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Abstract

Zirconium alloys are very suitable as fuel claddings and structural
components in nuclear reactors due to their low cross section for ab-
sorption of thermal neutrons and high resistance to corrosion and irra-
diation damage. Zirconium alloys are however susceptible to hydrogen
embrittlement. Precipitation of zirconium hydrides is attributed to
the embrittlement effect in zirconium alloys. In this project ab-initio
simulations of αZr and the three different zirconium hydrides γ-ZrH,
δ-ZrH1.5 and ε-ZrH2 are performed to calculate structural, elastic and
thermal properties of these different compounds. The goal with the
project was to calculate the equilibrium structures of the H-Zr system
using ab-initio methods. The results from the calculations of thermal
and mechanical properties were found to be in good agreement with
previous results and experiments where these were available. Calcula-
tions of the phonon band structure for the different hydrides show that
the band structure of the hydrides has two characteristic bands, one
corresponding to vibrations in the zirconium sublattice and one cor-
responding to vibrations in the hydrogen sublattice. The calculated
heat capacity of the different compounds was found to be described
very well by the Einstein model for the heat capacity of a solid. By
calculating the free energy of formation for the different compounds it
was found that at high hydrogen concentrations ε-hydride is the equi-
librium structure. At intermediate hydrogen levels the equilibrium
structure can’t be determined.
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1 Introduction

To meet the increasing demand for energy in the world today, nuclear power
has had a renaissance in later years as new reactors are being built and
planned and already running reactors are given prolonged lifetimes.

Due to the severe consequences that can result from an accident in a
nuclear power plant, security aspects have always been in focus in the design
and operation of nuclear reactors. To protect the staff at the power plants
and the people and environment around the plants from radioactivity and
prevent leakage from the core, several barriers are placed between the fuel
itself and the surroundings. The first barrier that isolates the fuel is the fuel
cladding.

During operation of a nuclear reactor the fuel cladding will degrade due
to corrosion, irradiation and hydrogen uptake, which can cause the cladding
material to fracture if a high mechanical stress is applied.

Today zirconium alloys are the primary material used for fuel claddings
and structural components in nuclear power plant applications[1]. Zirconium
is well suited for nuclear applications since it has a low cross section for ab-
sorbing thermal neutrons and a high resistance to corrosion and irradiation
damage. However, zirconium and zirconium alloys have shown to be suscep-
tible to degradation from hydrogen uptake, a phenomenon commonly known
as hydrogen embrittlement[2].
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2 Background

In this section, a brief introduction to nuclear fuel claddings and hydrogen
embrittlement will be presented. Since the subject of this thesis is ab-initio
modelling of zirconium hydrides the focus has been placed in the phenomenon
of hydrogen embrittlement in zirconium.

2.1 Fuel cladding

Most of the nuclear reactors in operation today are light water moderated
reactors (LWR). They consists primarily of two types, the first one is the
boiling water reactor (BWR), where the heat generated in the core is used to
transform water into steam that is then used to generate electricity through
steam turbines. The second type of LWR:s is the pressurized water reactor
(PWR) where the coolant is held at a high pressure to prevent it from boiling
and steam is generated in a secondary loop.

The nuclear fuel in LWR:s consists of ceramic uranium dioxide, which is
pressed into pellets and placed in cylindrical tubes, about 1 cm in diameter,
where the gap between the pellets and the cladding is filled with helium to
increase the heat conduction between the fuel and cladding. These fuel rods,
is then bundled together to form a fuel bundle.

The cladding serves as a barrier that prevents radioactive fission products
to enter the coolant and therefore it is important that the cladding has an
high resistance to corrosion and irradiation damage. Zirconium alloys such as
Zircaloy or Zirlo are today the materials used for fuel claddings. These alloys
consists mainly of zirconium, but also small amounts of niobium, tin, iron,
chromium, nickel and some other metals are added to increase the mechanical
stability and corrosion resistance[3].

2.1.1 Reactivity inserted accidents

During the operation of a nuclear reactor, a reactivity inserted accident
(RIA), such as a sudden control rod withdrawal can occur. During such
an accident the reactivity (i.e. fission rate) in the core will increase, causing
the temperature of the fuel to increase which in turn will lead to thermal
expansion of the fuel and a release of fission gas. The rapid expansion of the
fuel and the release of fission gas will cause the pellet to come into contact
with the fuel cladding resulting in a pellet-cladding interaction (PCI) which
will impose a mechanical load on the cladding since the fuel pellet will ex-
pand faster than the cladding. If the mechanical properties of the cladding
has been degraded due to corrosion, irradiation or hydrogen uptake, this load
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can cause the cladding to break, leading to a release of fission gas and other
radioactive particles.

2.1.2 Degradation of fuel claddings inside the reactor

During operation of a nuclear reactor, the alloys used as fuel claddings and
structural components will degrade due to irradiation, corrosion and hydro-
gen uptake. All these processes have the possibility to reduce the mechanical
strength and ductility of the alloy[4].

The Zirconium alloys used as cladding materials in most of the modern
LWR:s have a high resistance to corrosion and irradiation damage, however,
zirconium alloys have been shown to be susceptible to hydrogen embrittle-
ment which can cause the cladding to crack if subject to high stress.

