EXPLICIT SERRE DUALITY ON COMPLEX SPACES
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ABSTRACT. In this paper we use recently developed calculus of residue currents
together with integral formulas to give a new explicit analytic realization, as well
as a new analytic proof of Serre duality on any reduced pure n-dimensional para-
compact complex space X. At the core of the paper is the introduction of concrete
fine sheaves /5’7 of certain currents on X of bidegree (n,q), such that the Dol-
beault complex (&7, d) becomes, in a certain sense, a dualizing complex. In
particular, if X is Cohen-Macaulay (e.g., Gorenstein or a complete intersection)
then (o/y°, ) is an explicit fine resolution of the Grothendieck dualizing sheaf.

1. INTRODUCTION

Let X be a complex n-dimensional manifold and let ' — X be a complex vector
bundle. Let £%9(X, F) denote the space of smooth F-valued (0, q)-forms on X and
let £&7(X, F*) denote the space of smooth compactly supported (n,q)-forms on X
with values in the dual vector bundle F*. Serre duality, [28], can be formulated
analytically as follows: There is a non-degenerate pairing

(1.1) H (EM*(X,F),0) x H"© (EM*(X,F*),d) — C,

(15 H/wAw,

provided that H1(£%*(X, F),0) and Hq+1(50 *(X,F),0) are Hausdorff considered as
topological vector spaces. If we set . := O(F) and F* := O(F*) and let 2% denote
the sheaf of holomorphic n-forms on X, then one can, via the Dolbeault isomorphism,
rephrase Serre duality more algebraically: There is a non-degenerate pairing

(1.2) HY(X,.Z)x H™ (X, F* @ Q%) — C,

realized by the cup product, provided that H9(X,.%#) and HIT}(X,.#) are Haus-
dorff. In this formulation Serre duality has been generalized to complex spaces, see,
e.g., Hartshorne [19], [20], and Conrad [15] for the algebraic setting and Ramis-Ruget
[26] and Andreotti-Kas [11] for the analytic. In fact, if X is a pure n-dimensional
paracompact complex space that in addition is Cohen-Macaulay, then again there is
a perfect pairing (1.2) if we construe 2% as the Grothendieck dualizing sheaf that
we will get back to shortly. If X is not Cohen-Macaulay things get more involved
and He (X, Z* @ 02%) is replaced by Ext,9(X;.%,K®*), where K® is the dualiz-
ing complezr in the sense of [26]; a certain complex of Ox-modules with coherent
cohomology.
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To our knowledge there is no such explicit analytic realization of Serre duality as
(1.1) in the case of singular spaces. In fact, verbatim the pairing (1.1) cannot realize
Serre duality in general since the Dolbeault complex (S?(", 0)! in general does not
provide a resolution of Ox. In this paper we replace the sheaves of smooth forms by
concrete fine sheaves of certain currents sz)?’q, p = 0 or p = n, that are smooth on
Xyeg and such that (1.1) with € replaced by o7 indeed realizes Serre duality.

We will say that a complex (2%, ) of fine sheaves is a dualizing Dolbeault complex
for a coherent sheaf .7 if (Z%,6) has coherent cohomology and if there is a non-
degenerate pairing HY(X,.#) x H"1(22(X),8) — C. In this terminology, (#y'*, )
thus is a dualizing Dolbeault complex for .

At this point it is appropriate to mention that Ruget in [27] shows, using Coleff-
Herrera residue theory, that there is an injective morphism K% — CKQ', where %}}"
is the sheaf of germs of currents on X of bidegree (n,e).

Let X be a reduced complex space of pure dimension n. Recall that every point
in X has a neighborhood V' that can be embedded into some pseudoconvex domain
D c CV,i:V — D, and that 0y = Op/Jv, where Jy is the radical ideal sheaf
in D defining (V). Similarily, a (p, ¢)-form ¢ on V¢4 is said to be smooth on V if
there is a smooth (p, ¢)-form ¢ in D such that ¢ = i*@ on V,4. It is well known that
the so defined smooth forms on V' define an intrinsic sheaf £{% on X. The currents
of bidegree (p,q) on X are defined as the dual of the space of compactly supported
smooth (n — p,n — ¢)-forms on X with a certain topology. More concretely, given
a local embedding i: V' — D, for any (p,q)-current p on V., fi := i,u is a current
of bidegree (p + N —n,q+ N —n) in D with the property that . = 0 for every
test form & in D such that i*¢]y;,, = 0. Conversely, if fi is a current in D with this
property, then it defines a current on V' (with a shift in bidegrees). We will often
suggestively write [ u A for the action of the current p on the test form &.

A current p on X is said to have the standard extension property (SEP) with
respect to a subvariety Z C X if x(|h|/€)u — p as € — 0, where y is a smooth
regularization of the characteristic function of [1,00) C R and h is a holomorphic
tuple such that {h = 0} has positive codimension and intersects Z properly; if Z = X
we simply say that p has the SEP on X. In particular, two currents with the SEP
on X are equal on X if and only if they are equal on X,..

We will say that a current p on X has principal value-type singularities if p is
locally integrable outside a hypersurface and has the SEP on X. Notice that if y has
principal value-type singularities and A is a generically non-vanishing holomorphic
tuple such that p is locally integrable outside {h = 0}, then the action of x on a test
form £ can be computed as

tiy | x(lrl/uns

where the integral now is an honest integral of an integrable form on the manifold
Xreg-

By using integral formulas and residue theory, Andersson and the second author
introduced in [7] fine sheaves szf)g’q (i.e., modules over 59(’0) of (0, ¢q)-currents with
the SEP on X, containing S%q, and coinciding with Sggfeq on X4, such that the

1See below for the definition of ERY; the sheaf of smooth (p, g)-forms on X.
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associated Dolbeault complex yields a resolution of &x. We introduce our sheaves
ﬂ;’q of (n,q)-currents in a similar way and we show that such currents have the
SEP on X, that 5;?‘7 C Jzi;’q, and that szan’q coincides with 5;?(1 on Xi.4; cf. Proposi-
tion 4.3. Moreover, by Theorem 4.4, 0: Ay — szf;’ﬁl, where of course 0 is defined
by duality; [ OpNE ==+ J A O¢ for currents p and test forms ¢ on X. By adapting
the constructions in [7] to the setting of (n, ¢)-forms we get the following semi-global
homotopy formula for 0.

Theorem 1.1. Let V' be a pure n-dimensional analytic subset of a pseudoconvex
domain D C CN, let D' € D, and put V! =V N D'. There are integral operators

H AV = TNV, P g™V = YV,
such that if ¢ € o/™1(V'), then the homotopy formula
W= 0K + A () + P
holds on V'.

The integral operators % and & are given by kernels k(z,¢) and p(z, () that are
respectively integrable and smooth on Reg(V.) x Reg(V{) and that have principal
value-type singularities at the singular locus of V' xV’. In particular, one can compute

1 and P as
HP(Q) = lim [ x(|h(2)|/e)k(z,O)NP(2),  PY(C) = lin(l)/ x([h(2)[/€)p(z, O)NY(z),
Ve A ATA

where x is a smooth approximation of the characteristic function of [1,00) C R, h
is a holomorphic tuple cutting out Vg, and where the limit is understood in the
sense of currents. We use our integral operators to prove the following result.

Theorem 1.2. Let X be a reduced complex space of pure dimension n. The coho-
mology sheaves wy? := 1 (a/y'*,0) of the sheaf complex
(1.3) 00 P02 gt 2 2 i 0

are coherent. If X is Cohen-Macaulay, then

(1.4) 0 Wil oy a0 &y gyt 2y 9y gmn

1s exact.

In fact, our proof of Theorem 1.2 shows that if V C X is identified with an
analytic codimension p subset of a pseudoconvex domain D C CV, then wi? =
ExtPT(Op | Jv, Qg), where Qg is the canonical sheaf on D. Hence, we get a con-
crete analytic realization of these & xt-sheaves.

The sheaf w@’o of O-closed currents in ﬂ%‘? ¥ is in fact equal to the sheaf of O-closed
meromorphic currents on V in the sense of Henkin-Passare [21, Definition 2], cf.
[7, Example 2.8]. This sheaf was introduced earlier by Barlet in a different way in
[12]; cf. also [21, Remark 5]. In case X is Cohen-Macaulay &ztP(0p/Jv, 25) is by
definition the Grothendieck dualizing sheaf. Thus, (1.4) can be viewed as a concrete
analytic fine resolution of the Grothendieck dualizing sheaf in the Cohen-Macaulay
case.
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Let ¢ and v be sections of ,Q%)?’q and 427)?"1/ respectively. Since ¢ and v then are
smooth on the regular part of X, the exterior product ¢|x,., A ¥|x,., is a smooth
(n,q+¢')-form on X,y In Theorem 5.1 we show that ¢|x,., A ¥|x,., has a natural
extension across Xging as a current with principal value-type singularities; we denote
this current by ¢ A ¢. Moreover, it turns out that the Leibniz rule d(p A ¢) =
dp AN + (=1)9p A Oy holds. Now, if ¢ = n — ¢ and either ¢ or ¥ has compact
support, then [ ¢ A4 (i.e., the action of ¢ A1 on 1) gives us a complex number.
Since the Leibniz rule holds we thus get a pairing, a trace map, on cohomology level:

Tr: H (o7°%(X),0) x H" 7 (#/*(X),0) — C,

e[l [8]5) = /X oA,

where 7%4(X) denotes the global sections of #y'? and «7?(X) denotes the global
sections of M;’q with compact support. It causes no problems to insert a locally free
sheaf: If ' — X is a vector bundle, .# = O(F') the associated locally free sheaf, and
F* = O(F*) the dual sheaf, then the trace map gives a pairing . ® &%4(X) x F*®
" I(X) — C.

