Estimates of the Spherical and Ultraspherical
Heat Kernel

Master’s Thesis in Engineering Mathematics and Computational Science

DANIEL ANDERSSON

Department of Mathematical Sciences
Division of Mathematics

CHALMERS UNIVERSITY OF TECHNOLOGY
Gothenburg, Sweden 2013






Estimates of the Spherical and Ultraspherical
Heat Kernel

Thesis for the degree of Master of Science

DANIEL ANDERSSON

Department of Mathematical Sciences
Division of Mathematics
CHALMERS UNIVERSITY OF TECHNOLOGY
Gothenburg, Sweden 2013



Estimates of the Spherical and Ultrapherical Heat Kernel
Thesis for the degree of Master of Science
DANIEL ANDERSSON

(© DANIEL ANDERSSON, 2013

Department of Mathematical Sciences
Diwvision of Mathematics

Chalmers University of Technology
SE-412 96 Gothenburg

Sweden

Telephone +46 (0)31-772 1000

Chalmers Reproservice
Gothenburg, Sweden 2013



Estimates of the Spherical and Ultrapherical Heat Kernel
Thesis for the degree of Master of Science

DANIEL ANDERSSON

Department of Mathematical Sciences

Division of Mathematics

CHALMERS UNIVERSITY OF TECHNOLOGY

Abstract

In this thesis we establish an upper bound for the spherical heat kernel on the N-dimensional
unit sphere SV for N = 1,2, 3. The strategy is to use the fact that the spherical heat kernel is
completely determined by the ultraspherical heat kernel. By techniques from Fourier analysis,
explicit formulas for the ultraspherical heat kernel with parameter A = —1/2,1/2 are deduced.
Also, an integral formula for the kernel with parameter A = 0 is introduced. By estimating
these formulas for the ultraspherical heat kernels, the estimates of the spherical heat kernel are
obtained.

Furthermore, we prove that the periodized Gauss-Weierstrass kernel is strictly decreasing
on [0,7]. Both an analytic and a probabilistic proof are given. A generalization of this result
is also established for small ¢, saying that the spherical heat kernel on S? and S? is strictly
decreasing as a function of the spherical distance between its two arguments.

Keywords: Periodized Gauss-Weierstrass kernel, spherical heat kernel, Jacobi heat kernel,
ultraspherical heat kernel, Brownian motion on S?.
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Introduction

A heat kernel describes the evolution of temperature in a domain where an initial unit of heat
energy is placed at one point at time ¢ = 0, with the boundary conditions satisfied (if there
are any). More precisely, the heat kernel is defined as the fundamental solution to the heat
equation. Since the heat equation essentially is the same as the diffusion equation, the heat
kernel can also be interpreted as the evolution of the probability density function for finding a
diffusing particle, starting a some point at ¢ = 0, in a particular area in the domain.

We will now give a more general but informal definition of the heat kernel. Let L be an
appropriate elliptic operator and €2 be a domain of a manifold M equipped with a measure .
For t > 0, let py : Q x 2 — R be smooth and define the function u by

u(, t) = /Q P, y) £ (y) duy).

for a p-integrable function f defined on Q. Then p; is called a heat kernel if u satisfies the
parabolic differential equation

(0 — L)u(z,t) =0, z,yeQ, t>0,
with some boundary conditions, and

lim u(x,t) = f(x).

t—0t

That is, u satisfies the ’heat equation’ and tends to the initial function f as ¢ tends to 0.
Let us consider three examples.

1. When M and  are the Euclidean space RY with Lebesgue measure and L is the Laplace
operator, the kernel has the form

ne) = () e (1020, (1)

where d(x,%) denotes the Eulidean distance between z and y in RY.

2. If M =R, Q = [-1,1], du = (1 — 2%) dx (for some parameter A\ > —1) and L is the
ultraspherical Laplacian, we obtain the wltraspherical heat kernel, denoted by Gi‘.



1.0 Introduction

3. Let SV denote the unit sphere in RN*!. If both M and Q are SV with the standard
area measure and L is the Laplace-Beltrami operator, we obtain the spherical heat kernel
denoted by K}V.

In contrast to (1.1), no general closed formula for K}V is known. However, there is a well-known
upper bound given by

2
KN (&) < 0(5)751% exp (—%) , V6> 0. (1.2)

where C(0) is a positive constant and d(&,n) denotes the spherical distance between £ and n
(see [2]). Also, K}V is bounded from below by the same expression with § = 0.

This upper bound reminds of (1.1) except for . It is natural to conjecture that we can set
8 = 0 when the spherical distance between ¢ and 7 is small, since RY is a good approximation
of the sphere in RV*! locally. An interesting question is what happens when the spherical
distance between & and 7 is large, since then the special geometry of the sphere comes into
play.

It turns out that we can use the ultraspherical heat kernel to approach this problem. The
spherical heat kernel is in fact completely determined by the ultraspherical heat kernel in the
following way

G? (cos[d (&, m)], 1) ~ KN (§,n), A=N/2-1 (1.3)

As a result, we obtain estimates of the spherical heat kernel by estimates of the ultrapherical
heat kernel. For example, by the main result of [10] we have the following Gaussian upper
bound of the ultraspherical heat kernel when A > —1/2

A+1/2 2
G (cos[d (€, )], 1) < C <m> \2 exp <_cd(5’t")> L 0co,n],  (14)

where C' and ¢ are positive constants. If we could show that this formula holds true for ¢ = 1/4,
we obtain an estimate for the spherical heat kernel which is sharper than (1.2). The aim of
this thesis is to provide such estimates for the cases N = 1,2 and 3.

In addition to the estimates, we shall study the monotonicity properties of the spherical
heat kernel. If an initial unit of heat energy is placed at one point on SV at time t = 0, it is
intuitively easy to accept that the temperature is lower the further away from the starting-point
we get, given any time ¢ > 0. Nevertheless, it turns out to be quite tricky to actually prove it.
This task is the subject of Chapter 4.

Throughout the paper, we adopt the notation X < Y when there exists a constant C
independent of relevant parameters such that X < CY. We write X ~ Y if both X <Y and
Y < X. For a set A C R we denote its compliment by A and write x + A:={z+y:y € A}
for z € A.



Heat Kernels

In this chapter, we introduce the different kinds of heat kernels that we shall study. We start
with the important Gauss-Weierstrass kernel and its periodization, which will be present in
almost every treatment of the other kernels. Thereafter we introduce the Jacobi heat kernel
of which the ultraspherical heat kernel is a special case. Then we derive explicit formulas for
three of the ultraspherical heat kernels. In the final section we relate the ultraspherical heat
kernel to the spherical heat kernel.

2.1 The Gauss-Weierstrass kernel and its periodization

Consider the classical heat equation on the real line:

Up — Ugy = 0, reR, t>0, (2.1)

u(z,0) =g(z), xeR.

If we assume that g € L', we can use the Fourier transform to show that there exists a solution
of the form

u(a,t) = Wyxg (z) == / Wiz — 9)gy) dy, (2.2)

where W, is the Gauss-Weierstrass kernel, defined by

1 x?
Wi(x) = 47Ttexp ) zeR, t>0.

By analysing (2.2), one can show that the condition g € L' can be relaxed. In fact, we have
the following theorem.

Theorem 2.1. If g is a bounded continuous function on R, then Wy % g(x) is a solution to
(2.1) and Wy * g(x) tends to g uniformly on every compact subset of R as t tends to 0. This is
the unique bounded solution.
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See Theorem 8.1 and Theorem 8.8 in [7] for a proof. Let us use this result to find a solution
to (2.1) in the special case when g is 2m-periodic. We have

T+21mn
uet) = 3 [ Wie— gy
neZ —T+27mn

™

= Z Wi(x — z — 2mn)g(z) dz

nez” T

= /7r Ye(x — 2)g(z) dz, (2.3)

—Tr

where ¥ is the periodized Gauss-Weierstrass kernel, defined by

U(z) = Z Wi(x + 2mn).

neL

9y (x) = n%:z \/iﬁ exp <—W> .

In Figure 2.1 a demonstrative graph of 9, is shown.

That is,

¢

X
- T 2n

Figure 2.1: An illustration of ¢;(x) for —m <z < 27 when ¢t = 0.3.

