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Generalized Statistics of Antenna Efficiency Measurement
in a Reverberation Chamber

Xiaoming Chen

Abstract—Statistics of the measured antenna efficiency using the re-
verberation chamber (RC) technique (proposed in IEC 61000-4-21) has
been derived by assuming that the measurements of the antenna under
test (AUT) and the reference antenna have the same independent sample
number. This work generalizes the statistics of the measured antenna effi-
ciency by allowing the AUT measurement and the reference measurement
to have different numbers of independent samples. The derived statistics
are verified by simulations as well as RC measurements. Moreover, prac-
tical issues about how to allocate the total measurement time to the AUT
and reference measurements for different cases are discussed.

Index Terms—Antenna efficiency, measurement, reverberation chamber
(RC).

I. INTRODUCTION

Reverberation chambers (RCs) have been used for measuring an-
tenna efficiencies [1]–[8]. While different approaches of measuring an-
tenna efficiencies exist [2]–[5], this work focuses on the standard ap-
proach of measuring antenna efficiency [1], which involves separate
measurements of the AUT and the reference antenna, because the stan-
dard approach is general and widely used, e.g., [6], [7].
A statistical RC measurement is incomplete without analysis of the

measurement uncertainty. The statistics of the measured antenna effi-
ciency has been derived in [8] based on the assumption that both AUT
and reference measurements have the same number of independent
samples. However, in practice, the independent sample numbers for
the AUT and reference measurements may differ. For example, when
there are many AUTs to be measured, in order to save measurement
time, one may perform a common reference measurement with more
samples than the individual AUT measurements [7]. Another example
is that a physically large AUT mounted on the turn-table platform will
circle with a smaller radius and therefore tend to have a smaller number
of independent samples [9], comparedwith the referencemeasurement.
Hence this work focuses on the statistics of the measured antenna ef-
ficiency when the AUT measurement and the reference measurement
have different numbers of independent samples. The derived statistics
are verified using numerical simulations as well as RC measurements.
Based on the derived statistics, practical issue about how to allocate
the total measurement time to the AUT and reference measurements is
discussed.

II. STATISTICS OF MEASURED ANTENNA EFFICIENCY

The standard approach of measuring the antenna efficiency in an RC
is to first measure the average power transfer function between
a reference antenna (with known antenna efficiency ) and a fixed
antenna; then measure that between the AUT and the fixed antenna,

. During the measurements, both the reference antenna and the
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AUT must be placed in the RC in order to keep the same RC loading.
(In case there are many AUTs, e.g., [7], all of them needed to be placed
in the RC.) Based on the measurements, the total radiation efficiency
(referred as antenna efficiency in this work) of the AUT is estimated as

(1)

where denotes the estimated antenna efficiency , and
and are the estimated average power transfer functions of
and , respectively. Note that the antenna efficiency of the fixed
antenna is cancelled out in (1).
Denoting the net average power transfer functions as

and , respectively, (1) can be rewritten
as

(2)

Note that is the true value of the antenna efficiency and
is the estimation of . Let and be the numbers of indepen-
dent samples of the AUTmeasurement and the reference measurement,
respectively,

(3)

Note that ,
where denotes the expectation. Since and are
independent and identically distributed (i.i.d.) random variables that
are exponentially distributed [10], and
follow Gamma distributions, respectively, i.e.,

and [11]. Since
is a constant, we are interested in the distribution of the random

variable only.
The probability density function (pdf) of ( ,

2) is

(4)

where is the Gamma function. Since is an integer,
, where represents the factorial operator. The pdf of

is

(5)

the derivation of which is given in the Appendix.
Once the pdf of is known, one can

readily calculate the mean and the variance of ,

(6)

respectively. As can be seen, the standard approach (1) is asymptoti-
cally unbiased (and it is biased with small ); and its variance goes
to zero as ( , 2) goes to infinity. Note that the estimation bias
of the standard approach (1) depends only on the independent sample
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Fig. 1. Empirical and analytical mean and variance of the standard approach
(1) for the case .

number of the reference measurement . This observation is verified
by simulations in Section III.
The mean square error (MSE), i.e., , of the stan-

dard approach (1) can be readily derived from (6),

(7)

When , (7) boils down to [8]

(8)

Since the MSE includes both variance and bias, it is used in both
simulations and measurements in the following sections.

