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Scattering of flexural acoustic phonons at grain boundaries in graphene
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We investigate the scattering of long-wavelength flexural phonons against grain boundaries in graphene using
molecular dynamics simulations. Three symmetric tilt grain boundaries are considered: one with a misorientation
angle of 17.9◦ displaying an out-of-plane buckling 1.5 nm high and 5 nm wide, one with a misorientation angle
of 9.4◦ and an out-of-plane buckling 0.6 nm high and 1.7 nm wide, and one with a misorientation angle of 32.2◦

and no out-of-plane buckling. At the flat grain boundary, the phonon transmission exceeds 95% for wavelengths
above 1 nm. The buckled boundaries have a substantially lower transmission in this wavelength range, with a
minimum transmission of 20% for the 17.9◦ boundary and 40% for the 9.4◦ boundary. At the buckled boundaries,
coupling between flexural and longitudinal phonon modes is also observed. The results indicate that scattering
of long-wavelength flexural phonons at grain boundaries in graphene is mainly due to out-of-plane buckling. A
continuum mechanical model of the scattering process has been developed, providing a deeper understanding of
the scattering process as well as a way to calculate the effect of a grain boundary on long-wavelength flexural
phonons based on the buckling size.
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I. INTRODUCTION

Due to its two-dimensional nature and exceptional mechan-
ical properties, graphene is considered an interesting material
for phonon-related applications and has been mentioned in the
context of phononics [1]. However, the use of graphene in such
applications requires methods for engineering the vibrational
properties. One approach might be to use extended defects,
such as the grain boundaries known to exist in graphene grown
by chemical vapor deposition [2]. These grain boundaries have
been found to consist mainly of pentagon and heptagon defects
and to have a tendency towards out-of-plane buckling [3–5].
The electronic [6,7] and mechanical [8,9] properties of grain
boundaries have been investigated previously, but the effects
on vibrational properties and phonon transport are still not
known.

Diffusion of phonons is the dominating mechanism of
thermal transport in graphene, and it has been claimed
that in suspended graphene flexural acoustic phonons are
particularly important [10,11]. Phonon scattering at grain
boundaries will therefore affect the thermal conductivity. The
thermal conductivity across grain boundaries has previously
been studied using nonequilibrium molecular dynamics and
Green’s function methods. It was found that grain boundaries
in graphene reduce the thermal conductivity, although the
effect is small compared to other materials [12–16]. However,
these studies do not provide detailed insight into the phonon
scattering mechanism.

In the present study, molecular dynamics is used to
investigate the scattering of flexural (out-of-plane) phonons
against grain boundaries in graphene. In particular, we consider
long-wavelength phonons normally incident on the boundary.
Scattering of these phonons may be caused by the lattice
defects that constitute the grain boundary, by the out-of-plane
buckling that they cause, or by the breaking of symmetry
that results from rotating one grain with respect to the other.
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However, the symmetry breaking is unlikely to scatter the
long-wavelength vibrations that are considered here, as the
dispersion relation at long wavelengths is quite isotropic. To
make it possible to distinguish between the two other causes
for scattering, three grain boundaries have been considered:
one that shows no buckling, one that displays buckling with a
height of 0.6 nm and a width of 1.7 nm, and one with a buckling
height of 1.5 nm and a buckling width of 5 nm. We find that
the grain boundary with the higher buckling may transmit as
little as 20% of the incoming phonon pulse at wavelengths
above 1 nm. For the boundary with the lower buckling the
minimum transmission is 40%, while the transmission at the
flat boundary approaches 100% for the same wavelengths. This
clearly indicates that the out-of-plane buckling, rather than the
lattice defects, is the primary cause of scattering. Also, we find
that the incoming flexural vibrations give rise to a longitudinal
vibration when interacting with the buckled grain boundaries.

A continuum mechanical model of the scattering process
is also developed and shown to have a good qualitative
correspondence to the molecular dynamics results. This model
enables us to calculate the phonon transmission at a boundary
based on the buckling height and width.

The paper is organized as follows: Section II describes
the simulation method and the construction of the phonon
wave packets. Section III presents the results of the molecular
dynamics simulations, while Sec. IV describes the continuum
mechanical treatment of the problem. Finally, Sec. V contains
a discussion and conclusions.

II. METHOD

Molecular dynamics (MD) simulations have been per-
formed using the program package LAMMPS (large-scale
atomic/molecular massively parallel simulator) [17], and the
interaction between carbon atoms has been modeled using
the Tersoff bond-order potential [18]. The Tersoff potential
is known to reproduce lattice constants and elastic properties
of several carbon allotropes with reasonable accuracy [19]. In
the present study the potential parameters obtained by Lindsay
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FIG. 1. (Color online) Grain boundary with misorientation angle
32.2◦, seen from the y direction (top) and from the z direction
(bottom). Figure created using the program VMD (visual molecular
dynamics) [22].

and Broido [20] were used, as this parametrization gives an
improved description of the phonon dispersion in graphene.
The potential gives a lattice parameter of 0.249 nm.