2.2 Hydrogen Embrittlement

It is well established that hydrogen reduces the mechanical strength of metals,
a phenomena known since the beginning of the 20th century. It has been
known since the 1920s that hydrogen considerable lowers the ductility of
metals[5], a phenomena called hydrogen embrittlement.

Hydrogen embrittlement in zirconium and zirconium alloys has been ob-
served since the 1950s[6]. Since α-zirconium has a low solubility for hydrogen,
hydride precipitates are attributed to this embrittlement effect. In zirconium
alloys hydrogen can produce macroscopic embrittlement in the cladding as
well as cause fractures through a process known as Delayed Hydrogen Crack-
ing (DHC)[1][7]. To fully understand the effect of hydrogen in zirconium fuel
claddings, the properties of the different hydrides in the zirconium-hydrogen
binary system must be reviewed.

2.2.1 The Zirconium-Hydrogen binary system

The zirconium-hydrogen system has been studied extensively throughout the
years, which gave Zuzek et al. the possibility to construct the phase diagram
of the Zr-H system in 1990[8]. Zuzek identifies five different crystal structures
in the system: α-Zr, β-Zr, ε-ZrHx, δ-ZrHx and γ-ZrHx.

α-Zr has a close-packed hexagonal structure with a low solubility of hydro-
gen, and is the also the structure of pure zirconium. The terminal solubility
of hydrogen in α-Zr decreases fast with temperature, from 6 at.% at 550 ◦C
to less then 0.1 at. % at room temperature[8].

β-Zr is a high temperature phase in the zirconium-hydrogen system, that
exist at temperatures above 550 ◦C. β-Zr has a bcc structure with a high
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Figure 1: The phase diagram for the Zr-H system as presented by Zuzek[8].
Note that the γ-ZrH hydride hasn’t been included in this phase diagram.

solubility of hydrogen, up to 54.55 at.% hydrogen can be absorbed in this
structure[8].

δ-ZrHx is a hydride phase with an fcc-structure where the hydrogen atoms
occupy random tetrahedral sites in the zirconium lattice. The δ-phase can
have a composition of 56.71 to 66.67 at.% hydrogen depending on the temper-
ature, corresponding to a value of x ≈ 1.3−2, but at temperatures relevant in
nuclear reactor applications (up to 400 ◦C), δ-hydride has a hydrogen content
corresponding to x ≈ 1.5− 1.7.

At high hydrogen levels ε-ZrHx is formed. This phase has an face-centred
tetragonal structure with c/a < 1 and hydrogen atoms occupying tetrahedral
sites in the lattice. The hydrogen content in the ε-hydride corresponds to a
value of x > 1.8.

There also exists a highly ordered metastable phase called γ-ZrH in the
Zr-H system. γ-ZrH has a face centred tetragonal structure with hydrogen
atoms occupying tetragonal sites in alternating (110) planes[8]. Because of
the highly ordered structure, the hydrogen composition in the γ-hydride is
exactly 50 at.%.

The exact nature of when the γ-hydride is observed is still not entirely
clear. Small et al. observed that in a Zr-2.5Nb alloy, a transformation from
δ to γ-hydride took place when cooled below 180 ◦C [9], indicating that at
low temperatures γ-hydride is a equilibrium structure[8].



Master Thesis
J. Olofsson

5
Ab Initio Modelling of Zirconium Hydrides

In figure 1 the phase diagram presented by Zuzek et al [8] is shown. In
this diagram the γ-hydride hasn’t been included, because of the uncertainty
in it’s place in the phase diagram. In this figure there are several parts
that hasn’t been labelled, in these regions the equilibrium structure isn’t
a pure phase but rather a combination of different phases. There are two
unlabelled regions of this phase diagram that are of interest for applications
as nuclear fuel claddings. The large unlabelled region below 550◦ C and with
hydrogen concentrations between 0 and 1.7 wt.% H is a region where the
equilibrium phase is a combination of αZr, δ-hydride and γ-hydride. Between
the equilibrium regions of δ and ε-hydride another two-phase region is located.
In this region the equilibrium phase is a mixture of δ- and ε-hydride.

2.2.2 Hydride precipitation

During operation of a nuclear reactor, the zirconium fuel cladding will oxi-
dise due to the water on the outside of the cladding. In the oxidation process
hydrogen is released and some of this will be absorbed in the cladding. How-
ever, the exact way that hydrogen is transported through the oxide layer into
the zirconium matrix is today not fully understood.

Since αZr has such a low solubility of hydrogen, brittle hydride precip-
itates will be formed in the cladding. These precipitates have been known
to be the cause of hydrogen embrittlement in zirconium since the 1960s[5].
Zirconium hydrides will precipitate as plates, both between and inside the
zirconium grains (intra- and inter-granular hydrides) and the orientation of
these hydrides will to a great extent affect the impact the hydrides has on
the mechanical properties of the zirconium cladding.

Hydrides oriented in the radial direction of the cladding can seriously re-
duce the mechanical strength of the cladding, since cracks initiated in a radial
hydride can grow rapidly, causing the entire cladding to fail, if a sufficient
mechanical load is applied. Hydrides oriented in the circumferential (hoop)
direction are less likely to cause a complete failure of the cladding.

