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Abstract
Material properties pertaining to the physical phenomena of mass transport in concrete
are important for the durability of concrete structures, and they can ultimately be
derived from material heterogeneities found at different subscales. On the mesoscale
level, these heterogeneities are mainly characterized by the presence of embedded
aggregates in the cement paste, together with cracks.

This thesis concerns modelling of moisture and chloride transport in concrete, where
the mesoscale heterogeneities are explicitly accounted for by means of geometrical
and constitutive descriptions along with computational homogenization. The objective
of this work was to numerically study how the heterogeneous and random meso-
scale composition of concrete influence the homogeneous transport properties on
the macroscale. This objective was ultimately met by the development of two- and
three-dimensional Statistical Volume Elements (SVEs) of mesoscale concrete, which
are geometrical representations of the material morphology. The developed SVEs
contained the mesoscale constituents cement paste, aggregates and the highly porous
interface material—the so-called Interfacial Transition Zone (ITZ)—which has important
implications on the macroscale behaviour of concrete, both in terms of mass transport
and deformational characteristics.

The SVEs were employed numerically using the the finite element method (FEM)
to simulate mass transport—for both stationary and transient conditions—in order to
compute macroscale diffusivities. Computations were carried out for various volume
fractions of aggregates in the SVEs and for different diffusivities in the ITZ. For stationary
conditions, the decrease in macroscale diffusivity attributed to increased volume fraction
of aggregates was numerically determined. By use of the ITZ, the magnitude of this
decrease in macroscale diffusivity could readily be controlled and altered. The influence
of cracks on the macroscale diffusivity was also modelled and numerically evaluated.
The numerical simulations showed that the macroscale diffusivity became anisotropic
due to cracks and that the macroscale diffusivity rapidly increased in magnitude once
cracks had begun to develop in the SVE.

This work forms a base for further modelling of the influence of mesoscale composi-
tion and cracking on the diffusivity of concrete, which has important implications for
the durability of concrete structures.

Keywords: computational homogenization, mesoscale, statistical volume element, multi-
scale modelling, mass transport, coupled diffusion, interfacial transition zone.
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Notation

Acronyms

2D: two-dimensional
3D: three-dimensional
FE: finite element
FEM: the finite element method
HS+: upper Hashin-Shtrikman

bound
ITZ: Interfacial Transition Zone
RVE: Representative Volume Ele-

ment
SVE: Statistical Volume Element

Nomenclature

Subscripts
a aggregate
cp cement paste
cr crack
el elastic
itz Interfacial Transition Zone
I largest eigenvalue

Greek letters
Γ� boundary of SVE domain
κ largest equivalent strain
ω damage parameter
Ω� SVE domain
ε second order strain tensor
σ second order stress tensor
φ moisture concentration

Roman lower case letters
x̄ centroid of SVE
c chloride concentration
wcr crack width
titz thickness of ITZ
n normal vector
h element size
na either area (2D) or volume

(3D) fraction of aggregates

Miscellaneous
•̄ bar denotes macroscopic

quantity
∇ differential operator
〈•〉� homogenized quantity
‖ parallel
⊥ perpendicular

Superscripts
M macroscale
s subscale

Roman capital letters
D diffusion coefficient
D second order diffusivity ten-

sor
J flux vector
E fourth order stiffness tensor
I second order unity tensor
A surface area
E Young’s modulus
L� side length of SVE
V volume
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Part I

Extended Summary

1 Introduction

1.1 Background

Cl– solution

co
nc

re
te

Figure 1.1: Reinforcement
bar (bottom) subjected to
ingress of chloride ions (Cl–).

Concrete structures constitute a large and important
part of the built environment, but they can severely de-
teriorate and lose functionality if exposed to aggressive
substances such as chloride ions. Deterioration will in-
duce loss in bearing capacity and can ultimately lead to
structural collapse. Thus, controlling the ingress rate of
chloride ions is an important aspect of the maintenance
of concrete structures since the ingress of chloride ions
impose high safety risks to the end users, e.g. motorists
driving on a concrete bridge.

Chloride ions will initiate corrosion of embedded
reinforcement bars if the ion concentration is sufficiently
high. For a concrete structure subjected to constant load-
ing, corrosion will yield higher tensile stresses in the
reinforcement bars since the corrosion process reduces
the cross sectional area of reinforcement bars. Addition-
ally, the corrosion product will create tensile stresses in the concrete which may lead to
spalling of the concrete cover, thereby making the reinforcement bars exposed to the
ambient environment.

Typical sources of chloride ions are de-icing salts put on roads in winter times
and salt dissolved in sea water. The dissolved ions will—through different transport
mechanisms—migrate inwards from the surface of the concrete structure to the embed-
ded reinforcement bars, cf. Figure 1.1.

Hence, it becomes important to predict chloride ion ingress and to understand
the parameters that govern the ingress mechanisms because such predictions and
understanding allow for a time estimate of possible corrosion initiation. In addition,
chloride ingress interacts with moisture transport; therefore, the moisture conditions
need to be considered as well for improved time prediction.

Concrete is a strongly heterogeneous material on the mesoscale and the chlo-
ride ingress rate will depend on its heterogeneous composition. Computational
homogenization—within a multiscale modelling framework—provides a method to
numerically homogenize such material heterogeneities to obtain up-scaled material
properties while keeping computation cost at a moderate level. Instead of having to
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fully resolve the heterogeneous structure of the material, only a so-called Statistical
Volume Element (SVE) of the subscale morphology is modelled for which numerical
work is carried out. By this procedure, only the SVE needs to be fully resolved and the
computational cost can, therefore, be reduced by several orders of magnitude. The SVE
will in this setting provide a constitutive model for the macroscale response.

