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Abstract

Effective moisture and chloride ion diffusivity coefficients for con-
crete are determined by computational homogenization, where concrete
is modelled on the mesoscale as a heterogenous three-phase compos-
ite material. By imposing moisture and chloride ion gradients on a
Representative Volume Element (RVE), effective macroscale properties
are obtained through finite element analysis. A parametric study of
the effects of the aggregate content was carried out. The numerical
results correspond well with an estimate of the Hashin-Shtrikman type,
available in the literature. The computational homogenization strategy
proposed here also includes the Interfacial Transition Zone (ITZ), and
its influence on the effective diffusivity coeflicients is assessed.



1 Introduction

For concrete structures, deteriorating mechanisms are of great concern for
both safety and economy reasons. One such important mechanism is that
of chloride ion ingress. Chloride ions' are harmful for concrete structures
since they can initiate corrosion of embedded reinforcement bars at a certain
level of concentration, which subsequently may lead to fracture and structural
collapse, see e.g. [18, 27] for the mechanical behavior of deteriorated concrete
structures. The porosity of the cement paste allows for diffusion of the chloride
ions; however, since the chloride ions are dissolved in water?, the mass transfer
of chloride ions will also be driven by (and coupled to) the moisture transport.
On the other token, a change of ion concentration will affect the rate of
moisture transport; hence, the mass transport of chloride ions and moisture is
a truly coupled problem. In conclusion, it is important to be able to simulate
and predict ingress of these harmful ions together with moisture transfer, in
a realistic way, to foresee weakening of concrete structures due to chloride
initiated corrosion.

The aim of the work reported here is to investigate the effects of ballast
and the Interfacial Transition Zone (ITZ) on the coupled moisture and chloride
ion diffusion in concrete. To this end, concrete on the mesoscale is considered
as a composite material consisting of ballast particles embedded in the cement
paste matrix. The described coupled diffusion problem was modeled in [21]
for homogenous concrete, whereby the effect of ballast was introduced via an
estimate of the effective diffusion of the Hashin-Shtrikman type [11]. It may
be noted that the same type of estimate was used in [3] for estimating thermal
conductivity in composite materials with spherical inclusions. In the present
article, however, the effect of ballast is quantified from direct homogenization
of the response of the mesostructure. By doing so, the effect can be better
analyzed and controlled. Moreover, the geometric representation of ballast
enables the I'TZ between the ballast and cement paste to be included in the
model as a third phase. The effect of I'TZ has previously been investigated
by, e.g. [4, 13, 25].

Since the material properties are highly nonlinear, the homogenization
must be carried out on a Representative Volume Element (RVE) of the

1Only the movement of dissolved, or free, chloride ions are of concern, as opposed to
the bound ones.

2The chloride ions are dissolved only in the liquid phase (and not in the vapor phase);
however, this fact is of no consequence for the modelling of moisture transport.



concrete. Multiscale methods, including homogenization, for transport phe-
nomena in concrete, and porous media, have been adopted by several authors,
cf. [19, 16, 10, 17, 15]. Herein, we shall adopt so-called "first order homog-
enization”, as it is only the values of the macroscale solution of the scalar
fields (moisture and chloride ions) and their spatial gradients that are used as
'loading’ for the mesoscale modelling, cf. [6, 14, 26] and [12] where the first
order homogenization approach was included in a FE2?-scheme.

The paper is organized as follows: In Section 2, the procedure for numerical
generation of an RVE is described together with the constitutive model used
for the cement paste. Section 3 describes the computational homogenization
of the transport problem under the restriction to stationary conditions but
for general nonlinear response. The specialization to linearized macroscopic
response is described in Section 4, and the corresponding solution strategy
for determining the diffusivity tensors based on the pertinent sensitivity
problem is outlined. Numerical results are presented in Section 5, where
particular emphasis is placed on the influence of ballast on the diffusivity,
both including and excluding I'TZ. Finally, Section 6 contains conclusions
along with a suggestion for future work.

2 Mesoscale modelling of concrete

2.1 Characterization of the mesoscale structure - SVE
generation

Concrete is considered as a three-phase composite material, consisting of the
cement paste, ballast and ITZ. Each phase is assumed to be homogenous.
The ITZ is introduced as a highly diffusive interface ”"material” along the
perifery of each ballast particle, cf. Section 5.3.

At the core of homogenization analysis is the generation of an SVE (=
Statistical Volume Element) of the mesoscale structure of concrete. An SVE
is a realization of a stochastic field and is generated from a given statistical
representation of the subscale features; however, its size can be considerably
smaller than the RVE which must be sufficiently large that any realization
gives essentially the same response. For a discussion of the requirements
on the RVE and SVE’s, see [28]. Various strategies for the generation of
SVE’s have been devised in the literature. Voronoi polygonization was used
in [20, 8, 22] to numerically generate a 2D-structure. This idea was extended



to 3D mesostructures in [2] in the context of fracture analysis of concrete.
CT-scanning technique was used in [10] to generate 3D micro-structures of
cement paste.

