
Efimov Physics Around the Neutron-Rich 60Ca Isotope

G. Hagen,1,2 P. Hagen,3 H.-W. Hammer,3 and L. Platter4,5

1Physics Division, Oak Ridge National Laboratory, Oak Ridge, Tennessee 37831, USA
2Department of Physics and Astronomy, University of Tennessee, Knoxville, Tennessee 37996, USA

3Helmholtz-Institut für Strahlen- und Kernphysik (Theorie) and Bethe Center for Theoretical Physics, Universität Bonn,
53115 Bonn, Germany

4Argonne National Laboratory, Physics Division, Argonne, Illinois 60439, USA
5Department of Fundamental Physics, Chalmers University of Technology, SE-412 96 Gothenburg, Sweden

(Received 18 June 2013; published 23 September 2013)

We calculate the neutron-60Ca S-wave scattering phase shifts using state of the art coupled-cluster

theory combined with modern ab initio interactions derived from chiral effective theory. Effects of three-

nucleon forces are included schematically as density dependent nucleon-nucleon interactions. This

information is combined with halo effective field theory in order to investigate the 60Ca-neutron-neutron

system. We predict correlations between different three-body observables and the two-neutron separation

energy of 62Ca. This provides evidence of Efimov physics along the calcium isotope chain. Experimental

key observables that facilitate a test of our findings are discussed.
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Introduction.—The emergence of new degrees of free-
dom is one of the most important aspects of the physics
along the neutron (n) drip line. For example, halo nuclei are
characterized by a tightly bound core (c) and weakly bound
valence nucleons [1–4] and thus display a reduction in the
effective degrees of freedom. They are usually identified by
an extremely large matter radius or a sudden decrease in the
one- or two-nucleon separation energy along an isotope
chain. The features of these halos are universal if the small
separation energy of the valence nucleons is associatedwith
a large S-wave scattering length. These phenomena are then
independent of the details of the microscopic interaction
and occur in a large class of systems in atomic, nuclear, and
particle physics [5,6]. For a three-body system (e.g., core-
nucleon-nucleon) interacting through a large S-wave scat-
tering length, Efimov showed that the system will display
discrete scale invariance [7]. This discrete scale invariance
is exact in the limit of zero-range interactions and infinite
scattering lengths. For fixed finite values of the scattering
length and range, it is approximate. The hallmark feature of
this so-called Efimov effect is a tower of bound states. The
ratio of the binding energies of successive states is charac-
terized by a discrete scaling factor. This scaling factor is
approximately 515 in the case of identical bosons. Systems
whose particles have different masses will generally have a
smaller scaling factor. It can be obtained by the solving of a
transcendental equation [5].

Several nuclear systems have been discussed as possible
candidates for Efimov states. The most promising system
known so far is the 22C halo nucleus which was found to
display an extremely large matter radius [8] and is known
to have a significant S-wave component in the n-20C
system [9]. See Ref. [10] for a recent study of Efimov
physics in 22C.

Whether heavier two-neutron halos exist is still an open
question. Recently, there has been much interest, both
experimentally and theoretically, in determining precise
values for masses, understanding shell evolution and the
location of the dripline in the neutron rich calcium isotopes
[11–14]. Coupled-cluster calculations of neutron rich cal-
cium isotopes that included coupling to the scattering
continuum and schematic three-nucleon forces, suggested
that there is an inversion of the gds shell-model orbitals in
53;55;61Ca. In particular it was suggested that a large S-wave
scattering length might occur in 61Ca with interesting
implications for 62Ca.
A conclusive statement on whether a halo is an Efimov