1.2 Aim of research

The aim of this research was to develop and implement a multiscale model of heteroge-
neous concrete and to utilize the model for computational homogenization of transport
phenomena in concrete. In particular, the transport of (coupled) moisture and chloride
diffusion was to be considered for both stationary and transient conditions.

More specifically, an SVE of concrete would be developed to be able to account for
the heterogeneous mesoscale structure of concrete as well as the intrinsically non-linear
material properties of the mesoscale constituents. The SVE would be used to numerically
investigate how the mesoscale structure and composition influence the mass transport
in concrete on the macroscale.

1.3 Methodology and scientific approach

The methodology used in this work was (i) to study and learn about transport phenom-
ena in concrete from a physical standpoint and discover the key factors influencing these
phenomena, (ii) to review the state-of-the-art in terms of mathematical modelling of
transport phenomena in concrete, and (iii) to develop and implement numerical models
of concrete in conjunction with methods of computational homogenization in order to
simulate chloride and moisture transport in concrete.

Tasks (i) and (ii) were mainly conducted through literature reviews and specific
subject courses—given by various universities and organisations—to provide necessary
context to the research. The scientific problem of task (iii) was to numerically model and
simulate (coupled) transport of moisture and chloride ions in concrete on the mesoscale
level by means of computational homogenization. This task was accomplished by the
development of a set of computer programs. All numerical implementation was done
in MATLAB [43], and all source code was written by the author, with the exception of a
few function files pertaining to the CALFEM package [4].

1.4 Scope and limitations

Throughout this work, it was assumed that the mass transfer of chloride ions and
moisture are concentration gradient-driven processes, allowing for Fick’s law to be
used. Hence, convection was assumed to be embedded in the diffusion process and the
migration of chloride ions was considered small.

The thesis has been restricted to homogenization of the mesoscale in which con-
crete was considered a mixture of cement paste, aggregates, cracks and the Interfacial
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Transition Zone (ITZ). Subscales below the mesoscale have not been considered. The
mesoscale constituents were assumed to be homogeneous, and the laws of continuum
physics were assumed to apply at the mesoscale level.

First order homogenization—based on the assumption that the macroscale fields
of moisture and chloride ions vary linearly within the SVE—was adopted consistently.
This assumption pertains to the lowest order coupling between the fields and is valid in
the limit of complete separation of scales.

Only Dirichlet boundary conditions have been used in the numerical implemen-
tations and all numerical results are—as a consequence—upper bound solutions.
Corresponding lower bound solutions—obtained by the use of Neumann boundary
conditions—have not been considered in this study.

1.5 Significance of research

As explained in Section 1.1, the ingress of chloride ions in concrete causes concrete
structures to lose their load-carrying capacity. As a result, expensive repair work is
required. To better be able to model and predict such ion ingress therefore becomes
important, and much research has indeed been devoted to this topic.

However, the strongly heterogeneous structure of concrete influences the ingress
rate, which is a process that poses modelling difficulties. To assess the effects the
heterogeneities have on the chloride ion and moisture ingress rates is still an open
problem, and more work in this research field is therefore needed.

Additionally, the method of computational homogenization is currently more often
applied in the context of mechanical problems. Corresponding work for transport
phenomena and mass transfer is less frequently found in the literature; hence, knowledge
in this research area will hopefully increase as a result of this thesis.

2 Transport mechanisms in concrete

2.1 Preliminaries

This section provides a summary of the various transport mechanisms related to
moisture and chloride transport in concrete. Comprehensive literature on this subject
can be found in the work by Černý and Rovnaníková [14] (concrete specific) and in the
classical work by Bird et al. [9] (generic mass transport). First, a brief introduction to
the composition of concrete is provided for completeness. Comprehensive literature on
this topic can be found in the work by Mehta and Monteiro [44].
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2.2 Concrete composition

Figure 2.1: Mesoscale structure of concrete.
The heterogeneous and random structure of the
material is evident and affects the macroscopic
material behaviour. The porosity of the cement
paste is also observable in this photo.

Concrete is a highly complex compos-
ite material since it is a mixture of ce-
ment, aggregates (typically gravel), and
additional admixtures merged together
through multiple chemical processes, cf.
Figure 2.1. Cement is in turn a compos-
ite material as it is made up of clinkers
(limestone and clay) and grounded gyp-
sum.

Hydrated cement is a porous sub-
stance made up of primarily four
solid phases: calcium silicate hy-
drate (H2CaO4Si), calcium hydroxide
(Ca(OH)2), calcium sulfoaluminate hy-
drates (C6AS3H32 and C4ASH18) and
unhydrated clinker grains (C3S, C2S,
C3A and C4AF). It is the porosity of
the cement paste, the ITZ and cracks
that enable mass transport in concrete.

As the hydration process advances
over long periods of time, the mechanical and physical properties of concrete change as
the material matures and hardens. Consequently, the composition of concrete varies in
space and time in an intricate manner and many factors contribute to the physical and
mechanical properties of concrete.

The aggregates can be of varying type and shape and provide stiffness and func-
tions as a filler to the cement paste. The contact zone between the cement paste and
aggregates—measured in the range of micrometers (µm)—is commonly referred to as
the Interfacial Transition Zone (ITZ) and is characterized by low stiffness and high
diffusivity.