Theorem 1.3. Let X be a paracompact reduced complex space of pure dimension
n and .F a locally free sheaf on X. If HI(X,.%) and HITY(X,.7), considered as
topological vector spaces, are Hausdorff (e.g., finite dimensional) then the pairing

HY(F @ &/%*(X),0) x H" 1 (F* 0 4"*(X),0) = C, ([¢],[¢]) = / eAY
X
18 non-degenerate.

By [7, Corollary 1.3], the complex (. ® sz)g(", 0) is a fine resolution of .# and so,
via the Dolbeault isomorphism, Theorem 1.3 gives us a non-degenerate pairing

HY(X, F) x H"(F* @ 2™ (X),d) — C.

The complex (F* ® o/°, 0) is thus a concrete analytic dualizing Dolbeault complex
for #. If X is Cohen-Macaulay, then (F* ® @/y'°,0) is, by Theorem 1.2, a fine

resolution of the sheaf #* ® w?(’o and so Theorem 1.3 yields in this case a non-
degenerate pairing

HYX,7)x H" (X, F* 2 uy’) = C.

In Section 7 we show that this pairing also can be realized as the cup product in
Cech cohomology.

Remark 1.4. By [26, Théoréme 2] there is another non-degenerate pairing
HI(X,7)x Ext™4(X;.7,K%) - C

if HI(X,.7) and HIT (X, .Z) are Hausdorff. In view of this we believe that one can
show that, under the same assumption, the pairing

HI(F @ @*(X),0) x H" 1 (F* @ @™*(X),0) = C, ([¢],[¥]) — / AP
X
is non-degenerate but we do not pursue this question in this paper.

Acknowledgment: We would like to thank Mats Andersson for valuable discus-
sions and comments that have simplified some proofs significantly.
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2. PRELIMINARIES

Our considerations here are local or semi-global so let V' be a pure n-dimensional
analytic subset of a pseudoconvex domain D C CV.

2.1. Pseudomeromorphic currents on a complex space. In C, the principal
value current 1/z™ can be defined, e.g., as the limit as ¢ — 0 in the sense of currents
of x(|h(z)|/€)/z™, where x is a smooth regularization of the characteristic function
of [1,00) C R and h is a holomorphic function vanishing at z = 0, or as the value at
A = 0 of the analytic continuation of the current-valued function \ — |h(2)|?*/2™.
Regularizations of the form x(|h|/e)u of a current pu occur frequently in this paper
and throughout x will denote a smooth regularization of the characteristic func-
tion of [1,00) C R. The residue current 9(1/2™) can be computed as the limit of
Ox(|h(2)|/€)/2™ or as the value at A = 0 of X\ — 9|h(2)|?>}/2™. Since tensor products
of currents are well-defined we can form the current

5 1 5 1 7(2)
(2.1) T:8zm1 /\---/\azmr A e .
1 T S B
in C7, where my, ..., m, are positive integers, m,+1, ..., m, are nonnegative integers,

and 7 is a smooth compactly supported form. Notice that 7 is anti-commuting in
the residue factors d(1/ z;nj) and commuting in the principal value factors 1/z,"*.
We say that a current of the form (2.1) is called an elementary pseudomeromorphic
current and we say that a current p on V' is pseudomeromorphic, p € PM(V), if it

is a locally finite sum of pushforwards 7,7 = 7} - - 7¢7 under maps

£ 2 1
viL L Lyt Lyl —y,

where each 77 is either a modification, a simple projection VI = VJi=t x Z — Vi—1
or an open inclusion, and 7 is an elementary pseudomeromorphic current on V¢. The
sheaf of pseudomeromorphic currents on V is denoted PMy,. Pseudomeromorphic
currents were originally introduced in [10] but with a more restrictive definition;
simple projections were not allowed. In this paper we adopt the definition of pseu-
domeromorphic currents in [7].

Example 2.1. Let f € (V) be generically non-vanishing and let « be a smooth
form on V. Then «a/f is a semi-meromorphic form on V and it defines a semi-
meromorphic current, also denoted «/f, on V' by

(22) e tim [ x(hl/0f e

where £ is a test form on V and h € (V) is generically non-vanishing and vanishes on
{f = 0}. That (2.2) indeed gives a well-defined current is proved in [22]; the existence
of the limit in (2.2) relies on Hironaka’s theorem on resolution of singularities. Let
7: V — V be a smooth modification such that {7*f = 0} is a normal crossings
divisor. Locally on V one can thus choose coordinates so that 7*f is a monomial.
One can then show that the semi-meromorphic current «/ f is the push forward under
7 of elementary pseudomeromorphic currents (2.1) with » = 0; hence, a/f € PM(V).

The (0, 1)-current d(1/f) is the residue current of f. Since the class of elementary
pseudomeromorphic currents is closed under 4 it follows that also 9(1/f) € PM(V).
Moreover, since the action of 1/f on test forms is given by (2.2) with o = 1 it follows
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from Stokes’ theorem that

1 [ e
8f.§ = lg%/v 7 NE.
(]

One crucial property of pseudomeromorphic currents is the following, see, e.g., [7,
Proposition 2.3].

Dimension principle. Let p € PM(V) and assume that p has support on the
subvariety Z C V. If dimV — dim Z > q and p has bidegree (x,q), then u = 0.

The subsheaf of P My, of currents with the SEP is denoted Wy,. It is closed under
multiplication by smooth forms and if 7: V — V is either a modification or a simple
projection then m,: W(V) — W(V). A natural subclass of W(V) is the class of
almost semi-meromorphic currents on V'; a current p on V' is said to be almost semi-
meromorphic if there is a smooth modification 7: V — V and a semi-meromorphic
current i on V such that T«fl = p, see [7]. Notice that almost semi-meromorphic
currents are generically smooth and have principal value-type singularities.

Proposition 2.2 (Proposition 2.7 in [7]). Let o be an almost semi-meromorphic
current on' V- and let p € W(V'). Then the current oA p, a priori defined where « is
smooth, has a unique extension to a current in W(V).

We will also have use for the following slight variation of [6, Theorem 1.1 (ii)].

Proposition 2.3. Let Z C V be a pure dimensional analytic subset and let J C Oy
be the ideal sheaf of holomorphic functions vanishing on Z. Assume that € PM(V)
has the SEP with respect to Z and that hr = dh N7 =0 for all h € J. Then there
is a current p € PM(Z) with the SEP such that v,y = 7, where v: Z — V is the
inclusion.

Proof. Let i: V < D be the inclusion. By [6, Theorem 1.1 (i)] we have that .7 €
PM(D). Tt is straightforward to verify that i,7 has the SEP with respect to Z
considered now as a subset of D and that hi,7 = dh Ai,7 = 0 for all h € J, where
we now consider J as the ideal sheaf of Z in D. Hence, it is sufficient to show the
proposition when V' is smooth. To this end, we will see that there is a current y on
Z such that ¢, = 7; then the proposition follows from [6, Theorem 1.1 (ii)].

The existence of such a y is equivalent to that 7.£& = 0 for all test forms & such
that 1*¢ =0 on Z,.4. By, e.g., [7, Proposition 2.3] and the assumption on 7 it follows
that ht = dh AT = ht = dh AT = 0 for every h € J. Using this it is straightforward
to check that if p € Z,4 and £ is a smooth form such that .*¢ = 0 in a neighborhood
of p, then £ A7 = 0 in a neighborhood of p. Thus, if g is a holomorphic tuple in V'
cutting out Zy;y,g, then x(|g|/e)7.£ = 0 for any test form £ such that .*¢ = 0 on Z,¢4.
Since 7 has the SEP with respect to Z it follows that 7.£ = 0 for all test forms £ such
that (¥ = 0 on Zyeg. O

2.2. Residue currents. We briefly recall the the construction in [9] of a residue
current associated to a generically exact complex of Hermitian vector bundles.

Let J be the radical ideal sheaf in D associated with V' C D. Possibly after
shrinking D somewhat there is a free resolution

(2.3) 0= O(Ey) I 2 0By 25 0(B),
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of Op/J, where Ej, are trivial vector bundles, Ej is the trivial line bundle, f; are
holomorphic mappings, and m < N. The resolution (2.3) induces a complex of vector
bundles

0= B ™o 2 g I By

that is pointwise exact outside V. Let p be the codimension of V' in D, let for r > 1
V" be the set where f,i,: E,y, — Epyr—1 does not have optimal rank?, and let
Vo .= Viing- Then

(2.4) ooVl cvhc.cvicvicy

and these sets are in fact independent of the choice of resolution (2.3) and of the
embedding V' < D, i.e., they are invariants of the sheaf 0y = Op/J, and they

somehow measure the singularities of V. Since V' has pure dimension it follows from
Corollary 20.14 in [17] that

dimV"<n—r, r>0.

Hence, V™ = () and so fy has optimal rank everywhere; we may thus assume that
m < N — 1 in (2.3). Notice also that V" = ) for » > 1 if and only if there is a
resolution (2.3) with m = p of Oy, i.e., if and only if V' is Cohen-Macaulay.