It follows from the definition that 1J; is 2m-periodic, and we obtain an important observation
if we let g(z) = ¥4, (x) for some ty > 0. Then, according to (2.3), the solution to (2.1) is given
by [T 9i(x — 2)U4(2) dz. But it is readily seen that U444, is also a solution to this problem
and by uniquess they must be the same

Vgt (x) = i Ve(x — 2)04,(2) dz. (2.4)

—T

This is known as the semi-group property of the kernel v;.
Another approach for finding a solution to (2.1) in the case when ¢ is 2m-periodic is by
using Fourier series. By the standard procedure of separation of variables one gets

oo
u(z,t) = % + Z 67”2t(an cos nx + by, sinnz),
n=1

4
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where a,, and b, are selected to be the Fourier coefficients of g (provided that they exists). If
we insert the formulas for a,, and b,, we obtain

u(z,t) = 71_/ ( + Z teosn(x — z)) g(z)dz.

If we compare this with (2.3) we infer that

R RN
Ii(x) = ot Ze*" cosna. (2.5)
n=1

This result follows also directly by applying the Poisson summation formula to 9J; (see [4,
(9.38)]). We shall use this relation later when dealing with one of the ultraspherical heat
kernels. We conclude this section with some useful observations.

Observation 2.2.
1. For allm € Z, the function x — Y¢(z + nw) is even.
2. ¥ € C*°(R) and

ﬁgk) (x) = Z Wt(k) (x 4 2mn).
nez

3. V¢(z) + O¢(m — x) = 204 (22).
Proof.

1. It suffices to show that ¥;(z) and ¥¢(x + 7) are even since ¥, is 2m-periodic. First we note
that ¥;(x) can be written as

Wi(x) + Y [Wi(x + 2mn) + Wi(z — 2mn)],

n>1

which is a sum of even functions. Similarly,

Ge(x+m) =Y [Wila + 7+ 2mn) + Wiz — m — 2mn)],
n>0

which also is a sum of even functions.
2. By the Weierstrass M-test it follows that the series

S W (@ + 2mn)
nez

is uniformly convergent on the compact interval [0,7] for any k. Therefore, we can
interchange the differentiations and the summation.

3. If we use (2.5) together with cosn(m — z) = (—1)" cosnz, we get
Y(x) + 9(r — ) = —+ Z e " cosnaz,
which implies that the terms corresponding to odd n vanish. That is,
Ye(x) + H(r —x) = ——1— Ze "t cos 2na,

and this is 204, (2z).
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2.2 The ultraspherical heat kernel

We will mainly be interested the ultraspherical heat kernel, which is a special case of the more
general Jacobi heat kernel. Therefore, we start with stating some important properties of the
Jacobi polynomials and the Jacobi heat kernel.

The Jacobi polynomials are defined by

Pl () = S (l—a) (L +a) P (L= 2) (L +2) (1 = 2?)"]

for parameters «, 8 > —1 and n > 0. They satisfies the Jacobi differential equation
JPPYP = nn+a+ B +1)P3P, (2.6)

where J*# is the Jacobi operator, given by

o, 2 d
JW=-(1-a)7s -~ B-a-(a+f+2)]
This means that the Jacobi polynomials are the eigenfunctions of the Jacobi operator with
eigenvalues n(n +a + 5+ 1).

For some values on the parameters « and (3, other well-known polynomials are obtained. If
a = =0, the Jacobi polynomials are the Legendre polynomials. For a = = —1/2, we get
the Chebyshev polynomials. If « = § = A —1/2, they reduce to the ultraspherical polynomials
C) up to a normalizing factor

(2.7)

e CTEAT(A+n+1/2)

For each a and f3, the polynomials {P,EW )} form an orthogonal basis for L?(—1,1) with
respect to the measure
doap(x) = (1 —2)*(1 + z)° dr,

with the normalizing constant

1 2 2a+ﬁ+1r(n+a+ 1)F(n+5+ 1)
a,B . a, B o
S /_1 7@ deas = @nta+B+DI(ntatf+)l(n+l) (2.8)

Similarly to the usual series that is obtained by separation of variables when solving the heat
equation, the Jacobi heat kernel is defined by

> Pyl (x)py?
G?‘”B(a:,y) — Z e tn(nta+p+1) (2?175 (y)7 z,y€-1,1], t>0. (2.9)
n=0 n

A difference in this kernel compared with other kernels (e.g. the Hermite and Laguerre kernel)
is that the eigenvalue in the exponential is not linear in n and this difficulty is one reason
why no explicit formula for Gta"B (z,y) has been found. However, for parameters o, f > —1/2
Gaussian upper and lower bounds have been deduced (see [10]).
We shall now see that the kernel is smooth for t > 0 and z,y € (—1,1). First we note that
the k:th derivative of P%? can be estimated by repeated use of the formula
d

1 «
T B(@) = St at B+ P @),
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(see [13, (4.21.7)]) combined with the following upper bound for Jacobi polynomials (see [13,
(7.32.2)]),

1
a, B < nd — _Z
_{rgél |PYP(z)| Snf, ¢=max (a,ﬁ, 2) .

This means, the k:th derivative of Py B (z) is bounded by a polynomial of n having a degree
depending only on «, S and k. Next, by applying the asymptotic formula

im S0 g,
n—oo I'(n)n®
to (2.8) we infer that 1/ he: P < n. Thus, by differentiating the terms in the defining series by
any order in x, y or t we see that the series is uniformly convergent on every compact subset of
(0,00) x [~1,1] by Weierstrass M-test, and the derivatives can therefore be moved out in front
of the summation.
The smoothness together with (2.6) implies in particular that (9 4+ Ja’ﬁ)G?’B(- ,y) =0 for
all y € [—1,1]. In view of this we let the function U be defined by

1
Ut = [ G @) F(5) doa (o) (2.10)

where F'is a g, g-integrable function. Then (0; + J @8 = 0 and furthermore, by [9, Proposi-
tion 3.3], we have lim;_,o U(z,t) = F(z). That is, U is the solution the Jacobi heat equation:

00+ J*P)U(x,t) =0, zel[-1,1], t>0,
U(z,0") = F(x), xe[-1,1].

(2.11)

When the Jacobi parameters are equal, = 8 = X, the Jacobi heat kernel is called the
ultraspherical heat kernel. Since this will be the case for the rest of this paper, we adopt the
following notation

A A
G;\ =Gy, JA = JM hﬁ = h;\L’)‘, OX = O, )

Furthermore, we shall use the trigonometric parametrization z = cosf, which transforms the
operator J A into the new operator

j)\__ai_ (2A+1)cosb d

do? sin de’ (2.12)

and the measure transforms to
dox(cos0) = 2sin®**1 0 d6.

For more properties of the Jacobi and ultraspherical polynomials, see chapter 4 in [13].

As mentioned earlier, there is no closed formula for G7 in general. But for the special cases
A = —1/2 and 1/2, the kernels can be expressed as 'nice’ non-oscillating series, and when A = 0
the kernel can be expressed as an integral with a positive non-oscillating integrand. In each of
the next three subsections these cases will studied separately.
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2.2.1 Neumann boundary conditions

We shall now use the classical heat equation on [0, 7] with Neumann boundary conditions to
establish that

Gt_l/2(cos€, cosp) = 0(0 — @) + (0 +¢), 0,0€[0,7], t>0. (2.13)

We start by noting that if A = —1/2, the differential operator (2.12) turns out to be particularity
simple, J~Y2 = —dpp, and the measure p_; /2 becomes simply the Lebesgue measure in ¢. If
we set u(0,t) := U(cosf,t) and f(p) := F(cosy), the problem (2.11) transforms into

(Or — Dgo)u(0,t) =0, 00,7, t>0

u(6,0) = f(6), 6 € [0, 7],

and the solution is thus given by
u(f,t) = / Gt_l/2(cos 0, cos ) f(p) dep. (2.14)
0

If follows that u satisfies the Neumann boundary condition uy(0,t) = ug(m,t) = 0 since G, 1/2
is smooth and

ug(0,t) = Sinﬁ/ﬂ(ath_lm)(cos 0, cos @) f(p) de. (2.15)
0

Hence u is a solution to the classical heat problem with Neumann boundary conditions:

uy — ugg = 0, 6 el0,n], t>0,
u(6,0) = f(0), 6 € [0,7], (2.16)
ug(0,t) = ug(m,t) =0, t>0.

By using the maximum principle, one can show that the solution to (2.16) is unique. See section
2 in [11].

Next, we use a different approach to find another solution to (2.16). Then we compare the
two solutions obtained and conclude that the two corresponding kernels must be equal.

