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Abstract—We study the high-SNR capacity of generic MIMO
Rayleigh block-fading channels in the noncoherent setting where
neither transmitter nor receiver has a priori channel state
information but both are aware of the channel statistics. In
contrast to the well-established constant block-fading model, we
allow the fading to vary within each block with a temporal
correlation that is “‘generic” (in the sense used in the interference-
alignment literature). We show that the number of degrees of
freedom of a generic MIMO Rayleigh block-fading channel with
T transmit antennas and block length N is given by 7'(1 —1/N)
provided that 7" < N and the number of receive antennas is at
least T'(N —1)/(N —T'). A comparison with the constant block-
fading channel (where the fading is constant within each block)
shows that, for large block lengths, generic correlation increases
the number of degrees of freedom by a factor of up to four.

Index Terms—Block-fading channels, capacity pre-log, channel
capacity, channel state information, degrees of freedom, MIMO,
noncoherent communication, OFDM

I. INTRODUCTION

The use of multiple antennas is a well-established method
to increase data rates in wireless systems. A classic result
in information theory states that the throughput achievable
with multiple-input multiple-output (MIMO) wireless systems
grows linearly in the number of antennas when perfect channel
state information (CSI) is available at the receiver [1]. In
practice, though, the MIMO data rates are limited by the need
to acquire CSI [2]-[7]. A fundamental way to assess the rate
penalty due to channel estimation (relative to the unrealistic
case where perfect CSI is available) is to study capacity in
the noncoherent setting where neither the transmitter nor the
receiver has a priori CSI but both are aware of the channel
statistics.
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The model most commonly used to capture channel varia-
tions for capacity analyses in the noncoherent MIMO setting
is the Rayleigh-fading constant block-fading channel model
[2], according to which the fading process takes on indepen-
dent realizations across blocks of N channel uses (“block-
memoryless” assumption), and within each block the fading
coefficients stay constant. Thus, the N-dimensional vector
describing the channel between antennas ¢ and r (hereafter
briefly termed “(¢,r) channel”) within a block is

hr,t = Srt Inxi. (1)

Here, 11 denotes the N-dimensional all-one vector and s, ,
r € {1,...,R},t € {1,...,T}, are independent CN(0,1)
random variables; 7" and R denote the number of transmit
and receive antennas, respectively. Unfortunately, even for
this simple channel model, a closed-form expression for the
capacity in the noncoherent setting is unavailable. However, an
accurate characterization exists for high signal-to-noise ratio
(SNR). Specifically, Zheng and Tse [3] proved that the number
of degrees of freedom (i.e., the asymptotic ratio between
capacity and the logarithm of the SNR as the SNR grows
large, also referred to as capacity pre-log) for the constant
block-fading model is given by

Yeonst = M<1 Aj\{) , with M = min {T, R, BTJ } )

For the case R + 71 < N, they also provided a high-SNR
capacity expansion that is accurate up to a o(1) term (i.e.,
a term that vanishes as the SNR grows). This expansion was
recently extended in [8] to the “large-MIMO” setting R+71" >
N.

A. Extending the Constant Block-fading Model

One limitation of the constant block-fading model is that it
fails to describe a specific setting where block-fading models
are of interest, namely, cyclic-prefix orthogonal frequency
division multiplexing (CP-OFDM) systems [9]. In such sys-
tems, the channel input-output relation is most conveniently
described in the frequency domain: the vector of channel
gains h,; is equal to the Fourier transform of the discrete-
time impulse response c,., of the (¢,r) channel. The constant
block-fading model here corresponds to the situation where
the impulse response of each (¢, ) channel consists of a single
tap, i.e., ¢, = msm(l 0---0)7T, a situation for which the
use of OFDM is unnecessary.



In this paper, we focus on a channel model that allows for
impulse responses with multiple taps. Furthermore, we shall
allow different (¢,7) channels to have different correlation
structures. One way to achieve these goals is to model the
channel gains as

hr,t = Srt2rt- (3)

Here, the squared magnitude of the inverse Fourier transform
of each deterministic vector z,; is equal to the power-delay
profile of the corresponding (¢,7) channel. To obtain an even
more general system model, we assume that in each block
the correlation is described by ) > 1 independent random
variables according to

hr,t = Zr,tsr,t (4)

where Z,.; € CN*@ with Q < N is a deterministic matrix and
s+ € C? contains independent CA/(0, 1) entries, which are
also independent across r € {1,...,R} and ¢t € {1,...,T}.
A similar system model, with the simplifying assumption that
all matrices Z, ; are equal, was analyzed in [4], where a lower
bound on the number of degrees of freedom was derived. This
lower bound is tight only for the single-antenna case [10]-[12].

B. Main Result

Building on our previous work in [13] and [14], we study the
high-SNR capacity of MIMO block-fading channels modeled
according to (4) and show that when the deterministic matrices
Z,: are generic, the number of degrees of freedom can
be larger than in the constant block-fading case as given
in (2). Coarsely speaking, we can think of generic Z,; as
being generated from an underlying joint probability density
function.! We shall refer to (4) with generic Z, as generic
block-fading model. Our specific contribution is as follows: we
show that for all matrices Z, ; except for a set of Lebesgue
measure zero, the number of degrees of freedom is given by

1
Xgen = T<1 - N) 5

provided that T'< N/Q and R > T(N —1)/(N - TQ). We
note that the set corresponding to the case where all matrices
Z, are exactly equal has Lebesgue measure zero, and thus
we do not know whether (5) holds for equal Z, ;. Therefore,
this specific case remains an open problem. We also provide
an upper bound and a lower bound on X, for the case R <
T(N - 1)/(N - TQ).

C. Comparison with the Constant Block-fading Model

Let us compare the maximal values of Xconst and Xgen for
a fixed N, which are obtained for optimal choices of 1" and
R. For the constant block-fading model (1) with block length
N, it can be easily verified that the number of degrees of
freedom Xconst given in (2) is maximized for M = |N/2].

'We use the term “generic” in the same sense as it is used in the
interference-alignment literature [15].

S — T,R < oo X gen, max N
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Fig. 1. Ratio between the maximal value of Xgen (for the case Q = 1) and
the maximal value of xconst as a function of N, with and without a constraint
on the maximal number of antennas. The shaded areas indicate the regions
of Xgen /Xconst delimited by the upper bound (17) and lower bound (26) on

Xgen-

Setting T'= R = | N/2] to obtain M = | N/2], we conclude
that the maximal Xconst 1S given by

w2 1 L2,

This can be easily shown to be upper-bounded by N/4. For
the generic block-fading model with Q = 1 and T' < N, it
follows from (5) that the number of degrees of freedom is
maximized for T = N —1 and R = (N — 1)2, which results
in

(N=1)?
Xgen,max = T .

Fig. 1 shows the ratio between the maximal value of Xgen
(for Q@ = 1) and the maximal value of Yo as a function
of N. Because for the generic block-fading model the optimal
number of receive antennas grows quadratically with N, which
may yield an unreasonably large number of antennas for
practically relevant values of N (e.g., 1000 symbols or more),
in Fig. 1 we also show the ratio between the maximal values
Of Xgen and Xconst Under a constraint on the maximal number
of antennas. For the case R < T'(N —1)/(N — T'), which is
relevant in the constrained setting, our upper and lower bounds
on Xgen (s€e (17) and (26) below) do not match. The degrees-
of-freedom region delimited by the two bounds is represented
in Fig. 1 by shaded areas. One can see from Fig. 1 that Xgen, max
is about four times Xconst, max When N grows large. However,
when the maximal number of transmit and receive antennas is
constrained, the ratio gen /Xconst converges to 1.

We emphasize that the only difference between the channel
models (3) and (1) is that the generic (but deterministic)
vectors z,; of (3) are replaced by the all-one vector in (1). It
is important to note that the generic vectors z,.; for which (5)
holds include vectors that are arbitrarily close to the all-one
vector. Hence, arbitrarily small perturbations of the constant
block-fading model may result in a significant increase in the
number of degrees of freedom. As we will demonstrate, the



potential increase in the number of the degrees of freedom
obtained when going from (1) to (3) is due to the fact that,
under the generic block-fading model (3), the received signal
vectors in the absence of noise span a subspace of higher
dimension than under the constant block-fading model (1).
We conclude that the commonly used constant block-fading
model results in largely pessimistic capacity estimates at high
SNR.

D. Proof Techniques

To establish (5), we derive upper and lower bounds on
capacity that match asymptotically (i.e., in terms of degrees
of freedom). A similar approach was recently used in [11] to
establish the degrees of freedom for the single-input multiple-
output (SIMO) case. However, the proof techniques in [11]
cannot be directly applied to the MIMO setting. A key step
in [11] to obtain a tight lower bound on the number of
degrees of freedom for the SIMO setting is to perform a
change of variables using specific one-to-one mappings that
relate the channel gains, the input signals, and the noiseless
output signals. Unfortunately, the corresponding mappings for
the MIMO case are not one-to-one, and hence the change-of-
variable argument used in [11] cannot be applied. To over-
come this problem, we invoke Bézout’s theorem in algebraic
geometry [16, Prop. B.2.7] and show that these mappings
are at least finite-to-one almost everywhere. We also derive a
bound on the change of differential entropy that occurs when
a random variable undergoes a finite-to-one mapping. Finally,
we use a property of subharmonic functions [17, Th. 2.6.2.1]
to establish that a term appearing in this change of differential
entropy is finite.

E. Notation

Sets are denoted by calligraphic letters (e.g., Z), and |Z|
denotes the cardinality of the set Z. The indicator function of
a set Z is denoted by 17. Sets of sets are denoted by fraktur
letters (e.g., ). The set of natural numbers (including zero)
{0,1,2,...} is denoted as N. We use the notation [M : N] to
indicate the set {n € N : M < n < N} for M,N € N.
Boldface uppercase and lowercase letters denote matrices
and vectors, respectively. Sans serif letters denote random
quantities, e.g., A is a random matrix, x is a random vector,
and s is a random scalar (A, x, and s denote the deterministic
counterparts). The superscripts T and ™ stand for transposition
and Hermitian transposition, respectively. The all-zero vector
or matrix of appropriate size is written as 0, and the M x M
identity matrix as I;. The entry in the ith row and jth column
of a matrix A is denoted by [A], and the ith entry of a vector
x by [z],. For an M x N matrix A, we denote by [A]g, where
ZC[1:M]and J C [1:N], the |Z| x |J| submatrix of A
containing the entries [A]? with ¢€Z and j € J; furthermore,
we let [A]; £ [A][I1 N and [A]7 2 [A]‘[Z: - We denote by
[€]; € C*I the subvector of & containing the entries [z]; with
i € Z. The diagonal matrix with the entries of x in its main
diagonal is denoted by diag(x). We let diag(A4,..., Ak) be
the block-diagonal matrix having the matrices Ay, ..., Ax on
the main block diagonal. By |A| we denote the modulus of

the determinant of the square matrix A. For z € R, we define
|z] £ max{m€Z: m<z} and [2] £ min{meZ: m>z}.
We write E[-] for the expectation operator, and x ~ CN(0, X)
to indicate that x is a circularly symmetric complex Gaussian
random vector with covariance matrix 3. The Jacobian matrix
of a differentiable function ¢ is written as Jy. For a function
¢ with domain D and a subset D C D, we denote by gzﬁ| 3

the restriction of ¢ to the domain D. We use the Landau
notation f(p) = O(g(p)) to indicate that there exist constants
¢1,¢2 > 0 such that |f(p)| < ¢1]g(p)| for p > co. Similarly,
we use f(p) = o(g(p)) to indicate that for every € > 0 there
exists a constant ¢z > 0 such that | f(p)| < e]|g(p)| for p > cs.

F. Organization of the Paper

The rest of this paper is organized as follows. The system
model is formulated in Section II. In Section III, we present
and discuss our main result on the number of degrees of
freedom of the generic block-fading MIMO channel. An
underlying upper bound is stated and proved in Section IV,
and a corresponding lower bound is given in Section V. In
Section VI and in four appendices, we provide a proof of the
lower bound.