In this paper, we have developed a strategy for the numerical generation
of 2D structures of SVE’s with the subsequent FE-meshing. The main control
parameters of the algorithm are the area fraction of ballast, denoted ny, and
the sieve curve of ballast. At the outset, each ballast particle is an octagon
with the radius r, see Figure la. The randomness in shape of the ballast is
simulated by adding a random variation to the radius of each corner point in
the octagon, see Figure 1b. The radius variation lies in the closed interval
[—0.25r,0.257].
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(a) Octagon bounded by a circle with (b) Applied random variations in r to
radius r. the corner points of the octagon.

Figure 1: Ballast particle modeled as randomly perturbed octagon.

For a given subscale domain €25 in 2D, representing the SVE, the algorithm
has the following principal structure:

e while the area fraction of ballast inside Qo < ny,

— Generate a new ballast particle with radius according to given
sieve curve

— Include random variation in its radius



— Place the new ballast particle at a random point in €

— if the center of the new ballast particle is inside an already existing
one

* Remove the new ballast particle
— end
— if the new ballast particle overlaps an already existing one
x Scale the ballast down stepwise until overlap is avoided
— end

— add area of the new ballast particle to the accumulated ballast
area

e end

Remark 1 An experimentally obtained sieve curve (from 3D particles) would
have to be re-scaled when used in a 2D model since the sieve curve data need to
be mapped from a volume to a surface. However, such re-scaling is beyond the
scope of this article and the sieve curve data used in the numerical examples
are assumed to be valid for a 2D model.[]

The algorithm guarantees that any overlap of ballast is avoided, and new
particles are added to the SVE until the desired ballast area fraction, ny, is
reached. However, a consequence of avoiding overlaps of the ballast particles
is that the specified sieve curve is violated. The final amount of large ballast
particles will be lower than specified, while small ballast particles will be over
represented. This violation effect can be seen in Figure 2. It is noteworthy
that the ballast content specified within the SVE is unaffected by this shift in
sieve curve. Examples of generated SVEs with three different ballast fractions
are shown in Figure 3.
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Figure 2: Sieve curves for the model.
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Figure 3: Examples of generated SVFEs with different ballast area fractions.

2.2 Balance equations — Moisture and chloride trans-
port
In this paper we consider only stationary transport conditions, in which case

the pertinent balance equations of mass conservation on the ”fine scale” are
simply

V-J,=0 Vxe, (1)
V.-J.=0 Vxe, (2)



where J4 and J are the mass flux (vectors) of moisture and chloride ions,
respectively. Both are assumed, at the outset, to depend in a quite general
fashion on the non-dimensional fields ¢ and ¢ and on their spatial gradients,
V¢ and Ve, where ¢ is the relative humidity in the cement paste pores and
where c is the chloride ion concentration, defined here as the ratio of chloride
ion mass to cement paste mass in a unit volume. Hence, Eqgs. (1) and (2)
represent coupled equations in the primary fields ¢ and c.

The pertinent boundary conditions are (in standard fashion) either of
the Dirichlet type (prescribed values of Fgﬁ ) and F](DC), respectively) or of
the Neumann type (prescribed values of boundary fluxes on Fl(\(f ) and Fl(\?),
respectively), whereby I' = F](f "U Fl(\?) ) = FI()C) U Fl(\?). The corresponding weak
format then reads

/V5¢-J¢ dQ :/ d¢ Jypndl, (3)
Q r(®

/Véc‘JCdQ:/ dc Jendl, (4)
Q r

for suitable test functions d¢ and dc that are sufficiently regular and satisfy
homogeneous boundary conditions on Fg’ ) and F](DC), respectively. The only

"loading” terms here are the prescribed values of outward fluxes J ,, g 6N

and J. ) c - I, respectively.

2.3 Constitutive relations for the mesoscale materials
2.3.1 Preliminaries

Although the transport of moisture and chloride ions is partly of the convective
type, they will be modeled as diffusion processes, whereby concentration
gradients of moisture and chloride ions are the driving forces on the fine scale.
In principle, such transport takes place in all constituents; however, for all
practical purposes it can be assumed that the ballast particles are completely
impervious.

2.3.2 Diffusion properties of the cement paste

Experimental results found in [1] indicate that the transport of moisture and
chloride ions are cross-coupled in the pure cement matriz. Based on these
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results, a "quasi-linear” constitutive model was proposed by them as follows:

Jo(0,6;V P, V)= —Dy(¢)Vo —e.De(¢,c)Ve, (5)
Je(0,6;V 9, V) = —4Dy(¢)V — De(0,¢) Ve, (6)

where it is assumed from the outset that the intrinsic diffusion properties (for
the pure cement paste), represented by the diffusion coefficients D, > 0 and
D, > 0, are isotropic. Furthermore, €, and ¢, are coupling parameters, which
are taken as constants according to [21] (g, = 0.028 and . = 0.2)°. The
expressions Eqs. (5) and (6) can be seen as modifications of Fick’s classical
law of diffusion.

