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Abstract—We study the optimal, in terms of power-limited
outage probability (OP), placement of the relay and investigate
the effect of relay placement on the optimal cooperation mode of
the source and the relay nodes. Using hybrid automatic repeat
request (HARQ) based relaying techniques, general expressions
for the OP and the average transmit power are derived. The
results are then particularized to the repetition time diversity
(RTD) protocol. The analytical expressions are used to find the
transmit powers minimizing the power-limited OP. Our results
demonstrate that adaptive power allocation reduces the OP
significantly. For instance, consider a Rayleigh fading channel,
an OP of 10~ and a maximum of 2 RTD-based retransmissions.
Then, compared to equal power allocation, the required transmis-
sion signal-to-noise ratio (SNR) is reduced by 5 dB, if adaptive
power allocation is utilized. Another important observation is
that, depending on the relay positions and the total power budget,
the system should switch between the single-node transmission
mode and the joint transmission mode, in order to minimize the
outage performance.

I. INTRODUCTION

In future heterogeneous wireless networks, relay-assisted
cooperative transmission is considered as one of the key
techniques to improve the system reliability and ensure high
quality of services [1], [2]. On the other hand, in current
and future wireless communication networks, packet data
transmission is based on hybrid automatic repeat request
(HARQ) protocols. Utilizing forward error correction and error
detection, HARQ techniques reduce the outage probability
(OP) by retransmitting data that has experienced poor channel
conditions. For this reason, a combination of relaying and
HARQ protocols has received significant research attention
for future wireless networks.

Based on the cooperation mode of the source and relay(s),
HARQ-based relaying can be divided into two categories,
namely, Single-Node Transmission (SNT) and multi-node
Joint Transmission (JT). In the SNT mode, only one node
(either the source or the relay) is active in each retransmission
round. In the JT mode, once the relay decodes the data
correctly, the source and the relay use, e.g., distributed space-
time coding to provide joint retransmission to the destination.

The performance of HARQ-based relaying was investigated
in [3]-[10] and in [11]-[18], considering the SNT mode and
the JT mode, respectively. However, it is not clear which
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Figure 1. A relay-assisted communication system model.

cooperation mode is better. Moreover, the vast majority of
existing works assume that all nodes have fixed powers for
each (re)transmission round [4]-[20]. Retransmission power
adjustment was investigated in [3] to improve the energy
efficiency for basic HARQ schemes. However, the results
in [3] are limited to the SNT cooperation mode.

Motivated by the above discussion, we hereafter study a co-
operation mode switch in HARQ-based relaying, considering
aptive power allocation. The OP is minimized under a total
power constraint, which represents an important design factor
as for the case of future green communications [21], [22]. The
contributions of this paper are as follows:

o General expressions for the OP and the average total
transmit power are derived, which apply to different
HARQ-based relay networks with arbitrary transmit pow-
ers. The results are then particularized to the repetition
time diversity (RTD) protocol.

o Retransmission power adjustment is used for minimizing
the power-limited OP. We demonstrate that, compared
to equal power allocation, with an OP of 1072 and a
maximum of 2 retransmissions, the average signal-to-
noise ratio (SNR) is reduced by 5 dB in RTD-based
relaying if adaptive power allocation is utilized. More-
over, depending on the channel conditions and the total
power budget, switching between the SNT mode and the
JT mode is the optimal way for minimizing the OP.

o The optimal placement of the relay and the effect of
the relay position on the optimal cooperation mode are
investigated. We show that, in order for minimizing the
power-limited OP the optimal relay position with equal
power allocation is closer to the source. On the contrary,
when performing adaptive power allocation, the optimal
relay position is closer to the destination.

