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Database obtained earlier in 3D Direct Numerical Simulations (DNS) of statistically
stationary, 1D, planar turbulent flames characterized by three different density ratios
σ is processed in order to investigate vorticity transformation in premixed combustion
under conditions of moderately weak turbulence (rms turbulent velocity and laminar
flame speed are roughly equal to one another). In cases H and M characterized by
σ = 7.53 and 5.0, respectively, anisotropic generation of vorticity within the flame
brush is reported. In order to study physical mechanisms that control this phe-
nomenon, various terms in vorticity and enstrophy balance equations are analyzed,
with both mean terms and terms conditioned on a particular value c of the combus-
tion progress variable being addressed. Results indicate an important role played by
baroclinic torque and dilatation in transformation of average vorticity and enstrophy
within both flamelets and flame brush. Besides these widely recognized physical
mechanisms, two other effects are documented. First, viscous stresses redistribute
enstrophy within flamelets, but play a minor role in the balance of the mean enstro-
phy � within turbulent flame brush. Second, negative correlation u′ · ∇�′ between
fluctuations in velocity u and enstrophy gradient contributes substantially to an in-
crease in the mean � within turbulent flame brush. This negative correlation is mainly
controlled by the positive correlation between fluctuations in the enstrophy and di-
latation and, therefore, dilatation fluctuations substantially reduce the damping effect
of the mean dilatation on the vorticity and enstrophy fields. In case L characterized
by σ = 2.5, these effects are weakly pronounced and � is reduced mainly due to
viscosity. Under conditions of the present DNS, vortex stretching plays a minor role
in the balance of vorticity and enstrophy within turbulent flame brush in all three
cases. C© 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4898640]

I. INTRODUCTION

When a premixed flame propagates in a turbulent flow, not only the turbulence affects the flame
by wrinkling its surface, increasing the mean burning rate, and flame brush thickness,1–3 but also
heat release and density variations in the flame can substantially affect the flow field. Although
manifestations of the latter effects such as the hydrodynamic Darrieus-Landau (DL) instability
of a premixed flame4 or so-called flame-generated turbulence5 have been known for a long time,
capabilities of contemporary models of premixed burning for predicting the influence of combustion
on turbulence are still poor, as reviewed in Ref. 6, with the focus of such models being placed on
flow characteristics that are mainly controlled by large-scale eddies, e.g., the rms turbulent velocity
u′, mean turbulent kinetic energy k̄, or turbulent scalar flux. The influence of combustion on flow
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characteristics that are significantly affected by small-scale turbulent eddies has yet drawn much
less attention in spite of substantial importance of the latter quantities for modeling the influence of
turbulence on premixed flames.

Indeed, the primary physical mechanism of an increase in burning rate by turbulence consists
of stretching of the flame surface by turbulent eddies,1–3 with the highest local stretch rates being
produced by the smallest eddies, at least within the framework of the Kolmogorov paradigm. In a
premixed flame brush, the efficiency of the smallest eddies in stretching the flame surface is reduced
due to dilatation and viscous dissipation in the preheat zone of the flame front,7, 8 but efficient
larger-scale eddies can still be substantially smaller than eddies that control u′ or k̄. Therefore, the
influence of heat release on (moderately) small-scale eddies should be properly addressed in order
to model the effect of that eddies on the flame surface. In the isotropic Kolmogorov turbulence, such
eddies are characterized by their length scale and the mean dissipation rate ε̄, which is approximately
equal to 2ν�. Here, � = ω′ · ω′/2 is enstrophy, ω = ∇ × u and u are vorticity and velocity vectors,
respectively, and ν is the kinematic viscosity of the fluid. Accordingly, the vorticity and enstrophy
are important characteristics of small-scale turbulent eddies, at least in constant-density flows.

Moreover, within a premixed flame brush, characterization of turbulence is an issue due to
intermittency9 of cold, heavy unburned gas, and hot, light combustion products separated by a thin
wrinkled flame front. For instance, if the probability γ of finding intermediate (between unburned
and burned) states of the mixture is much less than unity, then, the standard Reynolds stresses

ρu′′
i u′′

j = ρ̄(1 − c̃)(u′
i u

′
j )u + ρ̄c̃(u′

i u
′
j )b + ρ̄c̃(1 − c̃)

(
ūi,b − ūi,u

) (
ū j,b − ū j,u

)
(1)

are controlled not only by turbulence, but also by the flame-induced slip velocity10 �u ≡ ūb − ūu ,
with �u dominating in weakly turbulent flames. Here, ρ is the density, c is the combustion progress
variable,11 ūu and ūb are velocity vectors conditioned on unburned (c = 0) and burned (c = 1)
mixture, respectively, overlines and overbars designate Reynolds-averaging with q ′ ≡ q − q̄, while
q̃ ≡ ρq/ρ̄ is the Favre-averaged (mass weighted) value of a quantity q with q ′′ ≡ q − q̃, and
subscripts u and b designate unburned and burned gas, respectively.

Because turbulence and the combustion-induced slip velocity are totally different phenomena,
the use of the standard Reynolds stresses or any rms velocity based on them, e.g., (u′

ku′
k)1/2/3 or

(u′
1u′

1)1/2, does not seem to be a basically justified approach to characterizing turbulence within
a premixed turbulent flame brush. A widely accepted way to resolving the problem consisted
of considering the conditioned Reynolds stresses (u′

i u
′
j )u and (u′

i u
′
j )b to be the true turbulence

characteristics. However, the validity of using (u′
i u

′
j )u and (u′

i u
′
j )b to characterize turbulence was

put into question by showing substantial difference in u′
i u

′
j and the conditioned Reynolds stresses

in constant-density reacting flows.12, 13 Even if chemical reactions do not affect turbulence in the
case of a constant density, conditional averaging of a field q(x, t) over a spatial region bounded by
a moving interface (the reaction front) yields result that can be substantially different14 from the
Reynolds-averaged q(x, t).