2.3 Moisture transport

For saturated1 conditions, pressure gradients are the main driving forces for moisture
transport. For unsaturated conditions, moisture exists simultaneously in two phases2 as
liquid and as vapour. The driving forces for the liquid phase are pressure gradients in
addition to capillary forces. For the vapour phase, diffusion and convection are the two
main transport mechanisms. It may be difficult to distinguish between the above listed
transport mechanisms in an experimental environment; depending on the degrees of
moisture saturation, these mechanisms often act in combination with each other.

1all cement pores completely filled with water in liquid phase.
2assuming non-freezing conditions.
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Moisture diffusivity of unsaturated concrete was early on expressed by Bažant and
Najjar [7] as a non-linear function of pore humidity and their proposed analytical model
was in the same work calibrated with experimental data. Xi et al. [70] later extended
this model to include moisture capacity—as a function of water-cement ratio, curing
time, temperature and type of cement—as the derivative of the adsorption isotherm.
Vanderheijden et al. [64] did experimental work on the effect of temperature on moisture
transport and Poyet [53] did the corresponding numerical modelling.

2.4 Chloride transport

Chlorides are solved only in the liquid phase of moisture, not in the vapour phase. This
phenomenon makes the transport of chloride ions intrinsically coupled to the transport
of moisture. The three main transport processes are diffusion, convection and migration.
As the ions are electrically charged, they will move with electric currents, a phenomenon
commonly referred to as migration. As with moisture, the various transport processes
can be difficult to differentiate between, and it is common to apply a constitutive model
assumed to capture all different transport types combined (as done in this work).

Tang and Nilsson [61] proposed a method for evaluating the chloride binding
capacity of concrete and suggested that the relationship between free and bound
chlorides could be described by the Freundlich isotherm. In [62], the same authors
established a relationship between the diffusivity and pore size distribution of hardened
cement paste. Xi and Bažant [69] modelled chloride ingress in saturated concrete
whereas Delagrave et al. [16] and Halamickova et al. [29] studied the influence of ITZ
on chloride diffusivity. Johannesson [31–33] developed theoretical transport models
of chloride ions and moisture in concrete which were numerically evaluated using
FEM. Wang et al. [66] modelled chloride ingress from a saline environment, Koniorczyk
and Wojciechowski [37] modelled the influence of salt on the moisture isotherm and
concluded that salt has great influence on moisture capacity. Li et al. [40] computed
effective chloride diffusivities using two- and three dimensional heterogeneous models
of concrete and concluded that the aggregate shape has small influence on the diffusivity.

The coupled action of chloride ion and moisture transport has been studied and
modelled by several authors including Halamickova et al. [29], Ababneh et al. [1], Černý
[13], Puatatsananon and Saouma [54], Suwito et al. [60] and Baroghel-Bouny et al. [5].
At the Chalmers University of Technology, the research on chloride ion transport and
its subsequent reinforcement corrosion has resulted in several PhD theses, e.g. Lindvall
[42], Zandi Hanjari [73] and Silva [57].

In this thesis, the coupled interaction between chloride ions and moisture has
been modelled for both stationary and transient conditions in Paper A and Paper B,
respectively. The constitutive model developed by Ababneh and Xi [2] was used for
the cement paste, which cross-couples the fluxes of chloride ions and moisture in the
following way:
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Jφ = −Dφ∇φ− εcDc∇c, (2.4.1)

Jc = −εφDφ∇φ− Dc∇c, (2.4.2)

where φ and c represent the relative pore humidity and free chloride ion concentration,
respectively, and ∇ the nabla operator. Flux is denoted J• and D• denotes the diffusion
coefficient. This constitutive model can be seen as a modified expression of Fick’s law
where the numerical value of each coupling parameter ε• determines the degree to
which the fluxes of chloride ions and moisture are coupled.

In Papers C and D, the coupled interaction was not considered in favour of more
generic mass transport, and focus was shifted towards material modelling in terms of
morphology material cracking.

3 Computational homogenization

3.1 Introduction

The physical and mechanical properties of a material, measured on any given scale,
represent the combined properties of the underlying subscale features of the material.
For instance, the measured macroscopic transport properties of concrete are expected
to depend on such factors as the aggregate content and porosity of the cement paste,
both of which are subscale material constituents. Consequently, if the features of the
subscale vary within the material, the measured property will vary accordingly.

Homogenization techniques strive to derive equivalent homogeneous properties
of a heterogeneous material. Analytical homogenization methods date back to early
1887 (Voigt) and 1929 (Reuss) for two-phase composite materials. In recent years, the
interest in computational homogenization techniques, in conjunction with multiscale
methods, has grown as a result of the continuously increasing computational power
provided by computers. This enables the finite element method (FEM), cf. Bathe [6]
and Zienkiewicz and Taylor [74], to be employed since computational homogenization
techniques require numerical solutions to the governing balance equations of either
momentum, mass or energy. Numerical techniques make it possible to study complex
materials both in terms of geometry and interface descriptions as well as problems of
non-linear material behaviour. Additionally, randomness in material structure can be
accounted for in a straight-forward manner using numerical techniques.