Given Hermitian metrics on the Ej, following [9], one can construct a smooth form
U= > ux in D\ V, where uy is a (0,k — 1)-form taking values in Ej, such that

(2.5) fiur =1, figiuppr =0up, k=1,...,m—1, Ou, =0 inD\V.
Morover, if F' is a holomorphic tuple in D vanishing on V, then it is proved that
(2.6) A= |F|P,

a priori defined for PRe A > 0, has an analytic continuation as a current-valued
function to a neighborhood of the origin. The value at A = 0 is a pseudomeromorphic
current U = )", <, Uy, where Uy, is a (0,k — 1)-current taking values in Ej, that
one should think of as a generalization of the meromorphic current 1/f in D when
V = f71(0) is a hypersurface. The residue current R = Y, Ry associated with V'
is then defined by -

Ry=1- fiUy, Rp= éUk — fr+1Uk+1, k=1,....m—1, R, = OU,,.

Hence, Ry is a pseudomeromorphic (0, k)-current in D with values in Ej, and from
(2.5) it follows that Ry has support on V. By the dimension principle, thus R =
Ry + -+ + Ry,. Notice that if V is Cohen-Macaulay then R = R, and R = 0. By
[9, Theorem 1.1] we have that if h € &p then

(2.7) hR =0 if and only if he€ J.

For future reference we note that

(2.8) A= O|F|* Au,

a priori defined for Re A > 0, has an analytic continuation as a current-valued

function to a neighborhood of the origin and the value at A = 0 is R; cf. (2.6).

2For j < p, the set where f; does not have optimal rank is V.



8 JEAN RUPPENTHAL & HAKAN SAMUELSSON KALM & ELIZABETH WULCAN

Example 2.4. Let V = f~1(0) be a hypersurface in D. Then 0 — ¢'(E}) N O(Ey)
is a resolution of &/(f), where F; and Ej are auxiliary trivial line bundles. The
associated current U then becomes (1/f) ® e1, where e is a holomorphic frame for
FE1, and the associated residue current R is 9(1/f) ® e;.

Let g1,...,9p € O(D) be a regular sequence. Then the Koszul complex associated
to the g; is a free resolution of &p/(g1,...,gp). The associated residue current R
then becomes the Coleff-Herrera product [14]

5l N 5i
g1 9p
times an auxiliary frame element, see [2, Theorem 1.7]. O

2.3. Structure forms of a complex space. Assume first that V is a reduced
hypersurface, i.e., V = f~1(0) ¢ D ¢ CN, N =n+ 1, where f € 0(D) and df # 0
on Vyeg. Let ' be a meromorphic (n,0)-form in D C C2?*! such that

df N\’ =2midzy A+~ Ndzpy1 on Vreg-

Then w := *w’, where i: V < D is the inclusion, is a meromorphic form on V
that is uniquely determined by f; w is the Poincaré residue of the meromorphic form
2midzy A+ - - ANdzp+1/ f(z). For brevity we will sometimes write dz for dz; A--- Adzy.
Leray’s residue formula can be formulated as

/5}/\dz/\leig(l)/vxﬂhve)w/\i*f,

where ¢ is a (0, n)-test form in D, the left hand side is the action of d(1/f) on dz A&
and h is a holomorphic tuple cutting out Vy,g. If we consider w as a meromorphic
current on V' we can rephrase this as

(2.9) 8} Ndz = iw.

Assume now that V <5 D ¢ CV isan arbitrary pure n-dimensional analytic subset.
From Section 2.2 we have, given a free resolution (2.3) of &p/Jy and a choice of
Hermitian metrics on the involved bundles E}, an associated residue current R that
plays the role of d(1/f). By the following result, which is an abbreviated version of
[7, Proposition 3.3], there is an almost semi-meromorphic current w on V' such that
R A dz = i,w; such a current will be called a structure form of V.

Proposition 2.5. Let (2.3) be a Hermitian free resolution of Op/Jyv in D and let R
be the associated residue current. Then there is a unique almost semi-meromorphic
current

w=wytws+ -+ wnp1
on V, where w, is smooth on V,eq, has bidegree (n,r), and takes values in Ep,qr|v,
such that
(2.10) RAdzy N Ndzy = iaw.
Moreover, ~

fp|VWO =0, fp—&-r’VWr = aW?‘—la r>1,

in the sense of currents on V', and there are (0,1)-forms oy, k > 1, that are smooth
outside V* and that take values in Hom(Eyk—1|v, Epsklv), such that

Wk = Qpwg—1, k> 1.
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It is sometimes useful to reformulate (2.10) suggestively as
(2.11) RAdzy N---Ndzy =w A [V],

where [V] is the current of integration along V.
The following result will be useful for us when defining our dualizing complex.

Proposition 2.6 (Lemma 3.5 in [7]). If ¢ is a smooth (n,q)-form on V, then there
is a smooth (0, q)-form ¢’ on V with values in E;|y such that ¢ = wo A9’

2.4. Koppelman formulas in C"¥. We recall some basic constructions from [1] and
[4].

Let D C CV be a domain (not necessarily pseudoconvex at this point), let k(z, ¢)
be an integrable (N, N — 1)-form in D x D, and let p(z, () be a smooth (N, N)-form
in D x D. Assume that k and p satisfy the equation of currents

(2.12) Ok(z,¢) = [AP] = p(2,()

in D x D, where [AP] is the current of integration along the diagonal. Applying this
current equation to test forms 1(z) A ¢(() it is straightforward to verify that for any
compactly supported (p, ¢)-form ¢ in D one has the following Koppelman formula

o) =0: [ B0 np@)+ [ K ndp©+ [ b0 A
D¢ D¢ D¢

In [1] Andersson introduced a very flexible method of producing solutions to (2.12).
Let n = (m1,...,nn) be a holomorphic tuple in D x D that defines the diagonal and let
A; be the exterior algebra spanned by 75 (D x D) and the (1, 0)-forms dns, ..., dny.
On forms with values in A, interior multiplication with 27i ) n;0/0n;, denoted 0y,
is defined; put V,, =6, — 0.

Let s be a smooth (1,0)-form in A, such that |s| < |n| and |n> < |6,s| and
let B =Y 5A (s)*1/(3,8)*. Tt is proved in [1] that then V,B = 1 — [AP].
Identifying terms of top degree we see that OBy y_1 = [AP] and we have found a
solution to (2.12). For instance, if we take s = 9]¢ — z|?> and n = ¢ — 2, then the
resulting B is sometimes called the full Bochner-Martinelli form and the term of top
degree is the classical Bochner-Martinelli kernel.

A smooth section g(z,{) = goo + -+ + gn,n of Ay, defined for z € D’ € D and
¢ € D, such that V,g = 0 and goo|ap = 1 is called a weight with respect to z € D’.
It follows that V(g A B) = g — [AP] and, identifying terms of bidegree (N, N — 1),
we get that

(2.13) AgAB)nN-1=[A] —gnn

in D' x D and hence another solution to (2.12). If D is pseudoconvex and K is a
holomorphically convex compact subset, then one can find a weight g with respect
to z in some neighborhood D' € D of K such that z — g(z, () is holomorphic in D’
and ¢ — ¢g(z, () has compact support in D; see, e.g., Example 2 in [4].

2.5. Koppelman formulas for (0,¢)-forms on a complex space. We briefly
recall from [7] the construction of Koppelman formulas for (0, ¢)-forms on V' C D.
The basic idea is to use the currents U and R discussed in Section 2.2 to construct a
weight that will yield an integral formula of division/interpolation type in the same
spirit as in [13].
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Let (2.3) be a resolution of &p/J, where as before J is the sheaf in D associated
to V <% D. One can find, see [4, Proposition 5.3], holomorphic (k — ¢, 0)-form-valued

Hefer morphisms, i.e., matrices H ,ﬁ: FEy — Ey depending holomorphically on z and ¢
such that Hf = I, and

‘577H1f = Hﬁ_lfk(C) - f£+1(Z)H,€H, k> 1.
Let U* = |F(¢)[*u(¢) and let R = O|F(¢)|** Au(C), cf. (2.6) and (2.8). Then

N N
(2.14) V=Y H{Ry + f1(2) Y HUR.
k=0 k=1

is a weight if 98¢ A > 0. Let also g be an arbitrary weight. Then 4* A g is again a
weight and we get

(2.15) O NgAB)NN-1 = [AP] = (v} AN g)w

in the current sense in D x D, cf. (2.13). Let us proceed formally and, also, let
us temporarily assume that V is Cohen-Macaulay so that R is O-closed. Then,
multiplying (2.15) with R(z) A dz and using (2.7) so that fi(z)R(z) = 0, we get that
(2.16)

] (R(z) Adz A (HR A g A B)N,N_1> = R(z)AdzA[AP] = R(z) Adz A (HR Ag)n v,

where HRY = SN HORY, cf. (2.14). In view of (2.11) we have R(z)AdzA[AP] = wA
[AV], where [AV] is the integration current along the diagonal AV C V' xV C Dx D,
and formally letting A = 0 in (2.16) we thus get

(217) B(w(=) A VA HRAGAB)wN-1) = wA[AY] = w(z) AV A (HRAg)n -

To see what this means we will use (2.11). Notice first that one can factor out
dn =dm A--- Ndny from (HRA g A B)yn—1 and (HR A g)n,n. After making
these factorization in (2.17) we may replace dn by C,(z,()d(, where Cy(z,{) =
N!det(0n;/(x), since w(z) A [V.] has full degree in dz;. More precisely, let €1,...,ex
be a basis for an auxiliary trivial complex vector bundle over D x D and replace all
occurrences of dn; in H, g, and B by €;. Denote the resulting forms by H, g, and B
respectively and let

(2.18) k(2,¢) = Cy(z, Oen A+ Aeia Y HYwi(Q) A (G A B)n—kn—k1
k=0
(2.19) p(2,¢) = Cylz, Qen A+ Aeia Y HY ok (Q) A Gk
k=0

Notice that k and p have bidegrees (n,n — 1) and (n,n) respectively. In view of
(2.11) we can replace (HRA g A B)nn—1 and (HR A g)n,n with [Ve] A k(2,() and
Vel A p(z, Q) respectively in (2.17). It follows that

O(w(z) Ak(2,0) = w A AY] = w(z) A p(z,¢)

holds in the current sense at least on V.4 X V,.cy. The formal computations above
can be made rigorous, see [7, Section 5|, and combined with Proposition 2.6 we get
Proposition 2.7 below; notice that w = wy and w = 0 since we are assuming that V
is Cohen-Macaulay.
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The following result will be the starting point of the next section and it holds
without any assumption about Cohen-Macaulay.