While the problem of characterizing turbulence within a premixed flame brush has not yet
been resolved, it is tempting to assume that quantities that are controlled by the gradients of the
velocity field, i.e., by small-scale eddies, are less sensitive to conditional averaging than the Reynolds
stresses, which are significantly affected by large-scale eddies. This assumption was confirmed in
a recent Direct Numerical Simulation (DNS) study of a self-propagating interface in 3D isotropic,
constant-density turbulence.15 In particular, it was shown that the conditioned and Reynolds-averaged
enstrophies were close to each other in all simulated cases, whereas the conditioned (u′

i u
′
j )u and

(u′
i u

′
j )b differed significantly from the canonical u′

i u
′
j . Accordingly, conditioned enstrophy appears

to be a better turbulence characteristic than conditioned Reynolds stresses and, therefore, enstrophy
transformation in flames is worth studying.

The above reasoning implies that investigation of the evolution of small-scale turbulence char-
acteristics such as enstrophy, vorticity, etc., under the influence of combustion-induced heat release
and density variations is of substantial importance for both general understanding and development
of predictive models of premixed turbulent burning. For a long time, such investigations were very
limited, as reviewed in Ref. 6. Over past years, target-directed research into the issue was started
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thanks to development of advanced measurement and numerical tools such as cinema-stereoscopic
PIV and DNS, respectively. For instance, Steinberg et al.16–19 reported results of an exhaustive
experimental study of vorticity fields in rim-stabilized premixed turbulent flames.

In the DNS literature, a number of images of instantaneous vorticity fields can be found,20–30 with
a few recent DNS papers31–34 aiming at quantitatively investigating vorticity changes due to premixed
turbulent combustion. In particular, Treurniet et al.31 simulated weakly and moderately turbulent
premixed flames characterized by various density ratios σ and documented anisotropic generation
of vorticity in the cases of σ = 6 or 4, whereas the computed vorticity decayed within turbulent
flame brush in the case of a lower density ratio, i.e., σ = 2. Hamlington et al.32, 33 also reported that
combustion made vorticity field anisotropic, but the computed magnitude of vorticity vector decayed
within premixed turbulent flame brushes in all cases simulated by them. This difference between
the results obtained by Treurniet et al.31 and Hamlington et al.32, 33 will further be discussed in the
beginning of Sec. IV A. Chakraborty34 investigated statistics of vorticity alignment with local strain
rates and found the predominant alignment of vorticity vector with the intermediate principal strain
rate in various premixed turbulent flames simulated by him.

The goal of the present work is to analyze DNS data in order to gain further insight into the
influence of premixed combustion on the transformation of vorticity and enstrophy in a turbulent
flow.

In Sec. II, balance equations for ω and � and physical mechanisms that control vorticity
transformation in flames are summarized. DNS attributes are discussed in Sec. III. Numerical results
are analyzed in Sec. IV followed by conclusions.

II. BACKGROUND

The following vorticity balance equation
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(2)

can be derived by taking the curl of Navier-Stokes equation. Here, t is the time, xi are spatial
coordinates, ωi and ui are components of the vorticity and velocity vectors, respectively, p is the
pressure,

τi j = ρν
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− 2
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is the viscous stress tensor, δij is the Kronecker delta, εijk is the cyclic permutation tensor, and the
summation convention applies for the repeated indexes k and l.

In constant-density case, Eq. (2) reads
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In a turbulent flow, terms 1′ and 2′ are associated with vorticity generation due to vortex stretching
and viscous redistribution, respectively.

A flame affects terms 1 and 2 by changing the velocity field and, moreover, term 2 subsumes
subterms, which involve derivatives of the density and viscosity. Dilatation term 3 and baroclinic
torque term 4 on the Right-Hand Side (RHS) of Eq. (2) are specific to variable density flows. The
dilatation term always decreases vorticity, whereas the baroclinic torque can either increase or damp
vorticity depending on the angle between vectors ∇ρ × ∇p and ω.

Equation (2) can be rewritten as follows
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using the continuity equation and moving the dilatation term from the RHS to the Left-Hand Side
(LHS). Application of Eq. (5) to a 2D steady inviscid flow yields
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= − 1

ρ
ε3 jk

∂
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(
1

ρ

)
∂p
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thus, highlighting the baroclinic torque to be the sole physical mechanism that can overwhelm the
expansion of hot products and can produce vorticity in a flame. In order for this mechanism to play
a role, misalignment of the vectors ∇ρ and ∇p is necessary.

In the same simple case, the following relation

ρu SL
(
ω3,b − ω3,u

) = ρu − ρb

2

∂u2
t

∂μ
(7)

can be derived35 for the jump in the vorticity component ω3 at a laminar flame provided that ρun and
p + ρu2

n do not change in the flame along the normal to it and the laminar flame speed SL is constant.
Here, un and ut are the components of the velocity vector that are locally normal and tangential,
respectively, to the flame, μ is the locally tangential coordinate in the xy-plane. Equations (6) and (7)
link the baroclinic torque and the strain rate ∂ut/∂μ. The baroclinic torque can generate vorticity
only due to the tangential pressure gradient, which causes tangential variations in ut.

If the mean flow is irrotational and ω̄ = 0, then, � = ω · ω/2 and a balance equation for the
enstrophy can be obtained by multiplying Eq. (2) with ωi, i.e.,
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In the statistically stationary planar 1D case, the Reynolds-averaged equation is as follows:
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In the following, various terms on the RHSs of Eqs. (2), (8), and (9) will be evaluated by process-
ing DNS data obtained earlier by Nishiki et al.28, 36 Equation (2) is selected among two equivalent
equations (2) and (5), because the RHS of the latter equation does not allow us to address the di-
latation effects straightforwardly. It is also worth noting that while the Favre-averaged dissipation
rate is invoked by various models of premixed turbulent combustion, this fact does not necessitate
that the Favre-averaged enstrophy is more suitable for incorporating into those models when com-
pared to the Reynolds-averaged �. Indeed, averaging of ε = 2ν� results neither in ε̄ = 2ν̄� nor
in ε̃ = 2ν̃�̃, because the kinematic viscosity depends also on the temperature T. To the contrary, if
one invokes an assumption that ρν = ρuνu, which is typical for theoretical research into premixed
flames and was used in DNS studies discussed in the end of Sec. III, then, ρ̄ε̃ = 2ρuνu�, i.e. the
Favre-averaged dissipation rate is proportional to the Reynolds-averaged enstrophy. Accordingly,
the Reynolds-averaged equation (9) will be considered in the rest of the paper.