II. SYSTEM MODEL

We consider a MIMO channel with 7' transmit and R
receive antennas. The discrete-time fading process associated
with each transmit-receive antenna pair conforms to a block-
fading model, which results in the following channel input-
output relations within a given block of N channel uses:

YT = \/g Z diag(h,«,t) X¢ + W, re []'R} . (6)

te[1:T)

Here, x, € C¥ is the signal vector originating from the
tth transmit antenna; y, € CV is the signal vector at the
rth receive antenna; h,.; ~ CN(0,X, ;) is the vector of N
channel coefficients between the ¢th transmit antenna and the
rth receive antenna; w, ~ CN(0,Iy) is the noise vector
at the rth receive antenna; and p € R* is the SNR. The
vectors h,.; and w, are assumed to be mutually independent
and independent across € [1: R] and ¢t € [1:T], and to
change in an independent fashion from block to block (“block-
memoryless” assumption). The transmitted signal vectors X
are assumed to be independent of the vectors h,, and w,.
We consider the noncoherent setting, where transmitter and
receiver know the covariance matrix 3,.; of h,; but have no
a priori knowledge of the realization of h,. ;.

Because the covariance matrix 3, ; is positive-semidefinite,
it can be factorized as

H
Z:’r,t = ZT‘,tZ7-7t

with Z,, € CVN*@Q and Q = rank(X, ;) = rank(Z, ;). We
can then rewrite the channel coefficient vectors h,.; in terms
of Z,, as in (4), i.e.,

hr,t = Zr,tsr,t (7)



where s,.; € C?, s,.; ~ CN(0,Ip). Using (7), the R input-
output relations (6) can be rewritten as

,/ Z diag(Zy ¢Srt) Xt + Wy, €[1:R] (8)
fe[l T)
or in stacked form as
y=,/%9+w, with y 2 Bs ©)
where y 2 (yT - y5)T € CAN, w2 (wl---w)T e CRV,
s& (s ) (CRTQ with s, £ (s}, -+ sT )T e CT9,
and
B
B2 . € CRNXRTQ
Br
with B, 2 (X1Z,.1---XrZ,7) € CV*TQ  (10)

where X; £ diag(x;) € CN*V. For later use, we also define

x 2 (xF - xH)TeC™™ and
Ziy - Zur
zZ = : € CRNXTQ
Zry1 - ZRT

The matrix Z contains all information about the correlation
of the channel coefficients h, ; (recall that X, ; = ZT,th,It).
We will refer to Z as coloring matrix and use the phrase “for
a generic coloring matrix Z” to indicate that a property holds
for almost every matrix Z. Here, “almost every” is understood
in the precise mathematical sense that the set of all matrices
Z for which the property does not hold has Lebesgue measure
Zero.

In the special (nongeneric) case where () = 1 and each
Z,; € CN*1 is the all-one vector, (8) reduces to the input-
output relation of the constant block-fading model given by

(cf. (1))
Yr = \/g Z Sr,t X¢ + Wy,

te[1:T)

€[1:R]. (1)

III. CHARACTERIZATION OF THE NUMBER OF DEGREES
OF FREEDOM

A. Main Result

Because of the block-memoryless assumption, the coding
theorem in [18, Section 7.3] implies that the capacity of the
channel (8) is given by

1
Clp) = 5 supI(x;y). (12
Here, I(-;-) denotes mutual information [19, p.251] and the

supremum is taken over all probability distributions of x that
satisfy the average-power constraint

E[[[x|[*] < TN. (13)
The number of degrees of freedom is defined as
C
& Jyg S0 (14)

p—oo log p

which corresponds to the expansion

C(p) = xlogp + o(log p) . (15)

Our main result is stated in the following theorem.

Theorem 1: Let T < N/Qand R > T'(N—-1)/(N-TQ). For
a channel conforming to the generic block-fading model, i.e.,
the channel (8) with generic coloring matrix Z, the number
of degrees of freedom is given by

1
w=T(1-=].
wn=1(1-5)

Proof: In Section 1V, we will show that Xge, iS upper-
bounded by T'(1—1/N) for all choices of T, R, N, @, and Z.
In Section V, we will show that this upper bound is achievable
when T< N/Q, R>T(N—-1)/(N—-TQ), and Z is generic
(see Corollary 5). |

(16)

B. Degrees of Freedom Gain

As discussed in Section I, (16) implies that the maximal
achieveable number of degrees of freedom in the generic
block-fading model can be about four times as large as the
number of degrees of freedom in the constant block-fading
model (2). We will now provide some intuition regarding this
gain. For concreteness, we consider the case T' = 2, R =
3,0 =1, N =4. In this case, (2) and (16) give Xconst = 1 and
Xeen = 3/2, respectively.

The number of degrees of freedom characterizes the channel
capacity in a regime where the noise can “effectively” be
ignored. Thus, according to the intuitive argumentation in [12,
Section III], the number of degrees of freedom should be equal
to the number of entries of x € C® that can be deduced from
the corresponding received vector y € C'2 in the absence of
noise, divided by the block length N =4.

In the constant block-fading model (11), the noiseless
received vectors y, = s, 1X1 + Sy 2X2, 7 = 1,2,3 belong to
the two-dimensional subspace spanned by {x;,x2}. Hence,
the received vectors y,, ¥,, y5 are linearly dependent, and two
of them contain all the information available about x. From
two of the received vectors, we obtain 2 - 4 scalar equations
in 8 4 4 scalar variables (x,s1,1,51,2,52,1,52,2). Since we do
not have control of the variables s, ;, one way to reconstruct
x is to fix four of its entries (or, equivalently, to transmit four
pilot symbols) to obtain eight equations in eight variables. By
solving this system of equations, we obtain the remaining four
entries of x. Hence, we can deduce four entries of x from y. We
conclude that the number of degrees of freedom is 4/4 =1,
which is in agreement with (2).

In the generic block-fading model (8), on the other hand,
the received vectors without noise

y, = diag(Z, 15,1)x1 + diag(Z, 25, 2)x2, r=1,2,3

span a three-dimensional subspace almost surely. Hence,
we obtain a system of 3 - 4 equations in 8 + 6 variables
(x,51,1,51,2,52,1,52,2,53,1,53,2). Fixing two entries of x, we
are able to recover the remaining six entries. Hence, the
number of degrees of freedom is 6/4 = 3/2, which is in
agreement with (16).



This argument suggests that the reason why the generic
block-fading model yields a larger number of degrees of
freedom than the constant block-fading model is that the
noiseless received vectors span a subspace of CV of higher
dimension.

IV. UPPER BOUND

The following upper bound on the number of degrees of
freedom of the channel (8) holds for every T', R, @, N, and Z.
The assumption of a generic coloring matrix Z is not required.

Theorem 2: The number of degrees of freedom of the
channel (8) satisfies

1
Xgen < T(l_N) .

Proof: We will show that the number of degrees of
freedom is upper-bounded by 7' times the number of degrees
of freedom of a constant block-fading SIMO channel; the
result then follows from (2). To this end, we will rewrite each
output vector y, as the sum of the output vectors of 1" SIMO
systems with R() receive antennas each. This will be achieved
by splitting the additive noise variables appropriately.

From (8), the ith entry of the received vector y,. is given

a7

b

y
yr 7 \/> Z Z rt srt Xt] + [Wr] (18)

te[1:T] g€[1:Q]

for r € [1
according to

: R]. We first decompose the noise variables

ZZ

te[1:T] g€[1:Q)]

mtli Wyl (19)

Here, all [W,, ,- ], and [w/.], are mutually independent and inde-
pendent of all x; and s, ;. Furthermore, [wq‘7 t]- ~CN(0,1),

w ],chv(o 1t§ﬂq§@ )

and K is a finite constant satisfying?

> D 11ZediP

t€[1 T] q€[1:Q]

K > max

€[1:R],i€[1:N]

We next define T “virtual” constant block-fading SIMO chan-
nels with R(Q) receive antennas each:

VEKp [srt]g [Xel; + [Wq el s
i€[l:N],re[l:R],q € [1:Q)]

[yq,r,t]i =
(20)

for t € [1:T]. Inserting (19) into (18) and using (20), it can
be verified that (18) can be rewritten as

wli=m 2 212

t€[1 T] q€[1:Q]

yq,rt + [er]z . (21)

2This condition on K is required to ensure that the variance of all random
variables [w/.]; is positive.

Let y, 2 (J11: Yo' € COFN. By (21), the ran-
dom variable y depends on x only via the random vari-
ables {y, }+c[1.7]- Hence, the data-processing inequality [18,
eq. (2.3.19)] yields

I(x;y) < I(x;¥1,---,¥7) - (22)
The right-hand side of (22) can be upper-bounded as follows:
I(X;ylv"'vyT) = h(ylaw.ayT) - h(91,~~~7yT‘x)
(@), =~ - -
=Yy, Y1) — Z h(y¢x:)
te[1:T)
< Z Yt|xt)]
te[1:T]
= > I(x:¥). (23)
te[1:T]

Here, h(-) denotes differential entropy [19, Ch. 8], (a) holds
because y;,...,yr are conditionally independent given x,
and (b) follows from the chain rule for differential entropy
[19, Th. 8.6.2] and because conditioning does not increase
differential entropy. Since (by assumption) the input vector x
satisfies the power constraint (13), we conclude that, trivially,
also each subvector x; satisfies the individual power constraint
E[|[x¢||?] < TN. Thus, the SNR (i.e., the expected power of
the noiseless received signal divided by the noise power) of
each “virtual” constant block-fading SIMO channel (20) is
given by

EllvEplsridxill’] _ KpE[[lsrily*TEllIx:]*]
Ef[[wgr,¢ 1] Ef[|wgr,¢ 1]
KpTN
- N
=TKp.

By (2) and (15), the capacity of a constant block-fading SIMO
channel of SNR T'Kp is of the form* (1 —1/N)log(TKp) +
o(log p). Since, by (12), the capacity is the supremum of the
mutual information divided by the block length, we can upper-
bound each mutual information I(x;;y,), t € [1:T] by N
times the capacity. This results in

rlwi5) < 8 (1 ) tou(Tp) + ol ) )
= (N —1)log(TKp)+ o(logp) .

Hence, continuing (22) and (23), we obtain

I(x;y) < ) I(xi59,)
te[1:T)
< T(N—1)log(TKp) +

(@) (

o(log p)

N —1)logp + o(log p) 24

where (a) holds because log(TKp) = logp + log(TK).
Thus, the mutual information I(x;y) with x satisfying the

3Since the number of transmit antennas is one for a SIMO channel, we
have M =1 in (2).



power constraint (13) is upper-bounded by (24). Inserting (24)
into (12) yields

N-1
Clp)<T log p + o(log p)

from which (17) follows via (14). |

V. LOWER BOUND

We first derive a lower bound on Xgen assuming that
T < min{7T, R} transmit antennas are effectively used (i.e.,
X7 ,1,---, X7 are set to zero). Then we maximize the lower
bound by identifying the optimal number T of transmit anten-
nas to use.

Proposition 3: The number of degrees of freedom of the
channel (8) for a generic coloring matrix Z is lower-bounded
by

~ .~ 1 T
Xeen = Xiow(T) = mm{T(l—N>,R<1—J\?)} (25)

for all T < min{T, R}.

Proof: See Section VL. _ _ ]

The minimum in (25) is given by xow(T) = T'(1 — 1/N)
when the number R of receive antennas is large enough (i.e.,
R > T(N —1)/(N — TQ)). In contrast, xiow(T) = R(1 —
TQ /IN) when the number of degrees of freedom is constrained
by the limNited number of receive antennas (i.e., R < T(N —
1)/(N - TQ)).

The main result of this section is stated in the following
theorem.

Theorem 4: The number of degrees of freedom of the
channel (8) for a generic coloring matrix Z is lower-bounded
by

Xgen = Xikow £ _ max Xlow(T)
T<min{T,R}
1
T(1-—— if T <T,
- ( N)’ e e
, if T'> Ty
where RN
Topg & ———— 27
T N+ RQ-1 @7
and
T 1
n £ max {R(l — W), [ Topt] (1 — N>} . (28

Proof: The idea behind the bound yj, in (26) is to
obtain the tightest (i.e., largest) of the lower bounds )QOW(T)
in (25) for T' transmit antennas by maximizing Xiow(7") with
respect to the number of effectively used transmit antennas
T < min{T, R}. According to (25), xiow(T’) is the minimum
of two quantities where the first, 7'(1—1/N), is monotonically
increasing in 7" and the second, R(1 —T'Q/N), is monotoni-
cally decreasing in 7. Hence, Xiow(7) attains its maximum at
the 1ntersect10n point T defined in (27). If T' < Top[, we are
for all T < min{T, R} in the regime where oy (T') is mono-
tonically increasing, and thus the best choice is touse 7' =T

transmit antennas (note that because 1" < Topt(?RN /N =R,
the choice T = T in Proposition 3 is possible). Thus, in
this case we have xp, = Xwow(T) = T(1 — 1/N), which
yields the first case in (26). If T' > Tgy, we would like to
use Ty, transmit antennas, but we have to take into account
that T, may be noninteger. Thus, we take the maximum
of the bounds Xlow(f) resulting from the closest integers,
Xiow ([ Topt]) and Xiow([Topt]), which yields n in (28). This
concludes the proof. [ ]

Remark 1: For N > 2, the optimal number of transmit
antennas Tgp is upper-bounded as follows:

N
T < - (29)
In fact, Tope = RN/(N + RQ — 1) < RN/(RQ) = N/Q.