Precipitation of hydrides in zirconium alloys is a very complex process,
and the effects of grain size, applied and residual stresses and many other
factors have been extensively investigated. One example is that during the
application of a stress, hydrides tend to precipitate perpendicular to the stress
axis[2]. Therefore compressive radial strains are often introduced during the
manufacturing process of fuel claddings to prevent the formation of radial
hydrides. Because of this, the hydrides formed in the cladding have mostly a
circumferential orientation and are highly concentrated towards the outside
of the cladding due to the steep temperature gradient in the cladding during
the operation of the reactor. This is especially evident in high-burnup fuel
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rods, where experiments have shown that a dense hydride rim is formed at
the outer surface of the cladding.

2.2.3 Macroscopic Embrittlement

As mentioned before, hydrogen absorbed in the cladding will decrease the
mechanical strength of the cladding and make it likely to break if a sufficient
load is applied to the cladding.

Bai et al have shown that in zircaloy-4, a zirconium alloy commonly
used as nuclear fuel cladding, there is a change in fracture type when the
hydrogen concentration is increased in the material[10]. At low hydrogen
concentrations, the fracture was of ductile type, while at higher hydrogen
concentrations the fracture was of brittle nature.

2.2.4 Delayed Hydrogen Cracking

In addition to macroscopic hydrogen embrittlement of zirconium, hydrogen
can cause the zirconium cladding to fail due to a slow time-dependent crack
growth process called delayed hydrogen cracking or delayed hydride cracking
(DHC). DHC has been responsible for several failures in different components
present in nuclear reactors. Among other things, a DHC-like process has been
identified as the reason for radial cracking in BWR fuel claddings[1].

DHC is a step-wise process that starts with hydrogen that diffuses towards
the high stress region around a crack tip. When the hydrogen concentration
is sufficiently high, hydrides nucleate and grow and then fracture, causing
the crack to grow and the process to repeat itself.

3 Computational Methods

In this section, a short introduction to the computational methods used in
this thesis will be presented. Density Functional Theory (DFT) is used to
calculate the equilibrium structure and mechanical related properties of the
different compounds. The thermal properties of the different compounds
are calculated using phonon calculations and a technique called the small
displacement method.

3.1 Density Functional Theory

In condensed matter physics, knowledge of the electronic structure is the key
to find the physical properties of solids. Today DFT is the most popular
method used to perform ab initio electronic structure calculations for solids,
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mainly because it offers high accuracy in the results while maintaining a
reasonably computational cost.

To find the electronic structure of an atom, molecule or solid we most
solve the many-body Schroedinger equation, which in the case of N electrons
in an external potential will take the form:[

N∑
i

(
−1

2
∇2
i + Vext(ri)

)
+

1

2

∑
i 6=j

1

|ri − rj|

]
Φ(r1,...,rN) = EΦ(r1,...,rN)

(1)
Here we have used atomic units (~ = e = me = 1) to simplify the expressions.
In principle we can solve this equation and from its solutions determine the
electronic structure of the system we are interested in.

From a practical point of view, this approach is possible if we are consid-
ering small systems but as the number of electrons in the system is increased
the computational cost will also increase, making it practically impossible to
solve systems with more then a few electrons.

The theoretical foundation for density functional theory was laid in 1964
by Hohenberg and Kohn. They proved that the ground state electron density
uniquely determines all the properties of the system, including the many-
electron wave-function. At the same time they also proved that for a many-
electron system in an external potential the total energy of the system is an
unique functional of the density:

E[n(r)] = F [n(r)] +

∫
drVext(r)n(r) (2)

this functional E[n(r)] is furthermore minimized by the ground state electron
density n0(r). The functional F [n] is universal and the same for all systems.
Therefore, once this functional is determined the ground-state density and
energy of a system can be calculated by minimizing the functional E[n(r)]
with respect to the density n(r).

This theoretical framework made it possible for Kohn and Sham to in
1965 formulate a scheme to perform DFT calculations. In this approach the
Kohn-Sham functional EKS[n(r)] is used to calculate the total energy of the
system:

EKS[n(r)] = Ts[n(r)] + EH [n(r)] + Exc[n(r)] +

∫
drVext(r)n(r) (3)

Here Ts[n(r)] is the kinetic energy for a system of non interacting electrons,
EH [n(r)] describes the electrostatic interaction energy of the electrons (the
Hartree energy) and Exc[n(r)] is called the exchange-correlation energy func-
tional, which incorporates all complicated many-body effects.
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The electron density is calculated by replacing the system of N interacting
electrons in an external potential with a system ofN non-interacting electrons
in an effective potential:[
−1

2
∇2 + Veff (r)

]
φi(r) =

[
−1

2
∇2 + VH(r) + Vxc(r) + Vext(r)

]
φi(r) = εiφi(r)

(4)
In this equation VH and Vxc are the respective functional derivates of the
Hartree and exchange correlation energy. The electron density of the sys-
tem of interacting electrons is then calculated from the Kohn-Sham wave
functions through:

n(r) =
N∑
i

|φi(r)|2 (5)

From all this we see that the effective potential in the Kohn-Sham equations
depends on the total electron density, which in turn depends on the effective
potential itself. Therefore the Kohn-Sham equations must be solved through
a iterative self-consistency cycle.