III. SIMULATIONS

Because DNS data analyzed here were discussed in detail in Refs. 28 and 36 and were already
used in a number of recent papers,37–42 we restrict ourselves to a brief summary of the simulations.
The computational domain was a rectangular 8 × 4 × 4 mm and was resolved using a uniform
rectangular mesh of 512 × 128 × 128 points. A statistically planar, 1D premixed flame was studied
by solving unsteady 3D continuity, Navier-Stokes, and energy equations, as well as a balance
equation for the mass fraction Y of the deficient reactant and the ideal gas state equation. Combustion
chemistry was reduced to a single reaction, the Lewis and Prandtl numbers were equal to 1.0 and
0.75, respectively, and the dependence of the molecular transfer coefficients on the temperature T was
taken into account, e.g., ν = νu(T/Tu)1.7. The combustion progress variable c = (T − Tu)/(Tb − Tu).



105104-5 Lipatnikov, Nishiki, and Hasegawa Phys. Fluids 26, 105104 (2014)

10
-1

10
0

normalized wavenumber

10
-6

10
-4

10
-2

10
0

10
2

no
rm

al
iz

ed
 v

el
oc

it
y 

sp
ec

tr
um

FIG. 1. Normalized velocity spectrum E(k)/(ε̄ν5
u )1/4 vs. normalized wavenumber kη.

Homogeneous isotropic turbulence (u′ = 0.53 m/s, integral length scale L = 3.5 mm, Taylor
microscale λ = 2.1 mm, Kolmogorov scale η = 0.14 mm, time scale τ t = L/u′ = 6.6 ms, and the
turbulent Reynolds number Ret = u′L/νu = 96) was pre-computed28 in a cube with size of 4 mm
and 256 grid points in each direction during about 2τ t. The turbulence spectrum is shown in Fig. 1
and the aforementioned turbulence characteristics were evaluated as follows:
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(
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∫ ∞
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4
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The obtained statistically stationary turbulent field entered the computational domain with a mean
velocity U through the inlet boundary x = 0 and decayed along the direction x of the mean flow,
e.g., see Fig. 2(a) in Sec. IV.

At t = 0, the pre-computed turbulent velocity field was assigned to the entire computational
domain and a planar laminar flame was embedded into the flow field. Subsequently, the inflow
velocity was increased at instants t1 and t2, i.e., U(0 ≤ t < t1) = SL < U(t1 ≤ t < t2) < U(t2 ≤ t) = St,
in order to keep the flame in the computational domain till the end t3 of the simulations.

Results discussed in Sec. IV were solely obtained for t ≥ t2, with the instants t2 being different
in three simulated cases. It is worth stressing that the mean inlet velocity was constant at t ≥ t2, with
the inlet turbulence, mean flame position, speed, and brush thickness being statistically stationary.
Averaging was performed both across the transverse yz-plane and over time interval t2 ≤ t ≤ t3, with
t3 − t2 ≈ 1.5τ t. Axial profiles 〈q|c〉(x) of various quantities q conditioned on a particular value c
of the combustion progress variable were also obtained using a joint Probability Density Function
(PDF) P(c, q, x), which had been computed by processing the DNS data saved for a plane x =
const at various instants t2 ≤ t ≤ t3. Subsequently, these profiles were transformed to 〈q|c〉(c̄) using
the axial profiles c̄(x) of the Reynolds-averaged combustion progress variable. Here, we use the
Reynolds-averaged c̄, because it is equal to the probability of finding combustion products under
conditions of the present DNS.

Moreover, quantities q̄u = 〈q|c ≤ ε〉 and q̄b = 〈q|1 − c ≤ ε〉 conditioned on unburned and
burned gas, respectively, were computed, as well as quantities q̄ f,u = 〈q|ε1 ≤ c ≤ ε2〉 and q̄ f,b =
〈q|ε1 ≤ 1 − c ≤ ε2〉 conditioned on unburned and burned edges of flame fronts, respectively. To
asses the influence of ε, ε1, and ε2, we varied these parameters as follows; ε = 0.02, 0.05, 0.1, 0.15
and {ε1, ε2} = {0.01, 0.02}, {0.01, 0.05}, {0.02, 0.05}, {0.02, 0.1}, and {0.05, 0.1}. Moreover, the
following conditioned quantities q̄b = cq/c̄ and q̄u = (1 − c)q/(1 − c̄) were also evaluated. Because
similar results were obtained using all these constraints, we will restrict ourselves to reporting data
computed for ε = 0.02 and {ε1, ε2} = {0.01, 0.02}.
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TABLE I. Flame characteristics.

Case H Case M Case L

ρu/ρb 7.53 5.0 2.5
SL, m/s 0.600 0.523 0.416
δL, mm 0.217 0.191 0.158
Da1 18.3 18.1 17.4
Da2 94 71 45
Ka 0.11 0.14 0.22
St, m/s 1.13 1.0 0.74
δt, mm 1.23 1.41 1.35

Characteristics of three studied flames are reported in Table I, where σ = ρu/ρb is the density
ratio, δL = (Tb − Tu)/max |dT/dx| is the laminar flame thickness, Dak = τ t/τ c, k are the Damköhler
numbers evaluated using two different chemical time scales, i.e., τ c, 1 = δL/SL and τc,2 = κu/S2

L ,
where κu is the heat diffusivity of unburned gas, K a = Re1/2

t /Da2 is the Karlovitz number, and
δt = 1/ max |dc̄/dx | is the mean turbulent flame brush thickness.