Let g be the even 27-periodic extension of f. That is,

g(@):{ f(0 —2nm) if 6 € 2n7, 2nm + 7] Vn € 7.

f@2nm —0) if 6 € 2nm — 7, 2n7],

In this way, 0 — g(nm + @) is an even function for all n € Z. From Section 2.1 we know that
Wi g(x) is a solution to (2.1). Let us define the function u to be the restriction of Wy g(x) on
[0, 7]. Then, u will be a solution to (2.16) if also the boundary condition ug(0,¢) = ug(m,t) =0
is satisfied. This is indeed the case, because

up(0,£) = / Wi (—)g(6) dé = 0,

since W/ is odd and g is even. Similarly,
w(mt) = [ Wi(=dgln + &)o' =0,

8
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since W/ is odd and 6 — g(m + ) is even. Thus the boundary conditions are satisfied and u is
a solution to (2.16).
To derive the corresponding heat kernel, we write

2nm

wet = 3 ( / W0 - 6) 16— 2mm) do + L wio—opsear -0 d<z>)

nm 2nm—m
™ ™
= > (/ Wi(0 — ¢ — 2n7) f () dgp + / Wi(0 + ¢ — 2n7) f () dw) :
ne”Z 0 0
and by the dominated convergence theorem we can interchange the sum and integral to get

wt) =[SO — g~ 2um) + Wil6 + o — 20m)] £(5) dip
0 nez

- /0 " 19:00 — @)+ 040 + )] () doo. (2.17)

So the kernel is given by 94(0 — ¢) + 9¢(0 + ¢). Since (2.14) and (2.17) both solve the problem
(2.16), the two kernels must be the same and we conclude that (2.13) is true.

2.2.2 Dirichlet boundary conditions

Now we use the same technique as in the previous subsection, but with Neumann replaced by
Dirichlet boundary conditions. The aim is to show that

10:(0 — ) — V(0 + )

0,00 t> 0. 2.18
Sin@singp ) 7g0 [ ,ﬂ-]’ ( )

th/Q(COS 6, cosp) =e

When A\ = 1/2, the differential operator (2.12) will not be as simple as before. Instead, we get

d>  2cosf d
vy = 2PT O 2.19
. df?  sinf do’ (2.19)
and the measure (2.2) is
do1/2(cosf) =4 sin? 0 df. (2.20)
Therefore, we consider the new basis functions ¢,, defined by
dn(0) = 2sin P2 (cos b)), (2.21)

which then form a complete orthogonal basis for L2(0,7) with respect to Lebsegue measure in
6. Furthermore, according to (2.6) we have

TY2PY2(cos 0) = n(n + 2)PM?(cos 0), (2.22)
from which it follows directly that

1
sin 6

smafﬂ[ ¢Am]=nm+2m4m. (2.23)

If we expand the LHS according to (2.19) we get

; Loy 1\ 2cos6] , 2 cos? 6 1\
sinf <_sin9 n®) = {2 (Sin9> * sin2«9] On(0) + [ sin30 <sin9> ] d)n(@)) , (2.24)

9
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which simply reduces to —¢/(0) — ¢,(#) when expanding the square brackets. This implies
that (2.23) is equivalent to

— ¢n(0) = (n+1)%0,(0). (2.25)
Thus we can use ¢, to solve the classical heat problem with Dirichlet boundary conditions:
Ut — Ugg = 0, x € [0,m], t>0,
u(z,0) = f(x), x € [0,7], (2.26)
u(0,t) = u(m,t) =0, t>0.

This problem has a unique solution by the maximum principle (see [7, Theorem 8.7]). By the
standard procedure of separation of variables, we get the solution

9 t / Z —t(n+1)2 ¢n‘¢)¢’7’12( )f((/?) do,

where || - || is the norm in L?(0,7). It is readily seen from (2.21) that u satisfies the boundary
conditions

u(0,t) = u(m,t) = 0.

By inspecting the kernel we note from (2.9) that it can be written as

Z e—t(n+1)2 ¢n(‘2¢’7’12((,0) _ Z e—tn(n+2) (Cosﬁi/2 - (Sln (P) et sin @ sin )
! n ! (il
= GY*(cos 6, cos p)e ' sin A sin ¢. 2.27
t

In the same manner as in the previous section, we shall find another solution to (2.26) and
thereafter conclude that the corresponding heat kernel must be equal to (2.27) by uniqueness.
This time, we let g be the odd 2w-periodic extension of f. That is,

g(@)z{ f(@—2nm) if 6 € 2n7, 2nT + 7| —

—f@2nm —0) if 0 € 2nm — 7, 2n7].

In this way, 6 — g(nm 4 0) is an odd function for all n € Z. Let the function u be the
restriction of Wy * g on [0, 7]. Then u will be a solution to (2.26) if also the boundary condition
u(0,t) = u(m, t) = 0 is satisfied. This is indeed the case, because

u(0,t) / Wi (— @) do =0,
since W; is even and ¢ is odd. Similarly,
(m,t) / Wi(—=¢)g(m + ¢') d¢' = 0,

since W4 is even and 6 — g(m + 6) is odd. Thus u is a solution to (2.26).
To derive the corresponding heat kernel, we note that

w(f,t) = /Wt(9 —@)g(p) dp
o+ 2nm
- Z (/2 Wt(H—go)f(go—Qnﬂ')dgo—/z Wt(e_SO)f(Q”W_SO)dSO) )

nez nm nmT—1m

10
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which is exactly the same expression obtained in the previous subsection except for a minus
sign instead of a plus sign. By carrying out exactly the same calculations we get the solution

w0.)= [ 10— ) =00+ 9] o)
So the kernel is given by 9:(0 — ¢) — 9:(6 + ¢) and has to be equal to (2.27),
G,}m(cos 0, cos p)e tsinfsing = 94(0 — @) — 94 (0 + ),

so (2.18) is true as desired.

2.2.3 The Dirichlet-Mehler integral

In the two previous subsections we have found elementary representations of the kernels G, 1/2

and Gi /2 in terms of ¥;. Unfortunately, it is not possible to use the same technique to derive a
similar result for GY. However, there exists a double integral representation of GY in terms of
G% /? as a result of the more general formula discovered by the authors of [10] (Theorem 3.1),

a 0 0
G?’B(COSG, cos p) = Ca,g// Gt/zﬁﬂﬂ <usin281n§ +vcosfcos§, 1> dll, (u) dllg(v),

2
(2.28)
where I1, is the measure defined on the interval [—1, 1] by

_ I(a+1)
~ Jal(a +1/2)

and Cy g = /7l (a + B+ 3/2)/ (2°TPHI0(a + 1)I'(B + 1)). The proof relies on Dijksma and
Koornwinder’s product formula for Jacobi polynomials which in turn is a result of sophisticated
mathematics (see [3]).

The remainder of this section is intended to give an alternative proof of (2.28) for the case
we shall be mainly interested in; ¢ = o = § = 0. The key observation is that the Jacobi
polynomials reduces to Legendre polynomials in this setting and the strategy is to insert the
Dirichlet-Mehler’s integral formula for the Legendre polynomials into the oscillatory sum (2.9)
defining GY.

The Dirichlet-Mehler integral formula for Legendre polynomials P, is given by

dTl, () (1 —u?)*"12 du,

2 [T sin(n+3)¢
T Jo /2cosf —2cosd

and can be proved by using Cauchy’s integral formula on Rodrigues’ formula for P,, with a
cleverly selected contour of integration. See [13, (4.8.7)] for proof and details. We shall modify
this formula slightly to make the interval of integration symmetric around 7 /2, which is crucial
for the later argument. To do this, note that the interval of integration can be extended to
[0, 21 — 6] since the integrand is “even around ¢ = 77,

1 /2”_9 sin(n + %)qﬁ
%

e V2cosf —2cosp

P, (cosf) =

dg,

Next, the transformation v = ¢/2 yields the desired expression

sty = 2 [ st 1y
" B 9/2  V2cos —2cos2y

- (2.29)

11



2.2 The ultraspherical heat kernel Heat Kernels

We now establish an integral formula for GY(cos @, 1), which later will be the starting point
when estimating the spherical heat kernel on S2.

