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Abstract. During low-cycle fatigue test with smooth bars the number of cycles to initiation is com-
monly defined from a measured relative drop in maximum load. This criterion cannot be directly
related to the actual measure of interest - the crack length. By relating data from controlled crack
growth tests under low-cycle fatigue conditions of a high strength Titanium alloy at 350◦C and nu-
merical simulation of these tests, it is shown that it is possible to determine the relationship between
load drop and crack length, provided that care is taken to consider all relevant aspects of the materials
stress-strain response.

Introduction
Traditional low-cycle fatigue (LCF) testing is performed using either smooth round bars or test speci-
mens with notched geometries to resemble relevant features in components. During LCF tests micro-
cracks are initiated relatively early in the fatigue life, and the majority of cycles are spent propagating
the dominating crack to failure. For many applications, the number of cycles to failure (Nf ) is an
inadequate measure since the aim is to determine when a macroscopic crack has formed, so that a
subsequent crack propagation analysis may provide a more accurate estimation of the total life in a
component of arbitrary geometry. The number of cycles to initiation (Ni) is usually defined as the
point where a given metric, which is either continuously evaluated during testing or examined post-
mortem, exceeds some pre-determined limit. In strain controlled testing of smooth specimens, the
most common metric is the X% load drop criteria [1], where initiation is defined as the point where
the maximum load has dropped below X% of the saturated stable value (or in the case of continuously
increasing or decreasing maximum stress the load drop compared to the extrapolated values of stress
is used).

Although practical, the inherent drawback of the criterion is that it is not related to the size of
the crack, which is the measure that is of actual interest. If the LCF data is to be used to directly
assess the life of a component, the crack size at the point of initiation must be known and compared to
the dimensions of the critical location in the component. If the definition of initiation results in large
crack sizes before the load drop criterion is used, the data may give un-conservative life predictions for
e.g. thin-walled components. Furthermore, to allow subsequent crack propagation analysis the crack
size at the point of initiation must be known. It is therefore of interest to investigate how the drop
in maximum load and crack length are related during LCF testing. In addition, for round bars where
the crack initiation may occur randomly around the length and circumference of the gage section,
the location of the extensometer relative to the point of initiation can play a dominating part in the
correspondence between crack length and load drop.

In this work, we aim to demonstrate that a Chaboche-type of constitutive model can be used to
assess the relationship between crack length and load drop during high-temperature LCF crack growth,
provided that correct measures are taken to account for mean stress development. We also discuss the
influence of extensometer location relative to the crack.



Experimental
Materials and testing. The selected material is the forged high temperature α/β Ti-6Al-2Sn-4Zr-2Mo
(-0.1Si) alloy (hereafter denoted Ti-6242), composition in weight percent, in bar form. Specimens of
the surface flaw Kb-type [2] for fatigue crack growth testing were machined with the loading axis
in the longitudinal direction. The specimens had a rectangular cross-section of 10.2 x 4.3 mm in
the 32 mm long gage section. A starter notch, centred on the wide face of the specimen, was ma-
chined using electric discharge machining (EDM). The specimens were instrumented for direct cur-
rent potential drop (DCPD) measurements, with PD probes attached across the crack and at a location
away from the cracked cross-section to provide a reference signal. Fatigue cracks of length 0.6-0.7
mm were generated in stress control at room temperature using a 10 Hz trapezoidal waveform with
Rσ = σmin/σmax = 0, at linear elastic fracture mechanics (LEFM) conditions. High strain fatigue crack
growth tests were carried out at 350◦C, heated using a conventional resistance furnace and controlled
by a thermo-couple attached to the specimen, under total strain control with the strain measured by a
12 mm gage length extensometer attached to the side face of the specimen, centred around the cracked
cross-section. The applied total strain range,∆ϵ, was 1.2 % in all tests withRϵ = ϵmin/ϵmax = 0 and 0.6
(two tests at each condition) at a frequency of 0.5 Hz. Maximum and minimum stress were recorded
for every 10 cycles and full hysteresis loops were recorded at logarithmic intervals. The testing fol-
lowed the ASTM standards [3, 4] in all applicable aspects except for the strain control and violation of
LEFM conditions. The criterion for crack length was violated for all cracks lengths, and the ligament
condition was violated for crack lengths above 1.5 mm and 1.3 mm for Rϵ = 0 and 0.6, respectively.