Early work on computational homogenization include e.g. the work of Fish et al.
[19], Miehe et al. [45], and Nemat-Nasser and Hori [46] related to problems of elasticity
and plasticity. Work on nested two-scale homogenization—so-called FE2— has been
carried out by e.g. Feyel and Chaboche [18], Kouznetsova et al. [38], Özdemir et al. [52],
Larsson et al. [39] and Su et al. [59] dealing with various problems of plasticity, transient
heat flow and coupled problems of consolidation. Additional selected references on
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computational homogenization are the works of Terada [63], Kalidindi et al. [34],
Baroghel-Bouny et al. [5] and Ngoc et al. [47], Wellmann et al. [67] and De Lorenzis
and Wriggers [15]. The work by Geers et al. [23] provides a discussion on trends and
developments on multiscale computational homogenization with further references.

Some selected references on computational homogenization applied to concrete
include Gal and Kryvoruk [20] who proposed a two-step homogenization procedure to
determine elastic properties of fiber reinforced concrete. Computational homogenization
was used by Nguyen et al. [48] to model calcium leaching in concrete, in addition to Hain
and Wriggers [27, 28] and Wriggers and Moftah [68] who modelled elastic properties
and damage in hardened cement paste. Early work on homogenization and numerical
techniques applied to cement paste can be found in the work by Garboczi [21] and
Garboczi and Bentz [22].

3.2 Methodology

A classical method by which heterogeneous materials may be modelled is through
phenomenology. Phenomenological models are typically calibrated with experimental
data by use of model parameters. Such models can be of varying complexity depending
on the physical behaviour they try to describe. Quite significantly, the model parameters
might lack physical interpretation since they mainly serve to curve fit an analytical
function to a set of experimentally obtained data points.

Computational homogenization uses a different approach and Fick’s law of diffusion
is used as an example to show the principle of this method: Fick’s law states that

J̄ = −D̄ · ∇̄φ̄, (3.2.1)

where J̄ represents the macroscale flux, and ∇̄φ̄ the macroscale moisture gradient.
D̄ = D̄(α, β, ...) represents the effective material diffusivity—i.e. the diffusivity of
concrete—which may depend on a number of subscale parameters, α, β, .... The approach
used in phenomenology is to determine the diffusivity of concrete by experimentally
calibrating D̄ using a set of test specimens of varying types of concrete.

Now, let Dcp and Da denote the intrinsic diffusivity of the cement paste and aggre-
gates, respectively. The approach used in computational homogenization is instead to
experimentally determine the diffusivities of cement paste and aggregates separately,
after which these two values are computationally homogenized to obtain the diffusivity
of concrete, i.e.

D̄ = D̄(Dcp, Da), (3.2.2)

thus removing the need for α and β, both of which may have no physical interpretation.
In this way, the experimental measurements required would instead be carried out
on a finer subscale and the macroscopic material property would be obtained solely
as a result of computation. In practice, Eq. (3.2.2) is obtained using computational
homogenization by solving a boundary valued problem on a set of Statistical Volume
Elements (SVEs), as defined in Section 3.4.
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Alternatively, if Dcp would be difficult to determine experimentally—Dcp might also
depend on a number of subscale parameters αcp, βcp, ...—computational homogenization
could also be used to solve the inverse problem of calibrating Dcp from experimental
data of D̄.

The overall goal of this procedure is to reduce the number of experimentally obtained
macroscopic constitutive models needed, and have them replaced by constitutive models
which are physically sounder and applied on a finer length scale. Additionally, it is
cheaper and less time consuming to obtain Eq. (3.2.2) computationally than through
experiments.

3.3 Multiscale formulation and first order homogenization

Γ� Γ�

φM

φ

Ω�

x

φ

x̄

φ̄

1
ḡ

Figure 3.1: 1D illustration of φM and
its linear variations within the SVE do-
main Ω�.

The basic starting-point of the multiscale formu-
lation is the formal splitting of the scalar field φ
in an additive manner as

φ = φM + φs, (3.3.1)

corresponding to the macroscale part φM and
subscale part φs which contains the fluctuations
of the total scalar field. It is further assumed that
φ = φM on the boundary of the SVE, Γ�; hence,
φs = 0 on Γ�.

First order homogenization pertains to the as-
sumption that φM varies linearly within the SVE,
cf. Figure 3.1, which yields the representation

φM(x, x̄) = φ̄(x̄) + ḡ(x̄) · [x− x̄] ∀x ∈ Ω�, (3.3.2)

where x̄ is the centroid of the SVE and

ḡ(x̄) def
= (∇φ̄)(x̄). (3.3.3)

In case of stationary conditions, mass balance on the fine scale is stated as

∇ · J = 0 in Ω, (3.3.4)

where J is the flux, ∇ is the nabla operator and Ω ∈ R3 is the domain where all material
heterogeneities are embedded. By utilizing the split of the scalar field in Eq. (3.3.1) and
the method of first order homogenization, the macroscale flux J̄ can be identified1 as
the volume average of the flux in the SVE, i.e.

J̄ = 〈J〉�, (3.3.5)

1derivations omitted here but can be found in the appended papers.
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where the homogenized quantity 〈J〉� of J(x) is defined as the volume average:

〈J〉� def
=

1
|Ω�|

∫

Ω�
J(x)dΩ�, (3.3.6)

where Ω� denotes the domain occupied by the Statistical Volume Element (SVE)—which
is defined in the following subsection. Once the macroscale flux is computed for a given
macroscale gradient of either moisture of chloride ions, the macroscale diffusivity can
be determined from Eq. (3.2.1).