Theorem 2.3. Lett >0 and 6 € [0,7]. Then

m—0/2 _19:5/4(7)

G%(cosh,1) = t/4/ 2.30
t(cost, 1) =e 6/2 V2cos — 2cos 2y (2:30)
Proof. Let us simply denote PO by P, and let || - || be the norm in L?(—1,1). From (2.9) we
have
- P, (cos0) Py (1
G(cos,1) = Ze_t"("H)M (2.31)

1012

n=0

By induction on Bonnet’s recursion formula
(n+1)Pyti(x) = 2n+ 1)zP,(z) —nPy—1(z), FP(z)=1, Pi(z)=u=z,

we can prove that P, (1) = 1 for all n (see [12, 12.2]). From (2.8) it follows that ||P,||? =
2/(2n + 1) (or see Theorem 6.1 in [4]). If we insert the formula (2.29) into (2.31) and write
n(n+1)=12n+1)2 — 1 we get

GY(cosh,1) = & i /Tr9/2 e 1(2nt1)? (2n+1)sin(2n + 1) ! d
t S = Jos /}/\/20080—2COS2’}/ 7

The expression in the square root is symmetric around v = /2 and the integral of sinny over
the interval [0/2, m — /2] vanishes whenever n is even. Hence we can sum over all n > 0 and

get
et/4 o0 /71'9/2 L2 . 1 4
— e nsinn
6/2 7\/2(3089—2(30827 4

e

n=1

By the dominated convergence theorem we move the summation inside the integral,

o0

+/a /7‘1’—6/2 1 _£"2 . 1 J
e - E e nsinn
6/2 0 7 V2cosf — 2cos 2y 7

n=1

Then we recognize the expression in square brackets as the derivative of the periodized Gauss-
Weierstrass kernel,

1 _tp2 . d 1 1 _tp2 ,
— e 4" nsinny=——— | —+— e 47 cosny | = _ﬁt/4(7)7
T dy\2r «
n=1 n=1
by (2.5). This proves the assertion. O

We shall now show that (2.30) can be transformed into the general formula (2.28) as a
special case. In view of (2.18) we obtain

2! (_ Di(y + ) — 0y — @)) _ 2! (2.32)

1/2 s gt
G, “(cosv,1) = lim 25 sin~y ( 1915(’}’))-

»—0 sin vy

12



2.3 The spherical heat kernel Heat Kernels

Using this together with the trigonometric identity cos(2a) — cos(2b) = 2 (0032 a — cos? b), the
integral formula (2.30) can be written as

1 m—8/2 1/2 sin «y
GY(cos0,1) = 4/ Gt//4 (cosv,1) d.
9/2 cos? & — cos? y
The transformation )
- 087 dv:—Sln7d7
cos g7 cosg ’
yields
e 0 1
0 _ 1 1/2 7 _
Gy (cos0,1) = 1 /_1 G4 (vcos 2,1> mdv, (2.33)

which indeed is the special case of (2.28) when ¢ = o = 8 = 0. We shall use this formula later
when proving that the function 8 — G9(cos#,1) is decreasing on [0, 7] for small ¢.

2.3 The spherical heat kernel

The Laplace operator can be generalized to arbitrary Riemannian manifolds and goes then
usually by the name of Laplace-Beltrami operator. Let f € C2(SV) and F : RN T1\{0} — R
be defined by F(x) = f(x/|z|). Then the corresponding Laplace-Beltrami operator, denoted
Ay, on the sphere can be defined by Ay f := AF|g~, that is, the ordinary Laplacian in RV*!
applied to F' and restricted to SV (see [1, p. 15]).

The heat equation on the sphere is

up — Anyu =0, zeSN, t>0

u(z, 07) = f(z), =€ SN.

(2.34)

Let on be the standard non-normalized area measure on S%. Then the solution of (2.34) is
given by

ue.t) = [ K sn) dox(o).

where K}V is expressed as an oscillatory series of spherical harmonics.
By properties of the Laplacian, the kernel K}V depends only on ¢ and 7 through their
spherical distance, which is defined by

d(§,n) = arccos(, n).

To see this, recall that the ordinary Laplacian in RV*! satisfies A(f o U) = (Af) o U for
functions f € C?(RY) and orthogonal linear transformations U. By the way we defined Ay,
it is clear that also An(foU) = (Axf)oU for f € C%(SN). This implies in particular that
(0 — AN)KN(UE,Un) = 0 with respect to & for all 5. Furthermore, since the measure oy is
invariant under orthogonal transformations and u(z,0") = f(z), we also have

lim [ KN(UEUn)f(n)don(n) = lim [ KNUED)FU ) don(n)

t—0 JgnN t—0 JgnN

= fOU T )ly=ve = f(&).

13



2.3 The spherical heat kernel Heat Kernels

This means that the function (&,71) — K{¥ (U, Un) also is a kernel of the problem (2.34), and
therefore we must have

KN(& n) = KNUE, Un), (2.35)

by uniqueness. For any points 1,71, &2,m2 in S™ such that d(¢1,m1) = d(&2, 172), there exists
an orthogonal transformation U such that £ = U& and n1 = Une. By (2.35) we then have
KN (€&, m) = KN (&, n2), which means that the spherical heat kernel only depends on the
spherical distance between its arguments. For this reason, it is convenient to adopt the following
notation

KN(0) = KN (& ), 0=dEn).

By Theorem 3.3 in [10] we have the following relation between the spherical and ultras-
pherical heat kernel

Gz, y) = Kﬁ((m,@,...,&v (y,C\/l— )) don-1(¢), =z,ye[-1,1], t>0,

gN-1

where the coordinates &9, ...,&n can be picked arbitrarily and A = N/2 — 1. By letting y = 1,
we see that the variable of integration vanishes from the integrand and we infer that

GMx,1) = on_1 (SN KN ((2,&,...,€n), (1,0,..., 0)). (2.36)

The constant oy_1 (SV71) is the "area’ of S¥~! and is given by 27™/2/T(N/2) (see [14, p.
193-194]). Let & = cosf and note that the spherical distance between (z,&,...,&y) and

(1,0,...,0) is . By the notation introduced earlier, we can write (2.36) as
'(A+1) N
Ktjv(e)szz\(COSQ,l), )\:5—1
In view of the expressions for G (cos 6, 1) with parameter A = —1/2, 0 and 1/2 we derived

earlier, we have the following theorem.
Theorem 2.4. Fort > 0 and 6 € [0, 7], we have

Ki () = 9:(9),

it o __ )
6/2 V2cosf — 2cos 2y 7

o - ()

Proof. This follows from (2.13), (2.30) and (2.32), respectively. O

See Figure 4.1 for an illustration of K3(f) for t = 0.4 and 0 < 6 < 7. The formulas in
Theorem 2.4 will be the starting-point of the estimates of K}, K? and K.

14



Preparatory results

In the expressions for K? and K} in Theorem 2.4, the derivative of ¥; is present. The function 9}
behaves very much like W] for small ¢, which is convenient since W/ is an elementary function
and easy to handle. But at the right endpoint we have ¥},(7) = 0 (by Observation 2.2) in
contrast to W/(mw) < 0, for all ¢. This detail will later be important and makes it insufficient
to approximate ¥} by just W/. It turns out to be useful to introduce the auxiliary function
hy = 9,/W{, and in this way access the behavior of ¥; near 7 in terms of h; and Wj.

3.1 Properties of the auxiliary function

Definition 3.1. Fort > 0 we define hy(z) by

/
ht(x):;j;g((:px))) 0<$§7T7

and as lim,_,g+ hy(x) at x = 0.
In Figure 3.1 a typical graph of h; is demonstrated.

hy
1

0 X
0 1 2 3 r

Figure 3.1: An illustration of h(z) for t =1 and 0 < z < 7.

We shall prove that h; is strictly concave and then use this to show that h; is strictly
decreasing. Since () = 0 we also have h;(m) = 0, which then implies that h; is non-negative

15



3.1 Properties of the auxiliary function Preparatory results

on [0,7]. From these properties we obtain a useful upper bound for h;, which we will use later
in the estimates of the spherical heat kernels. But first we shall verify that h; can be written
as

he(z) =1+ fas(z)exp (_”1”2) (3.1)

n>1

where 4
frnit(x) := 2cosh Ty I sinh my .
’ t t

x

This expression is useful since we then can use f, ; to prove properties of h;. The formula (3.1)
follows from the following calculations

2m™n 2n? + e

— 1 +7§ Kl + ) e (——x) + (1 - 2) exp (7”;”)] exp (—ﬂ2tn2>
> 2cost (725 - 2y (72| enp (T ).

Theorem 3.2. hy is strictly concave on [0, 7] when t is small.

Proof. In view of (3.1), the idea is to show that the second derivative of f,; is negative for
n > 1 when ¢ is sufficiently small. Then it follows that h; is strictly concave for small t. We
have

dzfn’t 2n?  8n’n? nwx 8tn  Am3n3\ . nmwx
(x) = ( + > cosh (T) - ( + t> sinh <T> :

dz? t2 x2t x3 xt?
Let us assume that = € (0,7]. Then by multiplying both sides with %, we get

d2 fn,t
dz?