The pertinent expressions for the state-dependent diffusion coefficients
adopted here were proposed, together with values of the parameters ay,, G,
Y, f1, f2, f3, fa and fs, in [24, 23]. They are as follows:

Dy(6) = an + Bu |1 — p— 1070~ 1
D.(¢,c) = fi(to) f2(nn) f3(&) fa(T') f5(c) [cm?/day], (8)

where % is the curing time and 7" is the temperature. How Dy and D, depend
on their respective arguments is illustrated in Figures 4a and 4b.

[em?/day], (7)

3We shall require the ”compound diffusivity” to be positive definite in the sense that
Jy - Vo+J.-Ve<0forany Vo # 0 and Ve # 0. This is equivalent to the requirement
1 —egec > 0, which is, obviously, satisfied for the chosen values of €4 and e..



_04Ff N .

g Z

Z o3} | =

[a\] [N}

= g

2L 02) y 2 b

- O

QL | _Q

0 02 04 06 08 1 0 020406 08 1 12 14

¢ [-] ¢ [-] 107

(a) (b)
Figure 4: State-dependent diffusion coefficients Dy(¢) and D (¢, c).

2.3.3 Diffusion properties of the ITZ

For the ITZ, we assume a constitutive relation with the same structure as
that of the cement paste, described in the previous subsection. However, the
diffusion coefficients for I'TZ do not represent a homogeneous material but
rather the net effect of pores and microcracks within a thin zone of thickness
h. We shall treat I'TZ as a 1D continuum material ”superimposed” on the
mesoscale domain, implying that additional mass transport in the I'TZ is
allowed only in the plane of the ballast/cement interface, which is denoted by
||l, see Figure 5. Consequently, the constitutive relations take the form

J¢7\|(V¢’ VC) = —D¢’1T2V”¢) — €CDC7ITZvHC, (9)
Jc,H(Vﬁf), VC) = —€¢D¢,ITZVH¢ - Dc,ITszcv (10)

where V|| = V. [I —e; ® e ]. Here, we introduced J, | and J. as the
mass flux vectors along the I'TZ; hence, the orthogonal components are zero
by construction.

FE-discretization of the I'TZ gives the following typical interface element

relation
J@ e e ¢€
Lo — _ | =9 =oc| |Z
-l e [E] )



where ¢° and ¢ are the nodal values of ¢ and c, respectively. Using piece-
wise linear interpoation of ¢ and ¢, the submatrices, representing diffusion

resistance, take the simple explicit forms

K — Dyirz Az |

=0¢p L,

e Dc,ITZAITZ
K =g ———————
gc — Ec

Le

Dy rrz A7,

_i(b = E¢ Le

K =
=Xcc Le

D¢ vz Az,

1 Y

(12)
(13)
(14)

(15)

where Apry is the cross-sectional area of the I'TZ layer with unit thickness,
and L. is the length of the ITZ element. The ITZ was assigned a width
h = 60 pm? in the FE-model, which yields Ayrz = 1 x 60 [um?]. Hence, it
is only the products Dy rzArrz and D yrzAirz that are determined from
experimental data via an inverse analysis, cf Section 5.3.

Remark 2 [t is noted that the FE-discretized fields ¢ and ¢ are continuous

across the interface elements. [J

T2

T

Figure 5: ITZ interface elements along the perifery of each ballast particle.

The approach of including I'TZ as interface elements for mesoscale mod-
elling of concrete was also employed in [22] to model water flow, and in [7] to
model the increase of concrete diffusivity due to cracking, in the context of

fracture analysis.
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3 First order homogenization - GGeneral non-
linear response

3.1 Macroscale problem

Homogenization infers that the integrands of the volume integrals in Egs. (3)
and (4) are replaced by space-averages on “representative volume elements”,
ie.

/V5¢-J¢dQ —>/<V6¢-J¢>Dd9, (16)
Q Q
where ()5 denotes the volume average
def 1
(0)n = == [ o di, (17)
Q0] Jag

on the RVE that occupies the domain €25 centered at the macroscale position
x € (; hence, (x — &)pg = 0.

In standard fashion, we assume first order homogenization defined by the
split of a typical field, say ¢, within {25 into the macroscale and fluctuation
parts® as follows:

oa; &) = oM (2 2) + ¢° (). (18)

The macroscale part varies linearly as
oM (x; ) = o(Z) + 9,(x) - [T —x] Vx € Qp, (19)
with g ' V4. Hence, we obtain VoM (z; ) = 9,(Z) constant within Qp.