It is worth noting that the simulations by Nishiki et al.28, 36 were run more than a decade ago.
Since that, significant progress in the area of DNS of premixed turbulent combustion was made and
the leading groups succeeded in directly computing highly turbulent flames by allowing for complex
combustion chemistry.43–45 When compared to the most advanced recent numerical simulations, the
DNS analyzed by us is not state of the art. However, this fact does not mean that the data have
no value today. Like the development of advanced laser diagnostic tools does not call for ignoring
earlier experimental data obtained using “outdated” techniques, the rapid development of CFD soft-
and hardware does not make earlier numerical data useless, especially as even an “outdated” DNS
involves less simplifications than, e.g., a theoretical study or RANS computation. If a new approach
to data processing is developed, it can be applied not only to recent, but also to earlier data. The
novelty of the present work consists of a new analysis of well-known data.

Moreover, research into a problem requires tools that adequate to the research goals, while the
use of more advanced, but more complicated and expensive tools does not seem to be the best solution
always. For instance, implementation of complex combustion chemistry into a DNS software is of
great value in order to investigate various important issues such as emissions, local quenching, and
eventual re-ignition, etc. However, as far as the influence of combustion on vorticity and enstrophy
fields is concerned, the effect is controlled by the local density variations, which can be modeled
reasonably well within the framework of a single-step chemistry, unless the local quenching plays a
substantial role. In particular, all previous target-directed DNS studies of vorticity transformation in
premixed turbulent flames, which are further discussed in the end of this section, either dealt with a
single-step chemistry,32–34 or reduced combustion to self-propagation of an infinitely thin interface
that separated unburned and burned gas.31

An increase in a ratio of u′/SL addressed by a DNS is of great value in order to gain an insight
into the physics of highly turbulent combustion, which is still poorly understood.3 However, a range
of u′/SL = O(1) is of more interest for the goals of the present work, because the influence of
combustion on vorticity field is more pronounced in weakly turbulent flames. Note, that the local
quenching, which is sensitive to combustion chemistry, is unlikely to play a role in such weakly
turbulent flames.3

An increase in feasible turbulent Reynolds number is another very important goal for researchers
who develop advanced DNS tools. It is worth remembering, however, that the highest Ret reached
in DNS of premixed turbulent flames is significantly less than Ret typical for contemporary DNS
of non-reacting flows.46 The point is that the scales of chemical reactions that control heat release
are often much less than the Kolmogorov scales and the need for reducing the step of numerical
mesh required to resolve those reactions impedes increasing a ratio of L/η ∝ Re3/4

t . Such a scale
separation (δL � η � L) is particularly well pronounced in weakly turbulent flames associated with
the strongest influence of combustion on turbulence. Accordingly, the range of Ret ≈ 100 reached in
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the DNS by Nishiki et al.28, 36 is typical even for recent simulations. For instance, among eight papers
that aimed at DNS of premixed turbulent flames and were published in the proceedings of the latest
34th Combustion Symposium,45, 47–53 Ret was substantially larger than 100 only in two papers,45, 52

with the combustion chemistry being reduced to a single reaction in five papers.47, 49–51, 53 We may
also note that the DNS data by Nishiki et al.28, 36 were analyzed in several recent papers.40–42

Nevertheless, the DNS by Nishiki et al.28, 36 suffered from a low ratio of the transverse width
�yz = 4 mm of the computational domain to the integral length scale L = 3.5 mm of turbulence. On
the one hand, such a low ratio of �yz/L is an obvious limitation. Nevertheless, as far as the goals of the
present study are concerned, this limitation should not be overestimated, because (i) the governing
phenomena, i.e., the baroclinic torque and dilatation, are localized to flame fronts, which are much
thinner than the width �yz, and (ii) small-scale effects are commonly less sensitive to the size of the
computational domain. On the other hand, a low ratio of �yz/L allowed Nishiki et al.28, 36 to reach
sufficiently large ratios of L/δL, whereas the vast majority of recent DNSs44, 45, 47–53 are characterized
by L/δL = O(1). A low ratio of L/δL = O(1) is also an important limitation. If the instantaneous
flame front is thin (when compared to �yz) and the primary physical mechanism of an increase in
burning rate by turbulence consists of wrinkling the front by eddies larger than δL, then, the range
of eddies that can wrinkle a flame front in a DNS characterized by L/δL = O(1) is much narrower
than the range of eddies that can wrinkle a flame front in a typical laboratory experiment.3 Unless
3D DNS of a premixed turbulent flame characterized by δL < η � L � �yz is routinely available, a
researcher has to choose between two unpractical, but feasible cases, either δL = O(L) � �yz or δL

� L = O(�yz). While the former case was selected in vast majority of recent DNS studies,44, 45, 47–53

the latter case addressed, in particular, by Nishiki et al.28, 36 is also worth investigating.
To conclude this section, let us compare the present simulations with previous DNS research31–34

into vorticity transformation in premixed turbulent flames.
Treurniet et al.31 varied both u′/SL = {0.59, 1.17, 2.35} and the density ratio σ = {2, 4, 6}. These

researchers solved kinematic G-equation, thus, neglecting effects associated with a finite thickness
of the instantaneous flame front, whereas the present simulations dealt with the balance equation
for Y and allowed a finite thickness O(δL) of the front. The product ρν was constant in the study by
Treurniet et al.31

Hamlington et al.32, 33 did not vary the density ratio σ = 7.3 and addressed higher u′/SL = 2.45
− 30.6, but low L/δL = 1.9. Accordingly, the Damköhler number Da1 = 0.78 − 0.06 was lower
than unity, while the Karlovitz number (2δL/L)1/2(u′/SL)3/2 = 3.9 − 174 was large, contrary to the
DNS analyzed in the present paper. Moreover, Hamlington et al.32, 33 used forcing in order to obtain
statistically stationary, homogeneous isotropic turbulence in unburned gas, whereas turbulence was
statistically stationary, but decayed in the x −direction in the present work and in the simulations
by Treurniet et al.31 Furthermore, ν = 0 and small-scale eddies were dissipated due to numerical
viscosity in the DNS by Hamlington et al.32, 33

Chakraborty34 analyzed two DNS databases. One dealt with a single weakly turbulent premixed
flame with Le = 1, σ = 3.3, u′/SL = 1.41, L/δL = 9.64, Ret = 56.7, Da2 = 6.84, and (δL/L)1/2(u′/SL)3/2

= 0.54. Other attributes of that DNS were similar to the attributes of the DNS analyzed by us, but data
were processed at a single instant and ρν = ρuνu. Another DNS database analyzed by Chakraborty34

encompassed results computed for five flames characterized by various Le = {0.34, 0.6, 0.8, 1.0, 1.2}
and σ = 5.5 and one flame with Le = 1 and σ = 4.0. In all six cases, turbulence decayed in time
with the initial u′/SL = 7.5, L/δL = 2.45, Ret = 47.0, Da2 = 0.33, and (δL/L)1/2(u′/SL)3/2 = 13.2. The
data were processed at a single instant and ρν = ρuνu. Because Chakraborty34 placed the focus of
his study on statistics of vorticity alignment with local strain rates, our results reported in Sec. IV
cannot be compared straightforwardly with his findings.