Macroscale diffusivities are in Papers A, C and D determined by means of a priori
homogenization, i.e. when the subscale material properties are assumed to be linear.
Paper B considers the case of non-linear subscale material properties and employs a
nested FE2-algorithm where the SVE is introduced in the Gauss points of the macroscale
domain.

3.4 Statistical Volume Element (SVE)

L�

〈J〉�

RVE

Figure 3.2: Homogenized flux as a
function of SVE size, L�, in terms of
mean values (solid line) and statisti-
cal spread (dashed lines) for multiple
SVE realizations. An RVE is said
to have been obtained when the mean
value has converged and the statistical
spread is sufficiently small.

Central to computational homogenization is the
concept of a Statistical Volume Element (SVE).
The SVE should in a statistical manner represent
the subscale morphology of the material as ac-
curately as possible. Additionally, for materials
with random structure—such as concrete—it is
essential to have multiple SVE realizations to
capture statistical scatter in numerical results.

Closely related to the notion of an SVE is
the Representative Volume Element (RVE). An
SVE is said to become an RVE only when it is
sufficiently large such that any boundary effect
is negligible. For materials with random struc-
ture, a true RVE is never obtained in practice
but can only be approximated by a finite set of
SVE realizations, cf. Figure 3.2. A quantitative
prediction of how to obtain a sufficiently large
RVE is proposed in the work by Kanit et al. [35]
and the distinctions between SVEs and RVEs is
further discussed by Ostoja-Starzewski [51]. The
SVE models developed in this work are introduced in Section 4.

9



4 Mesoscale models of concrete

4.1 Preliminaries

Concrete possesses strong heterogeneities on multiple length scales, as indicated in
Section 2.2. On the mesoscale, the heterogeneities mainly stem from the inclusion
of aggregates and the Interfacial Transition Zone (ITZ) in the cement paste. The ITZ
is a highly porous and thin phase of the cement paste that constitutes the interface
between the aggregate particles and the bulk cement paste. The high porosity of the
ITZ yields higher diffusivity and lower stiffness than the bulk cement paste. Two-
and three-dimensional SVEs was developed to mimic the heterogeneous morphology
and are described below. Two-dimensional mesoscale representations of concrete were
developed and used in Papers A and B. In Papers C and D, the mesoscale representation
was extended to include all three spatial dimensions.

4.2 Algorithm for generating Statistical Volume Elements

An algorithm to generate SVEs was developed, implemented and utilized in the ap-
pended papers, see Algorithm 1. The algorithm will run until the desired aggregate
content has been reached and is constructed such that no aggregates will overlap. The
numerical implementation of Algorithm 1 allows the input of different aggregate sizes
as a sieve curve in which each aggregate size has its own volume fraction. Two sets of
SVE realizations produced by the algorithm is shown in Figures 4.1 and 4.2.

Algorithm 1 Algorithm to generate SVEs.

1: while the volume fraction of aggregates inside SVE is smaller than desired do
2: generate aggregate from given sieve curve.
3: place the new aggregate at a random point in Ω�.
4: if new particle overlaps already existing particle then
5: remove the new aggregate.
6: end if
7: add area/volume of the new aggregate to the accumulated aggregate

area/volume.
8: end while

4.3 Aggregate representation and FE discretization

2D SVEs In 2D, the aggregate representation was based on octagons and the random-
ness in shape of the aggregate was rendered by adding a random variation to each
corner point in the octagon. The finite element discretization was carried out using a
Delaunay triangulation algorithm. Similar techniques using Voronoi tesselation was in
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early work by Roelfstra et al. [55] and Stankowski [58] utilized to numerically generate a
two-dimensional heterogeneous structure and the same method was utilized—combined
with lattice elements—by e.g. Schlangen and Mier [56], Grassl and Rempling [26], Grassl
[24], Idiart et al. [30] and Wang and Ueda [65] to model mechanical problems related to
fracture and damage, as well as problems of moisture transport.

The main advantage of a 2D model is its relatively low computational cost. The main
drawback is that the heterogeneities—in terms of aggregates—adopt shapes similar to
bars in the out-of-plane direction.

3D SVEs In 3D, the aggregates were modelled as spheres. In contrast to the 2D
representation, no random variation in shape was applied. The spatial discretization
technique was based on voxelization to create a structured grid of identically sized
voxels (cubes). The concept is to subdivide the continuous SVE into a discrete set of
voxels which are considered solid finite elements.

The same voxelization approach was used by Bentz et al. [8] and Garboczi [21] in the
context of analytical homogenization of heterogeneous concrete and later adapted by
Hain and Wriggers [27, 28] for elasticity problems and computational homogenization.
Voronoi tesselation was also used in 3D by Asahina and Bolander [3], Caballero et al. [11],
and Carol et al. [12] whereby the aggregates were based on a polyhedron representation.
Lattice elements were used in 3D by Grassl and Davies [25] and Lilliu and Mier [41] to
model corrosion induced cracking and fracture processes, respectively.

The main advantage of a 3D model is that it is possible to obtain a more realistic
representation of the morophology of the material. An obvious drawback is the higher
computational cost compared to 2D models. However, the relatively higher computa-
tional cost is likely to be of less significance in the future if Moore’s law1 can be assumed
to hold.

(a) L� = 8 cm, na ≈ 0.6. (b) L� = 8 cm, na ≈ 0.5. (c) L� = 8 cm, na ≈ 0.4.

Figure 4.1: 2D SVE realizations with varying aggregate content generated by Algorithm 1.
These SVEs are generated from the same sieve curve. Area fraction of aggregates is denoted na.