state can generally only be made if a sufficient number of
observables is known and if those fulfill relations dictated
by universality. However, typically only a very limited
number of observables in these systems is accessible ex-
perimentally. Recently, significant progress has been made
in microscopic calculations of low-energy nucleon-nucleus
scattering properties starting from realistic nucleon-
nucleon interactions [15–18]. In this Letter, we use the
coupled-cluster method [19] combined with modern chiral
effective theory interactions and follow the method out-
lined in Ref. [15] to compute the elastic scattering of
neutrons on 60Ca. We analyze the resulting phase shift
data to obtain quantitative estimates for the scattering
length and the effective range and show that a large scat-
tering length can be expected in this system. The results
obtained from ab initio calculations are then used as input
for the so-called halo effective field theory (EFT) that
describes the halo system in terms of its effective degrees
of freedom (core and valence nucleons) [20,21]. We use
halo EFT to analyze the implications of the coupled cluster
results for the 60Ca-n-n system. Specifically, we focus on
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the signals of Efimov physics that are a consequence of the
large scattering length in the 60Ca-n and n-n systems.

Hamiltonian and method.—We perform coupled-cluster
calculations for 60;61Ca starting from the intrinsic
A-nucleon Hamiltonian,

Ĥ ¼ X
1�i<j�A

�ðpi � pjÞ2
2mA

þ V̂ði;jÞ
NN þ V̂ði;jÞ

3Neff

�
: (1)

Here, the intrinsic kinetic energy depends on the mass

number A. The potential V̂NN denotes the chiral NN inter-
action at next-to-next-to-next-to leading order [22,23]

(with cutoff � ¼ 500 MeV), and V̂3Neff is a schematic
potential based on the in-medium chiral NN interaction

by Holt et al. [24]. The potential V̂3Neff results from
integrating one nucleon in the leading-order chiral three-
nucleon force (3NF) over the Fermi sphere with Fermi
momentum kF in symmetric nuclear matter. In this work
we employ the 3NF parameters which were used to study
shell evolution in neutron rich calcium isotopes [13], and
for proton elastic scattering on 40Ca [15]. This interaction
predicts well the masses for 50;51Ca [11] and low-lying
states in 53;54Ca [25], but is probably lacking in total
binding energy for isotopes around 60Ca. To describe elas-
tic scattering of a nucleon on a nucleus A, we compute the
one-nucleon overlap function between the ground state of
the nucleus A with the scattering solutions of the Aþ 1

nucleus OAþ1
A ðlj; krÞ ¼ RP

nhAþ 1k~aynljkAi�nljðrÞ, with

the integral sum over bound and scattering states (see
Ref. [15] for more details). To obtain the ground state of
nucleus A, we use the coupled-cluster method in the
singles-and-doubles approximation (CCSD). For the
excited states of Aþ 1, we use particle-attached
equation-of-motion coupled-cluster theory truncated at
the two-particle-one-hole excitation level [26]. We solve
the coupled-cluster equations using a Hartree-Fock basis
built from Nmax ¼ 17 major spherical oscillator shells and
50 Woods-Saxon discretized scattering states for the S
wave [15]. We use the harmonic oscillator frequencies
@! ¼ 20, 24, 28 MeV to gauge the convergence of our
calculations.

We compute the radial overlap function OAþ1
A ðlj; krÞ

following the method outlined in Ref. [27] and the elastic
scattering phase shifts following the procedure described
in [15]. This amounts to matching the computed scattering
one-nucleon overlap functions to known asymptotic forms
given by spherical Bessel and Neumann functions. In
Fig. 1, we show the computed S-wave elastic scattering
phase shifts for an incoming neutron on the 0þ ground state
of 60Ca for different harmonic oscillator frequencies. The
corresponding CCSD ground state energy for 60Ca shows a
weak dependence on the harmonic oscillator frequency,
and we get �386:07 MeV, �390:66 MeV, and
�388:62 MeV for @! ¼ 20, 24, 28 MeV, respectively.
For @! ¼ 20 and 24 MeV, 61Ca supports a very weakly