IV. RESULTS AND DISCUSSION

Because 3D images of vorticity fields obtained in the present DNS were already reported by
Nishiki et al.,28 the focus of the following discussion is placed on quantitative characteristics of
vorticity transformation in premixed turbulent flames.
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A. Mean and conditioned vorticity and enstrophy

Figure 2(a) shows variations in the mean magnitude ω = (ω · ω)1/2 of vorticity vector along the
axial distance x. In cases H and M characterized by a large and medium density ratio, respectively,
flame can generate vorticity, but ω monotonously decreases with x in case L associated with a low σ .
Similar trends were obtained by Treurniet et al.31 for σ = 2, 4, and 6, whereas Hamlington et al.32

reported a decrease in the magnitude of vorticity within flame brush in the case of σ = 7.3, with
the effect being less pronounced at larger u′/SL. However, straightforward comparison of the present
results with the results computed by Hamlington et al.32 is difficult, because the two studies addressed
turbulent flames associated with different combustion regimes (Da 
 1 and Ka � 1 in the present
work, but Da < 1 and Ka > 1 in the cited paper) and different turbulence length scales (L 
 δL

and L = O(δL), respectively).
As already found in earlier studies,31, 32 a flame makes vorticity field substantially anisotropic.

For instance, Fig. 2(b) shows that flames H and M increase the Favre rms vorticity components
[ρ(ωi − ω̃i )2/ρ̄]1/2 in the tangential y and z directions at c̄ > 0.5, see dashed curves 2 and dotted-
dashed curves 3, respectively, whereas the normal component ω′

x decreases monotonously with
x (solid curves 1). It is worth noting that the mean values ω̄i are much less than ω′

i for all

(i = 1, 2, 3) components of the vorticity vector and, therefore, (ωi − ω̄i )2 ≈ ω2
i and � ≈ ω · ω/2

under conditions of the present DNS. As far as difference in the magnitudes of the peak values of
(ω · ω)1/2, see Fig. 2(a), and [ρ(ωk − ω̃k)(ωk − ω̃k)/ρ̄]1/2, see curves 4 in Fig. 2(b), is concerned, it
results from the difference in averaging methods, i.e., Reynolds and Favre ones, respectively.

Figure 3 shows that, in cases H and M, (i) the magnitude of the vector ω that is conditioned
on burned mixture or burned edge of flamelets (i.e., instantaneous thin, inherently laminar flame
fronts) is increased with c̄, (ii) ω f,u is almost constant (H) or weakly decreased (M), while (iii) ωu is
decreased with c̄. In case L, all the conditioned vorticities are decreased, with the effect being least
pronounced for ω f,b.

Figure 4(a) indicates that enstrophy is generated in the middle of flamelets in case H and a
similar trend is observed in case M (not shown). In case L, the effect is weakly pronounced only at
large c̄, see dotted-dashed curve in Fig. 4(b), whereas 〈�|c〉 decreases with c at c̄ ≤ 0.5.

In all cases, the behavior of conditioned magnitude 〈ωt|c〉 of the locally tangential (to flamelets)
component ωt = ω − n(ω · n) of the vorticity vector is similar to the behavior of 〈2�|c〉, cf. curves in
Figs. 4(a) and 4(b) with the counterpart curves shown in bold lines in Figs. 5(a) and 5(b), respectively.
Here, n = −∇c/|∇c| is the unit vector normal to a flamelet and the magnitude ωt is equal to
(ωt · ωt )1/2. The conditioned magnitude 〈ωn|c〉 of the locally normal component ωn = n(ω · n)
decays within flamelets in all cases, see thin lines in Figs. 5(a) and 5(b). Here, ωn = (ωn · ωn)1/2.
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FIG. 2. (a) Dependence of the Reynolds averaged magnitude (ω · ω)1/2 of vorticity vector ω on the axial distance x.
(b) Variations in the Favre rms vorticity components ω′′

i ≡ [ρ(ωi − ω̃i )2/ρ̄]1/2 within flame brush. 1 - [ρ(ωx − ω̃x )2/ρ̄]1/2,

2 - [ρ(ωy − ω̃y )2/ρ̄]1/2, 3 - [ρ(ωz − ω̃z)2/ρ̄]1/2, 4 - the sum [ρ(ωk − ω̃k )(ωk − ω̃k )/ρ̄]1/2 of 1, 2, and 3.
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FIG. 3. Variations in the magnitude of vorticity vector conditioned on (a) unburned or burned gas and (b) unburned or burned
edges of flamelets within flame brush.
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FIG. 4. Dependencies of conditioned enstrophy 〈2�|c〉 on c, obtained at various Reynolds-averaged c̄ specified in legends
in cases (a) H and (b) L.
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FIG. 5. Dependencies of conditioned magnitudes of the locally tangential (bold lines) and normal (thin lines) components
of the vorticity vector on c, obtained at various Reynolds-averaged c̄ specified in legends in cases (a) H and (b) L.