Let us denote the LHS of the last inequality by F, (x) and observe that F}, ;(0) = 0. Then
(3.2) is true (except at z = 0) if F),; is strictly decreasing on (0, x| for all n > 1 when ¢ is
sufficiently small. Indeed, if we take the derivative of Fj, ; and use the inequality sinh < cosh,
we obtain

(z) < 0 ¢ (nrz’t + dnmt’x) cosh (?) — (4t + 2n®72%t) sinh (?) <0. (3.2)

Fpy(x) = (3nma®t —2n°n%2?) cosh (?) + n?r22® sinh (”tﬂ>

< nmz? (3t — nw(2nm — x)) cosh (?)

2

< 0, n>1, ze(0,q, O<t<%.

Hence F}, , is negative and F,,; is strictly decreasing, implying that (3.2) is true for 2 € (0,7]
and we are done. O

Corollary 3.3. hy is strictly decreasing on [0, ] for small t.
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3.1 Properties of the auxiliary function Preparatory results

Proof. We note that h; is the quotient of two odd functions and is therefore even. Thus we
have h}(0) = 0. This fact, together with Theorem 3.2 proves the assertion. O

Theorem 3.4. For sufficiently small t we have the following upper bound

hi(z) < min (1, %(w - :E)) , x€[0,m7].

1.2

0.5 .

0

3 T

Figure 3.2: An illustration of Theorem 3.4 for = € [3, 7] with ¢ = 0.1. The solid line is h; and the
dashed line is the upper bound.

Proof of Theorem 3.4. Let us first prove that hy(z) < 1 for x € [0,7] and then prove that
hi(z) < 5 (m —z) for z € [0, 7).

It was proved in Corollary 3.3 that h; is strictly decreasing. If we can show that h:(0) < 1
for sufficiently small ¢, the first inequality follows. Indeed, recall from (3.1) that

hi(z) =14 fos(z)exp <—”2t”2)

n>1

and note that

472n?

<0, n>1, t<2n2

fnt(0) =2 —

Hence hi(x) <1 for z € [0, 7] for small ¢.

Now we show that hy(x) < T (7 —x) for x € [0, 7]. From Theorem 3.2 we also know that h;

is strictly concave on [0, 7]. The idea is therefore to find an upper bound for the tangent line
of hy at © = m. Looking at the derivative of hy, we get

O WA E ”2t”2>

n>1

2mn 4n\ . >2n 47n? 2n 7202
= Z —— 4+ — |sinh | — | — cosh| — ||exp| —— ).
= t m t t t t

The first term in this series tends to —oo as ¢ gets small:

27”_1_% sinh 12 —4—7Tcosh W—Q e —W—Q ——E—Fg— 3j+2 e —E
t xS T ) T t )P\ )T T T t n )P\ T )
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3.1 Properties of the auxiliary function Preparatory results

We shall now verify that sum of the remaining terms tends to 0 as t — 0. By using the triangle
inequality and the fact that sinh < cosh < exp we get

2,2 2 2 2
, T™n 2tn 4n 4wn w4 (n —n?)
n§>:2 ‘fn,t(ﬂ—)‘ exXp <_ n > < Z < tf + 7 + ; > exp <t
1 & 2
S ()

and this well-known series can be evaluated to

a2 a2
et (1 + et>
_x2\ 3
t <1 — eT>

(see [12, p. 192]) which indeed tends to 0 as ¢ — 0. The analysis just made shows that we have

)

and thus,

for sufficiently small ¢. Hence hy(x) < (7 — x) on [0, 7] and we are done. O

Corollary 3.5. For x € [0, 7] and sufficiently small t we have the following bound

™=
WO S e

Proof. By Theorem 3.4 it suffices to show that

Gi(z) == (m + 1)% — min (1, %(7‘1’ - x)) > 0.

Observe that we have equality at * = 7 —¢/7 and = = 7. It is easy to verify that G; is concave
on the two intervals [0, m —t/7| and [7 — ¢/m, 7]. By this it follows directly that G¢(z) > 0 on
the latter interval. If we pick ¢ sufficiently small such that G¢(0) > 0 we get that G¢(z) > 0 on
the first interval as well. O]

It should be noted that the arguments in this sections only apply when ¢ is small, but it is
natural to conjecture that similar results hold for all ¢.
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Monotonicity properties of the
spherical heat kernel

In this chapter, we show that K}¥(f) is strictly decreasing on [0,7] when N = 1, 2 and 3.
That is, the spherical heat kernel K;¥(£,7) is strictly decreasing as a function of the spherical
distance between £ and 1. By the methods used, we shall only consider small ¢ for N = 2, 3.
Also, a probabilistic proof is given for the case when N = 1. In view of Theorem 2.4, this
implies in particular that the kernels are positive.

4.1 Monotonicity of K}

The idea is to show that the derivative of ¥; is negative on (0, 7) for sufficiently small ¢ and
then use the semi-group property of 9 to prove that ¥, remains strictly decreasing on [0, 7] for
all t. But first we need the following elementary lemma.

Lemma 4.1. Let f and g be 2w-periodic functions which are integrable on [0,27]. Then,

s

"t -wewdy= [ g- i@y el

—Tr

Proof. By the change of variables, z = x — y, the LHS becomes

—T

/:H f(2)g(a—2)dz = /x:r F(2)g(w - 2)dz + /:” F()gle — =) da

= /g:ﬂf(z)g(x—z)dz—i-/ f(2)g(x — 2) dz

—T

_ /ﬂg(w ~)f(2) de.

O

Theorem 4.2. 9 is strictly decreasing on [27n,27wn + | and strictly increasing on [27n +
m,2mn + 2x] for alln € Z, t > 0.
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4.2 Monotonicity of K} Monotonicity properties of the spherical heat kernel

Proof. Since ¥¢(z) and ¥¢(z + 7) is even and 2m-periodic, it suffices to show that ¥; is strictly
decreasing on [0, 7| for all £ > 0.

If we use the relation ¥, = W/, and recall that h; is positive and W} is negative on (0, ),
we conclude that ¥, is strictly decreasing on [0, 7] for small ¢. Accordingly, let ¢ty > 0 be
sufficiently small so that ¥, is strictly decreasing on [0, 7], and let t € (0,¢o]. From (2.4) we
know that ¢ satisfies the semi-group property

Vto+t(x) = i Vo (@ — 2)04(2) dz.

—T

Differentiating both sides and using Lemma 4.1, we obtain

Vi re(x) = Vy(x — 2)0}, (2) dz.

—T

Since 1, is odd, we have

Bosala) = [ 01l = 9) = 0+ )] 4 ) (41)
It turns out that the expression in the square brackets is positive:
Vi(r —y) —d(r+y) >0, =,y (0,n). (4.2)
To verify this, observe first that
Y¢(x) = Y¢(arccos(cosz)), x € R,

since both ¥; and cos are 2m-periodic and even, and arccoscosz = x when x € [0,7]. With
this observation and the fact that J; and arccos are strictly decreasing on [0, 7] and [—1,1]
respectively, we get the following equivalences

(z—y) —(z+y) >0 < O (arccos(cos(z —y))) — Vi (arccos(cos(x + y))) > 0
& arccos(cos(x — y)) — arccos(cos(z +y)) < 0
& cos(x —y) —cos(x +y) >0
& 2sinzsiny > 0.

Thus (4.2) is true.

Hence the RHS of (4.1) is negative for z € (0,7), which implies that 4,4+ is strictly
decreasing on [0, 7]. Since this is true for all ¢ € (0,¢y] we infer that ¢, is strictly decreasing
on [0, 7] for all t < 2t;. We can now iterate the whole procedure to show that ¥ is strictly
decreasing on [0, 7] for t < 2¥¢( for any k € N. Hence 9 is decreasing on [0, 7] for all t > 0. [

Corollary 4.3. ¥; has a global mazximum at z = 27n and global minimum at 27n + 7 for
n € Z.

4.2 Monotonicity of K}

Theorem 4.4. K}(0) is strictly decreasing on [0, 7] when t is sufficiently small.
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4.2 Monotonicity of K} Monotonicity properties of the spherical heat kernel

K> ©)

0.12
0.10
0.08
0.06
0.04
0.02

0
1 2 3

Figure 4.1: An illustration of K}(#) for t = 0.4 and 0 < 0 < .

Proof of Theorem 4.4. Recall from Theorem 2.4 that
t /
Ko =5 (-19).