3.1.1 Exchange Correlation Functionals

The difficulty with the DFT formalism presented above is to find a sufficiently
accurate description of the exchange-correlation functional. The other terms
in the Kohn-Sham functional (Eq. (3)) can be exactly described but when it
comes to the exchange correlation functional, approximations are necessary.

Historically, the most used approximation for the exchange-correlation
functional, is the Local Density Approximation (LDA). In this approxima-
tion, the starting point is the homogeneous electron gas. In a homogeneous
electron gas the exchange energy can be calculated exactly and the correla-
tion energy can be calculated using parametrizations of data from very precise
Quantum Monte Carlo simulations. In the Local Density Approximation, the
exchange-correlation, Exc, is expressed as:

Exc[n] =

∫
drεxc(n(r)) (6)

where εxc(n) is the exchange-correlation energy density for a homogeneous
electron gas with density n. Despite this rather crude approximation the
LDA approach has been successfully used to calculate electronic properties
of a large number of systems. Some of its success can be explained by the fact
that in many metals, the electron gas is similar to a homogeneous electron gas.
However, LDA also gives accurate results for systems which have a electron
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structure far from that of a homogeneous electron gas. This can in part be
explained by the fact that LDA systematically overestimates the exchange
energy and at the same time underestimates the correlation energy, causing
the errors to cancel each other out to a large extent, resulting in surprisingly
good results for Exc.

In order to improve the exchange correlation functional and include some
non-local effects, not only the local density but also the gradients of the local
density can be used to calculate Exc. There exists many ways to include
gradients in the calculation of Exc but today functionals of the general form

Exc[n] =

∫
drf(n(r),∇n(r)) (7)

is often used. These functionals is known as Generalized Gradient Approx-
imations or GGA:s. The difference between different GGA functionals is in
the choice of the functional f in the above equation and today many differ-
ent GGA-functionals is being used. For solids the PBE-functional (named
after Perdrew, Burke and Ernzerhof[11]) is the most common functional used
today. Generalized Gradient Approximations are also known as semi-local
approximations in contrast to the local LDA-functional.

Today DFT calculations using GGA to approximate the exchange and
correlation energy give reliable results for many different systems and chem-
ical bonds. When it comes to describe weak and long-range interactions like
the van der Waals interaction, these effects are not properly included in the
LDA or various GGA:s. Much research is being performed in order to find
new and improved functionals to describe even these long-range interactions
and find a full non-local exchange correlation fuctional.

3.2 Phonon calculations

Density functional theory is very good at determining ground-state proper-
ties of materials at T = 0 and zero pressure. However, when considering
phase stability and thermodynamics of crystalline materials, knowledge of
the phonon frequencies is crucial.

When the phonon frequencies of a crystalline material are known we are
able to, among other things, calculate the phonon contribution to Helmholtz
free energy and the phonon heat capacity.

Methods to calculate the phonon frequencies can be classified into two
broad categories, linear response methods and direct methods. In linear
response methods the dynamical matrix of the system is expressed in terms
of the inverse dielectric matrix.
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Direct methods or small-displacement methods to calculate the phonon
frequencies come into two variants. The first one, that is called the frozen-
phonon method, in which the phonon energy is calculated as a function of
displacement amplitude from the difference in total energy between the per-
turbed and unperturbed lattice. In the second variant of the direct method,
the Hellmann-Feynmann theorem is used to calculate the forces on each atom
in the lattice. From these forces force constants are calculated and these are
in turn used to calculate the dynamical matrix of the system. The phonon
dispersion curves can then be calculated from the eigenvalues of the dynam-
ical matrix.[12]

3.2.1 The small displacement method for calculating phonon dis-
persion curves

By displacing atoms in a periodic lattice, the force on atom s in unit cell `
is given by:

F`sα = − ∂U

∂u`sα
= −

∑
`′tβ

Φ`sα,`′tβu`′tβ (8)

where u`′tβ is the displacement of atom t in unit cell `′, Φ`sα,`′tβ is the force
constant matrix and α and β denotes the cartesian components, x, y and z.

With knowledge of the force constants, the dynamical matrix, defined as:

Dsα,tβ(k) =
1√
MsMt

∑
`tβ

Φ`sα,0tβ exp [ik · (R0 + τt −R` − τs)] (9)

can be calculated. In the above equation R` + τs represents the equilibrium
position of atom s, in unit cell ` and with mass Ms. The sum in the above
equation runs over all unit cells in the infinite lattice.

The phonon vibrational frequencies ωks is defined as the square root of the
eigenvalues to the dynamical matrix, so by knowledge of the force constants,
the dynamical matrix and the frequencies can be calculated.

In practical calculations, it is not possible to calculate every force con-
stant needed to calculate the full dynamical matrix. Because of this, in
practical calculations a supercell approach is applied. In this approach, it is
assumed that atoms that are separated more than a specific distance d are
not interacting with each other[13].



Master Thesis
J. Olofsson

11
Ab Initio Modelling of Zirconium Hydrides

4 Objective

As mentioned above, hydrogen embrittlement can cause a macroscopic em-
brittlement of zirconium alloys, making them extremely brittle and suscepti-
ble to fracture. At a macroscopic level this embrittlement effect is quite well
understood, however at a microscopic level the exact process is unknown.