II. SYSTEM MODEL

We consider a relay-assisted cooperative communication
system comprising one source (S), relay (R) and destination
node (D), as illustrated in Fig. 1. All nodes are equipped
with a single antenna. Let hg, hyg and hgg denote the channel



coefficients of the S-to-R link, the R-to-D link, and the S-to-
D link, respectively. Correspondingly, we define the channel
gains as gy 2 |hy|> with 9 = {sr,rd,sd}. It is assumed that
the channels are quasi-static, that is, the channel coefficients
remain constant within a transmission block of L. channel
uses, generally determined by the channel coherence time,
and then change independently from one block to another
according to their probability density functions (PDF).

An HARQ-based retransmission protocol is utilized with a
maximum of M retransmission rounds, i.e., each codeword
is (re)transmitted a maximum of M + 1 times. Targeting for
low-mobility users, the block length L. is assumed to be long
such that all retransmission rounds occur in a single fading
block. Define a packet as the subcodeword transmitted within a
transmission block. Thus, the fading coefficients do not change
during a packet period, and change independently from one
packet to another. Moreover, the channel coefficient of each
link is assumed to be perfectly known by it corresponding
receiver. However, the transmitter of each link has no instan-
taneous channel state information (CSI), except for the HARQ
feedback bits. It should be pointed out that, while we study
the quasi-static model, it is not a necessary assumption and as
shown in [23], there are mappings between the performance
of HARQ protocols in quasi-static and fast-fading conditions.

In each transmission block, S starts transmitting data to
both R and D. If the data is successfully decoded by D, an
acknowledgment (ACK) is fed back from D to both S and
R, then the retransmissions stop. Otherwise, D feeds back
a negative-acknowledgment (NACK). R becomes active and
feeds back an ACK to S, as soon as it decodes the source
message before D. Once R is active, S and R provide joint
data transmission to D, and the data transmission continues
until the data is correctly decoded by D or the maximum
number of retransmissions is reached. Based on the feedback
bits (ACK/NACK signals) from R and D, the nodes S and R
adapt their transmit powers so as to improve the OP. Note that,
although the cooperation protocol allows joint transmission by
S and R, it may be optimal to keep the S off when the R
decodes the data correctly. This point is further elaborated in
the following.

III. PROBLEM FORMULATION

The following notation is used throughout the paper.

e ( denotes the total number of information nats transmit-
ted in each packet.

e [ represents the subcodeword
(re)transmission round. Thus, r =
per-channel-use (npcu)) gives the
rate.

e P} and P}, denote the transmit power from S at the ¢-th
round when R is inactive and active, respectively.

e Pj is the transmit power from R at the i-th round.

e Pr{A,,} denotes the probability of the event that the
data is successfully decoded by D at the end of the m-th
(re)transmission round while it was not decodable before.

length in each

@/l (in nats-

initial codeword

In this case, the subcodewords may have been sent by S
only or by S and R jointly.

e Pr{A,, ,,} denotes the probability of the event that D
successfully decodes the data at the end of the m-
th (re)transmission round (and not before), when the
codeword is only sent by S, i.e. R is inactive in rounds
1,....,m. Pr{A,,,} is the probability of the event that
D successfully decodes the data at the end of the m-th
(re)transmission round (and not before), when R is active
in rounds n + 1,...m, with n < m.

e Pr{B,} is the probability of the event that the data
is successfully decoded by R at the end of the n-th
(re)transmission round while it was not decodable before.

e Pr{S,,} is the probability of the event that data transmis-
sion stops at the end of the m-th (re)transmission round.
In this case, either the maximum (re)transmission number,
M + 1, is reached, or the data is decoded by D.

According to the definitions,

Pr {Am} =Pr {Am,m} (1 - lePI'{Bn}>

n=1
m—1
+ ) Pr{An.}Pr{B,} (1)
n=1

Pr{A,.}, m=1,.., M,
Pr(s) = 40U

1->2 Pr{A}, m=M+1.
Our objective is to minimize the OP subject to an average

total transmit power constraint ¢ The target optimization
problem can be written as

2

min 1,
P}y Py, Pi}

S.t. @ < Pror. 3)

where 1 denotes the OP and ¢ is the average total transmit
power from S and R. In order to formulate the optimization
problem, we first derive general expressions for ¥ and ¢.