A. Grain boundaries

The structure and energetics of graphene grain boundaries
have previously been extensively studied using atomistic sim-
ulation methods [4–7,21]. Tilt grain boundaries in graphene
have been shown to consist of dislocations in the form
of pentagon-heptagon defect pairs, with the defect density
determined by the misorientation angle. In particular, Carlsson
et al. have shown that it is possible to predict the structure of
tilt grain boundaries in graphene using coincidence site lattice
theory [4]. In the present study, three of the symmetric tilt grain
boundaries that were studied by Carlsson et al. are considered.
The boundaries are characterized by the misorientation angles
32.2◦, 17.9◦, and 9.4◦ and can be seen in Figs. 1, 2, and 3,
respectively.

Grain boundaries have been constructed using ASE (atom-
istic simulation environment) [23]. To construct a grain
boundary, two sheets of graphene are rotated with respect
to one another by the desired misorientation angle θ . The
grains are then joined and any atoms overlapping with each
other are removed. In theory, no extra atoms should have to
be added to the structure. In practice, however, the short range
of the interatomic potential makes it necessary to add atoms
in positions where the nearest neighbors are more than twice
the bulk interatomic distance apart. If no atoms are added,
the resulting structure will contain undercoordinated atoms.

FIG. 3. (Color online) Grain boundary with misorientation angle
9.4◦, seen from the y direction (top) and from the z direction (bottom).
Figure created using VMD [22].

After addition of necessary atoms, the structure is optimized
using a conjugate gradients energy minimization method and
the resulting structure is checked for undercoordinated atoms.
If any undercoordinated atoms are found, more atoms are
added and the minimization process repeated. To enable full
relaxation, the size of the simulated system in the directions
parallel and perpendicular to the grain boundary are allowed
to vary independently of each other. Periodic boundary
conditions are applied and each simulated system therefore
contains two grain boundaries.

Although several studies find that most graphene grain
boundaries are buckled [4–7,21], the energy minimization
algorithms in LAMMPS do not succeed in producing buckled
grain boundaries. Therefore, the optimized grain boundary
structure is equilibrated in a NPT simulation at T = 50 K
and P = 0 bar for 500 ps with a time step of 1 fs, and
thereupon cooled to 0.01 K at a rate of 6 K ns−1. After
this a final energy minimization, in which the shape of the
system is allowed to change, is performed. This produces
systems with little residual thermal energy and in most cases
a substantial buckling. Equilibrating at a higher temperature
does not change the grain boundary structure or buckling
characteristics.

B. Wave-packet method

In order to obtain detailed information about the phonon
scattering it is necessary to introduce phonons with a well-
defined polarization and frequency into the system. However,

FIG. 2. (Color online) Grain boundary with misorientation angle 17.9◦, seen from the y direction (top) and from the z direction (bottom).
Figure created using VMD [22].
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the limitations regarding system size preclude the use of
plane waves. We therefore adopt the wave-packet method of
Schelling et al. [24–26], who have used it to study thermal
conductivity across grain boundaries in semiconductors. In
this approach, phonon wave packets are constructed from the
vibrational eigenmodes of the lattice according to

uj =
∑

k

akεjke
i[k·rj −ω(k)t], (1)

where uj is a vector describing the displacement of atom j , k is
a wave vector, εjk is the polarization vector for the appropriate
phonon branch, rj is the position of atom j , and ω is the
phonon frequency. The amplitudes ak are given by

ak = A exp(−η2|k − k0|2) exp(−ik · R0), (2)

where A is an amplitude and η is the width of the wave packet in
real space. The wave packet is centered around k0 in reciprocal
space and around R0 in real space. Initial velocities can be
obtained by differentiating Eq. (1) with respect to time.

The polarization vectors εjk and dispersion relation ω(k)
have been obtained by diagonalizing the dynamical matrix
of the perfect lattice using GULP (general utility lattice
program) [27,28]. For the wave-packet width η a value of
5 nm was chosen, in order to make the wave packets narrow in
reciprocal space and thereby reduce the distortion of the pulse
with time. This is important due to the quadratic dispersion of
the out-of-plane phonon mode in graphene. However, as this
makes the wave packets quite wide in real space the simulations
require systems that are at least a few hundred nanometers
long in the direction of propagation (perpendicular to the grain
boundary). The amplitude was chosen to be small, 0.013 nm,
in order to avoid nonlinear effects [29,30]. All wave-packet
simulations are conducted with periodic boundary conditions
in the direction parallel to the grain boundary and fixed
boundary conditions in the other directions.

III. RESULTS

A. Grain boundaries

The grain boundary energy γ of each boundary has been
calculated according to

γ = EGB − NE0

2L
, (3)

where EGB is the energy of a simulated grain boundary system,
N is the number of atoms in the system, E0 is the energy per
atom of the perfect lattice, and L is the length of the simulated
system in the direction parallel to the boundary. The factor of
1/2 appears because there are two grain boundaries in each
system due to periodic boundary conditions.