Proposition 2.7 (Lemma 5.3 in [7]). With k(z,() and p(z,() defined by (2.18) and
(2.19) respectively we have

in the sense of currents on Vieg X Vieg.

Remark 2.8. In [7] it is assumed that the weight ¢ in k and p has compact support
in D¢ but the proof goes through for any weight.

The integral operators .# and & for forms in W% introduced in [7] are defined
as follows. Let 7: V, x V; — V. be the natural projection onto V., let g in (2.18) and
(2.19) be a weight with respect to z in some D’ € D and with compact support in
D¢, and let u € W%4(D). Since w and B are almost semi-meromorphic k(z,¢) and
p(z,() are also almost semi-meromorphic and it follows from Proposition 2.2 that
k(z,¢) A u(¢) and p(z,¢) Ap(¢) are in W(V' x V'), where V! = D'NV. Tt follows that

H () = T (k(2,0) A p(Q)),

P () =7 (p(2,C) A (C)),
are in W(V/). The sheaves M‘g" are then morally defined to be the smallest sheaves

that contain 5‘0/" and are closed under operators ¥ and under multiplication with

5‘0,". More precisely, the stalk gf‘g’g consists of those germs of currents which can be
written as a finite sum of of terms

fm/\e%/m("'fl/\«%/l(&)“'),

where §; are smooth (0, *)-forms and %} are integral operators at = of the above
form; cf. [7, Definition 7.1].

Theorem 2.9 (Theorem 1.2 [7]). Let X be a reduced complex space of pure dimension
n. The sheaves ﬂ/)g’q are fine sheaves of (0, q)-currents on X, they contain Y and
moreover

(i) @Qd)g’q is a module over EBqE%q,

(i) ]x,, = EX[xeey

(iii) the complex (42{2",5) is a resolution of Ox.

3. KOPPELMAN FORMULAS FOR (7, q)-FORMS

Let V be a pure n-dimensional analytic subset of a pseudoconvex domain D ¢ CV¥
and let w be a structure form on V. Let k(z,() and p(z,() be the kernels defined
respectively in (2.18) and (2.19). Since k and p are almost semi-meromorphic it
follows from Proposition 2.2 that if u = u(z) € W™4(V), then k(z,{) A p(z) and
p(z,¢) A u(z) are well-defined currents in W(V x V). Assume that the weight ¢ in
(2.18) and (2.19) has compact support in V, or that u has compact support in V.
Let 7: V, x V¢ — V¢ be the natural projection and define

(3.1) H () = m (k(2,¢) A p(2))

(3.2) Pu(C) = m (p(2,0) A pu(2)) .
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It follows that # p and Pp are well-defined currents in W. Notice that Pu is of
the form ) w, A&, where &, is a smooth (0, *)-form (with values in an appropriate
bundle) in general, and holomorphic if the weight g(z, {) is chosen holomorphic in (;
cf. (2.19). It is natural to write

Q) = [ KO ApE. a0 = [ pE0 M)

Vz

We have the following analogue of Proposition 6.3 in [7].

Proposition 3.1. Let u(z) € W4(V) and assume that Op € W™ITH(V). Let g
in (2.18) and (2.19) be a weight with respect to ¢ in some D' € D. If either u has
compact support in V or g has compact support in D,, then

(3.3) =04+ K (0p)+ Pu
in the sense of currents on V,,’eg = D' N Vyeq.

Proof. If ¢ = ¢(C) is a (0,n — g)-test form on Vit follows, cf. the beginning of
Section 2.4, from Proposition 2.7 that

o) =0, [ K(z0) no(O) + /

Ve Ve

B(2,C) A B(C) + /V p(2,0) A 9(C)
¢

for 2 € Vyey. By [7, Lemma 6.1]* and since p(z, () is smooth in z each term on the
right hand side is smooth on V. Moreover, since k and p have compact support in z
each term is in fact a test form on V' so that p acts on each term. Thus (3.3) follows
provided that p has compact support in V..

For the general case, let h = h(z) be a holomorphic tuple cutting out Vg and
let xc = x(|h|/€). Then the proposition holds for x.x (since k and p have compact
support in z). Since k(2, () A p(z) and p(z, () A u(z) are in W(V x V') it follows that
H (Xgu) — ¢ and that 2 (xcu) — P in the sense of currents, and consequently
8,%/()(6#) — 0% p in the current sense. It remains to see that lim_, % (O(xep)) =
A (Op). In fact, since by assumption O € W(V) it follows that 7 (x.Op) — A (Op)
and so
(3.4) liy # (D(xcp1)) =  (Bp1) + lim A (D A )

e—0 e—0
it also follows that
(3.5) Oxe N i = O(Xet) — XeOp — Op — Op = 0.
Now, if ( is in a compact subset of V., and e is sufficiently small, then k(z, () A OXe
is a smooth form times w = w((). Since pu(z) Aw(() is just a tensor product it follows
from (3.5) that Oxc A p(2) Aw(¢) — 0. Hence, £ (Dx A ) — 0 as a current on V/

reg

and so by (3.4) we have lim._o # (d(xcp)) = # (Op). O

4. THE DUALIZING DOLBEAULT COMPLEX OF ﬂ;’q—CURRENTS

Let X be a reduced complex space of pure dimension n. We define our sheaves
/* in a way similar to the definition of %0"; see the end of Section 2.5. In a
moral sense @Qd;’q then becomes the smallest sheaf that contains EBQE?(’Q and that

is closed under integral operators J# and exterior products with elements of EBQSE("].

3The proof goes through also in our setting, i.e., when g not necessarily has compact support in
D¢ but ¢(¢) has.
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Definition 4.1. We say that an (n, ¢)-current ¢ on an open set V C X is a section
of &, ¢ € &/™1(V), if, for every x € V, the germ ¢, can be written as a finite
sum of terms

(4.1) Em N K (- & N AW A &)+ ),

where &; are smooth (0, x)-forms, Ji}j are integral operators at = given by (3.1) with
kernels of the form (2.18), and w is a structure form at x.

Notice that w takes values in some bundle ©;E; so we let {y take values in &;E7
to make w A & scalar valued.

It is clear that .# preserves @qd)?’q. Notice that we allow m = 0 in the definition
above so that @7{"* contains all currents of the form w A &y, where & is smooth with
values in @jE;-‘. Since 2y is of the form w A € for a smooth &, also & preserves
Dg .

Recall that if u € W™*(V), then # € W™*(V"), where V' is a relatively compact
subset of V. Since w A & € Wy™ it follows that «/y? is a subsheaf of Wy?. In fact,
by Proposition 4.3 below we can say more.

Definition 4.2. A current 1 € ® Wy is said to be in the domain of 0, i € Dom 0,
if Op € BV

Assume that g € Wy? is smooth on X4, let h be a holomorphic tuple cutting
out Xsing, and let x. = x(|h|/€). Then d(xcu) — Op since p has the SEP. In view of
the first equality in (3.5) it follows that Ou has the SEP if and only if Ox. A pp — 0
as € — 0; this last condition can be interpreted as a “boundary condition” on p at
Xsing-

Proposition 4.3. Let X be a reduced complex space of pure dimension n. Then

3 n,q J— n,q
(i) oy Xreg Ex Xreg”

(ii) €Y7 C @ C Domd.

Proof. Part (i) is proved in the same way as part (i) of Lemma 6.1 in [7].

Let v be a smooth (n, ¢)-form on X and let w = ) w, be a structure form. Then,
by Proposition 2.6, there is smooth (0, ¢q)-form & (with values in the appropriate
bundle) such that ¢ = wy A € and so Ey? C .

To prove the second inclusion of (ii) we may assume that p is of the form (4.1).
Let kj(wjfl,wj), 7 = 1,...,m, be the integral kernel corresponding to L%}j; wl are
coordinates on V for each j. We define an almost semi-meromorphic current 7" on
VL (the m + 1-fold Cartesian product) by

m
(4.2) T = /\ kj(w ™" wl) Aw(w?),

j=1
and we let T, be the term of T' corresponding to w,. Notice that m,(§ AT) = p
for a suitable smooth (0, *)-form & on V™*! where 7: V™! — V,m is the natural
projection. We will prove that

(4.3) lim O (|h(w™)|/€) AT, =0,

where h is a holomorphic tuple cutting out Vg, by double induction over m and r;
cf. the discussion after Definition 4.2.
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If m = 0 then T' = w(w®) and, since Ow, = fri1|vwr+1 by (2.5), it follows that OT
has the SEP, i.e., lim¢_,0 dx(|h|/€) AT = 0.