Remark 2: For N = @ > 2, we have by (29) that T, < 1.
Hence, T' > T,y and thus, by (26) and (28), xj, = 7 =
max {R(1 — Q/N),0} = 0. Similarly, we obtain for N = 1
that Xlow(f) < 0 for all T, which yields x;;,, < 0. Hence, our
lower bound x;, is trivial. In these scenarios, the capacity
grows double-logarithmically in the SNR p [20], [21].

Remark 3: The lower bound g, in (26) can be equivalently

expressed as
rw = min< T'( 1 L
Xiow = Min N N

Corollary 5: Let N > 2. For the lower bound X}, in

Theorem 4, the following properties hold:
(i) For T'> N/Q, we have T' > Ty and xg,, = 7).
(i) For T < N/Q and R > T(N —1)/(N — TQ), we have
T < Ty and xjo,, = T(1 = 1/N).
(iii) For T < N/Q and R < T (N — 1)/(N —TQ), we have
T > Top and X, = 1
(iv) For fixed N and @, x;;,, attains its maximal value for 7" =
|(N —1)/Q] transmit antennas and R = [(N —1)?/Q]
receive antennas; this maximal value of x;;, equals [ (N —
1)/Q)(1—1/N).
Proof: By (29), the inequality T' > N/Q implies T' > Topts
from which Property (i) follows by (26). For T' < N/Q, the
following equivalence holds:

27 RN N -1
T<t=yxihg1 ¢ TNorg <R

Thus, the conditions in Properties (ii) and (iii) imply 7" < Ty
and T' > Ty, respectively, and the expressions of Xy given
in Properties (ii) and (iii) follow immediately from the case
distinction in (26).

To prove Property (iv), we first show that xj ., < |(IV —
1)/Q|(1—1/N) for arbitrary T' and R. Subsequently, we will
show that this upper bound is achievable for the proposed
number of antennas. We first note that for each 7' < N/Q, the
lower bound Xjow (7) in QS) is monotonicglly nondecreasing
in R. Furthermore, for T > N/Q, xiow(T) is negative and
can be ignored in the maximization process, i.e., we have
Xl*ow = MAXFnin (7, R.N/Q) Yiow(T'). This implies that Xiow
is—as a maximum of nondecreasmg functions—also mono-
tonically nondecreasing in . Hence, to obtain an upper bound



on Xp., we can assume [? arbitrarily large without loss of
generality. We choose R > (N — 1)?/Q. Simple algebraic
manipulations yield the equivalence

(v - 1)
Q

RN N -1

NtRO-1~ 0@
(30)

R > TOpt =

This implies [Top |Q > N —1 and further, because both sides
of this strict inequality are integers, that [Ty |@ > N. Thus,
the first argument of the maximum defining 7 in (28) satisfies

Rl—M <R(1-1)=0
(1-F29) <ra -y

and, hence, 1 reduces to n = |Ton (1 — 1/N). By (26), we
have that x;, is either equal to T'(1 —1/N) (for T < Tp) or
equal to ) = |Top ] (1 —1/N) (for T > Ti,p). In both cases we
have X, < [Top(1 — 1/N). Since |[Top] < [(NV —1)/Q)]
by* (29), this implies xi,, < [(NV —1)/Q](1 —1/N).

It remains to be shown that this upper bound is achievable.
For R = [(N —1)2/Q] > (N — 1)?/Q, we obtain (see (30)
with “>” replaced by “>") that T, > (N —1)/Q. Hence, for
T =|(N—-1)/Q] < Ty, the lower bound (26) simplifies to
Xiw =T(1—-1/N)=|(N—-1)/Q](1—1/N). Thus, we have
shown that xj, is maximized for T' = | (N —1)/Q] and R =
[(N—1)?/Q] and its maximum equals | (N —1)/Q](1—1/N).

|

Remark 4: Property (ii) in Corollary 5 shows that for a fixed
T < N/Q, we can achieve xj, = T(1—1/N) by using a
sufficiently large number of receive antennas R. This coincides
with the upper bound presented in Section IV. Thus, in this
regime, the number of degrees of freedom grows linearly in
the number of transmit antennas.

VI. PROOF OF PROPOSITION 3

__In this section, we establish the lower bound (25). For N <
TQ, the inequality in (25) is trivially true, because in this case
R(1—-TQ/N) <0 and hence xjow < 0. Therefore, we focus
on the case

N>TQ

which will thus be assumed in the remainder of this section.
Furthermore, recall that we assumed in Proposition 3 that
T < min{T, ]?V} Thus, setting X7, 4, ..., X7 O zero, we can
replace T by T in the input-output relation (9) and the power
constraint (13). Finally, we shall assume that

ns [R50

If more receive antennas are available, we simply turn them
off. The following dimension counting argument provides
some intuition on why the use of more than [T'(N —1)/(N —

TQ)] receive antennas is not beneficial.

“By (29), [Topt] < N/Q and thus Q|Tope] < N. Since both sides of
this strict inequality are integers, we have Q|Tope] < N — 1 and hence
[Topt] < (N —1)/Q, which in turn implies |Tope] < [(N —1)/Q].

A. Dimension Counting

The noiseless received vector y = Bs € CRV in (9) corre-
sponds to RN polynomial equations. The unknown variables
of these equations are ihe eniries of the vectors s, ; € Ce,
r € [1:R], t € [1:T] (RTQ unknown variables) and of
the transmitted signal vectors x, € CN, ¢ € [1: T] (TN
unknown variables). Consider now a pair (x;, s, (), consisting
of a transmitted signal vector x, and a fading vector s, ; that
is a solution of y = Bs. Then the pair (¢;x¢,s,./c:), where ¢,
is an arbitrary nonzero constant, is also a solution of y = Bs.
This implies that each x; can be recovered from y only up to
a scaling factor. To resolve this ambiguity, we fix one entry
in each x;. Hence, the total number of unknown variables
becomes RTQ+T N—T. As long as the number of equations
is larger than or equal to the number of unknown variables,
ie., RN > RTQ+TN—T, we are able to recover’ the N —1
unknown entries of each x;. The above condition is equivalent
to R > T(N —1)/(N — TQ). Hence, it is reasonable to
consider only the case R < [T(N — 1)/(N — TQ)], as the
received vectors resulting from the use of additional receive
antennas would not help us gain more information about the
transmit vectors {x;}, (17

B. Bounding I(x;y)

By (12), the capacity C(p) and, hence, xgen (cf. (14))
can be lower-bounded by evaluating I(x;y) for any specific
input distribution that satisfies the power constraint (13). In
particular, in what follows, we will assume x ~ CN' (0, IT N).
Thus,

Clp) > - Ixiy). 31)
As
I(x;y) = h(y) — h(y|x) (32)

we can lower-bound I(x;y) by upper-bounding h(y|x) and
lower-bounding h(y).

1) Upper Bound on h(y|x): Tt follows from (9) and (10)
together with s, ; ~ CN(0,Ig) and w, ~ CN(0,Iy) thaty
is conditionally Gaussian given x, with conditional covariance
matrix (p/T)BB" + Izy (note that B = B(x)). Hence,

hly|x) = Ex [mg (ore)RN \%BBH ”RND]

I . |(p/T)BB +

Irn| = |(p/T) BHB+IRTQ|. Furthermore, assuming without

loss of generality that p >1 (note that we are only interested

in the asymptotic regime p — co), we have [(p/T) BB +
H T -\ pH

RTQ‘ < |n(( 1/T)B B+IRTQ)’ = p"e|(1/T)B"B +

| Ths,
)

RN RTQ
Ex [log ((W@) P
SStrictly speaking, this argument is true for linear equations. In our case,
because we have polynomial rather than linear equations, we obtain in general
a finite number of solutions for the variables x and not a unique solution, as
will be discussed further in Section VI-C.

Ir7g

h(y|x) <

RTQ

1
—BUB +1
T




= RfQ log p + Ex {log

1
?BHB +IRTQH +0(1).
(33)

By using Jensen’s inequality for the concave function log(-),
we obtain
(34)

Ex {log
The right-hand side in (34) is independent of p and the deter-
minant ’(1 /T)BHB+1 RTQi is some polynomial in the entries
of x and x™ (cf. (10)). Since x ~ CN(0,1,,), all moments of
x, and, hence, the expectation Ey[|(1 /T)BYB + 1~ |, are
finite. Therefore, the right-hand side in (34) is a finite constant
with respect to p. Hence, (33) together with (34) implies

h(y|x) < RTQlogp + O(1).

2) Lower Bound on h(y): The dimension counting argu-
ment provided in Section VI-A suggests that R < [T(N —

1)/(N — TQ)] receive antennas are sufficient to identify
all unknown input parameters. By comparing more carefully
the number of equations RN and the number of variables
RTQ +TN — T, we see that we can get rid of

¢ £ max{0, RN — (RTQ +TN —T)} (36)
1)/(N-TQ)]

H
RTQ B"B + I;5

iBHBH
T

1
<1OEX?
J e 7

(35)

equations. Since we assumed that R < [T(N—
and N > T'Q), we have that

¢ = max{0, R(N ~ TQ)—T(N —1)}
< max {o, iwi (N —~1~“Q) —T(N — 1)}
i G v e a0
>0

(V] 35

<1

v -7Q)

<N-TQ. (37

Thus, we can make the number of equations equal to the
number of unknown variables by removing at most N —-7T'Q—1
equations. To do so, it is convenient to separate the RN
received variables into a “useful” part, which we denote by
ly]z with®

£[1:RN -] (38)

and a “redundant” part [y] ; with 7 £ [1: RN]\Z = [RN —
¢+ 1 : RN]. Note that in the case £ = 0, i.e., when the
number of equations does not exceed the number of unknown
variables, we have [y]; = y and the redundant part [y]; is
empty.

We can now lower-bound h(y) as follows:

h(y) = h(lylz, [yl7)

61t is convenient to choose Z this way, but other choices may also be
possible.

) h(lylz) + h(lyl | ¥lz)
wlz) + (il 5%, vz)

(C)h(\/z[] >+0()
Diog ;ymN@+MMﬁ+0@

= (RN —0)logp + h([ylz) + O(1).

Here, (a) follows from the chain rule for differential entropy,
in (b) we used (9) and the fact that conditioning reduces differ-
ential entropy, (c) holds since i ([y] ; |s,x, [y]z) = h([w] ;) is
a finite constant, and (d) holds by the transformation property
of differential entropy [19, eq. (8.71)]. Using (35) and (39)
in (32), we obtain

I(x;y) > (RN — €~ RTQ)log p+ h([yly) + O(1)
e (RN — max{0, RN — (RTQ + TN — T)}

— RTQ) log p+ h([ylz) + O(1)
= min{RN — RTQ,TN — T}logp
+ h(lylz) + 0(1).
The degrees of freedom lower bound (25) follows by insert-
ing (40) into (31):

Clp) > 1(xy)

o)1)

+ 5 hl¥l) + O(1)

whence, by (14) and because h([y];) does not depend on p,
min{R(1-5¢).T(1- %)} 1080+ 0(1)
Xeen = hrn
—00 ~ log p
T ~ 1
il n(-12) 71 1))

provided that h([y];) > —oo. To conclude the proof, we will
next show that h([y];) > —oo for a generic coloring matrix
Z. This is the most technical part of the proof.

(39)

(40)

C. Proof that h([y]7) > —o0

As [y]; is a function of s and x (see (9) and (10)), the
idea behind our proof is to relate h([y];), which we are not
able to calculate directly, to A(s,x), which can be calculated
trivially. The underlying intuition is that the image of a random
variable of finite differential entropy, such as (s, x), under a
“well-behaved” mapping, such as (s,x) — [y];, cannot have
an infinite differential entropy. At the heart of the proof is the
bounding of differential entropy under finite-to-one mappings,
to be established in Lemma 8 below.