Both the 32.2◦ and the 9.4◦ grain boundary have grain
boundary energies of 3.7 eV nm−1, while the 17.9◦ grain
boundary has an energy of 4.6 eV nm−1. These values are
similar to those obtained by Liu et al. [5] using the AIREBO
potential, which is closely related to the Tersoff potential. Both
potentials overestimate the grain boundary energies compared
to calculations using density functional theory (DFT) or more
long-ranged potentials [4,6,7]. For example, Carlsson et al.
report grain boundary energies about 1 to 1.5 eV nm−1

lower [4]. This discrepancy is due to the fact that the Tersoff

TABLE I. Grain boundary energies. The misorientation angle is
denoted by θ and the boundary energy by γ . Grain boundary energies
obtained by Liu et al. (Fig. 4 in Ref. [5]) are included for comparison.

θ (◦) γ (eV nm−1) γ from Ref. [5] (eV nm−1)

32.2 3.7 3.9
17.9 4.6 4.6
9.4 3.7 3.5

and AIREBO potentials give only an approximate description
of the carbon-carbon interaction, whereas DFT is more exact.
Using DFT in the present study would be prohibitively
expensive since simulations of large systems are required.
The Tersoff potential, on the other hand, makes it possible
to study large systems while maintaining a good description
of the phonon dispersion. It should also be noted that despite
the difference in grain boundary energies, both the Tersoff
potential and DFT produce grain boundaries with the same
atomic structure. The grain boundary energies found in the
present study can be seen in Table I.

As mentioned in the Methods section, out-of-plane buckling
is an important characteristic of graphene grain boundaries.
One of the boundaries considered here, the 32.2◦ grain
boundary, is found to be flat in agreement with previous
studies [4,5]. The other two, the 9.4◦ and 17.9◦ boundaries,
display grain boundary buckling in the shape of a ridge running
along the boundary. Due to the distribution of defects in the
boundary region the height of the ridge varies along the grain
boundary. The buckling direction (upwards or downwards
from the graphene sheet) appears to be random, and the two
grain boundaries present in the same simulated system are not
necessarily buckled in the same direction.

To characterize the buckling we have estimated a buckling
height and width. The buckling height H should be measured
relative to the unperturbed graphene sheet far from the
boundary. However, in systems that have been subjected to
nonzero temperatures the graphene sheet does not become
perfectly flat even far from the boundaries. Therefore, a
mean value of the position in the out-of-plane (z) direction
is calculated for a region of the sheet located as far away from
both grain boundaries as possible and about 10 nm wide in
the direction perpendicular to the boundary (x). The buckling
height is taken to be the difference between this reference value
and the peak (upwards or downwards) of the boundary buckle.
The buckling width W is estimated as the width of the buckle
halfway between the peak and the reference value.

In order to find the buckling characteristics of the 9.4◦
and 17.9◦ grain boundaries in the limit of large grains,
systems of different sizes have been investigated. It is found
that increasing the system size in the y direction to more
than one grain boundary period does not affect the buckling
characteristics. The system length in the x direction, however,
has a considerable effect on the buckling as can be seen in
Figs. 4 and 5. The buckling height of the 9.4◦ grain boundary
increases with increasing length for systems smaller than
100 nm and then appears to fluctuate around 0.65 nm for
systems between 100 and 400 nm in length. Similarly, the
buckling width fluctuates around 1.8 nm for systems longer
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FIG. 4. Buckling height (top) and width (bottom) for the 9.4◦

boundary plotted against the length of the simulated system in the x

direction.

than 100 nm. For the 17.9◦ boundary, the buckling height and
width are seen to grow for system sizes up to 600 nm. The rise
in computational cost with increasing system size prevents us
from extending the study to even larger systems. Still, as the
buckling heights and widths presented in Figs. 4 and 5 show
no sign of approaching a limiting value with increasing system
size, it is clear that the buckling characteristics converge very
slowly or not at all with respect to system length in the x

direction.
It should be noted that the increase in buckling height and

width with increasing system size is accompanied by relatively
small changes in the grain boundary energy. For example, the
grain boundary energy of the 9.4◦ boundary obtained with a
cell 22.5 nm long is 3.8 eV nm−1, only 0.1 eV nm−1 higher
than that obtained with a cell 259.1 nm long.

Even without complete convergence with respect to system
size it is clear that the present study finds significantly larger
buckling heights compared to previous work. For example,
although Carlsson et al. [4] find a height close to 0.5 nm
for the 9.4◦ boundary using first-principles methods, they
obtain a lower buckling height for the 17.9◦ boundary (about
0.3 nm). Similarly, Liu et al. [5] find the height of the 9.4◦
grain boundary to be about 0.18 nm and the height of the
17.9◦ boundary to be slightly smaller, about 0.16 nm. The
most probable cause of this discrepancy is that the previous
studies consider fairly small systems. Carlsson et al. [4] state
that the grain boundaries in their periodic simulation cells
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FIG. 5. Buckling height (top) and width (bottom) for the 17.9◦

boundary plotted against the length of the simulated system in the x

direction.

TABLE II. Grain boundary buckling and simulation cell dimen-
sions. The misorientation angle is denoted by θ , the buckling height
by H , and the buckling width by W . The buckling height obtained
by Liu et al. (Fig. 5 in Ref. [5]) is included for comparison.