We then obtain for any macroscale point & € €2 the identity
<V5¢ : J¢>|:| = (5574) : j¢ with j¢ = <J¢>[|. (20)

Remark 3 The macroscale fluz vectors depend in an implicit fashion on the
macroscale fields ¢,c and their spatial gradients denoted g,,g.; hence, we

write J¢ = j¢{§2_5, C; §¢,QC} and jc = jc{q;,é; g¢7gc}' U

4Superscripts M denotes macroscale, whereas s denotes subscale.

11



Now, assuming that the prescribed boundary fluxes are sufficiently smooth,
we may ignore fluctuations on the Neumann parts of the boundary I'; hence,
the macroscale problem can be written as follows:

/5g¢-7¢d9:/ 0¢ Jsn dT, (21)

Q r{®

/ 6G, - J.dQ) = / 6¢ Jondl, (22)
Q r{®

which must hold for sufficiently regular 6¢ and ¢ that satisfy homogeneous
boundary conditions on F](D(b ) and T ](DC), respectively.

3.2 RVE problem with Dirichlet boundary conditions

In order to compute the homogenized flux quantities J o and J #, it 1s necessary

to compute the fluctuation fields ¢° and ¢® as well as their spatial gradients on

the subscale: gj = V¢® and g ' ¥, This is done on each RVE with given

prolongation conditions. Here, we choose (for the sake of simplicity) Dirichlet
boundary conditions on both fields, i. e. ¢* = ¢® = 0 on I'y, whereby the
pertinent RVE-problem becomes: For given values of the macroscale variables
¢, ¢ and 94> 9., compute the subscale fields ¢, ¢* that satisfy the coupled
system

(V(6¢°) - J4)o =0, (23)
(V(3c*) - Jo)o = 0, (24)

for all possible d¢*; dc¢® that are sufficiently regular and which vanish on I'm.
We note that the macroscale prolongations ¢™,cM are completely defined
(varies linearly) on Qp.

In order to solve the (nonlinear) system Egs. (23) and (24), it is convenient
to use Newton iterations, whereby linearization of the constitutive relations
for the fluxes gives

de) = —D¢¢ . V(d¢) — Y¢¢ d¢ — D¢C . V(dC) — Y¢C dC, (25)
dJc = _Dc¢ . V(d¢) - Yc¢ d¢ - Dcc : V(dC) - ch dC7 (26)

12



whereby a comparison with the explicit choice of constitutive relations in
Egs. (5) and (6) shows that the tangent tensors in Eqs. (25) and (26) become

D¢¢ = D¢I Y¢¢ = (D¢>>;§V¢ D¢C = ECDCI Y¢C = €C(DC)2VC
Dy =c4Dpl Y 4= 5¢(D¢);5V¢ D.=D.J1 Y. =(D.).Vec.

C

(27)
A Newton step is then defined as
¢s(k+1) — ¢s(k) + A¢S, Cs(kJrl) _ Cs(k:) + ACS, (28)
where the iterative increments A¢®, Ac® are solutions of the system
(V3¢® - [Dyg - V(A9®) + Y 49 AP ) (29)
+(V6¢* - [Dye - V(AC) + Y ye Ac))p = (Vg - T,
<V568 ’ [Dc¢> ' V(A¢s) + Yc(b A¢S]>D (30>

(V36 [Dee- V(AC) + Yoo A} = (Ve - TP,

for all possible d¢°, d¢® that are sufficiently regular and which vanish on I'm.

3.3 FE? — Macroscale tangent operators

In the general situation it is necessary to solve the macroscale problem Egs. (3)
and (4) and the corresponding RVE-problem in each macroscale quadrature
point (typically Gauss points) in a "nested” fashion. The nested problem is
conveniently solved via Newton iterations on the macroscale. Moreover, the
procedure is commonly known as FE? since both macroscale and subscale
fields will be FE-discretized in 2 and €)n, respectively. It is then necessary
to find the macroscale tangent relations which represent linearizations of the

(implicit) functions J4{9, & 94 9.} and J o, ¢ 95,9}

dJ.=—Dy-dgy — Yy dp — D - dg. — Y. de, (32)

which requires the solution of the appropriate ”sensitivity problem” (or tangent
problem) associated with each RVE in each macroscale Newton iteration step.

13



However, in this paper we shall not opt for the solution of the full-fledged
nonlinear FE? computations but rather make simplifications in order to derive
upscaled macroscale constitutive relations. Such relations are obtained upon
assuming linearization for vanishing macroscale spatial gradients, i.e. at the
state g5 = g. = 0. The linearized expressions are then taken as valid for
“small” changes of the macroscale spatial gradients.