Modelling. The material behaviour of Ti-6242 is modelled using a rate independent plasticity
model originally formulated in [5]. The first 500 cycles of the high strain fatigue crack growth ex-
periments have been used for material parameter identification. For these cycles the influence of the
crack is assumed to be small. Due to the high strain ratios the experiments showmean stress relaxation
for the first 100 cycles to semi-stable nonzero values as can be observed in Fig. 2. For the material
model used this can be captured by combining nonlinear and linear terms of kinematic hardening,
cf. [6]. By this approach a poor fit with respect to experiments is obtained for the first cycle, where the
model response overestimates the maximum stress. However, the material response closely follows
experimental results for later cycles as can be seen in Fig. 1. A better model response with respect
to experimental data could probably be obtained by using a threshold effect in the kinematic hard-
ening, cf. [7] or by using a Ohno-Wang type of model, e.g. cf. [8], [9]. However, due to good results
for the later cycles of the experiments the current model is deemed advanced enough for the current
purpose. Since the material model used is unable to capture the first loading cycle in combination with
an accurate response for later cycles it has been calibrated separately for experiments with Rϵ = 0
and Rϵ = 0.6 in an in-house code according to a procedure described in [10]. The calibrated material
parameter sets are given in Table 1.

The calibrated material model was used to analyse the specimens from the high strain fatigue
crack growth tests in a 3D finite element (FE) model in the commercial software Abaqus. Models
for three different crack sizes were used (a=c=1, 1.5 and 2 mm, where a is the crack length and c
is half the width of the crack). The crack surfaces are modelled by free nodes. A contact analysis
with a rigid surface is applied to prevent crack nodes from penetrating the symmetry crack surface
during compression. All FE-analyses are run for 100 loading cycles so that a stable material response
is obtained. To enable experiment like loading conditions for the FE-models an explicit displacement

Table 1: Calibrated parameter sets for Rϵ = 0 and Rϵ = 0.6. The parameters given are E, the elastic
modulus, σy, the yield stress, Hi, the kinematic hardening modulus and B∞,i, the saturation value for
the kinematic hardening.
Rϵ E [GPa] σy [MPa] H1 [GPa] B∞,1 [MPa] H2 [GPa] B∞,2 [MPa] H3 [GPa] B∞,3 [MPa]
0 90 359 643 211 14 260 36 86300
0.6 89 300 479 264 3.73 424 10.6 ∞
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Fig. 1: Stress-strain response for two high strain specimens, one at Rϵ = 0 and one for Rϵ = 0.6.
(a) shows the entire recorded stress-strain response from the tests, whereas (b) and (c) show cycle 2
and 100, respectively, for the two specimens (symbols) and the predicted cycles from the constitutive
model (solid lines).

control algorithm, from hereafter referred to as extensometer control, was applied in Abaqus. The
cyclic loading of the top nodes are controlled by user subroutine DISP and the displacements at the
node corresponding to the placement of the extensometer, i.e. at the middle of the short side of the
specimen cross-section 6 mm from the crack plane, are checked after each time increment by the user
subroutine URDFIL, cf. [11].

Results
Global stress-strain response. The global stress-strain response, in terms of strain measured by the
extensometer and nominal stress based on the un-cracked area, for one specimen for each Rϵ-ratio
is shown in Fig. 1. It is clear that the specimens undergo extensive plasticity during the first loading
excursion. For Rϵ = 0.6, the maximum stresses and strains are very high, exceeding 95 % of the
monotonic ultimate tensile strength. Individual stress-strain loops corresponding to cycles 2 and 100
are shown in Figs. 1(b) and 1(c). A number of features can be noted from the hysteresis loops:

i The specimens undergo global cyclic plasticity throughout the test. The plastic strain ranges in
the relatively stable state are in the order of 0.05 to 0.15 % if calculated as∆ϵpl = ∆ϵ−∆σ/E,
where ∆σ is the measured stress range and E is the Young's modulus, or 0.05 to 0.07 % if
measured from hysteresis loop width.