A series of TEM (Transmission Electron Microscopy) studies has been
performed at Studsvik Nuclear AB on several irradiated fuel claddings. In
these studies a difference in the hydrides crystal structure was observed be-
tween the samples above the ductile to brittle transition and the samples
below this transition.

The objective with this thesis is to, by using ab-initio methods, calculate
structural, elastic and thermal properties of the different zirconium hydrides,
whereby increasing our understanding of the effects hydrogen has on the
mechanical properties of zirconium fuel claddings.

Furthermore, by calculating the free energy of formation for the different
hydrides as a function of temperature using ab-initio methods, the equilib-
rium hydrides at different temperatures and hydrogen concentrations can be
determined.

5 Calculations

DFT (Density Functional Theory) calculations are performed using the GPAW-
code[14] and the ASE-interface[15]. The GPAW-code implements the projector-
augmented wave (PAW) formalism using real-space grids to represent wave
functions, pseudo electron densities and potentials. In these calculations the
Perdew-Burke-Ernzerhof (PBE) exchange-correlation functional[11], a real-
space grid spacing of h=0.15 Å and a Monkhorst-Pack k-point sampling[16]
with 6x6x6 k-points are used.

The grid-spacing and number of k-points used in the calculations were
chosen to ensure that the total energy was sufficiently converged. By increas-
ing the number of k-points or decreasing the grid-spacing the total energy in
the calculations was seen to change with at most 0.05 eV.

5.1 Equilibrium structures

The equilibrium lattice parameters for αZr and the different hydrides are de-
termined by relaxation of atomic structure and calculation of the total energy
of the compound in question for different values of the lattice parameters. A
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Table 1: The different deformations used to calculate the elastic constants of
the different compounds

Deformation strains (unlisted ei = 0) ∆E/V0

ε1 e1 = δ 1
2
C11δ

2

ε2 e2 = δ 1
2
C22δ

2

ε3 e3 = δ 1
2
C33δ

2

ε4 e1 = e2 = δ (1
2
C11 + 1

2
C22 + C12)δ

2

ε5 e1 = e3 = δ (1
2
C11 + 1

2
C33 + C13)δ

2

ε6 e2 = e3 = δ (1
2
C22 + 1

2
C33 + C23)δ

2

ε7 e4 = δ 1
2
C44δ

2

ε8 e5 = δ 1
2
C55δ

2

ε9 e6 = δ 1
2
C66δ

2

forth order polynomial is then fitted to the data and the minimum of this
polynomial corresponds to the equilibrium lattice parameters.

5.2 Elastic constants

The elastic constants of the different zirconium hydrides are calculated by
deforming the bravais lattice, R, of the crystal to a deformed state, R′ ac-
cording to:

R′ = R

1 + exx
1
2
exy

1
2
exz

1
2
exy 1 + eyy

1
2
eyz

1
2
exz

1
2
eyz 1 + ezz

 (10)

The change in energy of the crystal due to the deformation can be de-
scribed by the following formula:

U =
E − E0

V0
=

1

2

6∑
i=1

6∑
j=1

Cijeiej (11)

This equation is valid for small strains and the coefficients Cij are the elastic
constants of the crystal and ei and ej are components of the strain matrix
that describes the deformation, where the indices i,j = 1,...,6 correspond to
the different strains, i,j = 1,...,6 = xx,yy,zz,yz,xz,yx. In this work nine
different deformations were used to calculate the different elastic constants
and these deformations are presented in table 1. The same deformations were
used for the different hydrides and αZr. The amplitude, δ, of the deformation
is varied between −0.015 and 0.015 and by calculating the total energy of the
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different compounds as a function of the strain amplitude and fit a parabolic
function to the calculated energies the elastic constants Cij are calculated.
When the elastic constants of a single crystal for a material is known bulk
modulus (B) and shear modulus (G) of the material can be calculated using
the Voigt-Reuss-Hill-method[17]. In this method the bulk modulus, B, are
estimated by:

B =
BV oigt +BReuss

2
(12)

9BV oigt = (C11 + C22 + C33) + 2(C12 + C13 + C23) (13)
1

BReuss

= (S11 + S22 + S33) + 2(S12 + S13 + S23) (14)

The shear modulus, G, are estimated by:

G =
GV oigt +GReuss

2
(15)

15GV oigt = (C11 + C22 + C33)− (C12 + C13 + C23) + (16)

+ 3(C44 + C55 + C66)
15

GReuss

= 4(S11 + S22 + S33)− 4(S12 + S13 + S23) + (17)

+ 3(S44 + S55 + S66)

In these equations Sij are the inverse elastic constants obtained by taking
the inverse of the elastic constant matrix Cij.

Young’s modulus, E, for different materials can be calculated from the
bulk and shear modulus by using the standard formula

E =
9BG

G+ 3B
(18)

5.3 Thermal properties

The phonon band structure and thermal properties of the different hydrides
are calculated using the small displacement method as implemented in the
phonopy[18] code. In our calculations, atoms were displaced a distance of
0.01 Å and a super-cell of 2 × 2 × 2 unit cells were used to calculate the
phonon band structure for the different hydrides. For αZr a super-cell with
3×3×2 unit cells and a displacement of 0.01 Å were used. From the phonopy
code the phonon contribution to the free energy, entropy and heat capacity
of the compounds as a function of temperature is then calculated.