Assume that (4.3) holds for m < k — 1 and all ». The left hand side of (4.3),
with m = k, defines a pseudomeromorphic current 7, of bidegree (x,kn —k +r + 1)
since each k; has bidegree (x,n — 1) and clearly supp7. C Sing(Viym) x V™. If
wl # wI™t then k;(w/™!, w’) is a smooth form times some structure form @(w?).
Thus T', with m = k, is a smooth form times the tensor product of two currents, each
of which is of the form (4.2) with m < k. By the induction hypothesis, it follows
that (4.3), with m = k, holds outside {w’ = w/~!} for all j. Hence, 7, has support
in {w! =--- = w*} N (Sing(Vym) x V™), which has codimension at least kn + 1 in
Vk+1. Since 79 has bidegree (x,kn — k + 1), k > 1, it follows from the dimension
principle that 79 = 0.

By Proposition 2.5, there is a (0, 1)-form «; such that w1 = cywp and a1 is smooth
outside V! (cf. (2.4)) which has codimension at least 2 in V. Since 71 = ay(w®)mo
outside V1) and 79 = 0 it follows that 71 has support in {w! = --- = w*}N(Vl x V™).
This set has codimension at least kn +2 in V™! and 7, has bidegree (x, kn —k + 2)
so the dimension principle shows that 7 = 0. Continuing in this way we get that
7 = 0 for all r and hence, (4.3) holds with m = k. O

Theorem 4.4. Let X be a reduced complex space of pure dimension n. Then
d: Pt — AP

Proof. Let 1) be a germ of a current in 77 at some point z; we may assume that

V=En A (-GN (WwNE) ),

see Definition 4.1.

We will prove the theorem by induction over m. Assume first that m = 0 so that
1 = w A &p; recall that & takes values in @jE; so that 1 is scalar valued. Then, by
Proposition 2.5, we have that

5¢:5w/\§giw/\5§0:fw/\fgiw/\éﬁo:w/\f*foj:w/\(_?{g,

where f = @7 fp+r|v and f* is the transpose of f. Hence, oY is in ﬂ;’qﬂ. Assume
now that 0¢' € ®q.a7¢9, where

V= &1 A Hna ("'51/\%}1(&1/\50)“')-

Then ¢ € Domd C Wy and by Proposition 4.3 9’ is smooth on X,¢,. Thus, from
Proposition 3.1 it follows that

(4.4) V' = 0K + K (O + Ptf)

in the current sense on V.4, where V' is some neighborhood of z. By the induction
hypothesis, 91 € @qﬂ;’q and since %, and &,, preserve @q,xz/;’q and furthermore
®qay? C Domd it follows that every term of (4.4) has the SEP. Thus, (4.4) holds
in fact on V. Finally, notice that ¢ = &, A #pu1)’ and so, since ¢/, H#,(9Y'), and
P all are in @,/ it follows that Iy € ﬂ%)?’q“. O

Proof of Theorem 1.1. Choose a weight g with respect to ¢ € D’ and with compact
support in D, in the kernels k(z, () and p(z, (), cf. (2.18) and (2.19), and let %" and
& be the associated integral operators.
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Let ¢ € &7™4(V'). By Proposition 3.1,
(4.5) Y =KX + H () + P
holds on V/,,. Since # and & map @,7™I(V) to @™ (V') it follows from

reg-*
Theorem 4.4 that every term of (4.5) has the SEP. Hence, (4.5) holds on V’ and the
theorem follows.

O

Proof of Theorem 1.2. Let V be a pure n-dimensional analytic subset of a pseudo-
convex domain D C CV, let J be the sheaf in D defined by V, let i: V < D be the
inclusion, and let p = N —n be the codimension of V' in D. Let (2.3) be a resolution
of Op/J in (possibly a slightly smaller domain still denoted) D and let w = ), w;
be an associated structure form.

Taking J#om’s from the complex (2.3) into &p and tensoring with the invertible
sheaf Qg gives the complex

4.6 0= O(E) @0, 2N 10 I g(B2 )0, 0N 0.
0 D D

It is well-known that the cohomology sheaves of (4.6) are isomorphic to &xt*(0p/J, 25)
and that &xt*(Op /T, 258) = 0 for k < p. Notice that if V is Cohen-Macaulay, i.e.,
if we can take m = p = codim V in (2.3), then &xtk(0p /T, 25) =0 for k # p.

We define mappings gx: O( p+k) ® 02N — szf‘}l’k by letting gk (hdz) =0 for k < 0

and gy (hdz) = wy, - h for k > 0; here we let &"* := 0 for k < 0 and O(E;) @ QY := 0
for kK > m. We get a map

(4.7) 00t (O(ES)® QN fr) — (4. 9)

which is a morphism of complexes since if h € O(FE. » > 1)> then, by Proposition 2.5,

dor(hdz) = Owg - h = fpppr1wis1 - h = wig1 - foppi1h = ka1 (fops1h)-

Hence, (4.7) induces a map on cohomology. We claim that ge in fact is a quasi-
isomorphism, i.e., that g, induces an isomorphism on cohomology level. Given the
claim it follows that 77 k(;zf‘? **) is coherent since the corresponding cohomology sheaf
of (O(E} )@ 2N, fr.y) is ExtPT™8(0p /T, 2f)), which is coherent.

To prove the claim, recall first that i,w; = Ry Adz. Thus, by [5, Theorem 7.1] the
mapping on cohomology is injective. For the surjectivity, choose integral operators
A and & corresponding to integral kernels (2.18) and (2.19) respectively, where g
is a weight with respect to ¢ € D’ that is holomorphic in ¢ and has compact support

in D,. Let ¢ € &™*(V) be O-closed. By Theorem 1.1 we get
0(€) =9 | ka0 nvE)+ [ b0 Ave)
Vz Vz

in V. N D'. Hence, the 0-cohomology class of v is represented by the last integral.
For degree reasons it follows from (2.19) that this integral is of the form

we(Q) A | G(2,0) AY(2),
V.

where G takes values in E} and G(z,() is holomorphic in ¢ since we have chosen the
weight g to be. Thus, the class of ¥ is in the image of g.
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If V is Cohen-Macaulay, then (4.6) is exact except for at level p and so (#,**,0)

is exact except for at level 0 where the cohomology is wi?” = ker (9: " — ).
Thus, (1.4) is exact. O

5. THE TRACE MAP

The basic result of this section is the following theorem. It is the key to define our
trace map.

Theorem 5.1. Let X be a reduced complex space of pure dimension n. There is a
unique map
Ne gt x g — W N Domd

extending the exterior product on Xj.cq.

It follows that one can compute this product in the following way: Let ¢ € 77,

let ¢ € &%)g’g and let V' C X be an open set where both ¢ and ¢ are defined. Then,
if h is a generically non-vanishing holomorphic tuple such that Vg, C {h = 0}, we
have that

Y A = lim x(|h|/€)Y A p,
e—0
where the limit is understood in the sense of currents.

Let 1) € &/™4(X) and ¢ € &/%"9(X) and assume that at least one of ¥ and ¢ has
compact support. Then, by Theorem 5.1, we can define our trace map on the level
of currents by mapping (¢, ¢) to the action of ¥ A ¢ on the function 1; explicitly, if
h is a generically non-vanishing holomorphic tuple such that X, C {h = 0}, then

(5.1) <memJQMWWMa

This map induces a trace map on cohomology. Indeed, assume that ¢ and ¢ are
O-closed and that one of them, say ¢, is -exact so that there is a ¢ € %"~ 971(X),
which has compact support if ¢ has, such that ¢ = 0. By Theorem 5.1, ¢ A ¢ is in
the domain of d, which implies that Oy, A A @ — 0 as € — 0, where x. = x(|h|/¢);
cf. the first equality in (3.5). Hence

lim [ oA = lim xewAésé
e—0 X e—0
= (- 1n+‘111n"6</8)(6¢/\90 /OXE/\w/\gJ)_O
€E—

Proof of Theorem 5.1. Notice first that if there is a current ;1 € Wx coinciding with
Y| Xy N PlXrey ON Xieg, then it must be unique. Moreover, then p = lime o xept =
lime_0 XY A . We now prove that such a p exists.

Let V be a relatively compact open subset of a pure n-dimensional analytic subset
of some pseudoconvex domain in some CV. Let ¢ € &/™4(V) and ¢ € &7%7 (V). The
tensor product 1 (w) A ¢(z) is of course well defined on V' x V. Let ¢ = (¢1, ..., ¢s)
be generators for the radical ideal sheaf over V x V associated to the diagonal AV C
V x V. Let

A =09|o* A A (dd®log [¢|*)" !

where A € C, Re X > 0, and dd® = i99/2r. It is proved in [3] that A — M?* has
an analytic continuation as a current-valued function to a neighborhood of A = 0.

dlog|g)?
271
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Moreover, by [8, Theorem 1.2], M := M*|y—o = B[AY], where B is the generic
multiplicity of AV in V x V. Hence, M = [AY].

Claim:

A= MAAY(w) A p(2)
has an analytic continuation to a neighborhood of A = 0 and M* A (w) A ¢(2)|a=0
defines an intrinsic PM-current on AV ~ V with the SEP, i.e., there is a current
€ W(AY) such that v = M* Ap(w) A o(2)|x=0, where i: AV =V x V is the
inclusion.

Assume the claim for the moment. Since M*|y—¢ = [AY] and 1 and ¢ are smooth
on Vieg X Vyeq it follows, after making the identification AV ~ V| that w=1vAp
on Vieg. Thus ¥ A oly,,, has a W(V)-extension to V' (namely p); we denote the
extension by ¥ A ¢ as well.