III. SIMULATIONS

In this section, we use simulations to verify the derived statistics of
the standard approach (1) with different numbers of independent sam-
ples of the AUTmeasurement and the referencemeasurement. For sim-
plicity and without loss of generality, we assume throughout
this section.
We numerically generate 1000 realizations for and . This

can be done by averaging and i.i.d. exponential random vari-
ables, respectively, for each realization [11]. As a result, we have 1000
realizations of for each set of and , based on which the em-
pirical mean, variance, andMSE are obtained. Fig. 1 shows the compar-
ison between the empirical mean (variance) and the derived analytical
mean (variance); and Fig. 2 shows the comparison between the empir-
ical MSE and the derived analytical MSE.
As can be seen, there are good agreements between the analytical

and empirical statistics. Moreover, it can be seen from the upper left
graph in Fig. 1 that the estimation bias only depends on (and is
independent of ). From both Figs. 1 and 2, it can be seen that, for
fixed (and therefore fixed measurement time1), it is beneficial
to have than to have ; for fixed , increasing
improves both the estimation bias and variance. Therefore, for fast

comparisons of tens of AUTs, e.g., [7], it is a good practice to perform a
common referencemeasurement withmore samples than the individual
AUT measurements.
By letting (assuming is a even number)

and comparing (7) and (8), one can easily conclude that, for measuring
the antenna efficiency of a single AUT with fixed (i.e., fixed
total measurement time of the AUT and reference measurements), it is
more accurate to allocate equal time to the AUT measurement and the

1The measurement time of the antenna efficiency in an RC is proportional to
the total number of samples .

Fig. 2. Empirical and analytical MSE of the standard approach (1) for the case
.

TABLE I
COMPARISON OF MSE WITH DIFFERENT NUMBERS OF INDEPENDENT SAMPLES

reference measurement. To illustrate this point, the MSEs of different
sets of and are compared with the corresponding in Table I.

IV. MEASUREMENTS

In order to further verify the derived statistics of the standard ap-
proach (1), extensivemeasurements were performed from 1 to 3GHz in
an RC. The RC used had twomode-stirring plates, a turn-table platform
(on which a wideband discone antenna, used as the reference antenna,
is mounted), and three half-bow-tie antennas mounted on three orthog-
onal walls (referred to as wall antennas hereafter). During the measure-
ment, the turn-table platform was moved stepwise to 20 platform-stir-
ring positions; at each platform-stirring position the two plates were
moved simultaneously and stepwise to 50 positions. At each stirrer
position and for each wall antenna, a full frequency sweep was per-
formed by a vector network analyzer (VNA), during which the scat-
tering parameters (S-parameters) were sampled. Hence, for each mea-
surement, we have 3 wall antennas, 50 plate-stirring positions, and
20 platform-stirring positions. The same measurement sequence is re-
peated twelve times, each time with a different height/orientation of
the reference antenna. The heights and orientations are chosen to en-
sure independent measurements. In post-processing, arbitrary pairs of
antenna heights/orientations are chosen as the AUTs and the reference
antennas, respectively, for estimating ; and we introduce 0-, 3-,
and 6-dB attenuator to the AUT (whose negative value in dB is ).
We choose six pairs of distinct measurements to obtain six independent
antenna efficiency estimates, which are used for evaluating the MSE of
the standard approach (1). In order to see the RC loading effect on the
antenna efficiency measurement, the measurement procedure was re-
peated for two loading configurations: load 0 (unloaded RC), load 1
(a head phantom that is equivalent to a human head in terms of Elec-
tromagnetic absorption). In order to extend the study to the case of
different numbers of independent samples of the AUT and reference
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Fig. 3. Estimated numbers of independent samples of the AUT measurement
(upper) and the reference measurements (lower).

measurement, we choose two wall antennas from the AUT measure-
ment so that the sample number of the AUT measurement is two thirds
of that of the reference measurement.
Note that, in practice, the measured samples in an RC may be corre-

lated and that one needs to estimate the independent sample numbers
of the AUT and reference measurements in order to apply the derived
statistics to the antenna efficiency measurement. Different estimators
of the independent sample number can be found in the literature, e.g.,
[12]–[15]. In this work, we use the DoF method [9] to estimate the
independent sample number because it is more suitable for the mea-
surement setup in this work [8]. Fig. 3 shows the estimated numbers of
independent samples of the AUT measurement, , and the reference
measurements, .
Fig. 4 shows the empirical MSE of (for , 3, and
6 dB) estimated based on independent measurements and the analyt-

ical MSE (7) with and estimated from the AUT and reference
measurements, respectively. Note that, for clear exhibition, the empir-
ical MSE is plotted using the following dB-transformation [9]:

(9)

and that a 40-MHz frequency smoothing is applied to the empirical
MSE curves before plotting. As can be seen, there are good agreements
between the analytical MSE (7) and the direct MSE estimate (based
on the independent measurements). Note that it is time-consuming to
directly estimate the MSE of the measured antenna efficiency by per-
forming many independent measurements. However, using the analyt-
ical expressions of the derived statistics with estimated and ,
the measurement uncertainty can be characterized based on one an-
tenna efficiencymeasurement. It can also be seen that theMSE of
decreases with decreasing . This observation can be readily ex-
plained from the analytical MSE (7).