θ (deg.) Dimensions (nm3) H (nm) H , Ref. [5] (nm) W (nm)

32.2 264 × 0.98×10 0 0 0
17.9 406 × 2.404×10 1.5 0.16 5
9.4 259 × 1.516×10 0.6 0.18 1.7

are separated by twice the grain boundary period, which in
the case of the 9.4◦ boundary implies a distance of 3.03 nm
and for the 17.9◦ boundary a distance of 4.808 nm. Liu
et al. [5] are regrettably vague about the separation between
grain boundaries but mention minimum grain sizes of 3.6 nm.

The grain boundary buckling height is also influenced by
the boundary conditions, as has been seen for crystalline
membranes [31], and by whether or not the system size is
allowed to change. In the present study we use periodic
boundary conditions during grain boundary fabrication, and
allow the size of the system to change isotropically during the
heating and cooling process. A fixed size would have prevented
the system from contracting in the direction perpendicular to
the boundary, producing a lower buckling. Similarly, an even
larger buckling would have been obtained by allowing the
system to change size anisotropically during the NPT sim-
ulation, enabling it to contract in the direction perpendicular
to the grain boundary while keeping the size in the parallel
direction constant. Which of these approaches would be opti-
mal for reproducing the experimental behavior of suspended
polycrystalline graphene depends on the fabrication process.
However, the approach used here produces grain boundary
systems adequate for the phonon scattering simulations that
are the primary focus of this study.

B. Phonon scattering

For the phonon scattering simulations we have chosen
systems with a size of one grain boundary period in the y

direction. Increasing the system size in the y direction to
two or three times the grain boundary period produced no
difference in the results. The systems containing the 32.2◦
and 9.4◦ boundaries are approximately 250 nm long in the x

direction, while the system containing the 17.9◦ boundary is
about 400 nm long. This system length has been chosen so
as to give the 17.9◦ boundary a substantially higher buckling
than the 9.4◦ boundary, since the buckling characteristics of
the 17.9◦ boundary show no signs of convergence with respect
to system size. System sizes and buckling characteristics for
each boundary can be seen in Table II.

Figure 6 shows the fraction of the average total kinetic
energy on either side of the grain boundary as a function of
time for a wave packet with k0 = 3 nm−1 incident on the 9.4◦
boundary. Initially, all kinetic energy is located in grain 1. After
about 20 ps the kinetic energy in grain 1 starts to decrease and
the kinetic energy in grain 2 starts to increase, indicating that
the wave packet is scattered against the boundary. At 35 ps
the energy in grain 2 decreases by about 9% and the energy
in grain 1 increases by 17%, which is rather unexpected as
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FIG. 6. Kinetic energy in grain 1 (top) and grain 2 (bottom) as a
function of time, for the 9.4◦ boundary with k0 = 3 nm−1.

the phonon pulse should have passed the boundary completely
at that time. Between 40 and 60 ps the energy in each grain
fluctuates around a constant value. The large fluctuations at
60 ps indicate interaction with the fixed boundary conditions.

To investigate the unexpected behavior at 35 ps the
contributions to the kinetic energy from movement in different
directions is considered, as can be seen in Figs. 7 and 8. As
expected, all kinetic energy is initially due to movement in the
z direction (the out-of-plane mode, or ZA mode). As the pulse
hits the boundary at 20 ps, a contribution to kinetic energy
due to movement in the x direction (longitudinal mode, or LA
mode) appears on both sides of the boundary. After 35 ps the
movement in the x direction starts to decrease, and at 40 ps
almost all the kinetic energy is again in the out-of-plane mode.
No movement in the y direction (in-plane and parallel to the
grain boundary) is seen during the simulation.

The behavior of the longitudinal vibrations can be under-
stood by considering the propagation velocity of the vibrations.
According to the dispersion relation of longitudinal acoustic
phonons in graphene, the propagation velocity should ap-
proach 22 nm ps−1 at long wavelengths [20]. Long-wavelength
flexural vibrations are much slower, with a propagation
velocity of about 3.7 nm ps−1 at k0 = 3 nm−1. Since the
simulated system is 259 nm long in the x direction and the
grain boundary is located in the middle, it takes about 6 ps

0

0.5

1

E
ne

rg
y/

E
kto

t LA, Grain 1, MD

0 20 40 60
0

0.5

1

Time (ps)

E
ne

rg
y/

E
kto

t ZA, Grain 1, MD

FIG. 7. Fraction of the total kinetic energy in the longitudinal
mode (top) and the out-of-plane mode (bottom) in grain 1, for the
9.4◦ boundary with k0 = 3 nm−1.
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FIG. 8. Fraction of the total kinetic energy in the longitudinal
mode (top) and the out-of-plane mode (bottom) in grain 2, for the
9.4◦ boundary with k0 = 3 nm−1.

for longitudinal vibrations arising at the grain boundary to
reach the end of the system. The vibrations will be reflected
against the fixed boundary conditions and return to the grain
boundary after an additional 6 ps. This corresponds well to the
time during which the longitudinal vibrations are seen in the
simulation, especially if it is taken into account that the pulse
of longitudinal vibrations will have a finite width in space.