To prove the claim we may assume, cf. Definition 4.1 and the end of Section 2.5,
that

= A A (-GN TR NEG) ), o= En (& AHIG) ),

where & and ¢ are smooth (0, *)-forms, w = 3, wy is a structure form, and J%;
and #; are integral operators for (n,*)-forms and (0, *)-forms respectively. Let
l;:j (wi=1,w7) be the integral kernel corresponding to Ji}J and let k;(z971, 27) be the
integral kernel corresponding to J#;; w’ and 27 are coordinates on V. We will assume
that for each j, 27 ~ kj1(27, 2711) has compact support where 27 — k;(2/ 71, 27) is
defined and similarly for kj; possibly we will have to multiply by a smooth cut-off
function that we however will suppress. The kernels k; and k; are almost semi-
meromorphic and M? is as smooth as we want if e \ is sufficiently large and hence,
cf. Proposition 2.2,

m L
(5.2) T == M2, w™ /\/2: (w1, w?) /\ (2L 20)

is an almost semi-meromorphic current on V™ +2, 4 We will consider ¢ = ¢(2¢, w™),
E;(w? ™', w?), etc. as functions (or forms) on V/*+2. By resolution of singularities,
there is a modification T1: Y — V*™+2 with Y smooth, such that (locally on Y)
we have IT*¢ = ¢°¢’, where ¢ is a holomorphic function and ¢’ is a non-vanishing
holomorphic tuple, and

m 4
A Es(wi = wl) Aw@) A N\ ki (=77, 2) | = sofa,
i1 j=1

where sq is smooth and « is a holomorphic function. A straightforward computation

then shows that (locally on Y') we have

016"
0

where the s; and sy are smooth. From, e.g., [24, Lemma 6] it follows that A\ —

0|¢°¢'|**/(¢°a) has an analytic continuation as a current-valued function to a neigh-
borhood of A = 0 and that the value at A = 0 is a PM-current on Y. Hence,

M = A s1 4 0|0°d PP A sa, Me >0,

4In this proof V7 will mean either the Cartesian product of j copies of V or the j*® set in (2.4).
We hope that it will be clear from the context what we are aiming at.
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A = I*(M?) A sp/a = II*T* has an analytic continuation to a neighborhood of
A =0 and so A — T* has an analytic continuation to a neighborhood of A = 0 and

(5.3) T =T

is a PM-current on V™ +2 Moreover, it is clear that the support of 7' must be
contained in {z* = w™}.

Let m: V™2 5 Vm x V¢ be the natural projection. Since M A(w) A p(z) is
7.(T?) times a smooth form it is sufficient to prove our claim with M* A (w) A p(2)
replaced by 7,(T?). We know already that A +— 7, (7?) has an analytic continuation
to a neighborhood of A = 0 and that 7 := 7, (T*)|x—g is a PM-current on Vym x Ve
with support in AY. We will now use the following lemma.

Lemma 5.2. Let h = h(z*,w™) be a holomorphic tuple such that H = {h = 0} C
VM2 gntersects {2 = w™} properly and let x. = x(|h|/€). Let also g = g(z*,w™)
be a holomorphic function vanishing on {z* = w™}. Then
(i) 1gT :=T — limeox T =0
(ii) lime o Oxe AT =0
(iii) g7 = 0.

From part (i) of the lemma it follows that 7 has the SEP with respect to AV and
from part (iii) it follows that AT = 0 for any holomorphic function vanishing on AV
Moreover, in Reg(Vym) x Reg(V,¢) we have that 7 equals [AY] times a smooth form
and since dh A [AY] = d(h[AV]) = 0 for any holomorphic function vanishing on AY
it follows that dh A 7 = 0 in Reg(Vym) x Reg(V,e) for any holomorphic function
vanishing on AY. Since 7 has the SEP with respect to A" this holds in fact on
Viym x V,e. Thus, by Proposition 2.3, there is a u € W(AY) such that i,u = 7 and
the claim follows.

It remains to show that our current 1 A p € W(V) is in the domain of 9. Let h
and y. be as in Lemma 5.2. From part (ii) of Lemma 5.2 it follows that lim._,o Oxe N
7 = 0. Since 7 = d,u and ¥ A ¢ = pu (after identifying V' ~ AY) we see that
lime_,0 Ox(|h|/€) A A ¢ = 0 for any generically non-vanishing holomorphic tuple A
on V such that {;L = 0} D Viing. From the discussion after Definition 4.2 it follows
that ¢ A ¢ indeed is in the domain of 0. U

Proof of Lemma 5.2. Let T} be the component of T corresponding to wy(w®). We
will show the lemma by double induction over k and £ + m by using the dimension
principle, cf. the proof of Proposition 4.3. Notice first that 157 and lime_dxe AT
have support contained in {z¢ = w™} N H.

Consider first the case £ 4+ m = 0; then T' = M*(2%, w®) A w(w®)|y=o and part (i)
means precisely that T has the SEP with respect to the diagonal AV € V,o x V0.
The PM-current 15Ty has bidegree (2n,n) and support contained {z° = w’} N H,
which has codimension at least n + 1 in V,0 X V0, and hence 157y = 0 by the
dimension principle. By Proposition 2.5 there are oy, that are smooth outside V*
such that wp = apwr_1. Thus, since 15Ty = 0 it follows that 1577 = 0 outside
V.o X VU%O. Moreover, since 157} is also 0 outside {z° = w"}, the support of 15T}
is contained in V,o x VI, N {z% = w®}, which has codimension > n + 2 in Vo x V..
Noticing that 157} has bidegree (2n,n+ 1) the dimension principle again shows that
15T = 0. Continuing in this way we see that 15T} = 0 for all k£, and so (i) holds in
the case £+ m = 0.
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To see that (iii) holds in the case £+ m = 0, notice that if w® € V,¢,4 then Ty is the
integration current over {z° = w®} times a smooth form. Since g = 0 on {z° = w}
it follows that gTp = 0 at least outside of {29 = w®, w® € Vsing - But then, as above,
gTp = 0 and g7}, = 0 inductively by the dimension principle.

To see that also (ii) holds in the case £ + m = 0 we proceed as follows: Let A be
a generically non-vanishing holomorphic function on V such that {h = 0} D Vising
and let X5 = x(|h(w®)|/5). We have proved that T} has the SEP with respect to
AV C V.0 x V0 and so

Ty = lim s M (2%, w®) A wy(w?).
0—0

Let i: AV < V,0 x V0 be the inclusion of the diagonal. Since w is smooth outside
Vsing and M is the integration current over {z° = w°} we have

(5.4) Oxe N )Z(;M(zo, wo) A wk(wo) = i (5XE’AV A )Zgwk) .

As § — 0, the left hand side of (5.4) goes to dxc A Tj. Since w has the SEP with
respect to V =~ AV it follows that the right hand side goes to i(Oxc|av A wy) as
0 — 0. A straightforward computation and Proposition 2.5 show that

IXelav A wr, = 0(Xelavwr) = Xelav fr+1wh1 — 0wk — fri1wrr =0, € — 0.
Hence, i.(Oxc|av Awg) — 0 as € — 0 and (ii) follows for £ +m = 0.

Assume now that the lemma holds for £ +m < s — 1, where s > 1, and let T be
given by (5.2) and (5.3) with £+m = s. Let 1 < j < ¢; if 2771 # 29 then k;j(2771, 27)
is a smooth form times some structure form @(z7). Hence, outside {2/ = 2771}, T is
(ignoring smooth factors) the tensor product of

7j—1
B() \ k(= 2),
i=1

and some current T', where T is of the form (5.2) and (5.3) but with £ +m = s — j.
From the induction hypothesis it thus follows that 157, lime_0Oxc A T, and gT
have supports contained in {20 = ... = ze}. Similarly, let 1 < j < m. If w/=! # w’
then l%j (w?=1 w?) is a smooth form times some structure form &(w’) and so, outside
{w? = wi*1} T is (again ignoring smooth factors) the tensor product of

7—1
/\ Ei(w'™h w') A w(w®)
=1

and a current of the form (5.2) and (5.3) with £ + m = s — j. Thus, again from
the induction hypothesis, it follows that 157, lim._,0 Ox. AT, and ¢gT have supports
contained in {w® = ... = w™}. In addition, since T vanishes outside {2’ = w™},
we have that the supports of 15T, lim._odxe AT, and g7 must be contained in the
diagonal AV c Vim+2,

The currents 15Ty and g7y both have bidegree (x,n(¢ + m + 1) — (£ + m)) and
since AV ~ V has codimension n(f + m + 1), the dimension principle shows that
15Ty = g1y = 0. As in the beginning of the proof, one inductively shows that
15Ty, = gT} = 0 using that wi(w®) = ag(w”)wi_1(w) and the dimension principle.
Hence (i) and (iii) hold.

To prove (ii) we notice that limc o Oxe A T vanishes outside H. Its support is
thus contained in H N AV, which has codimension at least n(¢ +m + 1) + 1. Since
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lime_,0 OxeATp has bidegree (x, n(¢4+m~+1)—(¢+m)+1) the dimension principle shows
that lime_,g Ox. A Top = 0. As above, it follows inductively that lim¢ o dx A Tk = 0.
U

6. SERRE DUALITY

6.1. Local duality. Let V be a pure n-dimensional analytic subset of a pseudocon-
vex domain D C CV, let D’ € D be a strictly pseudoconvex subdomain, and let
V' =V N D'. Consider the complexes

(6.1) 0= 0V 2 Oy Oy 2 0y o
(6.2) 0= @m0V 25 vy 25 0 gy o,

From Section 5 we know that we have a well-defined trace map on the level of currents
and that it induces a trace map on the level of cohomology

(6.3) Tr: H® (/% (V")) x H" (a27*(V")) = C, Tr(lg),[¢]) = /V o

By Theorem 2.9 (iii) the complex (6.1) is exact except for at the level O where the
cohomology is O(V").