bound state, and the computed separation energy is 8 and
5 keV, respectively. For @! ¼ 28 MeV, 61Ca is just barely
unbound. In order to quantify the sensitivity of our results
on the parameters of our effective interaction, we varied
the Fermi momentum kF in our schematic 3NF by
�0:01 fm�1 away from the optimal value kF ¼
0:95 fm�1 [13]. We found that the total binding energy
of 60Ca varied with �1 MeV and the separation energy of
61Ca varied with �3 keV. The uncertainty in our results
coming from the tuned parameters of our schematic 3NF is
therefore of the same order as the uncertainty coming from
the finite size of the single-particle basis used. Regarding
the accuracy of our computed separation energy of 61Cawe
found that the J� ¼ 1=2þ state is dominated (more than
95%) by one-particle excitations. This gives us confidence
that the 61Ca separation energy is much more accurately
computed than the total binding energy (which might be
more sensitive to correlations beyond the CCSD approxi-
mation). In Ref. [13] one of us computed the J� ¼ 5=2þ,
9=2þ excited states in 61Ca, and found them to be reso-
nances with energies E5=2þ ¼ 1:14� 0:31i MeV and

E9=2þ ¼ 2:19� 0:01i MeV with respect to the neutron

emission threshold. Our results for S-wave elastic scatter-
ing of neutrons on 60Ca therefore strongly support the
ground state of 61Ca having J� ¼ 1=2þ.
Scattering parameters.—The scattering phase shift data

obtained as described above, provides the input parameters
required for a halo EFT analysis. For low energies, the
phase shifts for neutron-core scattering can be represented
by the effective range expansion k cot�cn ¼ �ð1=acnÞ þ
ðrcn=2Þk2 þ � � � , where k is the momentum in the center-
of-mass frame and the ellipses denote higher order terms in
the expansion. We have fitted the phase shift data by
polynomials in k2 and extracted the scattering length acn
and effective range rcn. The errors from the degree of
the fitted polynomials are negligible to the given
accuracy. We obtained the scattering parameters displayed
in Table I.
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FIG. 1 (color online). S-wave phase shifts for n-60Ca scatter-
ing from the coupled-cluster method as a function of the neutron
energy in the lab frame for @! ¼ 20, 24, 28 MeV.
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For @! ¼ 28 MeV, the scattering length is negative and
the 61Ca system is unbound. This could indicate that the
implicit infrared cutoff in the harmonic oscillator basis for
@! ¼ 28 MeV is too large to resolve threshold scattering.
While halo EFT could in principle be applied, there are
fewer observables in this case. Thus, we do not use these
data in our analysis below. For @! ¼ 20 and 24 MeV, we
find consistent results. The scattering length is enhanced by
about a factor of six compared to the effective range. In the
following, we will use the average of the results for
@! ¼ 20 and 24MeVand take their spread as an optimistic
error estimate, i.e.,

acn ¼ 54ð1Þ fm and rcn ¼ 9:0ð2Þ fm: (2)

The inverse effective range can be taken as an estimate of
the breakdown momentum beyond which the halo EFT
cannot be applied anymore. The corresponding energy
scale Sdeep ¼ 1=ð�cnr

2
cnÞ, where �cn is the reduced mass

of the cn system is given in the 4th column of Table I.
Halo EFT.—Halo EFT provides a model-independent

description of halo nuclei using the effective degrees of
freedom of these systems, i.e., the core and the valence
nucleons. Based on the previous analysis, we will assume
that the interaction is short ranged with R� rcn. The
expansion parameter of the EFT is R divided by the large
scattering length acn. The

60Ca-n interaction is described

by a spin-1=2 dimer field ð ~dcnÞT ¼ ðdcn;"; dcn;#Þ. The inter-
action of the two neutrons is described by a spin-0 dimer
field dnn. They have to be in the spin-singlet channel since
they only interact in the S wave. To leading order in R=a,
the Lagrangian is then [28]