We first need to characterize the mapping between (s, x) and
[¥]7. To equalize the dimensions—note that [y]; € CI?! and
(sTxT)T e CRTQ+TN__ye condition on RTQ + TN — |Z|



entries of x, which we denote by [x], (hence, |P| = RTQ +
— |Z|). This results in
h({ylz) = Wyl [ x]») (41)

We shall denote by [x]p the remaining entries of x, i.e., D £
[1:TN]\P. Note that |D| + |P| = T'N and thus

IZ| = RTQ + |D|. (42)

One can think of [x], as pilot symbols and of [x], as data
symbols. The set P will be defined in Appendix A.B. At this
point, we are only concerned with its size, which is equal to

|P| = RTQ + TN - |1]. 43)
Because of (41), it suffices to show that
h(] I| ) > —00.
This will be done by relating h([y]|[x]) to h(s, [x]). Be-

fore doing so, we have to understand the connectlon between

the variables [y|; and (s, [x]p). This leads us to the following

program:

(i) Define the polynomial mapping ¢[m],,
and [y];.

(i) Prove that ‘b[w]p
a) Its Jacobian matrix is nonsingular almost everywhere

(a.e.) for almost all (a.a.) [x]p

b) It is finite-to-one’ a.e. for a.a. []p.

relating (s, [x|p)

satisfies the following two properties:

(iii) Apply a novel result on the change in differential entropy
that occurs when a random variable undergoes a finite-
to-one mapping to relate h([y ] ) to h(s, [X]p).

(iv) Bound the terms resulting from this change in differential

entropy.
Step (i):
We consider the [x],-parametrized mapping
Ofal,: TP o O (s, [alp) o gl (44)
in which ¥ is defined in (9) and (10), i.e.,
B,
y = Bs, with B= . (45)
Bpr
where
B,=(X1Z,,---X7Z, 7), with X;=diag(z). (46)

We see from (45) and (46) that the components of the vector-
valued mapping @], are multivariate polynomials of degree
2 in the entries of s and [x],. The Jacobian matrix Ty, Of
(;S[m]P is equal to

Ty (. [2]p) = [(B [A]P)], € CTI2,
Ag o A5 i
with A = : : € CRNXTN (47
Apy - A

7A mapping is called finite-to-one if every element in the codomain has a
preimage of finite cardinality.

where

Ay £ diag(a,s), te [I:T], r € [l:R],

with a,; £ Z, 8.,  (48)

and where in (47) we used that |Z| = RTQ + |D| (see (42)).
Note that we did not take derivatives with respect to [x]p,
since the entries of [x], are treated as fixed parameters.

Step (ii-a):

We have to show that Jy,, is nonsingular (i.e., |J¢[m]p| #
0) a.e. for a.a. [x]p and a generic coloring matrix Z. The
determinant of Jy_ ~is a polynomial p(Z,s,x) (ie., a
polynomial in all the entries of Z, s, [x]|p, and [x]|5). We
will show that p(Z, s, x) does not vanish at a specific point
(Z,5,), ie., p(Z,5,&) # 0. This implies that p(Z, §, &)
(as a function of Z, for fixed s and ) is not identically zero.
Since a polynomial vanishes either identically or on a set of
measure zero[24, Cor. 10], we conclude that p(Z, 3, &) # 0 for
Z € Z, where Z is a set with a complement of measure zero.
Using the same argument, we find that, for a fixed Z € Z,
the function p(Z, s, x) does not vanish a.e. (as a function of
(s,x)). Hence, \J(b[w]p (s,[x]p)| # 0 for a.a. (s, [x]p, [x]|p)
and all Z € Z. In other words, for a generic coloring matrix
Z, the matrix Jo,, el is nonsingular a.e. for a.a. [x]p.

It remains to ﬁnd the point (Z, 3, &), i.e., a specific point
(Z, 3, &) such that p(Z7 §,&) # 0. This, in turn, requires to
find a specific set P. This is done in the proof of the following
lemma.

Lemma 6: Let R > T, N > TQ,and R < [T(N—1)/(N -
TQ)]. Then there exists a triple (Z, s, «) and a choice of P

for which the determinant of the Jacobian matrix J¢ 1n “@n
is nonzero.
Proof: See Appendix A. [ ]

Step (ii-b):

We will invoke Bézout’s theorem [16, Prop. B.2.7] to
show that the mapping ¢, is finite-to-one a.e. for a.a.
[x|5. In what follows, note that for a given [y]; in the
codomain of ¢, the quantity gf)[ﬁ ([g]7) is the preimage
Ota),, ([Fl2) = {(5, [#]p) : Pla,, (s, [2]p) = [g]1} and not the
function value of the inverse function (which does not even
ex1s£ln most cases). Furthermore, for a given [z ]P, we denote
by M C CHl the set of all (s, [z]p) for which Jy (s, [z]p)
is nonsingular, i.e., "

M2 {(s.[zlp) € CTUHIPL: |7, (s, [x]p)] # 0}

Lemma 7: For a given [flP’ let M be defined as above.
Then for all [g]; € Pz, (M),

|¢ﬁw] )NM| <

Proof: Let [Yl1 € @[] (M M). The set gb ([y]z) contains
all points (s, [z]p) such that DL, (S, [:c]D) = [y]7. Thus,
these points are the zeros of the vector—valued mapping

(s, [2]p) = ). (s, [®]p) — 97

m 2 2RTQ+|D\ .

(49)



It follows from (44)—(46) that each component of the vector-
valued mapping (49) is a polynomial of degree 2. Hence, the
zeros of the mapping (49) are the common zeros of |Z| =
RTQ + |D| polynomials of degree 2. By a weak version of
Bézout’s theorem [16, Prop. B.2.7], the number of isolated
zeros (i.e., with no other zeros in some neighborhood) cannot
exceed m = 2RTQ+IPI Since J¢ I is nonsingular on M,

the function qﬁ[w] restricted to M is locally one-to-one [25,
Th. 9.24] and, hence, each zero of ¢(4_—[y]; on M has to be
an isolated zero. Therefore, the number of points (s, [z]p) €
M such that Py, (8, []p) = [Y]7 cannot exceed m. [ |

By Lemma 7, the function ¢, for a given [z]p is
finite-to-one on the set M. Because by Step (ii-a) the matrix
J¢[w]7,(5a [x]p) is nonsingular a.e. for a.a. [x],, and because

M C C/ s the set of all (s, [z],,) for which T (0, (8: [%]p)
is nonsingular, we conclude that ¢4 ], is finite-to- one a.e. for
aa. [z]p.

Step (iii):

We will use the following novel result bounding the change
in differential entropy that occurs when a random variable
undergoes a finite-to-one mapping.

Lemma 8: Let u € C" be a random vector with probability
density function f,. Consider a continuously differentiable
mapping x: C" — C" with Jacobian matrix J,. Assume that
J,. is nonsingular a.e. and let M £ {u € C": |J(u)| # 0}
(thus, C™ \ M has Lebesgue measure zero). Furthermore, let
v £ £(u), and assume that for all v € C", the cardinality of
the set k~1(v) N M satisfies |k~ (v) N M| < m < oo, for
some m € N (i.e., /9| M is finite-to-one). Then:

(I) There exist disjoint measurable sets {Ux }re[1:m] Such
that H‘u is one-to-one for each k € [1: m] and Uy, U
covers almost all of M.

(I) For every choice of such sets {Uy }xe[1:m]

) > hiw)+ [ fula) los(7, () du— (9 ()

where k is a discrete random variable that takes on the value
k when u € U), and H denotes entropy.

Proof: See Appendix B. ]

Since by Step (ii-b) the mapping ¢z | | 1 18 finite-to-one for
a.a. [x]p, we can use Lemma 8 with u = (s, [X]p ), k = P[a]
n = RTQ +|D|, m =m, and M = M and obtain

" (¢fal, (5, [x]p))
> b bo)+ [ fogg (o)
<10 (T (5. [2lp)]) dls, [2]) = Hkg,) 5D

corresponds to the random variable k from

’

P

where k[w]P

Lemma 8 (since x = ¢[m],,, we have a different k for
each [z]p). Because of [y|; = ¢ (s, [x]p), we have
W[yl z| Xp=[2]p) = h(¢], (s, [XIp)). Thus, (51) entails

h([ylz|
= Ep,, [h(¢p, (s [X]p)) ]

> h(s,[x]p) + ]E["]P{/Cnfwofs’[x]v(s’ [z]p)

x10g (| o, (s, [2]p)|") d(s. [2]p) = H (ki) |- (52)

Step (iv):

We show now that the right-hand side of (52) is low-
er-bounded by a finite constant. The differential entropy
h(s, [x]p) is the differential entropy of a standard multivariate
Gaussian random vector and thus a finite constant. The en-
tropy H (k(),,) for a.a. [z]p does not exceed log(ri), where

m = 2BTQ+IPI Hence, it remains to lower-bound

]E[X]P{/CRTQJrles,[x]D(Sv []p)
<o (Tos, (5, [a]) ) dls, )

B /«:\7’\ /«:RfQHD\f[X]P([w]P) fodp (35 [®]p)
xlog (|, (5. [x]p)[?) d(s, [z]p) dlx]p

O s 08 (o (o W) s, 2) (5
CRTQ+TN

where (a) holds because (s, [x]) and [x], are independent.
A similar problem was recently solved in [12] using Hiron-
aka’s theorem on the resolution of singularities. Here, we
take a much simpler approach, which relies on the fact that
det (J¢ ) in (53) is an analytic function [26, Ch. 10] that
does not Vamsh identically, and on a property of subharmonic
functions® (see [17, Th. 2.6.2.1]).

Lemma 9: Let f be an analytic function on C" that is not
identically zero. Then

h é/ exp(—||€[|*) log(| f(£)]) d& > —oo.
Cn

Proof: See Appendix C. |

The function fs« is the probability density function of a
standard multivariate Gaussian random vector. Furthermore,
since the function det(Jqs[w]P(s, [z]p)) is a complex polyno-
mial that is nonzero a.e. (see Step (ii-a)), it is an analytic
function that is not identically zero. Hence, by Lemma 9,
the integral in (53) is finite. Thus, with (52), we obtain
h(lylz|[x]p) > —oc and, because of (41), that A([y];) > —oo.
This concludes the proof.

(54)

VII. CONCLUSION

We characterized the number of degrees of freedom for
generic block-fading MIMO channels in the noncoherent
setting. Although the generic block-fading model seems to
be just a minor variation of the classically used constant
block-fading model, our result shows that the assumption of
generic correlation may strongly affect the number of degrees
of freedom. In fact, we showed that the (potentially small)
perturbation in the channel model that results from making
the coloring matrix Z generic may yield a significant increase
in the number of degrees of freedom. This suggests once more

8See [17, Ch. 2.6] for a definition of subharmonic functions.



[Z11]; [21,2] 0
[Z1,1]5 [Z1,2], [Z11]e511
[Z1,1]5 [Z1,2];5
[Z1,1]4 [Z1,2]4
[Z2,1]; [22,2]; 0
[Z2,1], [Z22,2],
[Z2,1]5 [Z2,2]5
[Z2,1]4 [Z2,2]4
[Z3,1]; [Z5.2]1 0
[Z5.1]5 (Z5,2], [Z34]285.1
[Z3,1];5 [Z3.2]5
[Z51]4 [Z3,2]4

[Z2,1]582,1

[Z1,2]151,2
0
[Z1,1]551,1 [Z1,2]551,2
[Z11]4511 [Z1,2]451,2
[Z2,2],52,2
0

[Z2,2]352,2

(55)

[Z21]352,1
[Z21]452,1 [Z2,2],52,2
[Z3,2], 53,2
0
[Z3,2]353,2

[Z3,2]453,2

[Z3,1]583,1

[Z3,1]483,1

(see also [20], [27]) that care must be exercised in using this
asymptotic quantity as a performance measure.

The highest gain in terms of the number of degrees of
freedom is obtained for a sufficiently large number of receive
antennas. In this case, the number of degrees of freedom is
equal to 7T times the number of degrees of freedom in the
SIMO case, as long as the number 7' of transmit antennas
satisfies 7' < N/Q. This may be of interest for the uplink of
massive-MIMO systems [28].

From a practical point of view, the generic block-fading
model is of particular interest for CP-OFDM systems. These
systems cannot be described appropriately by the constant
block-fading model, which corresponds to an impulse response
of each (¢, r) channel that consists of a single tap. By contrast,
the generic block-fading model allows for impulse responses
with multiple taps.