A. Outage Probability

The OP ¥ is defined as the probability that D cannot decode
the data until the (re)transmission is stopped, that is,
M+1

b=1-> Pr{dn}. 4)
m=1
Substituting (1) into (4), we get
M+1
w =1- Z Pr {AnL,m}
m=1
M+1m—1

- Z Z (PI' {Am,n} —Pr {Am,m}) Pr {Bn} . (5)

m=1 n=1

B. Average Transmit Power

The average total transmit power is defined as [24]

ANEFE
o= 7 6)

where £ and £ are the average energy of S and R, averaged
over many packet transmissions, respectively. Also, L is the




expected number of channel uses within each packet transmis-
sion period. If data transmission stops at the m-th round, the
total number of channel uses is ml. Therefore, the expected
number of channel uses in each packet period is

M+1
= (Z Pr{Sm}m> l

M
- <M+ 1-> (M+1 —m)Pr{Am}> . (D
m=1

Next, we derive the expression for £7. If R correctly decodes
the data at the end of the n-th round and data transmission
stops at the end of the m-th round with n < m (an event
denoted by B,&S,,), the total energy consumed by R is
E =", .1 Pil. Hence, the consumed energy of the R is a
random variable given by

> Pl if By&Sm,m=1,...,
i=n+1
According to the definition,

Pr{B,&S}
Pr{A,, .} Pr{B,}, m=1,.

M+1,n<m. (8)

M.

b

ZPr{A”} Z Pr{A;,}|Pr{B,}, m=M+1.

j=n+1
©)
Therefore, the expected energy consumed by R is

M m—1

Z ZPr{Amn}Pr{B } Z Pl

m=1 n=1 i=n+1

M n M

Z I'{All} — Z Pr {Aj,n} Pr {Bn}

n=1 i=1 j=n+1

M+1
x Y Pl (10)

1=n-+1

The same procedure is applied to derive £°. If data trans-
mission stops at the end of the m-th round while the code-
word is only sent by S, the total energy consumed by S is
& =3" Pylform=1,...,M + 1. If data transmission
stops at the end of the m-th round while the codeword is
jointly transmitted by S and R in rounds n+1, ... m, the total
energy consumed by Sis £ =" | Pyl+ 3" | Pyl for
n <mand m = 2,...,M 4 1. Thus, the consumed energy
of the S is a random variable given by

o 2111 P, if Bi&...&B,,—1&S,
E?:l Prl+ Zznﬂ Pyl, if Bp&Sn,

where

Pr {Bl&: ... &Bm,l&Sm}

Pr{A, n} (1 foPr {Bn}> ,

n=1

(1—§ Pr{Ai,i}> (1 —iPr{B,J) , m=M+1.

M

m=1,...

Therefore, the expected energy consumed by S is

Z Pr{A,m} (1 - Z Pr{B, }> > Pl

m=1

+) mz Pr{A, .} Pr{B,} (Z P + Z P;2>

m=1 n=1 i=n-+1

+ ( 3 Pr{A.m} > (1 - ZPr{Bn}>

M n M
+> yZPr{A”} > Pr{4;n} | Pr{B,}

M+1

Z P;l

—_

n=1 j=n+1
n M+1

x<zpsl+ 5 ) ! an
=1 1=n—+1

Substituting (7), (10) and (11) into (6), and noting that )
can be expressed by (5), the average total transmit power is
obtained as

o=

<
Zm 1(M+1_

(12)

M+1- m)Pr{A,}’

where

M m—1 m
¢ = Z Pr{A.m} (1 -~ Z Pr{Bn}> > oy
M m-—1 m
+Z ZPr{Amn}Pr{Bn} <ZP;1 Z (P + P)
m=1 n=1 i= n—i]—\;Jrl
- (1 - Z Pr{A,,L7,,L}> <1 - ZPr{Bn}> Z Py