4 Linearized macroscopic problem

4.1 Preliminaries

We shall henceforth consider the special situation that the state is defined
by g, = g. = 0. In such a case the RVE-problem with Dirichlet boundary
conditions, although simplified, is still defined by the system in Eqs. (23)
and (24); however, since we have assumed that g, = g. = 0 we obtain
oM = ¢, M =¢. Hence, ¢ = ¢+ ¢°,c = &+ ¢*, and the constitutive relations
Egs. (5) and (6) become

J¢<¢> G, ngv VC) = _D¢(¢)V¢S - €CDC(¢7 C)VCS7 (33)
Jo(9,c; VP, Vi) = —c4Dy(0)V@* — De(¢,c)V . (34)

Upon inserting these relations into Eqgs. (23) and (24), we obtain the RVE-
problem

(DyV(56°) - Vé)a + ee(D.V (66°) - Vei)g = 0, (35)
es(DyV (6¢°) - V&™) + (D V(5¢°) - Vi) g = 0. (36)

Upon setting d¢° = d¢® = ¢° in Egs. (35) and (36) and eliminating the
"mixed terms”, we obtain
[1 - 4 (Dol Vo s = 0. (37)

Now, since gye. # 1, due to the "compound” positiveness (as discussed
in Section 2.3.2), we obtain the result (Dy|V¢*|*)g = 0. Since ¢° has
homogenous boundary conditions on I'g, we conclude that the only possible

14



solution is the homogeneous one, i.e. ¢* = 0. Similarly, by choosing d¢* =
6c® = ¢* in Egs. (35) and (36), we obtain the result ¢ = 0. Hence, ¢ = ¢
and ¢ = ¢ are constant fields within the RVE. In particular, we note that
VQZ5 =Vec= 0; hence, Y¢¢ = Y¢C = YC¢ = ch =0.

As a result, in this very special case the linearized constitutive relations
in Egs. (25) and (26) reduce to

dJ, = —D,V(d¢) — e.D .V (de), (38)
dJ. = —£,D3V(d¢) — DV (de). (39)

The sensitivity problem corresponding to variations of the macroscale
fields ¢, ¢ and g,, g. can be expressed as

(V[567] - dT ) = 0, (40)
(V[éc*] - dJ)n =0, (41)
for all possible d¢°, dc® that are sufficiently regular and which vanish on I'm.

Upon inserting Eqgs. (38) and (39) into Egs. (40) and (41), we obtain the
tangent relation

(DgV (6¢%) - V(dp)) 5 + ec (D V (66°) - V(de))y = 0, (42)
es (DY (5¢%) - V(d9)), + (Do V(8¢°) - V(de))y = 0. (43)

4.2 Sensitivity fields for SVE-problem

To determine the relations in Egs. (31) and (32) explicitly, we shall be inter-
ested in computing unit fluctuation fields, i.e. sensitivity fields, corresponding
to unit values of d¢, dg, and dc,dg.. Hence, we need to compute the differ-
entials d¢ = d¢™ + d¢® and dc = de 4 de’ in terms of d¢, dg, and dé,dg,.
Firstly, we conclude that

B NDIM R A
dpM(z) = dp +dg, - [w—z] = > ¢"(x)dgn,, (44)
=1
NDIM
dcM(@) =de+dg, - [z — 2] = D O(x)dge,, (45)



where NDIM is the number of spatial dimensions. The unit fields, ¢ @) ()
and ¢M0)(x), are given as

MO (x) = MO (z) = e [x—&] = 2—7; = VMO () = veMO(z) = e,

(46)
Next, we introduce the following ansatz for d¢® and dc?:
) ) NDIM NDIM
do*(x) = () do + ¢i(x) de + Z o) () dg,s + Z oo () dge;,
(47)
NDIM NDIM
de’(z) = é(z) de + & (z) do + Z &0 () dge; + Z x) dgy.:.
(48)

We thus obtain the expressions for the total differentials, d¢ and dc, in
terms of the sensitivities as

NDIM

do(@) = |1+ G3(@)| o + di() de + Z ([6"O@) + 638 (@)] dgiss + 6 (@) dge ),
(49)

de(@) = [1 + & (@)] de + & (@) do + Z ([0 @) + &0 (@)] dgies + &2 () i)
(50)

First, we show that the sensitivities gbd), ;¢ and ¢; all vanish. To this

end, consider first the case d¢ # 0 while all other macroscale differentials
are zero. Upon inserting the expressions in Egs. (49) and (50) into Eqgs. (42)
and (43), we identify the coupled system

<D¢V(6¢5) : v¢3;>u + 2. (DV(56%) - V). =0, (51)

2 (DyV(5c) - V<;33>D +(D.V(5¢") - Vé5)_ = 0. (52)

16



Setting 6¢° = d¢* = ¢ in Egs. (51) and (52), we obtain

[1— e4ec] (De| V) = 0. (53)

Thus, since e4e. # 1, due to the ”compound” positive definiteness (as discussed
in Section 2.3.2), we obtain the result (D.|V¢5|*)n = 0 by which we, finally,
conclude that ¢§ = 0. It then follows directly that (/5; = 0. In a similar fashion,
by considering the situation dé # 0 while all other macroscale differentials
are zero, we obtain ¢f = & = 0.