What is seen in Figs. 7 and 8 is thus that the scattering of
out-of-plane vibrations against the grain boundary produces
longitudinal vibrations, which propagate to the edge of the
cell where they are reflected. When the reflected longitudinal
vibrations again reach the grain boundary they are scattered
back into the out-of-plane mode, explaining the decrease in
longitudinal vibrations and increase in out-of-plane vibrations
between 35 and 40 ps.

It follows from the above discussion that the changes
occurring in the kinetic energy of the two grains after scattering
of the longitudinal vibrations result from interactions with the
boundary conditions. Transmission and reflection coefficients
T and R, which are defined as

T =
〈
E

grain 2
k

〉
Etot

k

,

(4)

R =
〈
E

grain 1
k

〉
Etot

k

,

must therefore be evaluated before this point. Here, Egrain 1
k and

E
grain 2
k are the time-dependent kinetic energies in grain 1 and

grain 2, Etot
k is the average kinetic energy of the entire system,

and the brackets represent a time average over times between
the scattering of the incident pulse at the grain boundary and
the scattering of the reflected longitudinal vibrations.

Figure 9 shows T and R as functions of k0 for all three grain
boundaries. It is clear that the 32.2◦ boundary, which is flat,
has T ≈ 1 and R ≈ 0 for the entire range of wave numbers.
Thus, this boundary appears not to scatter long-wavelength
out-of-plane vibrations. In contrast, the transmission at the
buckled 17.9◦ boundary is as low as T = 0.2 for k0 = 1 nm−1

and has a maximum value of T = 0.8 at k0 = 5 nm−1, showing
that it scatters the incoming pulse. The 9.4◦ boundary also
causes significant scattering as the transmission never exceeds
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FIG. 9. (Color online) Energy transmission coefficient T and
reflection coefficient R as a function of k0 for the 32.2◦ grain boundary
(top), the 17.9◦ boundary (middle), and the 9.4◦ boundary (bottom). Tc

and Rc are the corresponding results from the continuum mechanical
model described in Sec. IV. The continuum model parameters are
χ = 1.5 nm, FWHM=5 nm for the 17.9◦ boundary and χ = 0.6 nm,
FWHM=1.7 nm for the 9.4◦ boundary.

T = 0.7 and reaches a minimum value of T = 0.4 at k0 =
1.5 nm−1.

The differences in transmission at the flat and buckled
boundaries suggest that it is the buckling of the grain boundary
that scatters long-wavelength vibrations. This is reasonable
considering that the lattice defects present in all three grain
boundaries are only between 0.2 and 0.3 nm wide, while the
buckling of the 17.9◦ boundary is 5 nm wide and that of the
9.4◦ is 1.7 nm wide. Vibrations with wavelengths above 1 nm,
such as those studied here, are unlikely to be strongly affected
by the small lattice defects but will interact with the wider
buckling.

To provide a measure of how much of the energy is scattered
into the longitudinal mode, the longitudinal contributions to
the transmission (TL) and reflection (RL) are calculated as

TL =
〈∑

grain 2 mCv2
ix/2

〉
Etot

k

,

(5)

RL =
〈∑

grain 1 mCv2
ix/2

〉
Etot

k

,

where vi,x is the velocity of atom i in the x direction, mC is
the mass of a carbon atom, and the summations run over all
atoms in one grain. As in Eq. (4), the brackets represent a
time average over times between the scattering of the incident
pulse at the grain boundary and the scattering of the reflected
longitudinal vibrations.

Figure 10 shows TL and RL as a function of k0 for the 17.9◦
and 9.4◦ grain boundaries. It appears that TL > RL for all k0 at
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FIG. 10. (Color online) Energy transmission TL and reflection RL

to the longitudinal mode as a function of k0 for the 17.9◦ grain
boundary (top) and the 9.4◦ grain boundary (bottom). TLc and RLc

are corresponding results from the continuum mechanical model
described in Sec. IV. The continuum model parameters are χ =
1.5 nm, FWHM=5 nm for the 17.9◦ boundary and χ = 0.6 nm,
FWHM=1.7 nm for the 9.4◦ boundary.

both grain boundaries. Also, the maximum value of TL occurs
at a higher wave number, i.e., a shorter wavelength, for the
9.4◦ boundary than for the 17.9◦ boundary.

IV. CONTINUUM MECHANICAL MODEL

A. Theory

The results of the MD simulations show that the grain
boundary buckling is the primary cause of scattering at
graphene grain boundaries. To confirm these results and
obtain a more detailed understanding of the scattering process
a continuum mechanical model of the system has been
constructed. Continuum mechanical models are also useful for
further analysis of more extended structures whose size prevent
use of atomistic methods. Continuum mechanics is valid as
long as variations in the deformation of the graphene sheet
occur on a length scale larger than the lattice parameter. This
is mostly true in the present case since the lattice parameter of
graphene is 0.24 nm and the wavelengths considered are above
1 nm. Since no movement in the y direction was seen in the
MD simulations, the system is modeled as a string restricted
to vibrating in one transverse mode and the longitudinal
mode. The equation governing the propagation of a transverse
displacement w(x,t) is

ρẅ + κ∂4
xw − ∂xσxx(∂xw) = 0, (6)

where ρ is the density and κ the bending rigidity, ∂x denotes
derivation with respect to x, and the stress is given by

σxx = σ0 + (λ + 2μ)
[
∂xu + 1

2 (∂xw)2
]
. (7)

In this expression σ0 is a preexisting stress in the string, λ and
μ are Lamé parameters, and u is the longitudinal displacement
which obeys the equation

ρü − ∂xσxx = 0. (8)
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The buckling can be introduced as time-independent terms
in w(x,t) and u(x,t):

w(x,t) = w0(x) + w1(x,t),
(9)

u(x,t) = u0(x) + u1(x,t).