For CP-OFDM systems with colocated antennas, it may
appear questionable to assume that all coloring matrices Z, ;
are different—an assumption that is needed for our result
to hold (although MIMO channel matrices with nonidentical
distributions arise, e.g., when pattern diversity is used [29]).
The case where all matrices Z,; are exactly equal is still an
open problem. However, it should be noted that any nonzero
perturbation of the model with exactly equal Z,,—be it
arbitrarily small—yields the generic model considered in this
paper. One may then argue that the assumption of exactly equal
Z,; is an idealization that may be convenient in theoretical
analyses but will not be satisfied in practical systems. An
important conclusion to be drawn from our analysis is the fact
that, as far as the number of degrees of freedom is concerned,
the model with exactly equal Z, ; is highly nonrobust, since
arbitrarily small perturbations yield a potentially large change
in the number of degrees of freedom.

The proof of Proposition 3 in Section VI does not provide
a characterization of the class of coloring matrices Z for
which Theorem 4 does not hold. However, the only part of
the proof where a generic Z is needed is in the statement that
]J¢[m]p(s, [a:]D)‘ # 0 a.e. (see Step (ii-a) in Section VI-C).
If a specific Z is given, one can search for two vectors s
and « and a set P for which ’J¢[E]P(s, [z]p)| # 0. If the
search is successful, then Theorem 4 holds for this Z. Note
that the converse is not necessarily true: if ’J¢[w]p(s7 []p)]|
vanishes for all choices of s, x, and P, one cannot conclude
that Theorem 4 does not hold.

An open problem is a characterization of the capacity of
generic block-fading MIMO channels beyond the number
of degrees of freedom. Such a characterization would help
understand whether the sensitivity of the number of degrees
of freedom discussed above is an indication of a similar
sensitivity of the capacity that occurs already at moderate
SNR, or merely an asymptotic peculiarity. Furthermore, a
capacity characterization that is nonasymptotic in the SNR can
be analyzed for asymptotic block length, which would enable
a capacity analysis of, e.g., stationary channel models.

APPENDIX A
PROOF OF LEMMA 6

Since the proof of Lemma 6 is quite technical, we shall
first (in Section A.A) illustrate its key steps by focusing on
the special case 7' = 2, R = 3, N = 4, and (Q = 1. The proof
for arbitrary T', R, N, and ) will be provided in Section A.B.

A. Special CaseT:2,R:3,N:4, =1

By (36), we have ¢ = 0 and, thus, Z = [1:12]. Furthermore,
by (43), we have |P| = 2. We choose P = {1,6}. Hence,
recalling that z = (] 3 )T € C®, we have

[z]p = ([1]y [2]2)"

and
[®]p = ([&1] [21]5 [21]y [2o]y [@a]5 [@a]))"

We also choose x as the all-one vector. For these choices,
the Jacobian J¢[m]p in (47) is equal to (55) at the top of this
page. We have to find Z and s such that the determinant of
this matrix is nonzero. Setting [Z3 2], = [Z3.1], = [Z3,2]3 =
[Z5.1], = 0, the entries highlighted in gray in (55) become
zero. Furthermore, choosing nonzero [Z3 1];, [Z3,1]5, [Z3 2],
[Z5,2]4, s3,1, and s3 2 and operating a Laplace expansion on
the last four rows in (55), it is seen that the determinant of the
matrix in (55) is nonzero if the determinant of the matrix in
(56) at the top of the next page is nonzero. This is the Jacobian
matrix corresponding to the case 7' = 2, R = 2, N = 4,
and Q = 1. In other words, by performing the matrix
manipulations just described, we reduced the case R = 3 to
the case R = 2. A similar idea will be used in the proof for the
general case provided in Section A.B, where we will reduce
R inductively until R = T'. Setting s1 2 =521 =0, the entries



[Z1,1] [Z1.2]1 0 [Z1.2]151.2
(Z1,1]5 [Z1,2]5 (Z1,1]581,1 0
(Z11]3 [Z1,2]5 0 [Z1,2]551,2
(Z1,1]4 [Z1,2]4 [(Z11]4511 0
[Z2,1]; [Z2,2]; 0 [Z2,2]; 52,2 (56)
(Z2,1]5 [22,2]; [Z2a]552. 0
[Z2,1]5 [2Z2,2]5 0 [Z2,2]552,2
(Z2,1]4 [22,2]4 [Z21]452,1 0
highlighted in gray in (56) become zero. By choosing nonzero P1 Po Ps Py
(Z1,1]2, [Z11]45 [Z2,2]1 [Z2,2]3, 81,1, and s2,2 and operating ( 1 [ 1 [ 1 [ )
a Laplace expansion on the last four columns, it is seen that
it is sufficient to show that the determinant of the following Ist card 2nd card 3rd card 4th card
matrix is nonzero:
e )
L1 121 Sth card 6th card 7th card 8th card
Z Z
Al 2k
[Z2’1}2 [Z2’2]2 9th card 10th card 11th card 12th card
[Z21]s [ Z2,2] \ ) ) ) \ )
This can be achieved, e.g., by setting all off-diagonal en- 13t card P
tries (i.e., [Z11]5. [Z1,2]1, [Z2.1]4. and [Z32]5) to zero and

choosing all diagonal entries (i.e., [Z1,1];, [Z1,2]3, [Z2,1]5, and
[Z2,2]4) nonzero.

B. Proof for the General Case
We have to find Z, s, o, and P such that
[ To1a1,, (5, [2]p)| # 0.

1) Construction of P: We start by constructing the set P.
Recall that P specifies the indices of the pilot symbols in the

vector ¢ = (x] -~ w%)T It will turn out convenient to use

the expression
P={i+(t—-1)N

where P; C [1: N] specifies the indices of the pilot symbols in
the vector @, ¢ € [1:T]. The sets {Pt}teu:”f] have to satisfy

> [P =[P
te[1:T) @3) RTQ n TN Z|
RTQ+TN — RN +¢
RTQ+TN — RN
+max{0, RN — (RTQ +TN —T)}
= max{T,RTQ — (R—T)N}
2 9.

cie P, tel:T)) (57)

38

36

(58)

(We use the subscript R in ¥ because the dependence on
R will be important later.) To provide intuition about our
choice of the sets Py, we use a card game metaphor. Consider
a deck of T'N cards showing numbers from 1 to N sorted
as follows: 1,2,...,N,...,1,2,..., N (i.e., the sequence
1,2,..., N repeated T times). The idea is to choose the
¥R positions of the pilot symbols by assigning the indices
i € [1:N] to the sets P; in the same way as the first U cards

are distributed to 7" players (in Fig. 2, we give an example of

(. J (. J

Fig. 2. Construction of the sets P; for T = 4, N =6, and 9 = 14.

the algorithm for v = 14, N = 6, and T = 4): The first card
shows 1 and goes to Py, i.e., 1 € Pp, and in the same way we
proceed with 2 € P, ..., T € PT (this corresponds to the 1st
to 4th card in Fig. 2). When we run out of sets (players), we
start with the first set (player) again: T+1 € Py, T+2 € Po,
etc. After the card showing index N (recall that P; C [1: N]),
the next card starts with index 1 again (in Fig. 2, the 6th card
shows N = 6 and goes to P, and the 7th card shows 1 and
goes to Ps3). This scheme works as long as we avoid assigning
an index to a set P; to which that index was already assigned
in a previous round. (In Fig. 2, this would happen after the
12th card. The 13th card shows 1 and the algorithm would set
1 € Py, which was already assigned to P; in the first round.)
To avoid this issue, we introduce an offset and skip one set
(resulting in the 13th card going to P» in Fig. 2) and proceed
as before. The algorithm stops when ¥y indices (cards) have
been assigned to the sets (players) P;.

We now present a mathematical formulation of the algo-
rithm we just outlined. Let the function 3: [1: TN] — [1:
T] x [1: N] be defined as

8(j) = (5 “”) o [+ | |) moa T

Ba(7) jmod* N

je1:TN]. (59

Here lem(-, ) denotes the least common multiple and

-1
amod*béa—b{ab J

denotes the residuum of a divided by b in [1:b] (and not in
[0:6—1] as commonly done). We use the function 3 to assign
up to T'N elements (note that 95 < TN ) to the sets P; as




follows: for j € [1:19g], the function (3, (j) specifies ¢ € [1: T
(equivalently, one of the sets Py, t € [1:77]), and the function
B2(j) specifies the index ¢ € [1: N] that is assigned to P,
(again invoking our card game metaphor, the jth card shows
the index [32(;j) and is assigned to player Pg, (;)). Using 31 (j )
and f33(j), we can compactly describe each set P; as follows:”
P2 (B (1) N[1:0R]), te[1:T). (60)

Here, the set 3, (t) consists of all values j € [1 : TN that
correspond to an assignment of an index i to the set P;. Since
we only want to assign a total of ¥y indices, we take the
intersection with [1:19z]. For each j € By '(t) N[1:9x], the
function B2 now chooses an index ¢ € [1: N], and we obtain
the definition (60).

The sets P, in (60) satisfy the properties listed in the
following lemma.

Lemma 10: Suppose that R > T, N > TQ and R <
[T(N —1)/(N — TQ)]. Let the sets {Pt},cpn.7) be defined
as in (60). Then the following properties hold:

) Socpny|Pil =
(i) [P,] < TQ;

If R > T, let {ﬁt}teu:f] be the corresponding sets for the
case of R—1 receive antennas, i.c.,

Pr 2 Ba (B (1) N [1:0R 1)) . (61)
Furthermore, we set
L 2PN\ P (62)
and
L2 |J L. (63)

te[1:T)

Then the following properties hold:
(i) LN Ly =0 for ¢t # t/;

(iv) L£; C[1:N —{], where ¢ is defined in (36);
(v) There exist sets G; C [1: N — £], t € [1:T] satisfying
a) |Gt = Q,
b) gtmgtl =(Z)f0rt7ét’,
C) gt N Pt 7A @, "
&) Upepy 9t =9 = [N -\ L.
Proof: See Appendix D. ]

Remark 5: Property (i) states that the sets P; have the
correct size (see (58)). Properties (iii), (iv), and (v) state that
we can partition the set [1: N — /] into 27" disjoint sets L;
and Gy, t,t' € [1:T], i.e., G NGy = O for t # ¢’ (see (v-b)),
LN Ly =0 for t # t' (see (iii)), and G, N Ly = O for
t,t’ € [1:T] (see (v-d)). Furthermore, in each G, there is a
point g, € Py (see (v-c)).

9For a set A C [1 :TN], we use the notation 82 (A) to denote the image
of the set .4 under the function B2, i.e., B2(A) = {B2(j) : j € A}.

2) Construction of Z, s, and x: For the choice of
{Pi},c(1.7) described above, it now remains to find a triple
(Z,s,x) for which p(Z,s,x) = det (qu[w] (s, [x]p)) is
nonzero. This will be done by an induction argument over
R > T. For this purpose, it is convenient to define the sets

D, £ [1:N]\ P, . (64)
Note that by (57) and because D = [1:TN]\ P, we have that
D=[1:TN]\ P

TN\ {i+ (t— )N i Ppte[1:T]}
={i+(t—1)N:ieDyte[1:T]}

i.e., Dy C [1: N] specifies the positions of the data symbols in
the vector @;, ¢ € [1:T]. Furthermore, we will make repeated
use of the next result, which follows from [23, Sec. 0.8.5].
Lemma 11:Let M € C"*", and let £,F C [1 : n]
with |5| |FI. I [M]]],\e = O or [M][; m\F _ 0, and
it [M]F ¢ is nonsingular, then det(M) # 0 if and only if

e (1217 %0,

Remark 6: Lemma 11 is just an abstract way to describe a
situation where given a matrix M, one is able to perform row
and column interchanges that yield a new matrix of the form

‘3g>, where A and C are square matrices. In this case,
a basic result in linear algebra states that the determinant of
M equals the product of the determinants of A and C, and
hence, assuming that C' is nonsingular, det(M) # 0 if and
only if det(A) # 0.

We will now present the inductive construction of Z, s, and
x.