L ¼ c y
c

�
i@0 þ r2

2M

�
c c þ ~c y

n

�
i@0 þ r2

2m

�
~c n

þ �nnd
y
nndnn þ �cn

~dycn ~dcn þ hdynnc y
c c cdnn

�
�
gcn ~d

y
cn

~c nc c þ gnn
2

dynnð ~c T
nP ~c nÞ þ H:c

�
þ � � � ;

(3)

where the c c and c n denote the core and neutron fields,
respectively, the ellipses denote higher-order terms and P
projects on the spin singlet and the ellipses denote higher-
order terms. The coupling constants gi and �i are fitted to

the effective range parameters of the n-n and 60Ca-n
system. Once this is done, various two-body observables
can be calculated. For example, the charge radius of a
general one-neutron halo with pointlike core to next-to-
leading order is [29]

hr2Eirel ¼
f2

2�2
cnð1� rcn�cnÞ

; (4)

where f ¼ �cn=M, M is the core mass, and �cn the bind-
ing momentum of the cn system. The total charge radius of
61Ca is then obtained by adding this value to the charge
radius of 60Ca hr2Ei61Ca ¼ hr2Ei60Ca þ hr2Eirel. Using the scat-
tering length and effective range from Eq. (2), we obtain,
hr2Eirel ¼ 0:39ð2Þ fm2 where the error is from the uncer-
tainty in acn and higher order corrections are estimated to
be of order ðrcn=acnÞ2 � 3%. We note that the possible
existence of a low-lying excited state in 60Ca might intro-
duce new parameters in halo EFT and thereby alter the
relations among 62Ca properties discussed below.
Extending the framework of Ref. [29] to an external

current that couples to the matter distribution, we have
calculated the matter radius of a one-neutron halo.
Normalizing the matter form factor to unity, we find for
the relative matter radius to next-to leading order

hr2matirel ¼ 1

2�2
cnð1� rcn�cnÞ

�cn

Mþm
: (5)

With the values from Eq. (2), we find hr2matirel ¼ 24ð2Þ fm2

where the error is from higher order corrections which are
estimated to be of order 3%. Here, the matter radius of the
core should be comparable to R and will therefore give a
sizeable but smaller contribution to the total radius.
Three-body results.—The large two-body scattering

length implies that the three-body sector (cnn) will display
universal features associated with Efimov physics. From
the Lagrangian (3), we can derive a set of two coupled
integral equations for the cnn system. Here, the three-body
coupling h contributes as well. (See Ref. [30] for more
details.) The bound state solutions of these equations ex-
hibit discrete scale invariance and the Efimov effect. At
leading order, the spectrum is determined by the value of
the scattering lengths in the two-body sector and one
observable in the three-body sector which is used to fix
the three-body coupling h [28].
For 62Ca, the discrete scaling factor governing the en-

ergy spectrum is approximately 256. The exact scaling
symmetry applies for deep states and in the unitary limit
of infinite scattering length. For two levels near threshold,
however, the ratio of their energies can be significantly
smaller if one of the states is very close to the threshold
(see the discussion in [5] for the case of identical bosons).
In our case, the whole energy region between Sn �
5–8 keV and the breakdown scale Sdeep � 500 keV is

available for Efimov states in 62Ca. It is thus conceivable

TABLE I. Extracted 60Ca-n scattering length acn (1st column)
and effective range rcn (2nd column) for different oscillator
parameters @!. The neutron separation energy Sn and the
estimated breakdown scale Sdeep are given in the 3rd and 4th

column, respectively.

@! (MeV) acn (fm) rcn (fm) Sn (keV) Sdeep (keV)

20 55.0 8.8 8.4 544

24 53.2 9.1 5.3 509

28 �26:1 10.8 � � � 361
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that 62Ca would display an excited Efimov state and
unlikely that it would not display any Efimov states.