Since the amplitudes of the time-dependent vibrations are
small, we can omit terms that are nonlinear in the derivatives
of w1(x,t) and u1(x,t). Inserting the expression for the stress
into Eq. (6) then gives

ρẅ1 + κ∂4
xw1 − σ0∂

2
xw1

− (λ + 2μ)∂x(∂xu1 + ∂xw0(x)∂xw1)∂xw0(x)

− (λ + 2μ)∂x{∂xu0(x) + 1
2 [∂xw0(x)]2}∂xw1 = 0. (10)

Treating Eq. (8) in the same manner we obtain

ρü1 − (λ + 2μ)∂2
xu1 − (λ + 2μ)∂x(∂xw0∂xw1) = 0. (11)

B. Method of solution

Numerical solutions of Eqs. (10) and (11) have been
obtained using finite-difference methods. The equations have
been discretized using standard discretization schemes [32]
and the time-dependent displacements w1(x,t) and u1(x,t)
have been calculated at discrete positions xi = i
x and
times tn = n
t , with step sizes 
x = 0.05 nm and 
t =
0.4

√
dx4/4κ = 0.8 fs. The time step has been chosen in

accordance with the stability criterion for the Euler-Bernoulli
equation [33] and is calculated using the value of the bending
rigidity given by the modified Tersoff potential (κ=2.8 ×
10−19 J). Also for ρ, λ, and μ the values given by the
interatomic potential have been used, i.e., ρ = 7.42 × 10−7

kg m−2 and λ + 2μ = 356 N m−1. The preexisting stress σ0

has been used as a fitting parameter in order to obtain the same
propagation velocities as in the MD simulations, giving it a
value of 5 × 10−3 × (λ + 2μ) = 1.78 N m−1.

Fixed boundary conditions are applied in the x direction.
A pulse of transverse vibrations, similar to the wave packets
used in the MD simulations, is introduced through the initial
conditions:

w1(xi,0) = Ace
ik0xi e−(xi−3L/8)2/σ 2

,
(12)

∂tw1(xi,0) = ∂t (Ace
ik0xi−iω(k0)tne−(xi−3L/8)2/σ 2

),

where Ac = 0.01 nm is the vibration amplitude, k0 is a central
wave vector, ω(k0) is the vibration frequency at wave vector k0

for the case of zero stress, σ = 9 nm determines the width of
the wave packet, and L = 400 nm is the system length. Note
that the simulated string extends from −L/2 to L/2, with
x = 0 in the middle of the cell. For simplicity the buckling is
approximated as a Gaussian function:

w0(xi) = χe−x2
i /2ξ 2

,
(13)

u0(xi) =
∫

dx

(
− 1

2
[∂xw0(xi)]

2

)
.

The parameters χ and ξ can be adjusted to mimic boundaries
with different buckling height and width. To obtain the
longitudinal displacement u0(x) Eq. (8) is used, with σxx given
by Eq. (7) and w1(x,t) = 0. This gives the static longitudinal

displacement resulting from the static transverse displacement
w0(x).

C. Results

To compare the results of the continuum mechanical model
to those of the MD simulations it is necessary to find the
fraction of the total energy in each vibrational mode at either
side of the scattering center as a function of time. Assuming
that the vibrations are harmonic waves the total kinetic energy
is given by

Etot = 
x

2
ρ

xi=L/2∑
xi=−L/2

[
ω2

Tw2
1(xi,tn) + ω2

Lu2
1(xi,tn)

]
, (14)

where ωT and ωL are the frequencies of the transverse and
longitudinal vibrations, respectively. The fraction of the total
kinetic energy in each mode is then

αT(tn) = 
xρω2
T

∑
xi>0 w2

1(xi,tn)

2Etot
,

βT(tn) = 
xρω2
T

∑
xi<0 w2

1(xi,tn)

2Etot

(15)

αL(tn) = 
xρω2
L

∑
xi>0 u2

1(xi,tn)

2Etot
,

βL(tn) = 
xρω2
L

∑
xi<0 u2

1(xi,tn)

2Etot
,

where αT is the energy in the transverse mode at x > 0, βT is
the energy in the transverse mode at x < 0, αL is the energy
in the longitudinal mode at x > 0, and βL is the energy in
the longitudinal mode at x < 0. Note that due to the narrow
range of frequencies in the incident pulse and the neglect of
terms nonlinear in ∂xw1(x,t), ωL ≈ ωT and the frequencies
will cancel in the above expressions.