B. Conditioned and mean terms in vorticity and enstrophy balance equations

At a first glance, the generation of locally tangential vorticity in flames H and M could be
attributed to the baroclinic torque term in Eq. (2). Indeed, Fig. 6 shows that the conditioned magnitude
〈T4t|c〉 of locally tangential component T4t = T4 − n(T4 · n) of the baroclinic torque vector T4 =
ρ−2∇ρ × ∇ p, see thin lines, is larger than the conditioned magnitude 〈T3t|c〉 of locally tangential
component of the dilatation vector-term T3 = ω(∇ · u), see bold lines, everywhere in flamelets in
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(a) (b)

FIG. 6. Dependencies of conditioned magnitudes 〈(Tt · Tt )1/2|c〉 of locally tangential components Tt = T − n(T · n) of
vector terms T in the vorticity Eq. (2), on c, obtained at various c̄ specified in legends. (a) Bold and thin lines show the
vortex-stretching T1 = (ω · ∇)u and viscous T2 terms, respectively, in case H. (b) Bold and thin lines show the dilatation
T3 = ω(∇ · u) and baroclinic torque T4 = ρ−2∇ρ × ∇ p terms, respectively, in case H. Dotted curve shows the baroclinic
torque term at c̄ = 0.9 in case L.

case H if c̄ = 0.1 or 0.5. The magnitudes of two other conditioned terms 〈T1t|c〉 and 〈T2t|c〉 are much
lower, cf. Figs. 6(a) and 6(b).

Thus, anisotropic generation of vorticity in cases H and M is associated with the baroclinic
torque to the leading order, whereas the conditioned vorticity ωu is decreased with c̄, see solid
curves in Fig. 3(a), because the baroclinic torque vanishes in the unburned gas. Because small angles
between ∇ρ and the x-axis are statistically more significant, the baroclinic torque affects ωx weaker
than ωy or ωz, cf. curves 1 with curves 2 and 3 in Fig. 2(b), whereas the dilatation term efficiently
reduces all the three components of ω. Similarly, the conditioned magnitude 〈(ωt · ωt )1/2|c〉 of the
locally tangential component of the vorticity vector is increased by the baroclinic torque, whereas
the locally normal component is damped due to the dilatation. The aforementioned trends are less
pronounced in flame M, because the baroclinic torque term is decreased when the density ratio is
reduced. For instance, in an unperturbed laminar flame, ρ−2|∇ρ| = |∇u|/(ρu SL ) ∝ (σ − 1)/(ρuδL )
and |∇ p| ∝ (σ − 1)ρu S2

L/δL .
In flame L, the vorticity field remains sufficiently isotropic and decays, because the influence

of the flame on the field is weak due to a low magnitude of the baroclinic torque term in Eq. (2), cf.
dotted and thin dotted-dashed lines in Fig. 6(b). Note that (σ − 1)2 is larger by a factor of about 20
in case H when compared to case L.

The following trends indicated in Fig. 6(b) are also worth noting. First, the shape of 〈T4t|c〉(c)-
curves is mainly controlled by the dependence of ρ−2|∇ρ| on c in the counterpart laminar flame (not
shown), while the dependence of the magnitude |(∇p)t| of the locally tangential pressure gradient
on c is weakly pronounced, see Fig. 7(a), because (∇p)t is mainly controlled by the heat release
in surrounding flamelets. To the contrary, the magnitude |∇p| of the complete pressure gradient in
flamelets is substantially affected by the local heat release and depends strongly on c, see Fig. 7(b),
but these effects are relevant to the normal component ∇ p · n, which does not contribute to the
baroclinic torque. The shape of 〈T3t|c〉(c)-curves is also controlled by the dependence of ρ−2|∇ρ|
on c due to the continuity equation (∇ · u = −u · ∇ρ/ρ = ρu SL |∇ρ|/ρ2 in the unperturbed laminar
premixed flame).

Second, an increase in 〈T4t|c〉 with the Reynolds-averaged c̄, cf. dashed, solid, and dotted-dashed
thin lines in Fig. 6(b), is associated with an increase in |(∇p)t| with c̄, see Fig. 7(a). Because the
pressure gradient produced by surrounding flamelets is statistically parallel to the x-axis, which is
normal to the mean flame brush, the locally tangential component |(∇p)t| is larger when an angle
between the flamelet surface and the x-axis is lower. Indeed, Fig. 8(a) indicates that conditioned
〈nx|c〉 is lower for larger c̄, i.e., the probability of finding flamelets that are locally normal to the
mean flame brush is higher at its trailing edge.
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FIG. 7. Dependencies of normalized conditioned magnitudes of (a) tangential and (b) complete pressure gradients on c,
obtained in case H at various Reynolds-averaged c̄ specified in legends. Normalization was done using ρuSLmax |du/dx|
evaluated in the laminar flame H.

Third, the increase in 〈T4t|c〉 with c̄ results in increasing enstrophy, see Fig. 4(a). Therefore, the
dilatation term is also increased, see bold lines in Fig. 6(b), because its magnitude is proportional
to |ω|.

However, highlighting solely the baroclinic torque oversimplifies the problem. This physical
mechanism can not only generate, but also damp vorticity, depending on an angle between the
vorticity and baroclinic torque vectors. At the leading edge of a flamelet, directions of ω and ∇ρ ×∇p
appear to be statistically independent, see Fig. 8(b), and the baroclinic torque term plays a minor
role in the enstrophy Eq. (8), at low c, because an increase and a decrease in ω statistically balance
one another. Deeper in the flamelet, the two directions begin to correlate due to locally generated
vorticity that is co-directed with the baroclinic torque vector. This effect is more pronounced at
larger Reynolds-averaged c̄, because the magnitude of the baroclinic torque vector is increased with
c̄, as discussed above. Nevertheless, even at large c and large c̄, directions of the vectors ω and
∇ρ × ∇p are statistically different, see Fig. 8(b). Therefore, relative magnitude of the baroclinic
torque with respect to the dilatation is lower in the enstrophy Eq. (8), when compared to the vorticity
Eq. (2).