- 2 sin 0

Our strategy is to show that the derivative is negative for 6 € (0, 7),

d [ 90) 9(0) %)
o7 <_sin9 <0<:>—Sin0 +sin20 osfl <0,
which is equivalent to showing that
97 (0) sin @ — 9,(0) cos @ > 0 (4.3)

for 6 € [0, 7]. To prove this, we consider two cases; when @ is small and large, respectively.
Case 1: Assume that 6 € [0,7/2]. If we now use the relation 9, = h;W/, the inequality
(4.3) becomes

hi(0)W{(0) sin 6 + hy(0) [W}'(6) sin 6 — W{(8) cos 6] > 0.

To get rid of the derivatives of W; we use the fact that

WH(O) = — 2 Wil6),

to get

92

GSiHQWt(e) () K 1> sinf + %COS 9} Wi (6) > 0. (4.4)

2t

—hi(O - _
) 412 2t 2

Since h; is strictly decreasing for small ¢ by Corollary 3.3, the first term is positive on the whole
interval (0, 7). For the second term, note first that the expression in square brackets is zero at
f = 0, and that its derivative is given by

62 cos 0 fsin @

o (1-— t)W (4.5)

which clearly is positive for § € (0,7/2) when ¢ < 1. This implies that the second term is
positive on (0,7/2). Thus, (4.3) is true for 6 € (0,7/2) when t is small.
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4.2 Monotonicity of K} Monotonicity properties of the spherical heat kernel

Case 2: Assume that § € [r/2,7]. Note that the function 6 — 9} (0)sinf — ¥,(6) cos 6
is zero at @ = w. If we can show that its derivative is negative on [7/2, 7] we are done. The
derivative is given by

d% [9/(6) sin @ — 9,(6) cos 0] = (19753)(9) + 19;(9)) sin 6.

)

From Theorem 4.2 we know that ¥} is negative on [7/2, 7]. Thus it remains to prove that 19§3
is negative on [7/2, 7| for small ¢.

5,3

3

-1

Figure 4.2: 19,(53) for t = 0.2 and 0 < x < 7. The critical points will move to the left as ¢ gets
small.

Observe that this holds true for the Gauss-Weierstrass kernel:

3
W) = (5 - g ) WO (1.6

which indeed is negative when /6t < . From the defining formula of 9; we have

920) = S WP+ 2mn)
nez
-3 (W§3> 0+ 27n) + WS (0 — 27 (n + 1))) .
n>0

If we can show that all the terms in this series are non-positive when ¢ is small we are done.
Let t be so small that Wt(3) (0 + 27mn) is negative. Then

w30 - 2w(n + 1))

W0 +2mn) + W0 - 2n(n +1)) <0 & ®)
W, (6 + 27n)

<1

If we use (4.6) and move the exponential term over to the RHS we get

(2mn + 27 — 0)% — 6(27n + 27 — O)t e <7r(2n+ 1)(m —0)
< ex

> 0.
(27T7”L—|—0)3—6(27Tn—|—6)t t >7 96[7?/27 7T], n >0

For every fixed 6 € [r/2, 7] and t sufficiently small, the LHS is decreasing and the RHS is
increasing as functions of n. This is readily seen to be true for the RHS, but for the LHS we
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4.3 Monotonicity of K? Monotonicity properties of the spherical heat kernel

need a few lines of argument. Let x, = 2mn + 6 and y = 27 — 20. Then the LHS can be
rewritten as

y® — Gty Tnty

a3 — 6ty x2 — 6t

and it is clear that the first two terms are nonincreasing as n is increasing provided ¢ is small.
It remains to verify that the same holds for the last term. We have

1+

Tn4l +Y Tn+Y o 2T+ +y Tnt+ Y
a2 —6t a2 —6t (4m2 + dway) + 22 — 6t a2 — 6t
& 2m(x? —6t) < (472 + 47wy (zn + y)
& 0<2m2 +4n(zy, +y) + drzny + 127,

which clearly is true since all terms are positive. Hence it suffices to just consider the case
when n = 0,

3
(27 023 - ggﬂ 0)t < exp <’7T(7Tt 9)) 0en/o .
Note first that we have equality at 8 = w. Let € > 0 be sufficiently small. By differentiating
the LHS with respect to 8, we obtain a continuous function which is bounded on the compact
interval (¢,0) € [0, €] x [7/2, 7| by a positive constant M. This means that the LHS is bounded
above by the function y(0) :== —M (0 — 7) + 1 on [7/2, 7] when 0 < ¢t < e. The RHS is convex
function of # and its derivative tends to —oo uniformly as ¢ gets small, which implies that it is
bounded from below by y(#) on [r/2, 7] for sufficiently small ¢. This proves the inequality. [

4.3 Monotonicity of K?

Theorem 4.5. K?(0) is strictly decreasing on [0, 7] for small t.
Proof. From (2.33) we have

Y B sy 0 1
Kt(g)—g _1Gt/4 ’UCOS§,1 ﬁd@

Let us set f(v,0) = arccos (vecos§) for v € [~1,1] and 6 € [0, 7] so that cos f(u,6) = vcos

We can then also write Gi//f (v cos g, 1) as Kf/4(f). Note that the partial derivative

0
5

B vsing
~ 2sin f(v,0)

is an odd function of v for all 6 € [0, 7] because f(—v,0) =7 — f(v,0). By the chain rule, the
derivative of the integrand is

i [th/‘*(f ) 02} B :Zf K59 ,f/iél(li i)Q

Since the kernel K ?/4 is smooth, and fj(v,0) is bounded and continuous with respect to v

folv,0)

when 6 € (0, 7), we can differentiate the integral and move the derivative inside the integral by
dominated convergence. That is,

y Lo £3(0.0)
GlEo) =5 [ S [Rn] 5

23
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4.4 A probabilistic proof Monotonicity properties of the spherical heat kernel

Since fy(v,0) is odd, this can be written as

1 [td fo(v,0)
877/0 af {Kf/z;(f)*Kfm(W*f) \;ﬁdv-

By Theorem 4.4 we know that the function K f/ 4 1s strictly decreasing on [0, 7] for small ¢, and
therefore it is clear that the square bracket is a decreasing function on [0, 7] with respect to
f, which implies that the derivative is negative. Thus the integral is negative and the claim
follows. O

4.4 A probabilistic proof

In this section we establish that 9 is strictly decreasing on [0,7] by using a probabilistic
argument. Let ©; be a Brownian motion in R starting at 0. Then the projection of ©; on
S1 = R/277Z describes a freely diffusing particle on S1. Let 01,05 € [0, 7] be such that 6y > ;.
Let € > 0 be small and set

L = U[91—6,01+6]+27T')”L, and I = U[02—6,92+6]+27Tn.
nez neZ

The probability of finding ©, in the set I; can then be interpreted as the probability of finding
the diffusing particle in the interval [0; — €, 01 + €] on S' and similarly for I. See Figure 4.3.

Figure 4.3: The diffusing particle will start at 0 when ¢ = 0 and we wish to show that at any time
t > 0 there is a strictly higher probability of finding it in I; than Is.

For the sake of clarity, we break up the argument into a sequence of steps.
1. Relate the probabilities of finding the particle in I; and Is to ;.

2. Show that the probability of finding the particle in I; is greater or equal to the probability
of finding it in I» and use this to prove that ¢, is nonincreasing on [0, 7].

3. Show that if the particle has crossed the dashed line in Figure 4.3 before time ¢, then the
probability of finding it in [ is the same as that of finding it in Is.
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4.4 A probabilistic proof Monotonicity properties of the spherical heat kernel

4. Establish that there is a non-zero probability of finding the particle in Iy without ever
crossing the dashed line and use this to prove that ¥ is strictly decreasing on [0, 7.

Step 1. Since O, is a Brownian motion, it has normal distribution with mean 0 and variance
t. That is, for Borel sets I of R we have

PO, €)= / W, 2(6) do. (4.7)
I

The probability of finding the particle in I; will then be

P@ch) = 3 /[916 o W, 2(6) do

ne”
= Z / Wi /2(0 + 27n) d
nel, [01—€,01+€]
_ / 9,/2(6) db). (4.8)
[9176, 91+6]
Similarly for I,
PO, € Ip) = / 9,/2(0) do. (4.9)
[9276,924»6]

This means that 9/, can be interpreted as the distribution obtained by wrapping the normal
distribution around the unit circle.
Step 2. Let ¢ = (02 + 01)/2 be the midpoint between the intervals I, I2 and let 7 be the
stopping time defined by
T=inf{t>0:0; € (p—m,p)°}. (4.10)

Then {t > 7} represents the event that the particle has crossed the dashed line in Figure 4.3.
It is proved in [6, Theorem 3.13] that stopping times defined like 7 are almost surely finite;
P(r < o0) = 1.