The free energy, F (T ), of the different compounds is then evaluated ac-
cording to the following formula:

F (T ) = Eelec + Fphonon(T ) (19)
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Here Eelec is the total energy of the compounds equilibrium structure and
Fphonon is the contribution to the free energy from the phonon vibrations.
The enthalpy of the crystal can then be calculated using the relation

H(T ) = Eelec + Fphonon(T ) + TSphonon(T ) (20)

Here the contribution to the enthalpy from pressure has been neglected.
To calculate the free energy of formation and enthalpy of formation for the

different hydrides the temperature dependence of the enthalpy and free en-
ergy of hydrogen gas must also be known, and these properties are calculated
using the thermochemistry-module in ASE. The thermochemistry-module
calculates the enthalpy, entropy and free energy of hydrogen gas using a ideal
gas approximation. In this approximation the enthalpy of the gas is calcu-
lated as an extrapolation from the energy at 0 K, according to the formula:

H(T ) = Eelec + Ezeropoint +

∫ T

0

cPdT (21)

There the first two terms are the electronic energy and zero point vibration
energy and the third term is the integral of the constant pressure heat capac-
ity. To calculate the entropy and free energy of hydrogen gas in the ideal gas
approximation a reference pressure, P0, must be specified, and the entropy
at an arbitrary pressure can when be calculated as:

S(T,P ) = S(T,P0)− kB ln

(
P

P0

)
(22)

The free energy of hydrogen gas can then be calculated as

Fidealgas(T,P ) = H(T )− TS(T,P ) =

= Eelec + Ezeropoint +

∫ T

0

cPdT − TS(T,P ) (23)

The free energy of formation and enthalpy of formation for the different
compounds can then be calculated using the following formulas:

Fform,ZrHx = FZrHx − (FαZr +
x

2
FH2) (24)

Hform,ZrHx = HZrHx − (HαZr +
x

2
HH2) (25)

In the calculations performed in this work the reference pressure used are
1 atm (101,3 kPa), and the actual pressure of the hydrogen gas is assumed
to also be 1 atm.
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(a) αZr (b) γ-ZrH (c) δ-ZrH1.5 (d) ε-ZrH2

Figure 2: The unit cells for αZr and the different hydrides used in the calcu-
lations

6 Results

In figure 2 the unit cells used in the calculations for αZr and the three different
hydrides is presented. As mentioned before, αZr has a hexagonal close-packed
structure and the unit cell has a base with two atoms. γ-ZrH has a face-
centered tetragonal structure with four hydrogen atoms occupying tetragonal
sites in the unit cell. These hydrogen atoms can either have a planar or
diamond geometry. However, calculations shows that the diamond geometry
has a slightly lower binding energy than the planar geometry and therefore
only the planar geometry of the γ-ZrH (figure 2(b)) is considered further on
in this work.

In reality the δ-hydride has a fcc-structure with a H/Zr ratio of about
1.66 and hydrogen atoms occupying random tetragonal sites in the zirconium
lattice. This non stoichiometric phase is hard to model exactly and therefore
a H/Zr ratio of 1.5 was chosen to model the δ-hydride in this work.

The ε-hydride has a face-centered tetragonal structure with all tetragonal
sites in the unit cell occupied by hydrogen atoms.

6.1 Equilibrium structures and mechanical properties

The resulting equilibrium lattice parameters for the different hydrides and
αZr is summarized in table 2 together with experimental data and the results
from previous calculations. As seen the results from this study is in good
agreement with both experimental results and previous calculations.

The results from the calculation of the elastic constants, bulk modulus
and shear modulus of the different hydrides are presented in table 3. From
the calculated values of the bulk and shear modulus Youngs modulus of the
different hydrides are also calculated.
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Table 2: The resulting equilibrium structures for αZr and
the different zirconium hydrides together with experimental
data and the results from previous calculations

present work experiment previous work
a c a c a c

αZr 3.237 5.157 3.2321 5.1471 3.2232 5.1752

3.2323 5.1483 3.234 5.184

γZrH 4.592 4.998 4.5963 4.9693 4.5862 4.982

4.584 5.044

δZrH1.5 4.775 - 4.7711 - 4.672 -
4.794 -

εZrH2 4.999 4.433 4.9753 4.4513 4.722 4.212

4.9755 4.475 5.014 4.444

1 Reference [19], 2 Reference [20], 3 Reference [8],
4 Reference [21], 5 Reference [22]

Table 3: Calculated elastic constants (Cij), Bulk modulus (B), shear modulus (G),
and Youngs modulus (E)for the different hydrides, everything in units of GPa. Com-
parison with experiments and previous calculations is presented if available

C11 C22 C33 C12 C13 C23 C44 C55 C66 B G E

αZr 159 159 155 42 68 68 26 26 50 92 38 100
1421 1641 641 291 391 921

1552 1732 652 672 362 972

γ-ZrH 132 132 169 119 95 95 62 62 19 117 35 96
1283 1873 1263 703 553 663 1173 443 1173

δ-ZrH1.5 108 108 108 139 139 139 51 51 51 128 24 69
633 653 283 443 933 1013 473 633 1303

ε-ZrH2 159 159 137 143 103 103 48 48 66 125 31 86
1023 1033 1083 203 113 123 363 363 243 443 373 873

1664 1464 1414 1074 314 614 1304 294 804

1 Reference [21], 2 Reference [23], 3 Reference [20], 4 Reference [24]
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Figure 3: The phonon band structure and density of states for αZr

6.2 Thermal properties

In figures 3-6 the phonon band structure along the high symmetry lines to-
gether with the phonon density of states for αZr and the different hydrides
can be seen.