Theorem 6.1. The complex (6.2) is exact except for at the top level and the pairing
(6.3) makes H™(<7."* (V")) the topological dual of the Frechét space HO(o/%*(V')) =
O(V"); in particular (6.3) is non-degenerate.

Proof. Let ¢ € o.%(V') be d-closed. We choose integral kernels k(z, () and p(z, ()
corresponding to a weight g, with respect to z in some neighborhood of supp ¢ in D’,
such that g depends holomorphically on z and has compact support in Dé. Since 1)
has compact support in V’/, Theorem 1.1 shows that

64) 0O =0 [ KeOnvE+ [ HaOAE)+ [ 00 v,
holds on V’. The second term on the right hand side vanishes since 9y = 0. Since
g is holomorphic in z the kernel p has degree 0 in dz; and hence, also the last term
vanishes if ¢ # n. The first integral on the right hand side is in &7 ' (V') since g
has compact support in D’C and so (6.2) is exact except for at level n.

To see that H"(<Z."* (V")) is the topological dual of &(V"), recall that the topology
on O(V') =2 0(D')/J(D') is the quotient topology, where J be the sheaf in D
associated with V' C D. It is clear that each [¢)] € H"(2"* (V")) yields a continuous
linear functional on (V') via (6.3). Moreover, if ¢ = n and [, p1p = 0 for all
p € O(V') then, since p(z, () is holomorphic in z by the choice of g, the last integral
on the right hand side of (6.4) vanishes and thus [1)] = 0. Hence, H"(<."*(V")) is a
subset of the topological dual of (V).

To see that there is equality, let A be a continuous linear functional on &'(V’). By
composing with the projection &(D') — ¢'(D')/J(D’) we get a continuous functional
A on @(D'). By definition of the topology on @(D’), X is carried by some compact
subset K € D’. By the Hahn-Banach theorem, A can be extended to a continuous
linear functional on C°(D’) and so it is given as integration against some measure
@ on D’ that has support in a neighborhood U(K) € D' of K. Let p(z,¢) be an
integral kernel, as in (2.19), corresponding to a weight g with respect to z € U(K)
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such that ¢ has compact support in Dé and depends holomorphically on z € U(K).
Let f € 0(V') and define the sequence f.(z) € O(K) by

£ = [ xUhl/ 05 ©),
Vi

where h = h(() is a holomorphic tuple cutting out V4. For each z in a neighborhood
in V' of KNV’ we have that lim f.(z) = Zf(z) = f(z) by [7, Theorem 1.4]. We
claim that f. in fact converges uniformly in a neighborhood of K in D’ to some
fe O(K), which then is an extension of f to a neighborhood in D’ of K. To see
this, first notice by (2.19) that p(z, ¢) is a sum of terms wy(¢) Api (2, () where pg(z, ()
is smooth in both variables and holomorphic for z € U(K). By Proposition 2.5, the
wy are almost semi-meromorphic. The claim then follows from a simple instance of
[18, Theorem 1]°. We now get

A =t [ o) =t [ (b0 QG aut)
Z Ve

e—0

- 21_%/ F(Ox(|h|/e) Zwk / z,Q)dp(?)
= Zwkz /pk z, Q)dp(z).

But ¢ — fvz pk(z,C)du(z) is smooth and compactly supported in D’ and so A is
given as integration against some element ¢ € «7.""(V’); hence X is realized by the
cohomology class [¢0] and the theorem follows. O

= lim / P [ 3,2

Corollary 6.2. Let F — V be a vector bundle, # = O(F) the associated locally free
O-module, and F* = O(F*). Then the following pairing is non-degenerate

Tr: HU(V',.Z) x H(F @ 4 (V') = C, ([¢],[¥]) = V,W-

By Theorem 1.2, if X is Cohen-Macaulay, then the complex (F* ® o4,*,0) is a
resolution of #* ® w{;’o and so we get a non-degenerate pairing

* ,0
H V', Z)x H} V', F* @ wy") — C.

6.2. Global duality. The global duality follows from the local one by an abstract
patching argument, see [26], cf. also [11, Theorem (I)]. We will need to make this ar-
gument explicit and for this we will use the following perhaps non-standard formalism
for Cech cohomology; cf. [23, Section 7.3]

Let .# be a sheaf on X and let V = {V;} be a locally finite covering of X. We let
Ck(V,.F) be the group of formal sums

01

5Take p=0,¢g=1, and g =1 in this theorem.



22 JEAN RUPPENTHAL & HAKAN SAMUELSSON KALM & ELIZABETH WULCAN

with the suggestive computation rules, e.g., fiaViAVa+ fo1 VaAVy = (fia— fo1)ViAVa.
Each element of C*(V,.#) thus has a unique representation of the form

o< i,
that we will abbreviate as ZTH:k-&-l f1V7. The coboundary operator §: C*(V, . %) —
C**1(VY,.Z) can in this formalism be taken to be the formal wedge product

Z frvi) = Z Vi) A Q).
J

|I|=k+1 |I|=k+1

If V is a Leray covering for .%, then H*(C*(V,.%),d) = H*(X,.#). Indeed, let
(Z*,d) be a flabby resolution of .#. Then H¥(X,.#) = H¥(#*(X),d) and apply-
ing standard homological algebra to the double complex C*(V,.%#°*) one shows that
HE(C*(V,.F),8) ~ HY(F*(X),d). If Z is fine, i.e., a S%O—module, then the complex
(C*(V,.F),6) is exact except for at level 0 where H*(C*(V,.%#),6) = H)(X, 7).
Let ¢’ be a precosheaf on X. Recall, see, e.g., [11, Section 3], that a precosheaf
of abelian groups is an assignment that to each open set V associates an abelian
group %’(V) together with inclusion maps iy, g’(V) — 4'(W) for V.C W such
that ZK// = szV if V!'.cV.cW. We define C’ k(V,94") to be the group of formal

sums
Z giO“'ik - A V:;,
.
where gi...i, € 9'(Viy N---NV;,) and only finitely many g;,..;, are non-zero; for
k < 0 we let C;%(V,94') = 0. We define a coboundary operator 6*: C;%(V,9') —
CF1(V,9") by formal contraction
!/ /
SOy gV =Y Vin Y Vi,
[I|=k+1 j |T|=k+1
see (6.5) and (6.6) below. If ¢4 is a sheaf (of abelian groups), then V' — (V) is
a precosheaf ¥’ by extending sections by 0. We will write C k(V,4) in place of
CFW,9").
Assume now that there, for every open V. C X, is a map #(V) @ 4'(V) —
F'(V) where #' and 4’ are precosheaves on X. We then define a contraction map
2 CFW, 7)) x C4HV, 9" — CF4(V,.Z') by using the following computation rules.

(6.5) ViV = { 0 Ay
4
m:0

X 0, kE>|J
(Vio A A Vik)JVJ = { ((WO NN Vlk 1))_,(‘/%_,‘/;)’ k< IJ;
If #' and ¢4’ are sheaves we define in a similar way also the contraction 1: C7#(V,%") x
C'V,F) = CF W, 7). If g = g;V} and f = f;Vy, then guf = grf;V; 2V, where
g1 f is the extension to ﬂie]\l Vi by 0; this is well-defined since gy f; is 0 in a neigh-
borhood of the boundary of ;¢ ; Vj in (e p\ s Vi
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Lemma 6.3. If ¥ is a fine sheaf, then
—k (e *\ 0, k 75 0
. ={ ok 0

Proof. Let {x;} be a smooth partition of unity subordinate to V and let x =
> XV Since 8*x = Y x; = 1 we have
5 (xNg)=68"(x)-g—xN0(9) =g—xN(g)

for g € C7F(V,%). Hence, if g is §*-closed, then g is §*-exact. It follows that the
complex

LS ot g S 0w, 9) S HY(X,9) —
is exact and so the lemma follows. O

Let X be a paracompact reduced complex space of pure dimension n. Let X be
the precosheaf on X defined by

R(V) = H"(*(V), ),
i R(V) = ROW), iy ([¥]) = [4],

where ¢ € &"(V)) and v is the extension of ¥ by 0.5 Let V = {V;} be a suitable
locally finite Leray covering of X and consider the complexes

(6.7) 0— CO(, 0x) -2 CY(V, 0x) -
(6.8) S et S e0(,R) - 0

By Theorem 6.1 we have non-degenerate pairings
Tr: C*(V,0x) x CTF(V,R) = C, Tr(f,g) = / fag,
X

induced by the trace map (6.3); in fact, Theorem 6.1 shows that these pairings
make the complex (6.8) the topological dual of the complex of Frechét spaces (6.7).
Moreover, if f € CK=1(V, 0x) and g € C-%(V,R) we have

6.9  Tr(sf,g) = /(6f Jg_/ fAZV Jg_/fJ Zv 19)

= [ 1) =Tr(£.5%).
Hence, we get a well-defined pairing on cohomology level
(610 Tri HE(C*(V.0x)) x HH(CHV.N) > € Tr((fl,la) = [ fao
Since V is a Leray covering we have :
(6.11) HR(C*(V,0x)) 2 H*(X,0x) = H* (#"*(X)),

and these isomorphisms induce canonical topologies on H*(X, €x) and H* (#7%*(X));
cf. [26, Lemma 1]. To understand H~* (C2(V,R)), consider the double complex

K™% = O (W, o),

6In view of Theorem 6.1 and [11, Proposition 8 (a)], X is in fact a cosheaf.