+Z 1—ZPr{A“} Z Pr{A;,} | Pr{B,}

n=1 j=n+1
M+1

(prl Z P;2+Pir>>'
i=n+1

It should be pointed out that the expressions for the OP
and the average total transmit power, given in (5) and (12) re-
spectively, are general for all HARQ protocols. The difference
between different HARQ protocols and fading models is in the
probability terms Pr{A,, .}, Pr{A,, ,} and Pr{B,}. In the
following, as an example, we particularize the general problem
formulation (3) to the RTD protocol. The same method can
be applied for other HARQ protocols such as incremental
redundancy and basic HARQ.

IV. PERFORMANCE ANALYSIS FOR THE RTD PROTOCOL

From (3), it can be seen that, in order to formulate the
optimization problems for the classical RTD protocol, we
need to represent the probabilities (Pr { A,,, ,, }, Pr{A,, »} and
Pr{B,}) as functions of P}, P, and Pf withi =1,..., M+
1. We consider independent Rayleigh fading channels, where
the amplitudes of the communication links (i.e.,|hg|,
and |hy|) are independent non-identical Rayleigh distributed
random variables. Thus, the channel gains (i.e., gy with

)



¥ = {sr,rd,sd}) follow the exponential distribution with
PDF f,, (x) = Ape % for > 0. The corresponding
cumulative distribution function (CDF) is Fy, (z) = 1—e~ %
for # > 0. Here, \y = = for ¥ = {sr,rd,sd}, where
Go is the expected channel gain determined by the pathloss
and shadowing between the corresponding nodes. The noise
powers at R and D are set to 1.

In the RTD protocol, the same subcodeword is
(re)transmitted in each round, and the received signals
are combined by the receiver (R and D) using maximum ratio
combining. Therefore, the received SNR at R after the n-th
(re)transmission round increases to

n
Yo = gsrzpisla
i=1

and the data rate reduces to %, where r is the initial codeword
rate defined in Section II. The data is successfully decoded
by R at the end of the n-th round (and not before) if
(1+75_,) and £ < Llog(1++%). Hence,
the probability that R decodes the data at the end of round n,
Pr{B,}, is

13)

Pr{B,}
n—1 n
=Pr {log (1 + Gsr Z Pisl> <r<log (1 + Gse Z-Pisl> }
i=1 i=1
e —1 e’ —1
=Pri =57 <9« < ;7
{Zi—l P D e 11 Py }
o _1 /\Heri,l
=e “Z? 1P —e iy P, (14)

The received SNR at D after the m-th (re)transmission round
depends on whether the data is only sent by S or not. If R
does not decode the data before the m-th round, the received
SNR is

m

m — Ysd Z Pisl'
i=1

On the other hand, if R decodes the data at the end of n-th
round, n < m, then S and R will provide joint transmission to

5)

D in rounds n + 1, ..., m. Thus, the received SNR increases
to
n m m
Vi = s (Z Pt Y sz) +ga »_ P (16)
i=1 i=n+1 i=n+1

Therefore, the probabilities Pr{A,, } and Pr{A,,,} are
found as

Pr{A,,m}
{log (1 +gsdmzlp‘> <r<log (1 + ngZPﬂ> }
i=1 =1
:Pr{e;_l‘ < gsa < eT_l}
Yo P St Py
=e by —e_)\\dzz"il%}m (17)

and
Pr{A,»}

=Pr {log (1 + gsa <

NIE

1 i= i=n-+1

m—1 m—1
TS az) S pz)
n+1

<
S

S T
<r<log <1+gsd<g P+ E 2>+grd E P)}
t=1 i=n+1 1=n—+1
Arg(e”—1) Ara(e”—1)
SSET
=e zn+1176 1n+11+K1+K2 (18)
respectively, where
% A
—Aa(e"—1)e 1 . r
l'd( ) m—1 T 5 lf ~ = Cl
K _ i=n+1 P'L' )\Sd
R e P il D> P
i=n+1"1 _ .
= = o otherwise
17%01 ’
rd
—d(e"—1)e 2 e\,
: : +1 Pr ’ if )\sj =0y
K2 =9 swter-nsma,r wler=)
L s P
e 2 —e i=n+1"4 th .
o , otherwise
=5 O
m—1 m
with Oy & izt Bt Cp & o Ziznni B
:L 1 P;1+E'7Ln n+1 P’ZQ ’ E +E’L n+1