Accordingly, the budget of conditioned terms in the vorticity Eq. (2), see Fig. 6, differs substan-
tially from the budget of various conditioned terms 〈Tk|c〉 in the enstrophy Eq. (8). The conditioned
enstrophy budget for c̄ = 0.5 in case H is reported in Fig. 9(a) and similar results were obtained

0

(a) (b)

0.2 0.4 0.6 0.8 1
combustion progress variable c

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

co
nd

it
io

na
l a

ve
ra

ge
 <

n x|c
>

0.1
0.5
0.9

case H

0 0.2 0.4 0.6 0.8
combustion progress variable

0

0.2

0.4

0.6

0.8

1

co
nd

it
io

ne
d 

co
si

ne
 

0.1
0.3
0.5
0.7
0.9

case H

FIG. 8. Dependencies of conditioned (a) x-component 〈nx|c〉 of the unit normal vector n = −∇c/|∇c| and (b) cosine
〈ω · (∇ρ × ∇ p)/(|ω| · |∇ρ × ∇ p|)|c〉 of an angle between vorticity and baroclinic toque vectors on the combustion progress
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FIG. 9. Enstrophy balance in case H. Pluses and circles show subterms T21 and T22, respectively. (a) Conditionally averaged
terms 〈Tk|c〉 in Eq. (8) vs. c at the Reynolds-averaged c̄ = 0.5. (b) Mean terms T k in Eq. (9) vs. c̄.

in case M and for other c̄, with the magnitude of terms 2–4 being increased by c̄. In cases H and
M (not shown), (i) the dilatation term 3 statistically overwhelms the baroclinic torque term 4 in
the largest part of flamelets (c < 0.7) and (ii) the viscous term 〈T2|c〉 = 〈T21 + T22|c〉 (curve 2)
plays an important role by redistributing � inside flamelets (increasing/decreasing the enstrophy at
lower/larger c). Therefore, an increase in 〈�|c〉 with c at c < 0.4, see Fig. 4(a), is controlled not only
by the local baroclinic torque term 〈T4|c〉, but also by the local viscous term 〈T2|c〉 or, more precisely,
by the contribution 〈T21|c〉 (pluses) of density variations to the viscous term. In particular, this term
controls an increase in 〈�|c〉 at c̄ = 0.9, see dotted-dashed curve in Fig. 4(a), despite 〈T4t|c〉 is lower
than 〈T3t|c〉 at c < 0.8, cf. thin and bold dotted-dashed lines in Fig. 6(b). To the best of the present
authors knowledge, such a role of the viscous term has not yet been pointed out in the literature. In
the DNS by Treurniet et al.,31 flamelet structure was not resolved, while viscous effects were not
addressed in the DNS study by Hamlington et al.32

Averaging of 〈T2|c〉 over c reduces its magnitude significantly, cf. curves 2 in Figs. 9(a) and 9(b),
because the mean subterms T 21 and T 22 counterbalance one another.54 Accordingly, the viscous
term II plays a minor role in the balance equation (9) for the mean enstrophy, with exception of the
trailing edge of the flame brush, see curve II in Fig. 9(b). At any c̄, the viscous term II is negative,
thus, reducing the mean �.

Under conditions of the present DNS, the stretching term I in Eq. (9) is small, see curve I in
Fig. 9(b). It is worth noting, however, that it is increased with u′ and can dominate in highly turbulent
flames.32

In case H, the dilatation term III and the baroclinic torque term IV dominate on the RHS of
Eq. (9) and counterbalance one another, see Fig. 9(b), with the magnitude of the former term being
slightly larger. Therefore, the sum of terms I-IV is negative (dotted curve). Note that this curve is
very close to dashed-double-dotted curve, which shows the LHS of Eq. (9), thus, validating the
present results.

The relations |T I I I | ≈ |T I V | with |T I I I | > |T I V |, obtained in case H associated with substantial
vorticity generation, could be explained as follows. If the baroclinic torque term 4 in Eq. (2) is large,
this mechanism produces vorticity ωb in the direction of the vector b = ∇ρ × ∇ p. The increase in
ωb results in increasing the dilatation term 3 until its b-component counterbalances term 4 (if other
terms are much less). However, in the enstrophy Eq. (8), the dilatation term 3 and the baroclinic
torque term 4 involve |ω| ≥ ωb and cos(b̂ · ω) ≤ 1, respectively. Consequently, term III is slightly
larger than term IV in this limit case.

It is worth noting that the mean baroclinic torque term T I V in Eq. (9) peaks at c̄ ≈ 0.8,
see dotted-dashed curve IV in Fig. 9(b), whereas Fig. 6(b), cf. thin solid and dotted-dashed lines,
Fig. 7(a), see double-dashed-dotted curve, and Fig. 8(a), see dashed curve, imply that the conditioned
baroclinic torque term in Eq. (8) is still increased by c̄ even if c̄ > 0.8. The point is that the
dependence of the mean term T I V on the mean combustion progress variable is controlled not only
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FIG. 10. Enstrophy balance in case L. Pluses and circles show subterms T21 and T22, respectively. (a) Conditionally averaged
terms 〈Tk|c〉 in Eq. (8) vs. c at the Reynolds-averaged c̄ = 0.5. (b) Mean terms T k in Eq. (9) vs. c̄.

by the dependence of the magnitude 〈(T4 · T4)1/2|c〉 of the conditioned term on the mean c̄, but also
by the probability of finding flamelets, which peaks typically at lower c̄ ≈ 0.5.

In case L, the dilatation dominates in flamelets and damps enstrophy jointly with the viscous
term 2, see Fig. 10(a). Comparison of Figs. 9(a) and 10(a) shows that the decrease in the density ratio
strongly (by a factor of about 100) reduces the dilatation term, cf. solid curves, whereas a decrease
in σ from 7.53 to 2.5 reduces the dilatation term in the counterpart laminar flames only by a factor
of about five if ∇ · u ∝ (σ − 1)SL/δL . The point is that (i) the conditioned dilatation term 〈T3|c〉 in
Eq. (8) is proportional not only to ∇ · u, but also to the conditioned enstrophy and (ii) 〈�|c〉 computed
at c̄ = 0.5 in case H is larger by a factor of about 30 when compared to case L, cf. solid lines in
Figs. 4(a) and 4(b), respectively.

Moreover, the decrease in the density ratio reduces the conditioned baroclinic torque term
〈T4|c〉, cf. dashed curves in Figs. 9(a) and 10(a), even stronger when compared with the conditioned
dilatation term 〈T3|c〉, cf. solid curves. The point is that the decrease in the density ratio not only
similarly reduces |∇ρ|/ρ2 and ∇ · u, which is equal to ρuSL|∇ρ|/ρ2 in the unperturbed laminar
premixed flame, but also reduces the tangential pressure gradient in 〈T4|c〉.

