 1 include guards and actions that deter-
mine the relations between operations. A sequence where
operation O1 is followed by operation O2 means for in-
stance that the pre-condition to execute O2 is that opera-
tion O1 must be completed, that is being in location O f

1 .
This means that C↑2 = O f

1 .

Figure 1: Three state operation model

The mechatronic system that is considered in this paper
has motions that are executed simultaneously with other
operations. These parallel operations are also modeled as
a SOP, with a principle behavior illustrated in Figure 2.
The operations, O7 and O8 are running in parallel, which
means that operation O9 can be executed only when both
operations O7 & O8 are in locations O f

7 & O f
8 . The decou-

pled continuous and discrete behaviors are achieved by es-
tablishing a bridge between the two dynamics of the sys-
tem. The SOPs include additional constraints from contin-
uous dynamics, which are modeled as post-conditions on
operations as shown in Figure 2. The execTimek is a clock
variable that starts at zero when an operation is initialized
and the minimal operation time for a specific operation is
given by t f k. The variable t f k is obtained from the optimal
solution of the continuous dynamics for operation Ok. De-
tails of the SOP language and the application tool for this
language are referred to [2, 14].

Figure 2: Examples of operations with post-conditions re-
lated to the operation time of continuous dynamics opti-
mization

4 Optimization of a Packaging Machine

4.1 Machine Description
In this paper, a filling machine TR/28, of Tetra Pak, a

packaging solution industry, is studied. This filling ma-
chine consists of five different modules, where a module
is one that converts an input product to another by per-
forming a set of operations. Feeder, bottom sealing, ster-
ilizing, filling and top sealing are the five main modules
of the TR/28 filling machine. An indexing conveyor runs
through most of the modules in the machine, carrying the
product. The conveyor moves in every step, i.e, it moves a
certain distance and stops, for the modules to execute their
sequences of operations.

This paper focuses on the index conveyor and the filling
module of the entire machine. The movement of the con-
veyor along with cartons is tracked with its motion profile,
and the constraints that control the behavior and perfor-
mance are also analyzed. The lift and pump are the two
main moving parts in the filling module. Once the con-
veyor stops, the lift moves up and down with the carton.
The pump, which being connected to the tank, fills the
liquid to the carton, while the lift is moving down. The
conveyor starts to move again with the filled carton and
the cycle repeats. The principle position curves of motion
profiles of the index conveyor, lift and pump are shown in
Figure 3.

The unique behavior of packaging machines is the syn-
chronous behavior between the modules of the machine.
As noticed in Figure 3, the machine cycle time is the same
for conveyor, lift, pump and other movable parts of the
machine. The operations are synchronized with respect to
time and the cycle repeats while the machine is running.
Note that in industry the modules and conveyors are syn-
chronized with respect to angular position (in degrees) but
for simplicity it is considered as time in this paper.

Apart from machine cycle time of the motion profiles,
batch size of the machine also restricts the performance of



Figure 3: Principle motion profiles: position of index con-
veyor, lift position and pump position

the same. The number of cartons that are processed at a
time defines the batch size of the machine. At present, the
batch size of TR/28 is 2. This integer variable calculates
the distance to be moved by the conveyor for each step.
The filling module has two lifts and two pumps that fill
two empty cartons at the same time. The constraints such
as space, cost, energy obtained from increasing the batch
size and the resources (lift & pump) are neglected in this
study, i.e, if batch size is n, it is assumed that the machine
will have n lifts and n pumps.

Another unique constraint is included to avoid slosh of
the filled liquid from the carton during the index conveyor
movement. In order to refrain from spilling/splashing of
the liquid, Tetra Pak introduced an acceleration profile for
the index conveyor. The acceleration profile is a ramp su-
perposed by a two period sinus function with defined am-
plitude and frequency, as illustrated in Figure 4. The am-
plitude and frequency of the sinus function is proportional
to indexDistance, indexTime and natural f requency of
the wave. This profile is formulated based on experience
and detailed flow optimization.

4.2 Applying the Method
The filling module and index conveyor are optimized to

maximize the production rate of the entire machine. The
general optimal control problem model is defined as,[

ẋ1
ẋ2

]
=

[
0 1
0 0

][
x1
x2

]
+

[
0
1

]
u (12)

where the state variables x1 and x2 represents position
and velocity respectively. The control input u is the
acceleration of the system, which is determined by the
optimization procedure.The performance index to be min-
imized is,

J =−prodRate (13)

Figure 4: Principle acceleration profile of index conveyor

where prodRate = φ(t f ,b,x(t)) is the production rate, t f
denoting the machine cycle time and b is an integer vari-
able representing the batch size, which varies from 1 to
10. The initial and final values of states are fed in as input
data. Note, in all figures the units are in mm.

Index Conveyor

The optimization model of the index conveyor has an ob-
jective function similar to (13). As shown in Figure 3, the
index conveyor moves to a certain position at a particu-
lar time instance. In this case study, the moving time of
the conveyor is considered to be a variable within the lim-
its 0.15 s ≤ tm ≤ 0.5 s. The distance the conveyor travels
depends on b (batch size), and this adds in a constraint as

x1(tm) = b×Width o f Carton (14)

In order to avoid the cartons being bounced away from the
conveyor, an acceleration constraint is added to the model.

|u(t)| ≤ 6m/s2 (15)

Two different optimization models are defined for the
index conveyor; one without imposing the acceleration
profile and the other following the defined acceleration
profile from Tetra Pak. The former model, uses Lagrange
polynomial method to include dynamic constraints and
optimize the prodRate. The latter defines the accelera-
tion profile as a constraint to take as a pattern, which in
turn obtain the velocity and position profiles of the index
conveyor. In both models, the moving time tm and batch
size b are varied. The obtained optimal solutions of the
TR/28 machine for both the index cnveyor models along
with the filling module models are analyzed in Section 5.