Substituting the probability terms Pr {Am m} Pr {Am n}
and Pr{B,} into (5) and (12), closed-form expressions for the
OP and the average total transmit power, i.e., the optimization
parameters of problem 3, are derived for the considered RTD
protocol, as functions of P, P, and P/, i=1,...,M + 1.
Then, from (3), the optimization problem can be formulated.

V. SIMULATION RESULTS AND DISCUSSIONS

In this section, we evaluate the performance of the RTD-
based relaying with adaptive power allocation under power-
limited conditions. The optimization problem is nonconvex in
general and difficult to solve [12]. However, our analytical
expressions obtained in Sections III and IV make it possible
to find the (sub)optimal power allocation solutions and eval-
uate the system performance numerically. As the problem is
nonconvex, we cannot guarantee that our results are globally
optimal. For this reason, we have checked our results with
different methods such as the iterative algorithm of [25], and
the “fminsearch” and “fmincon” functions of MATLAB. In
all cases, the same results are obtained which is an indication
of a reliable result. The performance of the optimal adaptive
power allocation schemes are compared with an equal power
allocation scheme where P}, = P}, = P} for Vi.

A. On the Impact of Adaptive Power Allocation

1) Outage Probability Analysis: The OP of the RTD-based
relaying system is plotted in Fig. 2 as a function of the average
total transmit power for M = 1 and M = 2 retransmissions,

e., 2 and 3 (re)transmissions. We see that, compared to
the equal power allocation scheme, adaptive power allocation
reduces the OP considerably when the total transmit power
budget is large. Moreover, for a given average total transmit
power, increasing the number of retransmissions M leads to
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with 7 =1, Ag = 2, and A\gy = Mg = 1.

substantial outage performance gain for the adaptive power
allocation scheme. For instance, consider an OP of 10~2 and
a maximum of 2 RTD-based retransmissions. Then, compared
to equal power allocation, the required transmission SNR is
reduced by 5 dB, if adaptive power allocation is utilized.
This is because with more number of retransmissions R gets
more involved and the good characteristics of R-to-D link are
properly exploited.

2) Cooperation Mode Switch: Figure 3 investigates the
cooperation mode switch with adaptive power allocation for
the RTD-based relaying. The optimal power values are plotted
as a function of ¢. The expected channel gains are set to
gsa = 0.5 and gy = gra = 1. From Fig. 3 we see that P5, =0
when ¢ is small. When ¢, > 6dBm, P35, becomes larger
than zero and it increases as ¢y, increases. This implies that
when the total transmit power budget is small, the SNT mode
is optimal for the RTD-based relaying. As the total transmit
power becomes large, the RTD-based relaying system should
switch to the JT mode in order to minimize the OP. Moreover,
as anticipated, when R is active, the transmit power from the
R node is always larger than the transmit power from the S,
ie, P; > P3,. This is because, with the considered values
of Mg, Arg and Ay, the R-to-D channel has a better average
channel characteristics compared to the S-to-D channel, i.e.,
Grd > Gsda- This point is summarized in Theorem 1 as follows.

Theorem 1: Under an average total transmit power con-
straint, there exist a threshold ¢y, such that the SNT mode
is optimal in terms of OP if ¢y < ¢n. On the other hand,
when ¢ > ¢y, the JT mode becomes the optimal cooperation
mode in terms of outage-limited average power.