Even if the dilatation dominates in flamelets in case L, see Fig. 10(a), flamelet contribution to
the balance of the mean enstrophy is small due to a low probability of finding flamelets. Accordingly,
the viscous term II dominates in Eq. (9) reducing �, see Fig. 10(b). Therefore, the decrease in the
mean and conditioned enstrophies, reported in case L in Fig. 2(a), see dotted-dashed curve, and
Fig. 3(a), respectively, is controlled by the viscous dissipation to the leading order.

C. Dilatation fluctuations

At a first glance, results reported in Figs. 2(a) and 9(b) contradict one another, i.e., |ω| is
increased in the middle (0.4 < c̄ < 0.9 if the x-dependence plotted in Fig. 2(a) is transformed to
the c̄-dependence) of H-flame brush despite the negative sign of the LHS and RHS of Eq. (9). This
“paradox” is explained in Fig. 11(a), which shows that the convection term 2 on the RHS of the
following equation

u · ∇�︸ ︷︷ ︸
1

= ū · ∇�︸ ︷︷ ︸
2

+ u′ · ∇�′︸ ︷︷ ︸
3

(11)

is positive in the middle of the flame brush despite the negative sign of the LHS. Figure 11(a)
indicates an important role played by a correlation u′ · ∇�′. Similar results were obtained in case M
(not shown), whereas term 3 was much lower than terms 1 and 2 in Eq. (11) in case L. In some sense,
the correlation u′ · ∇�′ controls an increase in the mean enstrophy in the H-flame brush, i.e., even
if |T I I I | and |T I V | are much larger than |u′ · ∇�′|, the magnitude of the difference |T I V − T I I I | is
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FIG. 11. Various terms in (a) Eq. (11) and (b) Eq. (12) in case H. Term numbers are specified in legends.

lower. To the best of our knowledge, such an important role played by the correlation has not yet
been discussed.

The correlation is negative due to viscous decay of turbulence and intermittency of unburned
and burned mixtures. If the combustion products arrive at a point x within the flame brush, the
x-component of the flow velocity is statistically increased due to the density drop and the rate of
the viscous decay of the enstrophy is statistically increased due to an increase in the viscosity, with
ux and ∂�/∂x being predominately positive and negative, respectively. Therefore, such events are
associated with predominately negative u′

x (∂�/∂x)′. Similarly, when the unburned gas arrives at
the same point, u′

x < 0, while (∂�/∂x)′ > 0 (lower magnitude of negative ∂�/∂x when compared to
its mean value), and, hence, u′

x (∂�/∂x)′ is predominately negative again. As far as term 1 on the
LHS of Eq. (11) is concerned, it is negative because ux and ∂�/∂x are predominately positive and
negative, respectively. DNS data (not shown) indicate that the flamelet contribution to the term 1 is
also negative, but the product contribution dominates at large c̄ associated with the peak magnitude
of the term 1.

The correlation u′ · ∇�′ can be rewritten as follows

u′ · ∇�′︸ ︷︷ ︸
1

= ∇ · �′u′︸ ︷︷ ︸
2

−�′(∇ · u)′︸ ︷︷ ︸
3

(12)

and, consequently, Eq. (9) reads

ūk
∂�

∂xk
+ ∂

∂xk

(
u′

k�
′
)

(13)

= ωiωk
∂ui

∂xk︸ ︷︷ ︸
I

+ εi jkωi
∂

∂x j

(
1

ρ

∂τkl

∂xl

)
︸ ︷︷ ︸

II

−2�
∂uk

∂xk︸ ︷︷ ︸
III

+ εi jk
1

ρ2
ωi

∂ρ

∂x j

∂p

∂xk︸ ︷︷ ︸
IV

+�′ ∂u′
k

∂xk︸ ︷︷ ︸
V

.

Figure 11(b) shows that (i) the magnitude of term 2 on the RHS of Eq. (12), see dotted-dashed
curve, is significantly smaller than the magnitude of terms 1 and 3, see solid and dashed curves,
respectively. Therefore, the correlation u′ · ∇�′ is mainly controlled by the correlation �′(∇ · u)′
between fluctuations in the enstrophy and dilatation. As Fig. 11(b) shows −�′(∇ · u)′, the correlation
is positive. Accordingly, it is a source term on the RHS of Eq. (13), see term V, i.e., dilatation
fluctuations reduce the damping effect of the mean dilatation term III. The correlation �′(∇ · u)′ is
positive, because high instantaneous positive values of both enstrophy and dilatation are localized
to flamelets.

V. CONCLUSIONS

Vorticity transformation in three weakly turbulent premixed flames characterized by three
different density ratios σ was studied by processing a well-known DNS database and anisotropic
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generation of vorticity within the flame brush was observed in cases H and M characterized by
σ = 7.53 and 5.0, respectively.

Various terms in vorticity and enstrophy balance equations, either mean or conditioned on a
particular value c of the combustion progress variable, were analyzed. Besides widely recognized role
played by baroclinic torque in vorticity generation, the following findings are worth emphasizing.

First, when the mean combustion progress variable is increased, the mean angle between the
normals to flamelet and mean flame brush is also increased, thus, increasing pressure gradient
tangential to flamelets and, hence, the magnitude of the baroclinic torque term in the vorticity
balance equation. As a result, the magnitude of baroclinic torque term conditioned on flamelets is
high at large c̄.

Second, viscous effects substantially redistribute enstrophy within flamelets due to density
variations, but play a minor role in the balance of the mean enstrophy � within turbulent flame in
cases H and M and control the dissipation of � in case L (σ = 2.5).

Third, negative correlation u′ · ∇�′ between fluctuations in velocity and enstrophy gradient
contributes substantially to an increase in the mean � within turbulent flame brush in cases H and
M. As this important negative correlation is mainly controlled by the positive correlation between
fluctuations in the enstrophy and dilatation, dilatation fluctuations substantially reduce the damping
effect of the mean dilatation on the vorticity and enstrophy fields.
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