Next, we shall show that the two ”coupling sensitivities”, q@fbg)(m) and

éi((;)(a:), both vanish; hence, the system in Eqgs. (42) and (43) will be completely
decoupled. Consider then first the case dg, # 0,dg. = 0. Upon inserting
the expressions in Egs. (49) and (50) into Eqs. (42) and (43), we identify the

coupled system

<D¢V(6¢S) : Véjﬁ% +ee <DCV(5¢S) : Vé§;>>m = —(DyV(00°) - e)gy.

(54)
Eo <D¢V(5cs) : V&;§;>>D + <DCV((5cS) : Véj§j>>m = e, (DyV(5¢°) - &),
(55)

Now, setting d¢* = dc® = éig)

"mixed” terms to obtain

in Egs. (54) and (55), we may eliminate the

[1—coed (DIVEDE)_ =0, (56)

Thus, since e4e. # 1, we obtain the result <DC|V6§((;)|2>D = 0 by which we,
finally, conclude that 6‘2((;) =0.

In a similar fashion, by considering, the case dg, = 0,dg. # 0, we obtain
that ¢ = 0.

In summary, we have

17



NDIM

do@) = > [$MO(@) + 0" (@)] g (57)
de(z) = Z [MO(2) + &0 (2)] dges, (58)

where the simplified notation ¢*® % QASZ((;) and ¢5@ < 250 was introduced.

We thus conclude that the sensitivity fields due to changes in g, and g,
respectively, are uncoupled.

Remark 4 The decoupling is due to the specific assumptions made here and
does not hold for the general nonlinear problem defined by Eqs. (23) and (24).
O

The remaining (uncoupled) equations become

(DsV(6) - V5D) == (DY (56 - e, (59)
(DV(5¢°) - V&) = — (D V(5¢°) - €;)q, (60)

from which ¢*@ and & can be computed.

The expressions in Eqgs. (59) and (60) are valid in the general situation
where the subscale properties are allowed to be inhomogeneous within the
constituents in a completely general fashion. However, an interesting simplifi-
cation arises in the following important special case: The material parameters
characterizing the diffusion coefficients Dy and D., which are "intrinsic” to
the cement paste, are homogeneous within the subdomain Qg ,°, and it is
assumed that the diffusivities are zero in the subdomain 5, occupied by the
ballast particles. Since ¢ = ¢ and ¢ = ¢ are constant fields within the SVE,
we conclude that ¢ and c are indeed homogeneous within {25 ,; hence, we
may set

D¢(£B) = D(b,cpf(w); Dc(m) = Dc,cpf(w)a (61>

Ssub-indices "cp” for cement paste and ”b” for ballast.

18



with the common function

y Ve € QD,cp
f(z) = , (62)
0, Ve € QD,b

in Egs. (59) and (60) to obtain the two identical equations

(19(667) - V&0) == (fV(56") - ey, (63)
(fV () - Ve = —(fV(6c) - &)y, (64)

for the unknown sensitivity fields és(i) and &#@: hence, we conclude that these
fields are identical.

4.3 Homogenized linearized diffusivity tensors

We are, finally, in the position to evaluate the macroscale diffusivity tensors
(defined via linearization) occurring in Eqs. (31) and (32) by first noting the
identities

dJg; = (dJ s - €)o, (65)

dJc,i = <dJC : €7;>D, (66)
and combining with Eqgs. (38) and (39) and Egs. (57) and (58) to obtain (i)

Yo =Y4 =Y =Y. =0 and (ii) the non-zero tangent tensors in terms
of their components

<D¢>D (Sij -+ € <D¢V($s(])) . €i>D y

(Dyy) (67)
(Dge)ij = e (De)py 0ij + e (D V(&) - e3) (68)
(Deg) (69)
(Dec) (70)

¢
Dcc ij = <Dc>[| (Sij + <Dcv(és(])) : ei>|:,7
D¢C = 5chca DC¢ = €¢D¢¢. (71)
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For small spatial gradients, we thus propose the approximate constitutive
relations for J, and J. as follows:

j¢, ~ —D¢ : v(i - ECDC : v(_?, (72)
J.~ —e,D,-Vé—D.-Ve, (73)

where we introduced the simplified notation 1_)¢ et Dqg(_b and D, o D...