Filling Module

The filling module (Lift & Pump) is modeled in accor-
dance to the four sections which includes, Lift moving up



& down and Pump with fill & return stroke. Again from
Figure 3, it is noted that filling of the carton is executed
when the conveyor is stopped and the stop time of con-
veyor can be denoted as ts = t f − tm. From the assumption
of the resources in Section 4.1, the change of batch size
b will not affect the production rate from the filling mod-
ule. The motion profile of Lift, which moves up and down
with the carton, is modeled as two optimal control prob-
lems. The same method is used for the Pump profile as
well.

The profile of the Lift while moving up, includes a time
span of tup which varies from 0.1s to 0.5s with start time
as the final instance of tm. The respective end point val-
ues of the states are fed as input parameters. Similar to
the conveyor, acceleration constraint is added for the Lift
moving up as,

|u(t)| ≤ 10m/s2 (16)

As the liquid is filled in the carton, while the lift is
moving down, it is necessary to avoid foam being formed
by controlling the flow of the liquid. The lift moving
down profile with time span of tdown is fixed to be 0.39 s.
This time span tdown is calculated to be the shortest span,
through many tests & simulations by Tetra Pak. The ini-
tial time of the lift when it starts to move down is defined
to be final instance of tup, and a constraint on acceleration
is also included. To avoid the carton lifting from the fill-
ing module when it moves down, the negative acceleration
cannot be higher than the gravity acceleration. The posi-
tive acceleration towards the end of the profile also needs
to be less than 10m/s2, so to avoid slosh of liquid from
the carton.

In the same way, the profiles of the Pump for fill stroke
and return stroke are modeled as two optimal control prob-
lems. Additional constraints to maintain the pressure for
the return stroke of the pump is included in the model. The
fill stroke and the lift moving down occur simultaneously,
hence with a same time span of 0.39 s.

Optimization Result

The combined optimization model by including index
conveyor, lift and pump, introduces additional constraints
by defining the dependent variables. The machine cycle
time t f is determined from the feasibility of all three dy-
namic parts’ performance. The position, velocity and ac-
celeration profiles of parts are described in separate sub-
figures for clarity. The optimal solutions, without super-
imposing an acceleration profile to the conveyor (cf. 4)
are as shown in Figures 5a, 5c, 5e, while the results fol-
lowing a defined acceleration profile are shown in Figures
5b, 5d, 5f. The synchronization between the modules is
modeled with shared variables, cf. 4 and Figure 3.

tup,k = tm,k k = 0
t f ill,k = tdown,k k = 0..N

tdown,k = t f ,k k = N
(17)

where tup is the time span for the lift moving up; tm, the
moving time of conveyor. Similarly, t f ill , the time span
for pump fill stroke and tdown is the time span for the lift
moving down.

As noticed in the resulting curves of Figure 5, the
optimal solution of the model without superimposed ac-
celeration profile yields a prodRate of 24164 cartons/hr,
with a b = 4 and t f = 1.192 s. A pre-defined acceler-
ation profile is added as a constraint to the index con-
veyor model, in order to avoid the slosh of liquid from
the package. This additional constraint in the model re-
sults in an optimal solution of prodRate to be 17993
cartons/hr with b = 3 and t f = 1.201s. The accelera-
tion profile of index conveyor in Figure 5f, is the re-
quired trajectory to be followed for a conveyor having an
indexDistance = 262.5, indexTime(tm) = 0.49263s and
natural f requency = 19.1rad/s.

5 Discussion and Conclusion

This paper presents an optimization model of a mecha-
tronic system during the early configuration phase. Modu-
larity of this system is used in the optimization of contin-
uous dynamic models including adjusting the individual
module criteria to obtain a feasible solution. The clear
decoupling between continuous dynamics and discrete se-
quences make it possibile to initially optimize the contin-
uous profiles of the system and later the discrete events
following the sequences of operations. The case study of
Tetra Pak TR/28 Filling Machine is based on continuous
dynamics including position, velocity and acceleration of
the system and the optimal results are analyzed.

As can be noticed from the optimal solutions, though
the added constraint on acceleration profile reduces the
performance of the machine, it is essential to avoid slosh.
The slosh of a liquid needs to be refrained only after car-
ton being filled and before the top is sealed. Due to the
synchronization of the Tetra Pak machines, the index con-
veyor follows the same motion profiles, for the entire pro-
cess. In order to reduce the constraint forced by the de-
fined acceleration, the modules need to be de-coupled and
the movement of individual cartons has to be controlled
by special conveyors driven by magnetic drive systems.
The magnetic conveyors allow the packages to cluster and
re-cluster into different batch sizes with the help of its in-
dividually movable holders, during the process. The op-
timal solution for the design configuration with magnetic
conveyors will be studied in the future.

It is also feasible to include net torque of the system as
a constraint in the optimization model. The optimization
model including the torque constraint is as an extension of
this work. In addition to this, research on optimization of
discrete event sequences by avoiding the strict synchro-
nization between individual modules and movement be-
tween them will open up more flexible and optimal solu-
tion.



(a) Position profiles without defined acceleration (b) Position profiles with defined acceleration

(c) Velocity profiles without defined acceleration (d) Velocity profiles with defined acceleration

(e) Without defined acceleration profiles for index conveyor (f) Defined acceleration profile for index conveyor

Figure 5: Optimized profiles of conveyor and filling module without and with defined acceleration profile in conveyor
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