1Moore’s law states that the number of transistors on integrated circuits doubles approximately every two
years.
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(a) L� = 4 cm, na ≈ 0.4.

L�

(b) L� = 6 cm, na ≈ 0.6. The circular figure shows the FE discretization.

Figure 4.2: 3D SVE realizations with varying sizes and aggregate content generated by
Algorithm 1. These SVEs are generated from the same sieve curve. Volume fraction of aggregates
is denoted na and L� denotes the side length of the SVE.

4.4 Constitutive relations for the mesoscale materials

Fick’s law was used consistently to model mass flux on the mesoscale level and different
diffusion coefficients were assigned to the mesoscale constituents.

Cement paste The following, non-linear, expressions for moisture diffusivity, Dφ, and
chloride diffusivity, Dc, were used in Paper A and Paper B

Dφ(φ) = αh + βh

[
1− 2−10γh[φ− 1]

]
[cm2/day], (4.4.1)

Dc(φ, c) = f1(t0) f2(na) f3(φ) f4(T) f5(c) [cm2/day], (4.4.2)

A detailed description of these expressions are found in Xi and Bažant [69] and Xi et al.
[70]. In Paper C and Paper D, a constant diffusivity were used equal to unity.

Aggregates A diffusivity equal to zero was used in all papers.

Interfacial Transition Zone (ITZ) The ITZ implementation made the ITZ diffusivity
a model parameter and different values were used to study the influence on the
macroscopic diffusivity, cf. Section 4.5 below.

4.5 Implementation of the Interfacial Transition Zone (ITZ)

Different strategies to account for the effects of the ITZ have been devised in the
literature: Wang and Ueda [65] used lattice elements to model the effects of ITZ whereas
Kim and Al-rub [36] chose to fully resolve the ITZ in the FE mesh. Much experimental
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Vcp

Va

Aitz

h

titz

n

x
y

z

(a) 3D implementation of the ITZ. Inter-
face voxel (upper) located on the surface of
a spherical aggregate (lower). Nodes only
exist at the corners of the voxel.

J‖
J⊥ = 0

titz

z x

y

(b) 2D implementation of the ITZ. Nodes are
introduced at both ends of each ITZ line seg-
ment. The flux parallel to the length direction
is denoted J‖ and J⊥ is the perpendicular
flux, which is zero by construction.

Figure 4.3: ITZ, as introduced on the mesoscale in 2D and 3D. In 3D, the ITZ is imposted by
element rule of mixture of the Voigt type, whereas in 2D the ITZ is imposted by a separate 1D
element along the boundary of each aggregate. The thickness of the ITZ, titz, is no geometrical
property but only a parameter in the constitutive material models.
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work has been carried out to measure the influence the ITZ has on the physical and
mechanical properties of concrete and the general conclusion is that the ITZ significantly
enhances diffusivity and weakens concrete subjected to mechanical loading, cf. Nilsen
and Monteiro [49], Ollivier et al. [50], Diamond and Huang [17], Yang and Cho [71] and
Yang and Cho [72], and Buenfeld et al. [10].

Diffusivity in 2D SVEs The ITZ was introduced as a 1D continuum on the mesoscale,
modelling additional2 flux along the interface between the cement paste and each
aggregate particle. The main characteristic of the ITZ implementation is that diffusion is
only allowed in its own length direction. Figure 4.3b shows how the ITZ was introduced
in the 2D mesoscale model.

Diffusivity in 3D SVEs The ITZ was not modelled by individual elements, instead
the effect of the ITZ was included in the finite elements which contained the aggregate
boundaries, cf. Figure 4.3a. The ITZ was here implemented using analytical averaging
of Voigt type:

Ditz =
VaDa + VcpDcp

h3 I +
AitzDitztitz

h3 (I − n⊗ n) , (4.5.1)

where D• are diffusivity coefficients3, V• are volumes [cm3] of aggregate and cement
paste, n and Aitz is the normal and area [cm2], respectively, of the ITZ as shown in
Figure 4.3a. By this formulation, the diffusivity tensor Ditz becomes anisotropic due to
its dependence of the surface normal, n.

Elasticity in 3D SVEs The elastic properties of the ITZ were modelled to be transversal
isotropic where the surface of the ITZ constitutes the plane of isotropy. The in-plane
Young’s modulus, Ep, was computed using Voigt’s rule of mixture

Ep =
1
h3 (VaEa + VcpEcp + AitztitzEitz), (4.5.2)

and Young’s modulus in the transversal direction, Et, was computed using Reuss’ rule
of mixture

h3

Et
=

Va

Ea
+

Vcp

Ecp
+

Aitztitz

Eitz
, (4.5.3)

where h is the element size, cf. Figure 4.3a, and Eitz is the Young’s modulus of ITZ
which is assumed to be a scaled value of Ecp on the form

Eitz = αEcp, where α ∈ (0, 1). (4.5.4)

2note that in this framework, the 1D ITZ-material is superimposed on the interface.
3a = aggregate, cp = cement paste.
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By Eq. (4.5.3), Et will approximately equal Eitz for a sufficiently large Aitz. The
motivation for this formulation is that the ITZ constitutes a weak zone in concrete
through which cracks tend to propagate. The stiffness in the transversal direction should,
therefore, be governed by the stiffness of the ITZ to capture this effect. Furthermore,
the elastic strain will tend to be concentrated in the ITZ, initiating the development of
cracks. However, since the third term on the right hand side of Eq. (4.5.2) will be much
smaller in magnitude than the other two, in the plane of isotropy, the stiffness will be
governed by the stiffness of cement paste and aggregate. Effectively, the ITZ will only
influence, i.e. reduce, the element stiffness in the transverse direction.