We may, further, get a more explicit expression of D, and D, when the
parameters D, and D, are homogeneous within the subdomain Qg (as
discussed above). It then follows that

(Ds)yy = 1= m) Doy |85+ (VH) - e)rre| (74

where we introduced the ”phase average”

1

- . O, (75)
|QD7CP| QD,cp

(®)0cp =

In the case of macroscopic isotropy, which should be retrieved in the
present setup for sufficiently large Lo, then it is possible to represent the
"fluctuation” part as

(VD) . e = (V&) . e))g = A%, (76)

where

= ((v0),), = (79),), = (Vo)) = (7)),

Hence, we may write

D¢ = D¢I, with D¢ = []_ - nb][l + A_S]D@Cp. (78)

Obviously, a similar expression can be obtained for D,:
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D.=D.JI, with D.=[1—m][l+ A°]D¢cp. (79)

An estimate of the Hashin-Shtrikman type, which was adopted in [3, 21],
for the effective diffusion coefficients of concrete, D, and D, can be obtained
by multiplying Dy, and D, by a common factor f(ny,) depending only on
the ballast volume fraction ny,, i.e.

Dy = f(nu) Do, De = f(1p) Decp, (80)
where the explicit expression for f(ny,) is

flm) = S v, € 0.1). 1)

Clearly, the Voigt bounds are given by A* = 0 in Eq. (78) and Eq. (79).
The actual results are later, in Section 5.2, compared with the HS-estimate
in Eq. (78) as well as the Voigt bound.

5 Computational results

All computational implementation carried out for this paper, including FE-
meshing, was done in MATLAB® R2008B.

5.1 RVE size

Computations of homogenized flux quantities were conducted first in order to
estimate the appropriate RVE size. By imposing Dirichlet boundary condi-
tions based on prescribed values of V¢ and V¢, respectively, the stationary
problems were solved for SVEs of varying side length, L. In Figure 6, snap-
shots of the fields ¢(x) and c¢(x) are shown for gradients in directions 1 and
2, respectively.
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(a) Relative humidity for [V¢] =
10" Chloride concentration for [Ve] =
o 11"

Figure 6: Applied macroscale moisture and chloride ion gradients in direction
1 and 2, respectively.

We are interested in constructing bounds on the numerical results in terms
of confidence intervals. The confidence limits are given as

w(J) £ta2n-1 U(\/%) ;

where 4 denotes the mean value, t,/o y—1 is the upper critical value of the
t-distribution with N — 1 degrees of freedom, o is the standard deviation,
and N is the number of SVE realizations. In addition, o = 1 — CI where CI
is the confidence interval.

(82)
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= e+ CI=90% S e+ CI=90% |
50,25 I P 1+ CL=99.99% || — | e | CL=99.99% |
B = o ~
= S |
< S
| ~ 4 1
0 2 4 6 8 10 12 0 2 4 6 8 10 12

Lsvr [cm] Lsyg [cm]

(b) Normalized flux perpendicular to
applied gradient.

(a) Flux parallel to applied gradient.

Figure 7: Homogenized fluz as a function of SVE-size for [N ] = [-1 0]".

For the present study, we have chosen a sample size of 40 SVE realizations
(N = 40), all with ballast content of 40% (ny, = 0.4). In Figure 7, components
of the homogenized stationary flux J, are shown for varying SVE sizes. A
unit value of the moisture gradient was applied in direction 1, hence the
component (J,)z can be seen as a measure of the SVE’s anisotropy. The
SVE is anisotropic by construction; however, the homogenized response is
expected to be isotropic for an infinitely large sample of SVE realizations,

N o _
Le. limyoo Y. (Jp)2: = 0. Based on the results in Figure 7, it was decided

=0
to choose Lryg = 10 [cm] as the side length of the RVE, used for further
analyses. It should be noted that the size of the RVE, for which the converged
value of (J,); is obtained, is highly dependent on the choice of the ballast
sieve curve. A ballast sieve curve chosen with greater ballast radii would
demand a larger Lrvg.

5.2 Effective material response - influence of ballast
content

Once an adequate RVE size was determined, stationary diffusion analyses
were conducted for which the RVE size was kept constant; instead, the ballast

6Natively, the unit for flux is [kg/m?s] but here we have the unit of ¢ = [—]; hence, J
will have units of [cm/day].
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content, ny,, was allowed to vary. For these analyses the ballast sieve curve
shown in Figure 2 was chosen.

By letting the ballast content, ny,, vary within the RVE, and by utilizing
the expressions of Egs. (67) to (70), the dependence of Dy and D, on the
ballast fraction could be determined. For these analyses, 20 RVEs were
generated for each value of ny,. In Figure 8a, (Dy)1; and (D) are given as
functions of ny,, whereas the corresponding relations for (D¢)12 and (D¢)21
are shown in Figure 8b. It is noteworthy that (i) p [(Dg)n] = p [(Dy)22)
confirms that the mean response of the RVEs is isotropic (the RVE is indeed
sufficiently large), and that (ii) the result is in good agreement with the

Hashin-Shtrikman (HS) estimate.