Proof: The proof follows from the same concept as in
the water-filling technique where the better channels receive
more power. Without loss of generality, we assume that
Jrd > Jsd, 1.€., the R-to-D channel has a better average channel
characteristics than the S-to-D channel. Then, once R decodes
the data, it is always better to allocate more transmit power to
R (i.e., the node which is more likely to see a better channel to
the D). When the total power budget ¢y, is small, the water-
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Figure 3. Optimal power values vs. the average total transmit power ¢of,
withr =1, M =1, A\yg = 2, and A\ = Mg = 1.

level is low. Thus, all the transmit power will be allocated to
R, while the transmit power from S (i.e., the node associated
to the weaker channel) is zero. As the total power budget ¢
increases, the water-level increases. Therefore, both R and S
become active and the relay network exploits the cooperative
diversity. In this case, the JT mode becomes optimal in order
to achieve better diversity gain. [ ]

B. On the Impact of the R Position

We consider a setup where R is located on the line between
S and D. The position of R is identified by the ratio § £ j—:,
where d,; and dyq denote the distances between S and R, and 'S
and D, respectively. The expected channel gains are modeled
by Go = aw (dy) " for ¥ = {sr,rd,sd}, where Sy is the
path loss exponent of the corresponding link, and ay is a
parameter independent of dy and contains parameters such as
the transmit antenna gain, receive antenna gain and shadowing.
Here, we set By = Bsa = B = 3, Qg = Qg = ayq and
gsa = 1. We consider the RTD-based relaying with M = 1
and r = 1. The (re)transmission powers for each node are
optimized to minimize the OP F,, subject to an average total
power constraint ¢y, = 10dBm.

1) Outage Probability Analysis: Figure 4 illustrates the OP
as a function of the distance ratio. It can be seen that, compared
to equal power allocation, adaptive power allocation can
reduce the OP substantially, especially when the distance ratio
is large, i.e., when R is placed closer to D. We also observe
that there exists an optimal relay position that minimizes the
OP. The optimal relay position with equal power allocation is
closer to S. While when performing adaptive power allocation,
the optimal relay position is closer to D. This observation is
intuitive, since as the distance ratio d increases, i.e., when the
R moves towards the D, the R-to-D link becomes much better
than the S-to-D link on average. Thus, once the R decodes
the data, the system should switch to the SNT mode, i.e., the
S should be switched off while all power should be allocated
to the R (see Fig. 4). For the equal power allocation scheme,
the transmit powers allocated to the S and R are always the
same, thus, the optimal relay position should be closer to S,
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in order to gain more benefits from the S-to-D link.

2) Cooperation Mode Switch: Finally, we investigate the
effects of R position on the cooperation mode selection.
Figure 5 plots the optimal transmit powers, P35, and P;, of
the adaptive power allocation scheme and the power values of
the equal power allocation scheme used in Fig. 4. We see that
when § > 0.8, P5, becomes zero, i.e., S stops retransmission
when R is active. This implies that when the average channel
gain difference between R-to-D link and S-to-D link, g;q — gsd,
is small, the JT mode is optimal. However, as gq—gsq becomes
large, the system should switch to the SNT mode in order to
minimize the OP.

VI. CONCLUSION

In this paper, cooperation mode switch was investigated in
relay-HARQ networks by using adaptive power allocation. In
particular, analytical expressions for the OP and the average
total transmit power have been derived for the RTD protocol.
Retransmission power adjustment is used for minimizing the
OP of the network, subject to an average total transmit power
constraint. We showed that adaptive power allocation can
significantly reduce the OP. Moreover, it is always better to
select the SNT mode when the total power budget is low,

or when the average channel gain difference between the
R-to-D link and the S-to-D link is large. However, as the
total transmit power increases or the average channel gain
difference decreases, the system should switch to the JT mode.
Finally, the optimal cooperation mode is remarkably affected
by the relay position.
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