The phonon band structure for αZr was calculated using the primitive
unit cell, consisting of two Zr atoms, and hence six phonon bands can be
seen. The primitive unit, consisting of one Zr and two H atoms was also used
when calculating the phonon band structure for ε-hydride. In the case of the
γ-hydride a unit cell consisting of two Zr and two H atoms was used and in
the case of the δ-hydride a unit cell consisting of four Zr and six H atoms
was used.

With knowledge of the phonon dispersion relations, the phonon contribu-
tions to the free energy and the heat capacity of the different hydrides can
be calculated.

In figure 7, 8, 9 and 10 the calculated heat capacity, free energy of for-
mation, enthalpy and enthalpy of formation for αZr and the three different
hydrides are shown as a function of temperature.

In table 4 the formation energy of the different hydrides at T = 0K is
presented.
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Figure 4: The phonon band structure and the corresponding total density
of states (DOS) and partial density of states (PDOS) for γZrH. The PDOS
describes the contribution to the total DOS from the different atoms.

Table 4: Formation energy for the different zirconium hydrides at T=0 K, in
units of eV. The first value is the formation energy when only the electronic
energy are taken into account, the second value is the formation energy when
the contribution from zero-point vibrations are also taken into account

∆Eelec ∆Eelec+vib
γ-ZrH -1.19 -0.76
δ-ZrH1.5 -1.75 -1.12
ε-ZrH2 -2.36 -1.53
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Figure 5: The phonon band structure and the corresponding total density of
states (DOS) and partial density of states (PDOS) for δZrH1.5. The PDOS
describes the contribution to the total DOS from the different atoms.
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Figure 6: The phonon band structure and the corresponding total density
of states (DOS) and partial density of states (PDOS) for εZrH2. The PDOS
describes the contribution to the total DOS from the different atoms.
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Figure 7: The calculated heat capacity for αZr and the three different hydrides
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Figure 8: The calculated free energy of formation for the different hydrides
relative regular αZr and hydrogen gas, H2.
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Figure 9: The calculated temperature dependence of the enthalpy for hydrogen
gas, αZr and the three different hydrides
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Figure 10: The enthalpy of formation for the three different zirconium hy-
drides considered in this work. The enthalpy of formation is calculated using
a system of hydrogen gas and αZr as reference system.
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7 Discussion

As seen in table 2 the lattice parameters calculated in this work are in good
agreement with both experimental data and previous calculations. This is
not very surprising and shows the great strength and accuracy of the ab-initio
methods used in these calculations.

When we take a closer look on the calculated elastic constants for the
different hydrides we see a clear difference in our results compared to the
results of Zhu et al[20]. However, Zhang et al [24] has also calculated the
elastic constants of the ε-ZrH2 hydride and their results are in good agreement
with our calculated results.

When studying the calculated values for the elastic constants of αZr there
is a difference between the values calculated in this thesis and those of pre-
vious calculations and experimental values. The source of this difference is
not known at the present, but it is worth noting that the calculated values
for the bulk modulus, shear modulus and Youngs modulus are still in rather
good agreement with the experimental results.

Knowledge of the phonon band structure is crucial if an accurate calcu-
lation of the free energy for the different hydrides is going to be performed.
Souvatzis and Eriksson [25] has also calculated the phonon band-structure
of αZr using ab initio methods and there results are in very good agreement
with the results presented here. In the same way Zhang et al [24] has cal-
culated the phonon band structure for the ε-hydride and there results are in
agreement with our results. The phonon band structure for γ and δ hydride
hasn’t been published before and therefore a comparison with our results and
previous calculations isn’t possible.

In the phonon band structures for the different hydrides a clear band gap
of about 100 meV is present. This gap exists because of the large difference
in the mass of zirconium and hydrogen atoms. Because zirconium atoms
have a larger mass than hydrogen, the vibrational frequencies of zirconium
are lower than the vibrational frequencies of the hydrogen atoms and this
is the reason for the large band gap in the phonon band structure. This is
also evident if we study the phonon partial density of states (PDOS) for the
different hydrides, figure 4-6, from which we can draw the conclusion that
the low frequency phonons are mainly due to vibrations in the zirconium
sublattice, while the high frequency phonons is mainly due to the vibrations
among the lighter hydrogen atoms.

In figure 7 the heat capacity at constant volume of αZr and the three dif-
ferent hydrides is seen as a function of the temperature. These heat capacities
are calculated from the phonon frequencies of the different compounds. For
αZr we have a tabulated value of 25.0866 JK−1mol−1 for the heat capacity at
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Figure 11: A comparison between the heat capacity calculated in this work
and the heat capacity calculated using the Einstein model for αZr and εZrH2

room temperature[26]. This is in good agreement with the results obtained
from our calculations where a value of 24.15JK−1mol−1 is obtained.