Figures 11 and 12 show αT(tn),βT(tn),αL(tn) and βL(tn)
for k0 = 3 nm−1. The scattering center height has been set
to χ = 0.6 nm and the FWHM [2ξ

√
2 ln(2)] to 1.7 nm in

order to model the 9.4◦ boundary. At the beginning of the
simulation all energy is located in the transverse mode at
x < 0. After about 20 ps the energy at x < 0 starts to decrease
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FIG. 11. Fraction of the total kinetic energy in the longitudinal
mode (top) and the transverse mode (bottom) for x < 0, obtained from
the continuum mechanical model with χ = 0.6 nm, FWHM = 1.7 nm,
and k0 =3 nm−1.
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FIG. 12. Fraction of the total kinetic energy in the longitudinal
mode (top) and the transverse mode (bottom) for x > 0, obtained from
the continuum mechanical model with χ = 0.6 nm, FWHM = 1.7 nm,
and k0 = 3 nm−1.

and the energy at x > 0 starts to increase. At the same time
a longitudinal vibration appears at both x > 0 and x < 0.
Approximately 25 ps into the simulation the amount of energy
in the longitudinal mode starts to decrease, while the energy
in the transverse mode increases slightly. This behavior is
qualitatively similar to the MD results presented in Figs. 7
and 8. The main differences are that the amount of energy
transferred to the longitudinal mode is smaller and that it
decreases more gradually, which in turn leads to a less abrupt
increase of the energy in the transverse mode after scattering
of the longitudinal vibration.

As in the MD simulations, transmission and reflection
coefficients need to be calculated before any interaction with
the boundary conditions. The total transmission and reflection
coefficients Tc and Rc have been calculated according to

Tc = 〈αT + αL〉, Rc = 〈βT + βL〉, (16)

where the brackets denote time averaging over times between
the scattering of the incident pulse and the scattering of the
reflected longitudinal pulse.

Figure 9 shows Tc and Rc as functions of k0 for values of χ

and FWHM corresponding to the buckling characteristics of
the two buckled grain boundaries. Considering first the 9.4◦
boundary, we see that the simple continuum mechanical model
with χ = 0.6 nm and FWHM = 1.7 nm agrees remarkably
well with MD results for smaller wave numbers, even
reproducing the minimum in transmission at k0 = 1.5 nm−1.
The transmission at k0 = 2 nm−1 is somewhat underestimated,
while above k0 = 3 nm−1 it is overestimated compared to MD
results.

For the 17.9◦ boundary there is less agreement between
the two models. The continuum mechanical model with χ =
1.5 nm and FWHM = 5 nm correctly gives Tc < Rc at k0 =
1 nm−1, but overestimates the transmission for all other wave
numbers. To improve the continuum mechanical description
different values of FWHM were tested, with FWHM = 2 nm
producing the best agreement with MD results. As can be seen
in Fig. 13, a continuum model with FWHM = 2 nm reproduces
the MD result that Tc < Rc for both k0 = 1 and k0 = 1.5 nm−1,
but still overestimates the transmission at larger k0.
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FIG. 13. (Color online) Transmission and reflection coefficients
from MD results for the 17.9◦ boundary and corresponding results
from the continuum model with χ = 1.5 nm and FWHM = 2 nm.
Top: Total energy transmission T and reflection R from MD
simulations as a function of k0, with Tc and Rc from the continuum
model. Bottom: Energy transmission TL and reflection RL to the
longitudinal mode from MD simulations as a function of k0, with TLc

and RLc from the continuum model.

To further compare the two models, the transmission
and reflection into the longitudinal mode were calculated
according to

TLc = 〈αL〉, RLc = 〈βL〉, (17)

where the brackets represent time averaging between the
scattering of the incident pulse and scattering of the reflected
longitudinal pulse. As can be seen in Fig. 10, the continuum
mechanical model agrees with MD simulations in that TLc >

RLc for all wave numbers and boundaries. However, the
continuum mechanical model consistently underestimates the
amount of energy in the longitudinal mode compared to MD.
For the 9.4◦ boundary continuum mechanical and MD results
follow the same general trend up to k0 = 2.5 nm−1, above
which TLc decreases significantly while the corresponding MD
quantity TL remains nearly constant. For the 17.9◦ boundary,
the continuum model with χ = 1.5 and FWHM = 5 places the
maximum value of both RLc and TLc at k0 = 1 nm−1, while
according to the MD simulations RL and TL reach their maxima
at k0 = 2 and k0 = 2.5 nm−1, respectively. Once again a much
better correspondence is obtained using FWHM = 2 nm, as
can be seen in Fig. 13. While using this width gives TLc = RLc,
the maximum value appears at k0 = 2 nm−1 in good agreement
with MD results.