Induction hypothesis: For T < R < [T(N—1)/(N-TQ)],
TQ < N (as assumed throughout the proof), and {Pt}fe[l T%
as in (60), there exists a triple (Z, s, x) with =
such that p(Z, s, ) = det (qu[m (s,[x]p)) is nonzero

Base case (proof for R= T) When R= T (58) reduces
to > ¢ nA [ Pel = T2Q. Using Property (ii) in Lemma 10,
this implies that |P;| = TQ. Furthermore, ¢ = 0 (see (36)),
resulting in Z = [1: RN]. To establish the desired result, we
first choose s, = 0 for r # ¢. With this choice, the matrix

(65)

J¢[m]7,(3’ [z]p) in (47) looks as follows:
r D
Ay A g
J¢[m]P(s’ [x]p) = B
Az AfF .
B, [A1 1]
- B; [Azg]P

e@(TQQJrIDDX(TQQHDD (66)

where we used the sets {D;}, c(1-7) &iven in (64), and where
(cf. (46))
B, =(Z1-Z,5), 1€l
and (cf. (48))
A,y = diag(aiy), t €

[]. Z/.f], with Qg ¢ £ Zt’tst,t . (67)



We choose'® [Z,.4], € CTQxQ gych that the square matrices
[B.lp, = [(Zr1 -+ Z, 5)],, € CT9*TC are nonsingular.
Furthermore, we have that [At,t]gf =0 (by (67), A, is a

diagonal matrix, and because P;ND; il (), the matrix [At,t]g:
contains only off-diagonal entries). We will use Lemma 11
with M = Jy,, (s, [x]p) given by (66). n = T?Q+|D|, € =
P (i.e., the rows where [A,,]P* is zero), and F = [1 : T2Q)]
(i.e., the columns of all B,, r € [1:T]). This choice yields
[M}? = diag ([Bilp,, .-, [th,f), which is nonsingular
because it is a block-diagonal matrix where each block on the

diagonal, [BT]PT’ was chosen nonsingular. Furthermore, we

have that [M][glm]\f = diag ([Al,ﬂglla«-w[AiT]g;) = 0.

Thus, the requirements of Lemma 11 are met and, hence,
det(M) = det (J¢[Z]P(s, [€]p)) # O if and only if the
determinant of the following matrix is nonzero:

[A11]p!
[M][ln]\f _

[L:n]\E D (68)

Because of (67), we have [Am]gz = [diag(at,t)]gi. Hence,
the matrix in (68) is a diagonal matrix and can be chosen
to have nonzero diagonal entries by choosing [Ztvt]Dt and

St ¢ such that [at’t]i = [Zt,t]{i}st,t 7é 0 for all i € Dt
(again see (67)). Thus, its determinant is nonzero and, in turn,
det(M) # 0.

Inductive step (transition from R—1 to R): Assuming that
Z,., and s, for te[1:T)], r€[1: R — 1] have already been
chosen such that the determinant of J¢[w]p(s, [x]p) is nonzero
in the R —1 settigg, we want to show that there exist Zg ¢
and sp ¢, t € [1:T] for which the determinant of the matrix
J¢[w]7,(5’ [x]p) in (47) is nonzero. To facilitate the exposition,
we rewrite the matrices involved in a more convenient form.
For the case of R receive antennas, denoted by the superscript
[R], we rewrite the Jacobian matrix dep(s, []p) in (47) as

To (8, [2]p) = ([B] [A]F) € CN-OX(RTQHDD

(69)
with
B,
Bl; =
[ ]I BR—I
[BR][I:N—Z]
and
[ (A A g b
[AlZ = || : :
Apy - Ap; .
[A14]P [A, 777
= | [Ar-11]"* -+ [Ap_, 777
D Dy
[AR,I]H;IN—@] [AR,T“][LTN—Z]

10Note that so far we used the index ¢ for the sets P;. Now we consider
the matrix [BT]Pt for t = r. Thus, it is convenient to use only the index 7.

where we used (65) and (38). For the R — 1 case, the Jacobian
matrix is given by

J¢[w]p(s, [J’]D)[R_l]
B, [A]P - [ALf]DT
Br [AR—l,l]ﬁl [AR_LT}ﬁT
c C(R—I)NX ((R—l)fQ-ﬁ-EtE[l:f]rEt\) (70)
where

D, £ [1:N]\ P; (71)
with the sets 73t introduced in Lemma 10. Note that in (70),
we do not need to truncate the matrix when selecting the rows
in the set Z as required by (47). This follows because £ = 0
for R —1 < T(N — 1)/(N — TQ) (which holds because
R<[T(N-1)/(N-TQ))) and, hence, Z = [1:(R—1)N].

Let G, G;, and L; be defined as in Lemma 10. Set
[ZRrtlg\g, = 0 forall ¢ € [1:T], and choose [Zr:lg, €

C@*Q nonsingular for all ¢ € [1: T]. With these choices,

and recalling that we set * = (1---1)T in the induction
hypothesis (whence X; = Iy), it follows from (46) that
[Brlg = ([Zr1lg - [Z 7]g) is nonsingular. Next, for

each t € [1:T], select an index g; in the set G;NP; (note that
this set is non-empty due to Property (v-c¢) in Lemma 10).
Furthermore, choose sg; to be orthogonal to the rows of
[ZR’t]gt\{gt} € C@=1XQ and to satisfy [ZR,t]{gt}sR,t £ 0
(note that since s,; € C%, it is always possible to choose
s+ such that it is orthogonal to ) — 1 vectors of a set of
@ linearly independent vectors and not orthogonal to the last
one). Recalling (48), we have

[ARrtlg = [diag(aR’t)]g, te1:T)

where [ap ], = [ZR,t]{i}s&t = 0 for ¢ € G\ G, by our choice
[ZR’t]g\gt =0, and for : € G;\ {g:} because we chose sg ; to
be orthogonal to the rows of [Zr g\ ,,1- Thus, [AR.]g has
only one nonzero entry [ap ] g¢.» Which is in the g;th column.
But since g; € Py and P; N D; = (), taking only the columns
indexed by D; results in [A R,t]gt = 0. We will use Lemma 11
with M = J,, (s, [2]%) given in (69), n = RTQ + |D|.
E={i+(R-1)N :i € G} (e, the rows of [Bg|;.x_g
specified by G), and F = [(R — 1)TQ + 1 : RTQ)] (i.e., the
columns of [B R][L N_ é]). This choice yields

[M]Z = [Brlg = ([Zrlg - [Z5 7o)
which is nonsingular as noted above. Furthermore, we have
Lin]\F Dy
MIE = (0 [ApalZ* o [Ag7157) = 0.

Hence, the requirements of Lemma 11 are satisfied. We obtain
that the determinant of M = Jys_, (s, [z]5) in (69) is

. . . P . .
nonzero if and only if the determinant of the following matrix
is nonzero:



B,

(AP (A 5]
- Bp_1 [Ar_11]™ [AR—l,f]ly
D“
0 Ara2 o [ApslRT
(72)
Here, we used Property (v-d) in Lemma 10, ie., that [1 :

N-O\G=L -

So far, we specified only the rows [ZRAg. Because GNL =
() by Property (v-d) in Lemma 10, we can still freely choose
the remaining rows [Zg (] - We first choose the rows indexed
by L; such that [Z R.tlc, SR, does not have zero entries (e.g.,
(ZR.t] {2} = th for i € L4, resulting in [ZRt}{ NSRt =
\s r.t||* # 0). Next, we choose the remaining rows, indexed by
L\ Ly, to be zero, ie., (Z R~

using (48), we obtain [AR, t]

= 0. With these choices and

Ly
e, = =0 and det([ARyt]Et) #0.
We will next use another application of Lemma 11 with
M = K given in (72), n = (R — 1)TQ + | D],

(R-1)TQ + D]
(i.e., all rows of K below Br_1), and

F= U {i+@-vie+ X iwilsicc)

te[1:T] t'€[1:t—1]

c\a

E=[(R-1)N+1:

(i.e., the columns of [AR,t]Zf for all t € [I:T]). This choice
results in

. L

[M]Z = diag ([AralzL, - [Ap 71.T)

which is nonsingular because det ([Ag,]5 ') # 0. Further-
more, we have

D~
= (0 [AnilZ - [ApslzT, ) =0.
Thus, the requirements of Lemma 11 are satisfied, and we

obtain that the determinant of K in (72) is nonzero if and
only if the determinant of the following matrix is nonzero:

1)\ F
[M][lzn]\é'
B, [Al,l]Dl\Ll o [A) ~]Df\ﬁf
Br_1 [Ap_11]P"\f ... [AR_LT}Df\Cf
(73)
By the definitions £; = P; \ P;, D, = [1: N]\ P,, and

D, = [1:N] \75,5 (see (62), (64), and (71)), we obtain

D\ Lo = ([L:NJ\P)\ P\ P) L [1:N]\ P, =

for all ¢ € [1 : T], where (a) holds because P; C P,.
[1:n]\F [R—1]

Thus, [M}[1 e in (73) is equal to Jy, (s,[z]p)

in (70). Altogether, we obtain that the determinant of

J¢[¢]P( ,[] ) in (69) is nonzero if and only if the deter-
minant of [M]EZR? = J¢[E]P(s, [:c][g_l]) in (70) is nonzero.
But the determinant of Jda[m]P(sv [z],)~ 1 is nonzero by the
induction hypothesis.

APPENDIX B
PROOF OF LEMMA 8

A. Proof of Part (I)

To prove part (I) of Lemma 8, i.e., that almost all of M
can be covered by the union of disjoint measurable subsets
Uy, we will use the following lemma, which is an application
of the result reported in [30, Cor. 3.2.4].

Lemma 12: Let A C C™ be a Lebesgue measurable set
and x: C" — C™ a continuously differentiable mapping (e.g.,
the mapping in Lemma 8). Then there exists a Lebesgue
measurable set BC AN {u € C" : |J(u)| # 0} such that
m’B is one-to-one and x(A) \ k(B)=N, where N is a set of
Lebesgue measure zero.

We will use Lemma 12 repeatedly to construct the disjoint
sets {U; }je[1:m)-

Lemma 13: Let k and M be as in Lemma 8, i.e., k: C" —
C™ is a continuously differentiable mapping with Jacobian
matrix J,, such that J, (u) is nonsingular a.e. and M = {u €
C™: |J.(u)| # 0}. Again as in Lemma 8, assume that for
all v € C, the cardinality of the set x~!(v) N M satisfies
[k~ (v) M| < m < oo, for some m € N (e, k|, is finite-
to-one). Then, for k& € [1:m], there exist disjoint Lebesgue
measurable sets {U;}jec[1:x) With U; € M such that K,|u
one-to-one for j € [1:k]. Furthermore, there exists a set ./\/k
of Lebesgue measure zero such that

o (M L[J]u)] <m—k,

forallvEH(M\ U

jEL:k—1]

> \ N (74)

Proof: We prove Lemma 13 by induction over k.

Base case (proof for k = 1): By Lemma 12 with A = M,
we obtain a set B C M (recall that M = {vw € C™: |J,.(u)| #
0} and thus MN{uw € C": |J(u)| # 0} = M) such that Ii|B
is one-to-one. Furthermore, x(M)\x(B) = N for a set N7 of
Lebesgue measure zero. Because k(B) C x(M), this implies
k(M) \ N7 = k(B). Thus, for each v € k(M) \ N, there

exists w € B such that x(u) = v. Equivalently, k=1 (v) N B #
(). Hence, for v € k(M) \ M,
K™ o) N (M B)| = [(x~H(v) N M)\ (57 () N B)]
Yl w) N M| — [ (0) N B
© |kt v) N M| -1
(c)
<m—1 (75)

where (a) holds because x~1(v) N B C k=1 (v) N M, (b)
holds because x~1(v) N B is nonempty and contains at most
one element since I€|B is one-to-one, and (c¢) holds because
we assumed that |k~ (v) N M| < m. We set Uy = B and,
by (75), the property (74) is satisfied for £ = 1. Furthermore,
/<;| = /<;| is one-to-one, which concludes the proof for the

Z/ll B
base case.