4.6 Crack modelling

nI

Acr

wcr

h

Figure 4.4: Damaged finite element
with a crack plane perpendicular to nI
with an associated crack area Acr. The
crack plane is assumed to be perpen-
dicular to the largest principal strain
direction, nI.

Cracks were modelled in Paper D by means of
an isotropic damage model on the form

σ = (1−ω)E : ε, (4.6.1)

ω = g(κ), (4.6.2)

where ω is a scalar damage parameter and κ
is a scalar measure of equivalent strain. Once
damage was initiated in an element, the crack
was assumed to be perpendicular to the largest
principal strain direction nI, cf. Figure 4.4. The
diffusivity of a cracked element is expressed
on the form

Dcr = Dcp +
AcrDcrwcr

h3 (I − nI ⊗ nI) , (4.6.3)

which is analogous to Eq. (4.5.1). The param-
eters in Eq. (4.6.3) are defined in Figure 4.4.
The crack width, wcr, was computed from the
expression

wcr = hnI · [ε− E−1 : σ︸ ︷︷ ︸
εel=(1−ω)ε

] · nI = hωεI. (4.6.4)

In the numerical simulations, Acr was computed for each damaged finite element since
the value would depend directly on the orientation of the principal strain direction nI.

5 Summary of appended papers
On the basis of the previous discussion of transport mechanisms, computational homog-
enization and mesoscale modelling of concrete, a model framework was developed and
implemented for numerical analyses. The appended papers constitute documentation
of this work, and the contents of each paper is here briefly summarized.
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Paper A: “Macroscopic diffusivity in concrete determined by compu-
tational homogenization”

Macroscopic moisture and chloride ion diffusivity of concrete was in this paper deter-
mined by means of computational homogenization. In particular, the dependence of
the aggregate content on the macroscopic diffusivity was established. Computational
results show that the macroscopic diffusivity obtained is in agreement with the upper
Hashin-Shtrikman bound.

Furthermore, the influence of ITZ on the macroscopic diffusivity was studied. The
diffusion coefficient of the ITZ was calibrated using experimental data and the results
show that the ITZ has a considerable effect on macroscopic diffusivity, cf. Figure 5.1.

0 0.2 0.4 0.6
0.2

0.4

0.6

0.8

1

na [−]

[−
]

µ
[
(D̄φ)11

]
/Dcp for DITZ = 2500Dcp

µ
[
(D̄φ)11

]
/Dcp for DITZ = 100Dcp

µ
[
(D̄φ)11

]
/Dcp for DITZ = 0

M38-0, Delagrave et al. [16]

HS+ estimate

Figure 5.1: Main computational results from Paper A. Normalized effective diffusivities as a
function of aggregate contents for varying diffusivities in the ITZ. Area fraction of aggregates is
denoted na.
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Paper B: “An FE2-method for coupled transient diffusion phenomena
in concrete”

Transient simulations of coupled moisture-chloride diffusion in concrete were carried
out using an FE2-algorithm. Using this procedure, the diffusion of moisture and chloride
was studied on the macroscale for various concrete compositions on the mesoscale.

Computational results show that the aggregate content has a versatile effect on the
macroscale behaviour. An increase in the aggregate content both increases and decreases
the diffusion rate, depending on the location in the macroscale domain. Furthermore,
the aggregate content influences the diffusion of moisture and chloride differently. This
behaviour is expected to be due to different relations between conservation properties
and the diffusivities of moisture and chloride. Computational results from Paper B are
shown in Figures 5.2 and 5.3 below.

A B C D

Figure 5.2: Snapshot of transient solution from the FE2-algorithm. The smooth solution on the
macroscale (left) is obtained by homogenizing the non-smooth RVE responses (right).
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Figure 5.3: Time evolution of macroscale relative humidity, φ̄, for the different schemes, FE2-and
FE1 (conventional FE-modeling) where na = 0 % for both models. The initial relative humidity
is 0.6 % and ambient relative humidity is 0.8 %. Early in the simulation, the FE2-algorithm
yields more stable results since the results obtained from the conventional FE-modelling (FE1)
are below the initial condition. Points A,B and D are defined in Figure 5.2.

Paper C: “Computational homogenization of diffusion in three-phase
mesoscale concrete”

A three-dimensional SVE of concrete was in this paper developed and employed for
homogenization of mass diffusion on the mesoscale. An RVE was approximated from
convergence studies of SVEs of different sizes and parametric studies were carried out
with respect to aggregate content and ITZ diffusivity.

Computations were carried out on both two- and three-dimensional SVEs and
the results show that the three-dimensional SVEs consistently yield higher macro-
scale diffusivities by 17 % to 40 %, see Figure 5.4. The difference in numerical results
is expected to depend on the fact that by truncating the third spatial dimension, a
constraint is imposed on the the flux to only exist in a two-dimensional plane. In this
way, the flux can only bypass an aggregate in the plane, but in 3D the out of plane
solution is also possible, which yields higher diffusivity.

Additionally, the numerical results coincide with the upper Hashin-Shtrikman bound
in the case of a two-phase mesoscale model of cement paste and aggregates. For three-
phase concrete, the Taylor assumption yields a good estimate compared to computational
homogenization of the macroscale diffusivity in the case of linear material properties on
the mesoscale.