The comparison of the atomistic and continuum mechanical
models shows that the scattering at the 9.4◦ boundary can
be described by a continuum mechanical model where the
Gaussian scattering center has the same height and width
as the boundary buckling. In contrast, the scattering at the
17.9◦ boundary is more accurately reproduced by a scattering
center narrower than the buckling in width, but with the same
height. We attribute this difference to the shape of the boundary
buckling. Figure 14 shows the height profiles (maximum
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FIG. 14. (Color online) Top: Height profile of the 17.9◦ grain
boundary (solid blue line) with w0(x) for χ = 1.5 nm, FWHM = 5 nm
(dashed red line) and χ = 1.5 nm, FWHM = 2 nm (dash-dotted black
line). Bottom: Height profile of the 9.4◦ grain boundary (solid blue
line) with w0(x) for χ = 0.6, FWHM = 1.7 nm (dashed red line).

position in the z direction as a function of position in x) for the
two boundaries along with the shapes of the scattering centers
used in the continuum mechanical model. The shape of the
9.4◦ grain boundary appears to be quite well described by the
Gaussian function, although the buckling is wider at the base.
In contrast, the buckling of the 17.9◦ boundary is both wider
at the base and noticeably narrower at the peak compared to
the Gaussian with FWHM = 5 nm. The narrower Gaussian
with FWHM = 2 nm, while completely failing to reproduce
the shape at the base, describes the behavior near the peak of
the buckling fairly well.

Considering the greater success of the continuum model
with FWHM = 2 nm compared to that with FWHM = 5 nm,
the shape of the buckling near the peak appears to be important
for the scattering. This can be explained using Eqs. (10)
and (11). In these equations it is seen that the scattering is due
mainly to the second derivative of w0(x), i.e., the curvature
of the buckling. The largest curvature of the actual grain
boundary buckling occurs at the peak, and this curvature will
effectively determine the scattering strength. To obtain a good
correspondence between MD and the continuum mechanical
model it is therefore important to have a scattering center
that reproduces the peak curvature given by the atomistic
simulations. In the case of the 17.9◦ boundary this is achieved
with FWHM = 2 nm, but not with FWHM = 5 nm.

V. CONCLUSION

In the present study, molecular dynamics simulations have
been used to investigate the scattering of long-wavelength
flexural (out-of-plane) phonons against grain boundaries in
graphene. Of the three considered grain boundaries, the one
with a misorientation angle of 32.2◦ is flat and the other two,
with misorientation angles 9.4◦ and 17.9◦, display a substantial
out-of-plane buckling. The buckling of the 9.4◦ boundary is
found to be 0.6 nm high and 1.7 nm wide, while that of the
17.9◦ boundary is 1.5 nm high and 5 nm wide. Due to the
slow convergence of the buckling characteristics with respect

to system size, previous studies [4,5] on smaller systems have
found lower buckling heights.

The results of the phonon scattering simulations show large
differences between flat and buckled boundaries. At the flat
32.2◦ boundary, the transmission is over 95% for wavelengths
above 1 nm, indicating that this boundary does not significantly
scatter long-wavelength flexural phonons. In contrast, both
buckled boundaries are seen to cause substantial scattering:
For the 17.9◦ boundary the transmission reaches a minimum
value of 20% at wave vector k0 = 1 nm−1, while for the 9.4◦
boundary the minimum transmission is 40% at k0 = 1.5 nm−1.
Additionally, the buckled boundaries scatter between 20% and
50% of the total vibrational energy into the longitudinal mode.
Clearly, it is the buckling of the grain boundaries that scatters
long-wavelength flexural phonons.

It has been claimed that long-wavelength flexural phonons
contribute significantly to the thermal conductivity of
graphene [10,11]. If this is the case, the phonon scattering
results above indicate that the boundary buckling should have
a substantial influence on the thermal conductivity across
grain boundaries, the Kapitza conductance. Such an effect
seems especially likely given that buckling due to compressive
strain has been found to change the thermal conductivity
of graphene [34,35]. Unfortunately, the existing studies of
the Kapitza conductance in graphene do not mention grain
boundary buckling at all [12–16], although some consider the
effects of buckling due to strain [36,37]. It is possible that
no significant buckling has been seen in these studies since
they frequently use a fixed system size, something that may
reduce or eliminate buckling by preventing the system from
contracting in the direction perpendicular to the boundary. An
investigation of the dependence of the Kapitza conductance on
boundary buckling could supply new insights and contribute
to the understanding of the thermal conductivity in grain
boundaries subject to compressive strain.

In addition to the molecular dynamics simulations a
continuum mechanical model of the phonon scattering has
been constructed. The system is modeled as a string restricted
to vibrating in one transverse mode and the longitudinal
mode, with the stress effectively determined by a static trans-
verse displacement representing the buckling. The continuum
mechanical model shows good qualitative agreement with
the molecular dynamics results. For the 9.4◦ boundary the
transmission minimum at k0 = 1.5 nm−1 is reproduced with
surprising accuracy when the static transverse displacement
is given the same height and width as the observed boundary
buckling. To reach a similar agreement for the 17.9◦ grain
boundary it is necessary to reduce the width of the static
displacement by 3 nm compared to the width of the boundary
buckling, which gives a better description of the buckling
curvature at the peak. The results show that continuum
mechanics can be used to describe the effect of buckled grain
boundaries on long-wavelength flexural phonons in graphene.
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