1) — Voigt estimate |1 2w [(Do)] /1 [(Do)nr] 1
sl --- HS estimate ||
' N #[Do)u] /Dy Loy |
— 0.6 N |[(Dy Dy | —
T & [(Do)22] /Do S |
04} R
0.2 : 081 |
0f | 0 1
0 02 04 06 038 1 0 01 02 03 04 05 06
] =]
(a) Diagonal elements of D. (b) Off-diagonal elements of D,.

Figure 8: Dy as a function of ny,.

Remark 5 Note that the the Hashin-Shtrikman model scales the influence of
ballast based on volume fraction, whereas this model is based on area fraction.

Remark 6 The "gap” between the Voigt estimate and the computed diffusiv-
ities in Figure Sa corresponds to the the "fluctuation” term A® in Eq. (78).

Remark 7 As to the difference between area-volume fraction models, we
observe that effective Young’s moduli for heterogenous cement paste were
determined in [9] and it was concluded that there is a significant difference
between 3D and 2D RVEs in terms of computational results.

24



5.3 The effect of ITZ

So far, the ITZ has been excluded from the analyses. The same analyses used
to determine Dy and D. were repeated including the ITZ. In Figure 9 the
influence of the I'TZ on D is shown for varying values of Dyry.

—0— [(qu)ll] /Dref for DITZ = 2500Dref
1 | | 8= [(Dg)11] /Dret for Dtz = 100D;ef

—8— 41 [(Dg)11] /Dres for Dirz =0
—x— M38-0, Delagrave et al.

0.8 (| | === HS estimate

L > Bounds

0.6 |

04 5

0.2%

| | | | | -
0 0.1 02 03 04 05 06

ny, [—]

Figure 9: Effect of ITZ on the effective diffusivity. These relations hold for
both ¢ and c. D, denotes a reference diffusion coefficient for either ¢ or c
in the pure cement paste.

As Figure 9 shows, the value of Dyry greatly influences the effective diffu-
sivity properties of concrete; in the considered example of Dz = 2500D,f,
the I'TZ totally eliminates the effect of the ballast, i.e. u [(ng)n} ~ Do
Here, D, is a reference diffusivity of the pure cement paste. This shows the
importance of having an accurately modeled mesoscale structure of concrete
in order to execute proper diffusion simulations.

Experiments were conducted in [5] on mortars with variable sand volume
contents to determine the influence of I'TZ, and their results are included in
Figure 9. It should be noted that their results are for sand-sized particles
whereas the RVEs generated herein include gravel-sized particles. Furthermore,
the effect of ITZ will be more predominant in sand-sized particles since the
circumference to area ratio will be greater for sand particles than for ballast
particles. Hence, the experimental data are included mainly to indicate that
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the ITZ apperars to have a noticeable affect on the effective diffusivity. From
the computational results, the value of Di1z appears to be in the vicinity of
100D,¢¢ in this linearized case that has been considered, see Figure 9.

Remark 8 The determined value of 100D, is a direct consequence of the
choice of h = 60 pm?. In fact, it is rather the product Drzh that is determined
by calibration with experimental data.l]

The upper and lower curves in Figure 9 denote the bounds of the influence
of ITZ on the effective diffusivity. Thus, the real effect of Dirz is expected
to lie between these two curves. It should be noted that the upper bound is
invariant to Dyryz > 2500D, (for the case h = 60 pm?). However, the upper
bound can take values > 1 if the ballast particles are in contact with each
other, thus forming continuous 'pipes’ of I'TZ throughout the RVE.

6 Conclusions and Outlook

In this contribution, the effect of ballast on the diffusivity of concrete was
evaluated by adopting the concepts of Representative Volume Element (RVE)
and computational homogenization. Concrete was modeled as a three-phase
composite consisting of the cement paste, ballast and the Interfacial Transition
Zone (ITZ). The algorithm devised for generating RVESs provides the possibility
to mimic the random shape and size of ballast, as well as to simulate ballast
content of various sieve gradations and area fractions in an accurate way. The
computational results show that the influence of ballast content corresponds
well to the Hashi-Shtrikman estimate, cf. Figure 8a.

Furthermore, the model proposed here allows for modelling of the I'TZ
by including this highly porous phase as 1D interface elements in the FE-
discretized computational domain. The diffusivity coefficient, D1y, was
calibrated using experimental results of stationary fluxes of chloride ions. The
bounds of the effect of ITZ were also determined for the effective diffusivity
of concrete.

As an outlook for future work, the model will be included in an FE?-
strategy for transient simulations in which the material response on the
macroscale is obtained in a nested fashion by solving the RVE problem
introduced in each macroscale Gauss-point. Consequently, the RVE problem
will in this manner serve as a constitutive model on the macroscale level.
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