24 JEAN RUPPENTHAL & HAKAN SAMUELSSON KALM & ELIZABETH WULCAN

where the map K~ — K ~**1J is the coboundary operator 6* and the map K~/ —
K~%+1is 9. We have that K~/ = 0ifi < 0or j < 0 or j > n. Moreover, the “rows”
K~* are, by Theorem 6.1, exact except for at the n'" level where the cohomology is
C4(V,N); the “columns” K*®/ are exact except for at level 0 where the cohomology
is @:"(X) by Lemma 6.3 since the sheaf @y is fine. By standard homological
algebra (e.g., a spectral sequence argument) it follows that

(6.12) H™*(C2(V,R) = H"F (,7°(X), 9)

cf. also the proof of Theorem 1.3 below. The vector space C%(),R) has a natural
topology since it is the topological dual of the Frechét space C*(V, Ox); therefore
(6.12) gives a natural topology on H"*(a"*(X)).

Lemma 6.4. Assume that H*(X, Ox) and H**1(X, 0x), considered as topological
vector spaces, are Hausdorff. Then the pairing (6.10) is non-degenerate.

Proof. Since (6.8) is the topological dual of (6.7) it follows (see, e.g., [26, Lemma 2])
that the topological dual of

(6.13)  Ker(d: C*(V,0x) — C*(V,0x)) /Im(s: Ck-1(V, Ox) — Ck(V, Ox))
equals

(6.14)

Ker(é*: C’C_k(V,w?(’n) — C’C_kH(V,w?(’"))/Im((S*: C{kil(ij}’n) — C{k(V,w}’n)).
Since H¥(X,0x) and H**(X,0x) are Hausdorff it follows that the images of
§: C*=1 — C* and §: C* — CF*! are closed. Since the image of the latter map
is closed it follows from the open mapping theorem and the Hahn-Banach theorem
that also the image of 6*: C-*~1 — C7F is closed. The images of 6 and §* in (6.13)

and (6.14) are thus closed and so the closure signs may be removed. Hence, (6.10)
makes H*(C2(V,wy")) the topological dual of H*(X, Ox). O

Remark 6.5. If X is compact the Cartan-Serre theorem says that the cohomology of
coherent sheaves on X is finite dimensional, in particular Hausdorff. In the compact
case the pairing (6.10) is thus always non-degenerate. The pairing (6.10) is also
always non-degenerate if X is holomorphically convex since then, by [25, Lemma II.1],
H*(X,.7) is Hausdorff for any coherent sheaf ..

If X is g-convex it follows from the Andreotti-Grauert theorem that for any co-
herent sheaf ., H*(X,.7) is Hausdorff for & > ¢. Hence, in this case, (6.10) is
non-degenerate for k > q.

Proof of Theorem 1.3. For notational convenience we assume that .# = Ox. By
Lemma 6.4 we know that (6.10) is non-degenerate. In view of the Dolbeault isomor-
phisms (6.11) and (6.12) we get an induced non-degenerate pairing

Tr: H* (o/%%(X)) x H" ™% (4*(X)) — C.

It remains to see that this induced trace map is realized by ([¢], [¢]) — [ ¢ At; for
this we will make (6.11) and (6.12) explicit.

Let {x;} be a partition of unity subordinate to V, and let y = XV We will
use the convention that forms commute with all V.* and V}, i.e., if £ is a differential
form then

Vi =Vi& Via(€Vy) =&Viavy.
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Moreover, we let d(EV}) = 0EV. We now let
Tig: C*(V, 0x) = C*I71 W, a7y, Tiy(f) = (X A (Ox))-f,

where we put C~(V, ﬂ%)gk) = /%% (X) and C*(V, %)gk) =0 for £ < —1.7 Using that
xaV =1 it is straightforward to verify that
(6.15)  Tij(6f) = 0Tk,5(f) + (=1 F0Thr51(f), € CMHV, Ox).
It follows that if f € C*(V, Ox) is 5-closed then T}, (f) is O-closed and if f is d-exact
then T, (f) is O-exact. Thus T ;, induces a map

Dol: H*(C*(V, 0x)) — H*(«/**(X)),  Dol([f]s) = [Trx(f)l5:
this is a realization of the composed isomorphism (6.11).

To make (6.12) explicit, let [g] € C;*(V,R), where g € C;*(V, &¢"), be §*-
closed. This means that there is a 71 € C7* (Y, ™1 such that 6*g = "1,
Hence, 06*t"~! = §*0r"~! = §*0%g = 0 and so by Theorem 6.1 there is a ™2 ¢
Cgk+2(V,saf§’n_2) such that 6*7"~! = 9772, Continuing in this way we obtain,
for all j, 7" € C’{kﬂ(V,szan’"*j) such that §*7"~7 = 9r"7=1. Tt follows that
sk ¢ szfcn’n_k(X), cf. the proof of Lemma 6.3, and that it is O-closed. One can

verify that if [g] € C7F(V,R) is 6*-exact then 6*7"F is J-exact and so we get a
well-defined map

Dol*: H™*(C2(V,R)) = H" *(«*(X)), Dol*([gl5) = [6"7"*];

this is a realization of the isomorphism (6.12).
Let now f € C*¥(V,0x) be d-closed and let [g] € C7¥(V,R) be 6*-closed. One
checks that 6T o(f) = (—=1)¥f and thus, by (6.15), we have

st = { SO P 125k

Using this and the computation in (6.9) we get

/X fog = (1) /X 5T f)ag = (—1)* /X Tyo(f)a6"g = (~1)* /X Tyo(f) 07"
S /X Do) = (~1)% /X §Tjn ()"
_ (_1)2kLTk,1(f)J5*Tn1:"':(_1)k(k+1)/XTk,k(f)—’5*7—nk
- /X Dol([f]) A Dol ([g).

7. COMPATIBILITY WITH THE CUP PRODUCT

Assume that X is compact and Cohen-Macaulay. In view of Theorem 2.9 and
Theorem 1.2 we have that

(7.1)  H¥X,0x) =2 H* (#%*(X),d) and H*(X,w%’)= H* (/™*(X),0).

"In fact, the image of Ty,; is contained in CH*=9=1(V, £%7).
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Now we make these Dolbeault isomorphisms explicit in a slightly different way than
in the previous section: We adopt in this section the standard definition of Cech
cochain groups so that now

CPW,F)i= [  FVapn--NVa,)
apFar#Fap

for a sheaf .# on X and a locally finite open cover V = {V,}.

Let V be a Leray covering and let { x4} be a smooth partition of unity subordinate
to V. Following [16, Chapter IV, §6], given Cech cocycles ¢ € CP(V, Ox) and ¢ €
C1(V,w%°) we define Cech cochains f € CO(V, /) and f' € CO(V, /) by

Ja = Z 5XV0 ARERNA 5XI/p_1 *Cyyvpia in Vi,

Vo,-.sVp—1
! /) a / .
fo = g Oxvo N NOXvyy NCyoyy_1a 0 Va
VQ,eeesVg—1

In fact, f and f’ are cocycles and define O-closed global sections

(7.2) Y= le,pfyp = Z XvpOXvo A+ N OXuy_1 * Cugsy € P (X),
Yp

VQ,...,Vp

(7.3) ¢ = nyqf,ﬁq = Z XvgOXvo N+ A DXy 1 A Cyoy, € (X)),
Yq

VQ,...sVg

The Dolbeault isomorphisms (7.1) are then realized by
HP(X, 0x) — H'(o/°*(X)), [}~ [¢], and

HI(X,wi") = HY(/™ (X)), []r [¢],

respectively.
We can now show that the cup product is compatible with our trace map on the
level of cohomology.

Proposition 7.1. The following diagram commutes.

HP(X,0x) x HI(X,w¥%) = HPH(X,W%0)
\ 3
HP(o/%%(X)) x HY(o/™*(X)) = HPH(o/™*(X)),
where the vertical mappings are the Dolbeault isomorphisms.
Proof. Let V = {V,} be a Leray covering of X. Let [c] € HP(X,Ox) and [¢] €
HY(X, w}’o), where ¢ € CP(V,0x) and ¢ € C’q(V,w;L(’O) are cocycles. Then cU(c €
Crra(y, w’}go), defined by

/ . / .
(cU)agaprqy = Cap-ap Capaprg M Vag NNV,

is a cocycle representing [c]U[c] € I:[p+q(2(, w?(’o). The image of [c]U[¢] in HPT9(a/™*(X))
is the cohomology class defined by the d-closed current

(74) Z XVPJrqéXVO ARERRA 6X”p+q71 N Cugeey c S JZ{n’erq(X).

Vp'*Vp+q
V0,--+sVp4q
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The images of [c] and [¢] in Dolbeault cohomology are, respectively, the coho-

mology classes of the d-closed currents ¢ and ¢’ defined by (7.2) and (7.3). Notice
that

§0|Vyp = Z 5)(1/0 ARRRNA EXUI,,1 *Cupvp_1vp:
V0o,--,Vp—1

Therefore, ¢ A ¢ is given by (7.4) as well. O
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