Inductive step (transition from k to k + 1): Suppose we
already constructed the k disjoint measureable sets {L4; }je[1:)
and the set N}, satisfying (74). To simplify notation, define

Note that (74) can now be written as

k™ (v) N (M \UM)| <m-—k,

for all v € k(M \U[k*”) \Nk. (76)

By Lemma 12 with A = M \ U!¥], we obtain a set B such
that I*i’ 5 is one-to-one and

BC M\U" (77)

Furthermore, (M \ U¥) \ k(B) = Nt for a set Nyiq
of Lebesgue measure zero. Because x(B) C r(M \ UM),
this implies x(M \ U*) \ Niy1 = k(B). Hence, for v €
k(M \ UK \ N1 there exists u € B such that x(u) = v,
or equivalently, k=1 (v) N B # (Z)~. Thus, similarly to (75), we
obtain for v € H(M \U[k]) \ (Nk+1 UNk)

K7 ()N ((M\U[k])\ﬁ’)!
=[(x" ()N (M\UM))\ (k7 (v) N B)]
@ |/17 v)ﬁ (./\/l \Z/l[k)| — |7 (v) N B|
@1 w) n (M UMY -1
k1 (78)

where (a) holds because k=1 (v) N B C k™1 (v) N (M \UMK),
(b) holds because x~!(v)NB is nonempty and contains at most
one element since /1| 5 1s one-to-one, and (¢) holds because of
our induction hypothesis (76). Setting Uy, 1 = B, the left-hand
side in (78) is equal to |~ !(v) N (M \ UF]) \Z/lk+1)| =
|s=H(w)n(M\UFF)], |s~H(w)n(M\
UK < m—k—1forall v € k(M \UKI)\ (Nk+1 UNG).
This is exactly the property (76) with k replaced by %k +1 and
N replaced by Ny 1 = Niy1 UN,. Furthermore, we have
by (77) that Uy = B € M\ U and thus Uy, NU; = 0
for j € [1:k|. Finally, K,|uk+1 = /<|B is one-to-one, which
concludes the proof. [ |
The sets {U/;}jc[1.m) constructed in Lemma 13 are disjoint
and “’u is one-to-one for all j € [1:m]. It remains to be

shown that /™ = | J. je1:m U covers almost all of M. To
this end, we first show that K(M \U [m}P \ NV, is empty.
Assume by contradiction that v € k(M \U m]) \Ny. By (74)
with k = m, we have that for all v € k(M \ U™ 1) \ A,

|k~ (v) N

i.e., there exists no u € M \ U™l such that x(u) = v. This
is a contradiction to the assumption v € n(/\/l \U [m}? \ Non,
and thus we conclude that there is no v € & (M\UM™ )\ N,,,,
ie., k(M \ UM

(./\/l\u[""})‘ <m-m=0

) \ NVs, = 0. Hence, we have

r(MA\UM) C N, . (79)

We next use the integral transformation reported in [30,
Th. 3.2.3] to obtain

/ | T (w)]? du < m/ dv
MU r(M\ULMD)

79
<m dv
N’VYL

=0.

Because the function |J,; ()| is positive on M, it follows that
the Lebesgue measure of the set M \ 2/ has to be zero, i.e.,
U™ covers almost all of M. This concludes the proof of part

D.
B. Proof of Part (Il)
To establish part (I), i.e., the bound (50), we first note that

h(v) > h(v]k) = > h(v|k=Fk)ps (80)

ke[l:m)]
where k is the discrete random variable that takes on the value
k when u € Uy, and pp £ Pr{u € Uy} = fu fu(u)du. We
assume without loss of generality!! that py # 0, k € [1: m].
Since /<;|uk is one-to-one, we can use the transformation rule

for one-to-one mappings [12, Lemma 3] to relate h(v|k=£k)
to h(u|k=k):

k=) = hull=k)+ [ s () 08T, (w)) du.
81
The conditional probability density function of u given k=£k
is fuk=r(u) = Ly, (u)fu(uw)/pr. Thus, h(ulk = k) =
—fu (fu(w)/pr) log (fu(w)/pi) du, and (81) becomes
h(vlk=k) = . fu(u)log (fu( )>du
U

Pk

[ fulw) log( () ) du}
Uy,

— | fu(u)log (fu(u)) du
Uy,

s [t tog, %) du + 1og<pk>} |

Inserting this expression into (80), and recalling that the sets
Uy, are disjoint, that /™ = Uke1:m) Uk covers almost all of
M, and that C™ \ M has Lebesgue measure zero, we obtain

[/fu )log (fu(u)) du

+f fu<u>1og<Jﬁ<u>|2>du+pklog<pk>}

= —/ fu(u)log (fu(u)) du
Ulml

+ ]fu(u)log(|Jm(u)|2)du+ > pilog(pr)
utm ke[l:m)]

h(v) >
ke[l:m]

—H(K)

1 pr, =0 for some k, we simply omit the corresponding term in (80).



=~ | fulaw) 10 (fu(w)) du
+ [ fulan) log( () ) — H(K)
= ) + [ fulon)o(1 ) ) — ().
APPENDIX C

PROOF OF LEMMA 9

Since f is not identically zero, there exists a &y € C™ such
that f(&y) # 0. The function g(§) £ f(€ + &) is an analytic
function that satisfies g(0) # 0. By performing the change
of variables & — € + &y, we can rewrite I; in (54) in the
following more convenient form:

L= / _exp(—l + &ol|*) log(|g(€)]) d§ .
We have

1€ + &ll* < (ll€]l + 1€oll)*

= [1€11* + 2ll€ll1€oll + [1€ol*
I1€11% + 2 max{[[€]1%, [ €l1*} + €0l
311€11% + 3ll€oll*

Using (82), we lower-bound I; as follows:

B> e [ exp(-3¢)oa(ate)) d 2 1o

A

<
< (82)

(83)
where ¢ 2 exp(—3||&||?). We next define the mapping
p: R — C" @ v ([@]),,,) + il%]},1.0,) and rewrite I
in (83) as
I = c/ exp(—3||z|*) u(zx) dz (84)
R2n

with u(x) = log(|g(¢(x))|). Since g(0) # 0, we have that
u(0) > —oo. By [17, Example 2.6.1.3], u(x) is a subharmonic
Sfunction. We shall use the following property of subharmonic
functions, which is a special case of the more general result
reported in [17, Th. 2.6.2.1].

Lemma 14: Let u be a subharmonic function on WW C R?™,
If {x €R?": ||z < 7} CW for some 7> 0, then

1
u(0) < W%_l/Su(w) ds(x)

where S, £ {x € R?™: ||z|| = r}, the constant o9, denotes
the area of the unit sphere in R?”, and ds denotes integration
with respect to the (2n — 1)-dimensional Hausdorff measure
(cf. [30, Sec. 2.10.2]).

Using a well-known measure-theoretic result (see, e.g., [30,
Th. 3.2.12]), we have for u(x) = log(|g(¢(x))])

/RMGXP(—?)HQJHQ)U(m) dx
= /OOO [/STU(:B) dS(iB)] exp(—3r2)dr. (85)

Inserting (85) in (84), we obtain

b:cém[xémwdd@}wM—&%dr

(a) [eS)
> coap u(O)/ exp(—3r2) r2n=1 g,
0

®)

> —00.
Here, (a) is due to Lemma 14 and (b) holds because u(0) >
—o0 and 0 < [ exp(—3r?) r*"~Ldr < co. Using (83), we
conclude that I; > —oo.

APPENDIX D
PROOF OF LEMMA 10

A. Bijectivity of 3

In order to prove Lemma 10, we will use the following
property of the function 3 in (59).

Lemma 15: The function 3 defined in (59) is bijective.
Proof: To facilitate the exposition, we introduce the nota-
tion N
L2 lem(T,N).

Recall that B(j) = (61(j) Ba(4)) " with B1(j) = ( + [(j —
1)/L])mod* T € [1:T] and fB5(j) = jmod* N € [1: N],
for j € [L: TN]. We start by proving that 3 is one-to-one.
Assume that there exist ji, j2 € [1:TN] with j; < jo such

that B(j1) = B(j2). From Ba(j1) = B2(j2), it follows that
jimod® N = jomod” N and, hence,'? jo = ji + nN for
some n € [0:T — 1]. Similarly, £1(j1) = $1(j2) implies that

. _ N
Ji1+ Vl J =Jo+ VZL J—mT

L
jl +nN—1
L

for some m € N, and thus

Ji—1
L

ﬁ+{ J—ﬁ+nN+L Jmf

or, equivalently,

(86)

mT —nN = V1+71N—1J - Vl_lJ .

L L

We can write j; = kL + j; with some k € N and j; € [1: L]
and simplify (86) as follows:

mf—’n,N: kL+]1+nN—1_kL+]1—l
I L L
j1+nN-1 n—1
e (AT
o el B
7 N—-1
@|atrm— J (87)

Here, (a) holds because j;—1 < L and thus (71 —1)/L] = 0.
We will next show that the right-hand side of (87) is zero, by
establishing the following chain of inequalities:

0< \‘]1 +TLN—1J

L
(i) Vl +nN1J
- L

12Recall that we defined a mod* b £ a—b|(a—1)/b] to be the residuum
of a divided by b in [1:b] (and not in [0:b — 1] as commonly done).



=gcd(T,N) —1. (88)

Here, (a) holds because j; < j1, (b) holds because j; +nN =
j2 < TN, and (c) holds because TN = ged(T, N)L [31,
Th. 52] (here, ged(-, ) denotes the greatest common divisor).
Note now that ged(7T, N) divides the left-hand side of (87)
and, hence, also the right-hand side. But by (88), the right-
hand side of (87) is an element of [0:gcd(T', N) — 1]. Hence,
it must be zero, and thus (87) becomes

jl+nN_1J _0.

17 (89)

mT —nN = {
Therefore, 71 +nN—1 < L. Since nN < j;+nN—-1, we obtain
nN < L. Furthermore, by (89), we hgve that mT = nN.
Thus, n/N is a common multiple of 7" and N that is less
than the least (positive) common multiple. Therefore, n = 0
and, hence, j; = j; + nN = js. We have thus shown that
B(j1) = B(j2) implies j; = j2, which means that 3 is one-
to-one. Since the domain of 3, [1:TN], and its codomain,
[1:T] x [1: N, are finite and of the same cardinality (namely,
TN), we conclude that 3 is also bijective. [ |
We will now prove the individual properties stated in
Lemma 10.

B. Proof of Property (i)

We first show that ﬁg’ﬁfl(t)
B2(j2) for j1,72 € Bfl(t) then j; = jo. To this end, let
j1,J2 € Bl_l(t) (i.e., B1(41) = P1(j2) = t) and assume that
B2(j1) = B2(j2) = 4. Then B(j1) = B(j2) = (t4)". Since B
is one-to-one by Lemma 15, we conclude that j; = j2. Hence,
52|/5;1(t) is one-to-one. Furthermore, since 8, ' (t)N[1:9p] C

Bt (t), we have (cf. (60))
Pyl = |B2 (B (1) N [L:0R]))| = | By (8) N [L:9g]|

for ¢ € [1:T). To conclude the proof, we will use the following
basic lemma.

Lemma 16: The sets {ﬁfl(t)}te[l:f] form a partition of the
domain [1:TN] of 3, i.e.,
B NBTIE) =0,

and

is one-to-one, i.e., if 82(j1) =

(90)

for t,t' € [L:T) with t £t (91)

Br(t) = [1:TN]. 92)

te[1:T)
Proof: This lemma follows from the definition of a func-
tion, i.e., the fact that 5; maps every element in the domain

to exactly one element in the codomain. ]
By Lemma 16, we obtain

STPIE ST 8 N (19|

te[1:7] te[1:T)

O

( U ﬂfl(t)>ﬁ[1:193]

te[1:T)
1:TN] N [1:05]|
= min{TN, 9z} .

93)

Since N > TQ; we have that ¥p = m@vx{i RTQ — (R—
T)N} = max{T, TN —R(N—-TQ)} < TN. Combining this
with (93), we conclude that

> P =g,

te[1:T]
C. Proof of Property (ii)
We will make use of the following lemma.
Lemma 17: Let p,q € N with p < q. Then

{j€lp+1:q:(j+a)mod*b=c}|< [q;p-‘

for all a,b,c e N withb>2,¢>1, and ¢ <b.
Proof: We prove Lemma 17 by contradiction. Assume

’{je [p+1:q: (j—l—a)mod*b:c}‘ > {q;pw 24,

Thus, the set {j € [p+1:¢] : (j +a) mod” b = c} contains at
least d+1 elements {j; }ic[1:441), i.€., there exist at least d+1
distinct elements j; € [p+1:¢] satisfying (j; +a) mod™ b = c.
Hence, there exist distinct k; € N, ¢ € [1:d + 1] such that

jita=c+kbep+1:q]. (94)

Assume, without loss of generality, that k; < k;y1 for i €
[1:d]. Because k; € N, we obtain k; < k;11 — 1 and thus,
iteratively, k1 < ko —1 < ks —2 < ---, and finally

ki <kgy1—d. 95)

Hence,
. . (94
Jd+1 — J1 @ kat1b — k1b
= (kg41 — k1)b

95)
> db

q—p
=[Py
a
>q—=p
which contradicts j1,j4+1 € [p+ 1:4]. [ |

To prove Property (ii), we first establish an upper bound on
Y r. We have that

RTQ—(R-T)N = (R-T)TQ~ (R~ T)N +T°Q
= (R-T)(TQ - N)+T?%Q
>0 <0
<T?Q
and, hence,

g = max{T,RTQ — (R—T)N} <T?Q.  (96)



To bound the size of the sets P;, we use (90) and the definition
of 31 to conclude that

[P = [{j € [1:9R] : B1(j) = t}|

~ena (54 | L2 Yo 7=} om

Choose m € N such that (m — 1)L < 9gr < mL. We can
partition the set [1:9g] as follows:

[1:19R]:< U
[

(nL+1: (n+1)L]>

ne[0:m—2]
U[(m—1)L+1:9g]. (98)
Note that the intervals [nL +1: (n+1)L], n € [0:m — 2]
and [(m —1HL+1: ﬂR] in (98) are disjoint and satisfy
V—lJ n, for j € [nL+1:(n+1)L]
— | = . 99)
L m—1, forje [(m—1)L+1:9g].
Thus, using (98) and (99) in (97), we obtain
Pl= > |{ierL+1:(n+1)L]:
nel0:m—2] (] +n mod* T _ t}‘
+{je[(m-1)L+1:95]:
(j+m—1)mod* T =t}|. (100)
By Lemma 17, we have
{jenL+1:(n+1)L]: (j—f—n)mod*f:tH
L L
=== 101
<|z] (o)
and
[{j € [(m—1)L+1:9g]:(j +m—1)mod" T = t}|

< {W-‘ . (102)
T

Thus, inserting (101) and (102) into (100), we obtain

PR — (m— 1)%

T
@) (m—l)%-l- {?w —(m—l)%
[

(9§6) F;ﬂ
=TQ

L
[Pel < ( )T

—~
=

where (a) holds because L/T € N (recall that L =
lem(T, N)).