The numerical results further show that the ITZ implementation can be used to
increase the obtained macroscale diffusivity by an arbitrary scale factor in an easy and
efficiently way; thereby, enabling the model to be used for calibrating the diffusivity of
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the ITZ with experimental data.
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Figure 5.4: Effective diffusivities as functions of SVE size and ITZ diffusivities. Error bars show
mean values ± one standard deviation. The plots show that for any given ITZ diffusivity, D̂itz,
the 2D SVEs consistently yield lower effective diffusivities, regardless of SVE size, L�.
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Figure 5.5: Effective diffusivities as functions of volume aggregate contents, na, and different
ITZ diffusivities. Theses results are similar to those obtained in Paper A, cf. Figure 5.1, even
though a different sieve curves were used to generate RVEs and na represents area and volume
aggregate content in 2D and 3D, respectively.
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Paper D: “Computational homogenization of crack-induced diffusiv-
ity in concrete”

The SVE model developed in Paper C was here further expanded to account for crack-
induced diffusivity in concrete. Crack modelling was carried out using a smeared crack
approach by means of an isotropic damage model for an SVE subjected to uniaxial
tension loading. The ITZ was modelled to be transversal isotropic to capture the weak
bond between the cement paste and aggregates. As a consequence, cracks were initiated
in the ITZ and became interconnected in later stages of the simulation when a full crack
was forming in the cement paste.

The cracked elements were assigned a diffusivity on the from given in Eq. (4.6.3)
and the macroscopic diffusivity of concrete could as a result be established as a function
of applied macroscale strain. The main computational results are shown in Figure 5.6.

y
x

z
(a) Cut out in an SVE showing how the crack path
follows the weak interface between the cement paste
and aggregates.
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) •

/
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cp
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]

(D̄)xx

(D̄)yy

(D̄)zz

(b) Diagonal components of the macroscale diffusivity
tensor, D̄, as a function of macroscale strain. Nu-
merical values are normalized with respect to Dcp.
When the crack is initiated about ε̂zz = 3× 10−5 the
diffusivity increases rapidly in value.

Figure 5.6: Main computational results from Paper D where the influence of cracks on the
macroscopic diffusivity is modelled. The SVE (left) is subjected to uni-axial tension loading and
the macroscale diffusivity is determined as a function of applied macroscale strain (right). The
anisotropy of the macroscale diffusivity due to cracks is captured by this model.
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6 Conclusions and outlook

The goal of this work was to model transport of moisture and chloride ions in concrete
and to determine macroscale diffusivity by means of multiscale methods and compu-
tational homogenization. This goal was ultimately achieved by the development and
implementation of two mesoscale models in two- and three dimensions.

The development of the mesoscale models shows that heterogeneities at the meso-
scale level could be identified and distinguished as separate units of the material and
could be accounted for by geometrical descriptions and separate constitutive relations.
By this procedure, the material heterogeneities became parametrized and the influence
on the macroscale behaviour of each individual mesoscale constituent—here in terms
of cement paste, aggregates and the Interfacial Transition Zone (ITZ)—could therefore
be studied in a straight-forward manner. This fact also implies that the material can
be further parametrized by considering additional heterogeneities at e.g. finer length
scales, such as the microscale.

The main conclusion from this work is that computational homogenization provides a
rigorous theoretical framework and a useful numerical tool to model transport properties
while accounting for mesoscale material heterogenities. A material can by this method
be decomposed into its separate constituents, and concrete is naturally a very applicable
material for this method due to its highly complex composition at the mesoscale.
Additionally, in contrast to phenomenological models, the parameters pertaining to
the mesoscale models are all physically sound quantities, e.g. volume fractions of
aggregates and interface thickness of the ITZ. This is an appealing feature of this
modelling approach if the model is to be used in conjunction with experimental work
related to transport properties of concrete.

The numerical results obtained in this work show that the effects of the studied
heterogeneities are ambiguous, but can be controlled in the model. For instance, the
diffusivity of concrete is intuitively expected to decrease as the aggregate content
increases since the aggregates can be assumed to be impermeable. However, an increase
in aggregate content also means an increase in ITZ content and the ITZ has a higher
diffusivity than the cement paste. Therefore, to estimate net effect of aggregates is
computationally not a straight-forward task if all implications of aggregates are not
fully considered and understood. Still, the net effect can by the developed model be
controlled, and also calibrated with experimental data. This is an important outcome of
the work, as it shows the potential of the model to yield realistic numerical simulations.

Additionally, this work forms a base where macroscale transport properties can
be correlated to mechanical loading in a novel fashion. The numerical simulations
carried out in this work showed how the macroscale diffusivity became anisotropic due
to cracks forming in the SVE and that the macroscale diffusivity rapidly increased in
magnitude once cracks had begun to develop. The crack propagation, in turn, could
also be attributed to the material heterogenities of the SVE in a realistic way.

A suggestion for future work is the proper calibration with experimental data, which
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has not been considered so far. This is crucial if one wants to carry out simulations with
the aim of giving realistic predictions of moisture and chloride ingress in concrete. Such
calibration could also determine which of the model parameters is of most importance
and, hence, where more work needs to be allocated.

Furthermore, to extend the model down to the microscale would be an interesting
path to take for future work. The cement paste is by no means a homogeneous material
and to develop a corresponding heterogeneous microscale model in 3D would probably
give further insights into the macroscopic behaviour of concrete.
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