V. CONCLUSION

This work extend the statistical analysis of antenna efficiency mea-
surement when (i.e., independent sample number of the AUT mea-
surement) and (i.e., independent sample number of the reference
measurement) are equal [8] to that with unequal and . The de-
rived analytical statistics are verified by simulations and RC measure-
ments. Results show that the estimation bias of the measured antenna

Fig. 4. Empirical MSE of based on independent measurements (solid)
and the analytical MSE (7) (dotted).

efficiency only depends on (and is independent of ); for fast
comparisons of many AUTs, it is a good practice to perform a common
reference measurement with more samples than the individual AUT
measurements in that, for fixed , increasing improves both the
estimation bias and variance; for antenna efficiency measurement of a
single AUT with fixed , it is more accurate to allocate equal
time (sample number) to the AUT and reference measurements.

APPENDIX

DERIVATION OF (5)

For notational convenience, we denote ,
, , and the pdf of as . Thus, (4) is denoted

as or hereafter. In order to derive , we need an auxiliary
equation . Hence the group of equations for the multivariate
transformation is

(10)

whose inverse map is

(11)

The Jacobian transform is

(12)

The joint pdf of Z and U is [11]

(13)

Since X and Y are independent, (13) becomes

(14)
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Substitute (14) into (13),

(15)

In order to obtain , we integrate both sides of (15) over ,

(16)
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64 64-Element and 32 32-Element Slot Array
Antennas Using Double-Layer Hollow-Waveguide

Corporate-Feed in the 120 GHz Band

Dongjin Kim, Jiro Hirokawa, Makoto Ando, Jun Takeuchi, and
Akihiko Hirata

Abstract—This communication proposes high gain antennas having
broad bandwidth characteristic for the 120 GHz band. The proposed
antennas are fabricated by diffusion bonding of laminated thin copper
plates which have the advantages of high precision and low loss charac-
teristic even in a high frequency region such as the 120 GHz band. For
stable fabrication using diffusion bonding, we propose a feeding structure
which has a double layer. A 32 32-element array antenna shows more
than a 38 dBi antenna gain with over 60% antenna efficiency and 15 GHz
bandwidth (119.0-134.0 GHz) and a 64 64-element array shows a higher
than 43 dBi antenna gain with over 50% antenna efficiency and 14.5 GHz
bandwidth (118.5–133.0 GHz), respectively.

Index Terms—Data transmission, diffusion bonding, double-layer struc-
ture, full corporate feeding, high gain.

I. INTRODUCTION

High gain and high efficiency antennas are essential for the high
speed wireless link systems in outdoor point-to-point relays. The
reflector antenna and the dielectric lens antenna satisfy high gains
and high efficiency simultaneously; however it is difficult to realize a
thin planar structure because these antennas require a focal length [1].
Microstrip array antennas and array antennas with low temperature
co-fired ceramic (LTCC) technology [2]–[5] have very low profiles
and provide both broadband characteristics and low cost of fabrication,
however, generally accompanied by low antenna efficiency due to
large losses of the microstrip substrate and LTCC.
Hollow-waveguide slot array antennas are advantageous for larger or

higher gain antennas with high efficiencies since they are not subject
to dielectric or radiation losses [6]. Further, broad band characteristics
can be achieved in waveguide slot array antennas with a multi layer
feeding structure [7]–[9]. We have proposed double layer slot array
antennas where the feeding circuit is located in the bottom layer under-
neath the radiating waveguides in the top layer with a diffusion bonding
technique. These antennas are very attractive for wireless link systems
because of very low losses and broad bandwidth characteristics and
have a very low profile structure. A 16 16-element array antenna of
this kind achieves 80% antenna efficiency with more than 33 dBi over
a 4.8 GHz bandwidth at 60 GHz [10]. This antenna was redesigned
for the 120 GHz band with considerations of several design limitations
caused by the extremely small antenna parameters due to the very short
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