D. Proof of Property (iii)

To prove Properties (iii)~(v), we calculate the difference

Yr—1 —Upg. Because we assumed that R < [T’ T'(N—1)/(N —
TQ)], we have R—1 < T(N — 1)/(N — TQ). This is easily
verified to be equivalent to (R—1)T7Q —(R—1—-T)N >T.
Hence, using (58),
Op_1 =max{T,(R—1)TQ — (R—1-T)N}
—(R-1)TQ—-(R—1-T)N. (103)
Thus, we have
Yr_1— VR
= (R—1D)TQ—-(R—1-T)N
—max{T,RTQ — (R —T)N}
—RTQ—-(R-T)N+ N -TQ
— max{T, RTQ (R —T)N}
=N -TQ —max{T — (RTQ — )N),0}
=N-TQ—¢ (104)

where ¢ was defined in (36). Furthermore, by (37), £ < N —
TQ and thus (104) implies

Ur-1—Vr>0. (105)

We are now ready to prove Property (iii). From the definitions
P £ B2(By (1) N [1: 9g]) in (60) and Py £ Sy (8" (t) N
[1:9p_1]) in (61), it follows that £, = P, \ P; (recall (62))
can be written as

— Bo(BrH(8) N [1:951]) \ B (B () N [1:9R))
@ B (BT () N [1:0R_1)) \ (B (£) N [1:0k)))
:ﬁg(ﬁfl(t)ﬂ[’ﬂ}g—f—ll’ﬂ}{_ﬂ) (106)

where (a) holds because 62’ 51(0) is one-to-one (see Sec-
1

tion D.B). Since 35(j) = jmod* N, the function 82 is one-

to-one on every set consisting of up to N consecutive 1ntegers

In particular, (105) and (104) imply that | [Vr+1:0p_1 ] =

Yr_1—U9r =N — TQ ¢ and hence 62’[193+1:193_1]

to-one. Because by Lemma 16 the sets 8, *(t), t € [1:T] are
pairwise disjoint, we conclude that the sets 3; YnWr+1:
Yr-1], t € [1:T] are pairwise disjoint too. Hence, by (106)
anFl b'ecau'se? 'ﬁgh O nt19n_1] is one-to-one, the sets L; are
pairwise disjoint.

is one-

E. Proof of Property (iv)
By (106), we have

= B2 (B () N[V + 1:9p-1]) € B2([1:9Rr-1]). (107)
Hence, it remains to prove that

Ba([L:9p—]) S [1:N —1]. (108)

Recall that we assumed R < [T T'(N — 1)/(N — TQ)). If R <

[T(N 1)/(N — TQﬂ then R < T(N — 1)/(N — TQ)

(because R € N), which implies RN — (RTQ +TN — ) < 0;

hence, it follows from the definition of £ in (36) that £ = 0.



In this case, it follows from the definition of 35 in (59), i.e.,
B2(j) = jmod* N for j € [1:TN], that (108) is trivially true.
For the complementary case R = [T( -1)/(N-TQ)], w
note that RN — (RTQ + TN —T) > 0 and hence, using the
definition of ¢ in (36),

N—{¢=N—(RN—-RITQ—-TN+T)
=RITQ—(R—1-T)N—-T
>(R-1)TQ—(R—1-T)N

Thus, [1 : Yr_1] C [1 : N — £ and, further, S5([1
Op-1]) C B[l : N —=f]) = [1: N — 4, ie., (108) is

again true. Combining (107) and (108) concludes the proof
that £; C [1: N — /).
F. Proof of Property (v)

We have

te[1:7]

(106) U

te[1:7]

@ ,32< U (ﬂ;l(t)me+1:ﬂR_1])>

[1:7
) 193+1 YRr_ 1])

{lu
te[1:T)
) (109)

= Bo([9r + 1:9p-1])

where (a) holds because S35 is one-to-one on every set consist-

NWr+1:9r-1])

ing of up to N consecutive integers. = |B2([9r+1:
Yr-1] ] = Yp_1 — Ur W N _ TQ — /. Furthermore,
Property (iv) implies that the set £ is a subset of [1: N — /],
and hence we obtain for the size of G = [L: N — (] \ £

Gl =|[1:N -\ |
=N—(—(N-TQ-10)
=TQ.

Thus, we can partition G as G = |, e[1:7) G;, with disjoint G,
of size () each. We have thus shown the existence of sets G;
satisfying (v-a), (v-b), and (v-d).

It remains to show (v-c), i.e., that we can choose {G;} te[1:T]
such that each G; has a nonempty intersection with P;.
Because (5 is one-to-one on sets of up to N consecutive
integers and

19}-2 L — (19R T)(104)

N-TQ-(+T
=N-—(-T(Q-1)
<N-—¢

we obtain that ﬁ2| is one-to-one. Thus,

[79R7T+1”9R71]

ﬂg([ﬁR — T—f— 1:791-?,]) M BQ([ﬁR =+ 1:193,1])

20

= fs (wR — f—F 11193} N [193 + 1:193_1])
= B2(0)
=0. (110)
Inserting (109) into (110), we obtain
Bo([9r =T+ 1:095)NL=0. (111)

By the fact that [Jr — T +1:95] C [1:95_1] and (108), we

have that 52([191{ T+119R]) - 62([1.191{,1]) - [1N f]
Hence, (111) implies that
Bo([0r — T+ 1:05])) C [N — O\ L =G.

Thus, we identified T elements Ba(Or — T+ 1), B2(0r —
T+ 2),...,82(0g) in the set G, which will now be used
to construct the sets G;. We will show that we can assign a
different index ¢ € [1:T] to each of these T elements such
that the element with index ¢ belongs to P, i.e.,

Bo([Wr — T +1:95]) = {1, ., 97},

with g € Py, t € [1:T].  (112)

The desired sets G; are then obtained by assigning g; to G,
for ¢ € [1:T]. Thus, recalling that |G;| = @, G; consists of
gt € Py and @ — 1 additional elements taken from the set
G\ B2([Ir — T + 1:9g)).

In order to prove (112), we distinguish two cases.

Case nL ¢ [0p —T +1:95 — 1] for All n € N

In this case, there exists m € N such that mL < dp — T
and (m + 1)L > 9g. Thus, for all j € [9g — T + 1:95], we

have V;JZVRL_TJZHLJ:m

ji—1 < Jr < (m+1)L _
L L |~ L
Combining (113) and (114), we obtain that the offset in (59)

satisfies |(j —1)/L| = m for all j € [§g —T +1:9g]. Thus,
we have ﬁ1|[193—f+1:193] () = (j+m) mod™ T, which implies

that 81 ([9r — T + 1:9g]) =

(113)

and

m+1. (114)

[1:T). Hence, we can write
[Wr—T+1:08] = {j1,.... 05},
where j, € 87 1(t) for t € [1:T].
We then obtain

Bao([0r — T +1:9g)) = {Bo(n), - .- ,B2(07)}

and assign the indices ¢t € [1 :f] according to g; = B2(Jy).
By construction, we have both g; = 82(7;) € B2(B8; ' (t)) and

= B2(7) € Bo([9r — T + 1:9g]) C B2([1:95)), so that
we also have

g € Ba (BT (8) N[1:9R]) = P,
(recall (60)). Thus, our choice of the g; satisfies (112).



Case nL € [0 — T + 1:9 — 1] for Some n € N
We first note that

62([?93 — f-ﬁ- 11193])
= Bo([0r — T+ 1:nL]) U Bao([nL + 1: 95))

W By ([9r — T +1:nL)) UBa(jnL — L +1: O — L))

= Bo([9p — T+ 1:nL)) UBa([(n — 1)L +1: 95 — L))
(115)

where (a) holds because (recall that L = lem(T, N) is a

multiple of N)
Ba(j) = jmod” N = (j — L)mod* N = By(j — L)

for j > L. We will next calculate the offset | (j—1)/L] in (59)
for j belonging to either of the intervals in the arguments
in(115),1.e.,j € [9g—T+1:nLjorj € [(n—1)L+1: Yg—LJ.
Note that

nleWr—T+1:05 —1] (116)
and B
L>T. (117)
Thus, we have
(116) (11n
(n—1)L=nL—-L < ¥rp—L < ¥p-— T (118)
and
(116) ~ (117)
9r < nL+T < (n+1)L. (119)

~ (118)
For j € [0z — T +1:nL), we obtain that j —1 > 9z —T >

(n—1)Land j—1<nL—1.Hence,n—1<(j—1)/L<n
and further

.71 N
VLJ =n—1, forje[dp—T+1:nL]. (120)

Similarly, for j € [(n — 1)L+ 1: ¥ — L], we obtain j — 1 <
(119)
Yp—L—1 < (n+1)L—L—1=nL—1andj—1> (n—1)L.
Thus, n — 1 < (j — 1)/L < n and further
j—1
VllJ—n1,fMj€KnDL+LﬁRM.OM)

Combining (120) and (121), we conclude that the offset in (59)
satisfies

j—1
L

Let us next consider 31 on the sets [V — T+1: nL] and
[(n—1)L+1:9r — L]. We obtain

B1([9r — T + 1:nL])

J:n—l, for j € [9r — T + 1:nL]

Ul(n—1)L+1:95 —L]. (122)

= {k=510) = (j+ LU —1)/L)) mod" T :
jEWR—T+1mM}
(122){k B1(j) = (j+n—1)mod* T

jewR—T+1mM}
= {k:jmod*f:je [ﬁR—T—I—n:nL—i—n—l]}

21
Wk e[1:T): Im € N such that

k+mT € [19R—f—|—n:nL+n—1]} (123)

where (a) holds because k& = j mod” T is equivalent to j =
k 4+ mT for some m € N. Similarly,
Arl(n =1L +1: 9 — L])
= {k=510) = (G + (G — V/L]) mod” T':
jE[n—1)L+1:95— L]}
(j +n—1)mod* T
jE[n—1)L+1:9z— L]}

(g){k —Bi(j) =

= {k:jmod*f
jeln—1)L+n:9g—L+n—1]}
={ke [1:1:] : dm € N such that
k+mT e[(n—1)L+n:9g—L+n—1]}
@ {k€[1:T]: 3m € N such that

k+mT € [nL+n: g +n—1]} (124)

where (a) holds because a shift of the interval by L (which is
a multiple of 7T") can be compensated by choosing a different
m € N. Combining (123) and (124), we obtain
Bi(Wr—T+1:nL]U[(n—1)L+1: 95 — L))
= {k € [1:T]: 3m € N such that
k+mT € [9p—T +n:nL+n—1]
UL +n:9g+n—1]}
= {k € [1:T]: 3m € N such that
k+mT e[ —T+n:9g+n—1]}

W7 (125)

where (a) holds because [Jr — T+n: dg +n —1] is an
interval of length T and thus for every k € [1: T] we can find
an m € N such that k +mT € [0g — T +n: 9p +n — 1.
Similarly to the previous case, (125) allows us to write

[Wr—T+1:nL]U[(n—1)L+1:9p — L] = {71, ., 77}

where j, € 87 '(t) for t € [1:T]. By (115), we then obtain
ﬂg([ﬁR—T—f— 1219R])

= Bo([Wg — T +1:nL]U

={B2(J1),---,B2077)} -

By the same arguments as in the previous case, we find that
assigning g; = [B2(J;) satisfies (112).

[(n—1)L+1: 95 — L))
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