Next we use 7 to write

P(@tEIl):P(@tell,tZT)-i-]P)(@tGIl,t<T), (411)
and similarly
P(@tEIQ):P(@t€I27tZT)+P(@t€I2,t<7'). (4.12)
=0

The second term vanishes since Brownian motion is continuous and cannot reach I without
first reaching ¢ or m — . Let us for the moment assume that

P(@tGIl,tZT):]P(@tGIQ,tZT). (4.13)
Then, subtracting (4.12) from (4.11) implies that
P(@t6[1)—[P((“)tEIQ):P(@tEIl,t<T)ZO. (414)
In view of (4.8) and (4.9) and the above inequality, we obtain
lim P(©;€)—P(O; € I5)

e—0 2¢

= y/2(01) — Uy /2(62) > 0.
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4.4 A probabilistic proof Monotonicity properties of the spherical heat kernel

Thus we conclude that ¥; is nonincreasing on [0, 7].
Step 3. Now we prove that (4.13) is true. By the law of total probability we have

PO,eh,t>1)=PO©,€1,t>7,0,=¢0)+P (O, €1,t>7,0;,=p—7),
and
PO, el t>7)=P(O©, €, t >7,0, =)+ POt >7,0, =p—m).

Let us show that the terms corresponding to ©, = ¢ are equal. Showing that the terms
corresponding to ©, = ¢ — 7 are equal can be done completely analogously.
Assume that P(t > 7, ©, = ¢) > 0 since otherwise we are trivially done. Then it suffices
to show that
PO, |t>71,0,=¢)=PO, € |t>T1,0,=0).

To prove this we need to recall the strong Markov property for Brownian motion (see for
example [6]).

Theorem 4.6 (Strong Markov Property). Let 7 be a almost surely finite stopping time relative
to the filtration {F;} of the standard Brownian motion {B; : t > 0}. For s > 0, define the new
process

B: = Bs+T - B;

with filtration {F:}. Then {BZ :s > 0} is a standard Brownian motion and F is independent
of Fr for all s > 0.

This means that the new Brownian motion B} is independent of 7 and “everything we
know” about B; up to time 7. We can invoke the strong Markov property by writing {©; €
Ly={6 1+ —0,€1 —0,;} ={0]_, € I; — O;} and thus

POeh|t>7,0,=¢) = P(O;_,€1 -0, |t>7,0,=0)
= PO, _,ch—p|t>T).

Let F(z) =P(r <x |7 <t). Since {O} : s > 0} is independent of 7, we can marginalize over
T to obtain

t
PO, el—y| tzT)—/ P(O; , €l - ¢)dF(x).
0

Similarly for I we obtain
t
PO©;ely|t>r, G)T:go):/ P (O], € I, — ¢) dF (z).
0

By (4.7) we see that for any interval I and s > 0 we have P (0% € I) = P (O} € —I) since
W,/2 is even. But it is easy to verify that Iy — ¢ = —(I2 — ¢) and then we infer that the two
integrands are equal. Hence (4.13) is true.

Step 4. So far we have proved that ¥; is nonincreasing on [0, 7]. To show that it is strictly
decreasing, we need some further arguments.

Let us assume there exists an open interval J in [0, 7] on which ¥; is constant and show
that this leads to a contradiction. Since the two intervals I; and I3 in our setting are arbitrary,
we may assume that they are contained in J. Then, since 1J; is constant on J we immediately
get P(©, € I}) =P (0; € I5) by (4.7), and in view of (4.14) this implies that

P(@tell,t<7'):0. (415)
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4.4 A probabilistic proof Monotonicity properties of the spherical heat kernel

We shall now show that this is false. Let o be the stopping time defined by o = inf{t > 0 :
O, € (—61,61)°}. The idea is to show that given ©, = 01, there is a positive probability of the
particle to remain in the interval [0 — €, 01 + €] all the time from o up to ¢.

It is easy to verify that the probability p := P(o < t) is positive for any ¢ since {©;/, >
01} C{t >0} and P(O;)p > 1) = feolo Wi/4df > 0. By symmetry the event {0 < t, O, = 01}
has probability p/2 and is therefore also positive. By conditioning on this event we get

P(@tEll,t<T) ZP(@t611,t<7'|0'<t,®o-:91)p/2.
By using the strong Markov property we can write {©; € I1} = {0 515 — 05 € [1 — O,} =
{©;_, € I) — O,} where OF := O3, — O, is the new Brownian motion, independent of ¢ and

{©;: t < o}, starting at t = 0. Then the conditional probability can be written as

P(éf_geh—@g,t<7\a<t, 60:01> = IP’((:)Z‘_UE[—E,E],t<T\J<t)
P( sup ‘é:|<e|a<t
s€[0, t—o]

IP’( sup |€):’ <e) .
s€[0, ¢]

Lemma 4.7. Brownian motion By has a positive probability of being bounded by any positive

v

v

But this is positive by the following lemma.

constant on a finite time interval. That is, for every e, t > 0 we have, P (supsE[O’ 1 |Bs| < 6) >
0.

Proof. Let n be the smallest natural number such that p := P (SUPse[o, t/n] | Bs| < 6/2) > 0.
Such a n exists since otherwise we have

0= lim P( sup \Bs|<e/2> :P<lim sup \Bs|<e/2> =P (By<¢€/2)=1,
s€ ]

e [0,t/n 00 510, t/n)

which is a contradiction. Let m be such that 0 < m < n — 1. By the Markov property of
Brownian motion the event that |Bs — B, /p| is less than €/2 for s € [mt/n, (m + 1)t/n] has
probability p . The event that B(,,1)¢/n — Bmi/n has the opposite sign to B,,,;/,, has probability

1/2, by symmetry. By conditioning on that these two events occur for all m =0,...,n — 1 we
obtain cancellation in such a way that B; is guaranteed to be bounded by e for all s € [0,¢],
that is P (Supse[o’t] |Bs| < e) > (p/2)" > 0. O

Hence (4.15) is false as desired and 9¥; must be strictly decreasing on [0, 7].
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Estimates

In this chapter we establish the following upper bound for the spherical heat kernel

N ! R d(&,n)* _
Ky (&n) S <t+7r—d(§,77)> N2 XP <— m )7 N =1,2,3, (5.1)

for small t. We shall also verify that the estimate is sharp at d(§,n) = m, which implies that we
cannot set § = 0 in the estimate (1.2). Note that the upper bound is completely analogous to
the Euclidean heat kernel (1.1) up to the factor (t 4+ —d(&, 7))~ N1/, For fixed &,n9 € SN
which are not antipodal, d(&y,n9) < 7, we see that the factor remains bounded as ¢ gets small

so that a(e )2
1
N - 0570
K= ey (1)

Note also that the factor reduces to 1 when N = 1, which means that the spherical heat kernel
on S! essentially is the same as the Euclidean heat kernel on the real line. For N = 2,3
however, the factor increases with the spherical distance and is maximized when the points are
antipodal; d(&,n) = m. Then, the upper bound suddenly depends on ¢ in another way compared
to the Euclidean kernel. Indeed, we have

KN (7) ~ <\}i> N_l tN% exp (-Zi) . (5.2)

It is shown in [8, p. 23] that (5.2) is valid for all N, and it is therefore natural to conjecture
that (5.1) also is true for N > 3.

5.1 Estimates of K}

Definition 5.1. Fort > 0, let Hi(x) be defined by

_ V(=)

D = @y

x € [0, ).

Proposition 5.2. H; is strictly increasing and strictly convex on [0, 7].
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Proof. First we note that H; can we written in the following way

H(z) = Z Wi(z + 2mn) Z Wi(z + 2mn)

= Wi(z) ot Wi(x)

B Wi(z + 27n) Wi(x — 2m(n + 1))
=2 T T Wi(z)

n>0 n>0

[ ( 7r2n2+7mcn> < 7r2n2+(27r2—x7r)n+7r2—m:>]
= Z eXxp| ——— | +exp | — .

t t
n>0

The expression in square brackets is a strictly convex function of z, for all ¢ and n. This implies
that H; is strictly convex. Also, H; is even since ¢y and W; are even. Therefore, H,(0) = 0 and
together with the convexity, this implies that H; is strictly increasing. O

Proposition 5.3. For all € > 0 there exists T > 0 such that
Hy(z) <2+e€ z€(0,7], te(0,T)

Proof. From Proposition 5.2 we have that H;(z) < Hy(m) since H; is increasing. Then we note
that

Hy(r) = zzexp<7f2<n?+n>>

t
n>0
272n
< 2 —
e (-2
n>0
2

So Hy(m) — 2 as t — 0, and the result follows.