According to both the Einstein model and the Debye model for the heat
capacity of a solid it is given by the Dulong-Petit value of 3RJK−1mol−1 at
high temperatures, where R is the ideal gas constant[27]. In the Einstein
model [27]a solid is treated as N oscillators with a characteristic frequency
ωE, and the heat capacity in this model is given by:

Cv = 3NkB

(
~ωE
kBT

)2
e

~ωE
kBT(

e
~ωE
kBT − 1

)2 (26)

Despite this simple approach the model can be used to accurately describe
the heat capacity of many solids. If we analyse the heat capacities that we
have calculated in this work with the Einstein model we see that the heat
capacity for αZr very closely resemble that of the ideal Einstein solid. The
hydrides on the other hand has a rather peculiar form compared to the ideal
heat capacity given by the Einstein model. But as we previous have seen
the different hydrides have a large band gap in their phonon band structure.
Therefore we can’t treat them as a solid withN equivalent oscillators. Instead
the hydrides must be treated as solids with two types of oscillator with two
different characteristic frequencies. In figures 11(a) and 11(b) a comparison
between the heat capacities calculated in this work and the heat capacities
calculated using the Einstein model is presented for αZr and the ε-hydride.
As seen in these figures the Einstein model yields very accurate results for
the heat capacities for both αZr and ε-hydride. For the γ- and δ-hydrides the
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Table 5: The calculated Einstein frequencies for αZr and the three different
hydrides in units of meV

ωE,1 ωE,2
α-Zr 15.0 -
γ-ZrH 17.1 152.5
δ-ZrH1.5 16.8 147.6
ε-ZrH2 19.5 143.7

Einstein model also yields accurate results. In table 5 the calculated Einstein
frequencies for the different hydrides are presented.

The free energy of formation for the different hydrides has been calculated
and the result from this calculation is presented in figure 8. The results shows
that the ε-hydride has the lowest free energy of formation, the δ-hydride has
the second lowest free energy of formation and theγ-hydride has the highest
free energy of formation. These results are not very surprising since the
ε-hydride contains more hydrogen than the other two hydrides, allowing it
to form more hydrogen bonds and lower the energy more than the other
hydrides.

The temperature dependence of the free energy of formation is also not
very surprisingly. At low pressures, hydrogen gas has a very high entropy
and as the temperature increases the entropy contribution to the free energy
of the hydrogen gas increases, lowering the free energy of hydrogen gas as the
temperature increases, and therefore at high temperatures the free energy of
formation decreases.

The enthalpy of formation for the different hydrides has however a dif-
ferent temperature dependence, at temperatures lower then about 600 K the
enthalpy of formation increases as a function of temperature, and at tem-
peratures higher then 600 K the enthalpy of formation is decreasing with
temperature. The exact point there the formation enthalpy has its minimum
is different for the different hydrides but the overall trend is the same for the
different hydrides.

The free energy of formation and enthalpy of formation for the different
hydrides are important quantities. But to be able to fully understand the
phase stability of the different hydride phases further analysis is required.
The most important effect that need to be quantified is the effect that hy-
drogen in solution has on the free energy of the different compounds. As
previously has been noted we have in this work assumed that all hydrogen
present in the system will precipitate into one of several very distinct types of
hydrides. In reality some hydrogen will remain in solution in the αZr when
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hydrides are precipitated. It has previously been shown [21] that a dilute
solid solution of Zr-H has a positive formation energy, indicating that it is
only entropy effects that stabilize the Zr-H solid solution. Similar effects are
very likely to also affect the different hydrides.

8 Conclusion and outlook

From the work presented here several conclusions can be made. First of all
the work presented in this thesis has shown that the computer-codes used
(ASE/GPAW and phonopy) are very well suited to perform these kind of
calculations. Some of the results presented in this work have recently been
published ([20],[24]) by others, but the computational methods used by these
groups are based on the planewaves-pseudopotential methods, as opposed to
the PAW-method used in this work.

In those cases where experimental results and results from other calcula-
tions are available, the results in this work is in good agreement with these
results. From the calculation of phonon frequencies we can see that the hy-
drides have two bands of phonon frequencies, corresponding to vibrations in
the zirconium and hydrogen sub lattice.

We haven’t been able to fully determine the equilibrium hydride phase as
a function of temperature and hydrogen content. We can conclude that at
intermediate hydrogen concentrations a combination of αZr and a hydride,
unclear which one, is the equilibrium structure but at high hydrogen concen-
trations ε-hydride becomes the energetically most favourable.

The work presented in this thesis must be considered to be only a brief in-
troduction to a very interesting subject. There are several possible ways that
this work can be continued, one of the most interesting is to calculate the free
energy of formation for the different hydrides at different pressure, thereby
examining if the equilibrium hydride phase changes if compressive forces are
applied. Moreover the effects of hydrogen in solution in the α-matrix and the
hydrides must be studied closely before any conclusions about the equilib-
rium structures at different temperatures and hydrogen concentrations can
be made.



Master Thesis
J. Olofsson

27
Ab Initio Modelling of Zirconium Hydrides

Acknowledgement

There are many peoples I would like to thank for helping and encouraging me
through the work on this thesis. First of all I would like to thank Anna-Maria
Alvarez at Studsvik Nuclear AB for all the help and feedback during the work.
Moreover i would like to thank Jakob Blomqvist at Malmö Högskola for his
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