ii The material exhibits a slight cyclic hardening, as seen from the increasing stress amplitude
development in Fig. 2(b). From smooth bar LCF tests it can be shown that thematerial undergoes
slow but continuous cyclic hardening (linear with the logarithm of cycle number) at least until
around 10000 cycles at a strain range of 1.2%. The apparent softening observed after about 1000
cycles in Fig. 2 is related to the loss of cross-sectional area from the increased crack length rather
than a material softening.

iii The mean stress decreases with number of cycles but does not reach zero during the duration of
the test. This is reflected in the steadily decreasing, negative values of Rσ in Fig. 2(c). Again,
the rapid decrease towards the end of the test is related to reduction in load carrying area, which
affects the maximum stress. The values of Rσ in the semi-stable state is−0.6 and−0.35 for the
tests at Rϵ = 0 and 0.6, respectively.

Figs. 1(b) and (c) also contain the results from the calibration of the constitutive model, showing
excellent agreement between measured and predicted loops. The stresses calculated from the reaction
forces in the loading direction of the specimen are extracted from FE-analyses for both Rϵ values
and for the three different crack sizes analysed. The stresses from the stable model response of the
FE-analyses are compared to experimental stresses in Fig. 2, 3 and 4. The FE-results are shown at
the cycle numbers corresponding to the average number of cycles to reach the specific crack lengths
in the two duplicate tests. It can be observed that all FE-results compare well to experiments for the
shortest crack length of 1 mm, whereas for the larger crack sizes the discrepancy between FE- and
experimental results increases.
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Fig. 2: (a) Development of maximum and minimum stress with cycle number; (b) Development of
stress amplitude and mean stress with number of cycles; (c) Development of stress ratio (Rσ) with
number of cycles.
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Fig. 3: Crack depth normalised by specimen thickness (a/B) and maximum stress normalised by sat-
urated stress level (σmax/σsat) vs. number of cycles for (a) Rϵ = 0 and (b) Rϵ = 0.6.

Relation between crack length and stress response. As the crack grows, the load carrying area
in the cracked cross-section is reduced. The effect of crack length on the stress response of the ma-
terial recorded from the high strain tests can be seen in Fig. 3, where the maximum stress (expressed
as normalised stress by dividing with the saturated maximum stress σsat) is plotted together with nor-
malised crack length (divided by specimen thickness, B). It is clear that they are related, especially
at the later stages of the test, however the observed drop in maximum load is not captured by the
FE-simulations. Fig. 4 shows the correlation between reduction in load carrying area (compared to an
un-cracked specimen) and reduction in maximum stress (compared to the saturated stress level σsat)
for all high strain tests. The results are marked "Un-compensated" in Fig. 4. For short cracks, having
an area less than approximately 5 % of the nominal cross-section (a =1.2 mm), there is essentially
no effect of the crack. Above 5 % area reduction the effect of reduced cross-sectional area begins to
affect the global stress response and for longer cracks, with an area above 10 % of the nominal area
(a =1.7 mm), a linear relationship is observed. The relation is independent of appliedRϵ ratio. Again,
the deviations between experiments and simulations regarding the drop in maximum stress can be
observed. The FE-results, however, compare well to the results from linear elastic analyses run under
the same condition (same FE-model in strain control). Upon further examination of the data in Fig.
2(a) it can be seen that there is a slow but continuous decrease of the minimum stress, indicating a
continuous shake-down towards the stable Rϵ = −1 situation. The stress amplitude in Fig. 2(b), on
the other hand, is stable, indicating that part of the drop in maximum load is a result of the decreasing
mean stress rather than crack related area reduction. The experimental load drop can be compensated
for this, and the results are shown in Fig. 4, marked as "Mean stress compensated". This data agrees
well with the FE-results from both elastic and elastic-plastic analyses, and is still not affected by the
applied Rϵ.