O
Theorem 5.4. For sufficiently small t we have
- 1 0 — p)?
G, 1/2((3030,cosg0) ~ \/Eexp (—m) , 0,0 €0,7].
Proof. From (2.13) we have
Gt_l/Q(cos 6,cosp) = V(0 — @) + 0+(0 + ). (5.3)
By Proposition 5.3 we have that ¢y ~ W; for small t. Therefore,
Gt_l/Q(cos 0,cosp) =~ Wil — @)+ Wi (0+ )
1 (0 — ) O
~ SRt 22 B Bt ad
NG exp < 1 + exp ;
1 (0 — )
~ \/Z exp ( T .
O
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For ¢ = 0 we simply get the following corollary which confirms (5.1) for N = 1.

Corollary 5.5. For smallt we have

K} 6) ~ \}Eexp (—Zi) .

5.2 Estimates of K}

Theorem 5.6. For small t we have
K3(0) < ;exp —9—2 6 € [0, 7]
PN 32(r — 0+ 1) 4t )’ T
and the estimate is sharp at 6 = 7.

Proof. Recall from Theorem 2.4 that

KH0) = 5 (24D,

2 sin 0

If we use the fact that ¢, = h,W/ and Corollary 3.5, which states that

T—0
he() < ———
O S v
we obtain,
1 (m — 6)0 62
K} 0) < _
'O 3 BRm—ary smo eXp( 4t>

1 . ( 92)
S S A
t3/2(r — 0+ t) P\7x )

as desired. To verify that the estimate is sharp at 8 = w, we write

K3(r) ~ tim —2 9 _ iy,

6—r sind

and use the fact that ¥} (7) can be written as 2W/'(7) plus a sum of terms that that tends to
0 faster than W}'(r) as ¢ gets small. Hence

3 I 1 2
K} (m) ~ W' (7) ~ Mexp )

for small ¢. O

This theorem confirms (5.1) for N = 3.
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5.3 Estimates of K7 Estimates

5.3 Estimates of K}

Lemma 5.7. Let g be a decreasing integrable function on the interval [0,a]. Then

Aaﬂx) Ma—m J/

Proof. First we observe that

For arbitrary real numbers x2 > x7 and y > y; one has

Toy2 + T1Y1 > Tay1 + T1Y2, (5.4)
since (z2 — z1)(y2 — y1) > 0. In view of this, we notice that g(z) > g(a — z) and % > al_m
when z € [0,a/2]. Therefore,

/a (x) ! dx = /a/z[(x) ! + (a—:r)l] dx
0 g a—x B 0 g a—x g \/:E

" ! ! dx by (5.4

< — - .

< [T prata-a ) o by )
e 1

= g(x)— dzx,

I
and we are done. O

It can be interesting to note that the lemma actually is a direct consequence of the
Hardy-Littlewood rearrangement inequality, see [5, (378)].

Theorem 5.8. For small t we have

1 2
K2(0) < ———exp (—— ), 6e0,],
t()Nt\/mexp< ) [ ﬂ-]

and the estimate is sharp at 6 = 7.

Proof. By Theorem 2.4 and the trigonometric identity

. b—a\ . b+a
cosa — cosb = 2sin 5 sin 5 ,

0/2 \/SHI ) sin (fy—i— 2

we obtain
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5.3 Estimates of K7 Estimates

Use the relation ¥, = h,W/, and write

a0 = o eww (-2 ) heja2)

in the integral, to obtain

1 [0 o Yhiya(v) p
)y ) e
\/sm (fy — 5) sin (’y + 5)
Make the transformation ¢ =~y — 3 and use the estimate

sin () sin (¢ +0) > p(r —9)(Y + 0) (7 — 0 — ),

(which is valid since both ¢ and ¢ + 0 are in [0, 7]) to obtain

2 1 AN R (¥ + ) huya (¥ + §
o= t3/2ep< 4t>/ eXp( t >¢w<w—w><w+9><w—6—w>d¢' 59

Let us denote the integrand in (5.5) by I;(1,6). Then it remains to prove that

T—6 \/i
/0 L(¥,0)dy < T (5.6)

for all # € [0, w]. To show this, we consider two cases; when 6 is small and large, respectively.
Case 1: Assume that 6 € [0, 5]. It is convenient to factorize the integrand in the following
way

(5.7)

w2+¢9>

1(1,6) = exp ( t

VO +0) | | /(=) (r— ¢ —0)

Then the two factors in square brackets in (5.7) are bounded on v € [}, 7 — 6] and ¢ € [0, 7],
respectively. That is,

sup{mzee[o,g},zpe[z,w—e}}g (5.8)

and (recall h;/y <1 by Lemma 3.4)

hepa(t+5) i ﬁ
sup { Nc _/;)(;_21# — 0 c [o, 5} e [0, ﬂ } ~1. (5.9)

™

But the two factors are unbounded on ¢ € [0, ] and ¢ € [§, 7 — 0], respectively. And when
this is the case, we shall use the following estimates

v+4 0
T = et f“*\ﬁ’ 10
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5.3 Estimates of K7 Estimates

and

ht/4(1/1+§) < hy/a(¥) 1
V=) m—v—0) ~ Vi—¢Vr—¢ -0

1 4 1
min (m, Tﬂ\/ﬂ — d}>m by Lemma 3.4.

4 1
Y L — (5.11)
t Jor—yY—0

The analysis done so far motivates us to break up the integral as follows:

/0” (.6) dip = / 0) dr + /ﬂ;eftw,e)dw

For the first integral we have

since h; is decreasing

A

/4 /4
/ Ly, 0)dy < / exp <_¢2 1_ 1/}9) 1+ \/g dy by (5.9) and (5.10)
0 0 (G
/4
< /0 exp <— diy —I—/ \/>exp di)
<

ﬁ(/o e™? dx+/0 \/ge_ydy> ~ V.

For the second integral we have

/ﬂlew,e)dw < /ﬂ;eexp( :)[ \/%] dy by (5.8) and (5.11)

4
< \/— —d
B eXp( 16t> / w—zp V(T =19 -0) v
< exp (—&) 2%\/3 < +/t, for small t.

By adding up the two previous results we infer

m—0
/ L(v.0)dy <VE 0¢ [o, g} . for small ¢,
0
which implies that (5.6) is true for § € [0,%]. Thus it remains to prove (5.6) for the second
case, when 6 € [J, 7].
Case 2: Assume that § € [J,n]. In this case, it is convenient to factorize the integrand
I(6,%) in the following way

v +we> 1 (¥ +5) haya (¥ +5)
t ) Vidlm—0-9) [ (m—9)(+0)
Then we observe that the expression in square brackets is bounded for 8 € [g,w] and the
interval of integration ¢ € [0, 7 — 6],
+5hn +4
sup (@b 2) t/4 (‘/’ 2) e [ﬁ’
(r =) +6) 2

1(0,6) = exp (—

7[‘:|,1,ZJE[O,7T—9]}21.
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From this observation we conclude that

T—0 N T—0 _W) 1
/0 I(0,%) dip ~ /0 exp ( " T Car Y di. (5.12)

Make the transformation ¢ = (7 — #)x and use Lemma (5.7) to get

(07507 L

Make the transformation w = (7 — 6)z/t to obtain

e ' L6_9“ w
Y /0 e (5.13)

Since § > 7/2, the integrand is integrable on [0, oo, which implies that the integral is less than
a positive constant. Hence

w—0
[ e s Y (514)
0 m™—0
From (5.12) we also obtain
w—0 w—0 1
L(0) dy < dy ~ 1. 5.15
| newdes [ ¥ (5.15)

If we combine (5.14) and (5.15) we infer that

T—6
[ rowas 5w vt 1)
0

)
1 1
= Vimin (25 )
mln W_H\/i
< ¢
~or—0+t

which proves (5.6) for the case when 0 € [g, 77] and thereby completes the proof of the estimate.
To verify that the estimate is sharp at § = 7, we use (2.33) and (2.32) to obtain

1/2 ~ 1/2 T ~
KX 87r/ Gt/4 Vi dv Gy (COS§,1> _—192/4(77/2).

If we use the relation 292/4(77/2) = hyya(m/2) t/4(7r/2) and the fact that hy/4(7/2) ~ 1 for small
t (since hy/4 is concave on [0, 7] for small ¢ by Theorem 3.2), we conclude
1 72
2 ~ / o
K7 (r) = Wiya(n/2) = s exp ( 4t) |

This theorem confirms (5.1) for N = 2.
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