Another implication of the large scattering length in the
cn system is that different low-energy three-body observ-
ables are correlated. This means that the measurement of
one observable will uniquely determine all others up to
corrections of order of R=a. In Fig. 2, we display the
correlation between the two-neutron separation energy
S2n of 62Ca and the n-61Ca scattering length acn�n. The
scattering length can take any value between �1 and 1.
When the binding energy of the halo state 62Ca relative to
the n-61Ca threshold vanishes, the scattering length
becomes infinite. The divergence in the n-61Ca scattering
around 230 keV indicates therefore the appearance of an
additional state in the 62Ca spectrum.

Four different matter radii can be calculated in the two-
neutron halo system. The mean square (MS) radius
between the two neutrons (hr2nni), the MS radius between
the core and one of the neutrons (hr2nci), and radii that give
the MS distance between the center-of-mass of the halo
system and either one of the neutrons (hr2ni) or the core
(hr2ci). These are correlated with other three-body

observables. We have calculated the various matter radii
using the methods of Ref. [31] and show their correlation
with the two-neutron separation energy S2n in Fig. 3.
The same type of correlation exists also for electromag-

netic low-energy observables. In Ref. [30], the universal
correlation between charge radius relative to the core and
the two-neutron separation energy was studied as a func-
tion of the core-to-nucleon mass ratio and the one- and
two-neutron separation energies of the halo nucleus. In
Fig. 4, we show this correlation for 62Ca. The total charge
radius is expected to be dominated by the 60Ca charge
radius since the photon couples, at leading order, only to
the charged core and not to the neutrons.
Summary.—We have calculated the S-wave phase shifts

of the 60Ca-n system using overlap functions obtained in
coupled cluster theory. We analyzed the phase shift data
and combined the results with halo EFT to predict univer-
sal features of the 61Ca and 62Ca systems. Our analysis
indicates, despite uncertainties in the coupled cluster
results due to truncation errors, a large scattering length
in the 60Ca-n system. Specifically, the S-wave scattering
length is about 6 times larger than the effective range. We
calculated the 61Ca-n scattering length, and the matter and
charge radii of 62Ca. We have not considered the case of a
negative scattering length. In this case, the 62Ca system
could be Borromean with none of the two-body subsystems
being bound. The features of the 62Ca observables would
qualitatively remain the same as those depend mostly on
the three-body parameter. From considerations based on
the scaling factor of this system and the breakdown scale of
halo EFT, we conclude that two Efimov states are possible
in the 62Ca system and that it is unlikely that this system
possesses no bound state, i.e., is unbound.
Our results imply that 62Ca is possibly the largest and

heaviest halo nucleus in the chart of nuclei. We have shown
that as a result a large number of observables would display
characteristic features that could be used to test our

10
1

10
2

10
3

S2n[keV]

-300

-200

-100

0

100

200

300

a cn
-n

[fm
]

62
Ca

FIG. 2 (color online). The n-61Ca scattering length as a func-
tion of the two-neutron separation energy S2n.

10
1

10
2

10
3

S2n [keV]

10
-1

10
0

10
1

10
2

<
r2 x

>
1/

2  [f
m

]

nn
nc
n
c

62
Ca

FIG. 3 (color online). Matter radii hr2xi1=2 of the 62Ca system
for x ¼ nn, nc, n, and c as a function of the two-neutron
separation energy S2n.

10
1

10
2

10
3

S2n[keV]

10 -2

10 -1

10 0

10 1

10 2

<
r E

2 >
re

l1/
2 [fm

]

62
Ca

FIG. 4 (color online). The relative charge radius hr2Ei1=2rel of
the 62Ca system as a function of the two-neutron separation
energy S2n.

PRL 111, 132501 (2013) P HY S I CA L R EV I EW LE T T E R S
week ending

27 SEPTEMBER 2013

132501-4



hypothesis. Measurements of these observables will
clearly pose a significant challenge for experiment. For
example, 58Ca is the heaviest calcium isotope that has been
observed experimentally [32]. However, the planned facil-
ity for rare isotope beams might provide access to calcium
isotopes as heavy as 68Ca and thereby facilitate a test of our
results [33].
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