Discussion
In Fig. 5 the measured strains around the modelled specimen, 6 mm from the symmetry crack surface,
are compared for the different crack sizes analysed. The middle of the short specimen face is high-
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Fig. 5: (a) Strains obtained in FE-analysis during maximum load around the specimen (following
coordinate s) 6 mm from the symmetry crack surface for models with different crack sizes and Rϵ=0.
(b) Schematic illustration of the specimen cross-section highlighting the position of the extensometer.

lighted as the aim position of the extensometer in the experimental setup. Results are shown for all
crack lengths when the cyclic loading is modelled either by a prescribed displacement of the top nodes
giving an effective global strain of 1.2 % (global control), or from the extensometer control algorithm
(1.5 and 2 mm crack lengths only). The results clearly show that the transverse placement of the ex-
tensometer will affect the results when the crack is long enough. This could be compared to the case of
LCF testing where the extensometer placement with regard to the crack cannot be controlled prior to
the experiment, and is of vital importance if simulations are to be used to determine the crack size at a
given load drop. The effect will be even more pronounced for round bar specimens as the compliance
will be more affected by the crack, which approach a through-crack as it grows. This also shows the
benefit of using a simulation based determination of crack length at initiation, as the location of the
extensometer can be controlled relative to the crack. If interrupted LCF tests are used to determine the
crack length, a large scatter can be expected due to the varying initiation points, whereas worst case
scenarios can be determined in simulations to ensure conservatism.

From the results in Fig. 4, it is clear that if the correspondence between load drop and area re-
duction is to be accurately determined by FE-simulations, rather than interrupted testing, the model
must be able to capture the mean stress relaxation occurring for positive Rϵ ratios. This relaxation is
rapid for higher strain ranges, but for typical levels of ∆ϵ corresponding to realistic fatigue lives the
process is slow and the fully reversed Rσ = −1 state may not be reached. The drawback of this is
that the simulations must be run for the same number of cycles as the tests, which for the relevant
strain levels may be several tens of thousands of cycles. This is not realistic from a computational
cost perspective. Perhaps efficient time integration techniques with extrapolation of load cycles, such
as described in [12], could be used. The alternative, which was used here, is to use a model which
can accurately predict the stable loop, and compensate the maximum stress obtained from simulations



using the experimental mean stress relaxation. This was shown to give good results, but require ex-
perimental data of sufficient quality. In the present case, the relationship between load drop and area
reduction could be well approximated also by a linear elastic FE-analysis using the correct boundary
condition in terms of control mode and compensation for the mean stress relaxation.

Another aspect of the mean stress relaxation is that it is rarely accounted for in standard test prac-
tices. If the aim is to identify the point of initiation as corresponding to a given relative reduction in
stiffness due to the growth of the crack, the simultaneous effect of mean stress relaxation should be
treated. If experimentally obtained load drop - crack length correlation curves, such as Fig. 4 are used
for strain ranges or R-ratios which was not included in the generation of the curves, the inclusion of
mean stress effects is crucial to obtain correct values of the crack length.
Conclusions

• The relationship between reduction of area and drop in maximum load during high strain fatigue
crack growth testing is independent of Rϵ, and can be well approximated by linear elastic FE-
analyses or elastic-plastic analysis using a Chaboche model and mean stress correction from
experiments. The latter is believed to have more general applicability.

• Capturing bothmaximum/minimum stresses andmean stress relaxation in the constitutivemodel
are vital if simulations are to be used for characterising the crack lengths in LCF tests, without
direct experimental data for correction. This is only practically feasible if sufficiently accurate
and computational efficient time integration technique (including extrapolation) is available.

• The effect of mean stress correction and extensometer placement is generally ignored in standard
LCF testing practice, which can give limited repeatability if interrupted LCF tests are used for
determination of crack length.

• When performing FE-simulations for the purpose of determine crack length or load drop, it is
important to use a strain control algorithm corresponding to the actual loading conditions and
extensometer placement relative to the crack.
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