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ON THE STABILITY OF GRADUALLY VARIED FLOW IN SEWERS
by

Anders Sjbberg, Professor
Department of Hydraulics
School of Civil Engineering
Chalmers University of Technology
S-412 96 Gothenburg, Sweden

ABSTRACT

A derivation of the well-known Vedernikov stability criteria
for uniform channel flow is presented. The theoretical results
are shown to be applicable also to gradually varied flow, for
example, flood waves generated by storm-water runoff in sewers.

INTRODUCTION

It may be shown (see, for example, Henderson 1966) that if the
channel slope I _ and the friction slope I_. are neglected, any
positive wave, however gentle, must eventially form a surge
with an abrupt wave front. However, i1f I and I_. are taken in-
to account, a positive wave will attenuafe as ig propagates
downstream if certain conditions are fulfilled. This can be
demonstrated for small positive disturbances in initially uni-
form flow by purely algebraic arguments (Lighthill and Whitham
1955) . The theory presented in this paper is based on their
technique.

The theory results in stability criteria based on the so-
called Vedernikov number (Ve), which is essentially a function
of the Froude number. If Ve > 1, the flow is unstable, which
means that growing waves will appear spontaneously. If Ve < 1,
we have two possibilities. 1In case of an initial steepness of
the disturbance greater than a certain critical value, again

a growing wave is obtained. On the other hand, if the steepness
is below the critical value, the disturbance will attenuate as
it moves downstream.

Jolly and Yevjevich (1974) have shown that the Vedernikov sta-
bility criterion can be used also to determine whether the peak
of a gradually varied single-peaked flood wave will amplify or
not, in spite of the fact that the theory has been developed
for small disturbances in an initially uniform flow.

The purpose of this paper is to give experimental evidence on
the applicability of the criterion to a flood wave in a sewer
also in case of Ve < 1. It will thus be demonstrated that if
the initial steepness of the flood wave is of the same order
as given by the theory, the front will steepen and a bore will
be formed.



DYNAMIC WAVE VELOCITY

Gradually varied unsteady flow in an open channel may be de-
scribed by the de Saint Venant equations
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where Q = the discharge, B. = the channel width at the surface -
"of the flow, Y = the water depth, x = the length along the
channel, t = the time, = the gravitational acceleration, A =
the cross-sectional area of the flow, I = the bottom slope

of the channel, and If = the friction s ope. By applying the
methods of characteristics to these equations, one can show
that the front of a small disturbance (dynamic wave) travels
downstream at the propagation rate

c; vV o+ &5; {3)

where V = the mean velocity, Q/A and D = the mean depth A/B.
However, the disturbance will also spread in the upstream
direction at a speed

c% = =V + ¢5§ {4)

provided that c; > 0.

GROWTH AND DECLINE OF DISTURBANCES IN STATIONARY FLOW

Let us consider a small positive dynamic wave (for example
generated by a small increase in the discharge) in a prismatic
channel with an initially uniform and stationary flow with a
normal depth Y_ and mean velocity V_. The front of this wave
will have a downstream speed according to Eg. (3).

The conditions cloge to the wave front can be described in the
coordinate system (£, u)

+
g = Cg =t = x (5)
u = t
The position of the front is thus defined by & = 0,
If these new independent variables are substituted into the

de Saint Venant equations and the dependent variable Q is
replaced by the mean velocity V, these equations take the form
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We now assume that V and Y in the vicinity of the front (£ = 0)
can be approximated by means of a Taylor series,

_ 2
Vo=V, o+ Evy(u) + ETv, (u)+
R : . (7)
YA=:>Yn + £y1(u) *~£~y2(u)+~...;v
where (correspondingly for v, and v2).
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v and y are functions of u but independent of £. The first
derivatives of V and Y with respect to x and u are assumed to
be discontinuous for £ = 0. wWe will consider only the condi-
tions upstream from the front, £ > 0. At the front we have
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The slope of the front (-3Y/9x) is thus given by vy (u)=y1(t)
(Figure 1). Substitution of Eq. (7) into Eg. (6a) also gives
for £=0 and v=v,.

£ o (10)

Figune 1 The wave front is descnibed as a discontinuiiy 4n
the {inst dernivatives of V and ¥V with respect Lo x.



The slope of the wave front will increase or decrease as the
wave propagates downstream in the channel. If the slope in-
creases, the flow is unstable; otherwise, it is stable. The
time history of y, is obtained by taking the derivative of
Egs. (6) with respvect to & and substituting Egs. (7) and (10).
We also use the following general formulation of the friction
slope,

_ k m
Ip = IO(V/Vn) (Rn/R) (11)

where R = the hydraulic radius A/P and P = the wetted perimeter.
If the Manning formula is used, k = 2 and m = 4/3. After some
algebra we then have ' - ' B
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where
Ve = (1 - R QE) 0 opy {(Vedernikov number)
dA’ k n :
Fr == Vn/ngn (Froude number)

If the quantities

b = gIOkH-Ve)/(ZVn) (13)

G = bfp_/g/(1 + %%) (14)
are introduced, Eg. (11) is simplified to

%l=%y1(y1 - @ (13)

Eg. (15) describes the growth of the steepness of the wave
front. If the Vedernikov number Ve > 1 (e.g. b<0, G<0), it
thus follows that the slope of any positive wave (y,>0), no
matter how small, will increase without limits and after some
distance the wave breaks and becomes a bore. As the flow is
always subject to small disturbances, growing waves (so-called
roll waves) will always appear if Ve > 1. The flow is then
said to be unstable.



Roll waves are frequently observed in storm-water runoff on
steep paved surfaces. They consist of a series of surges at
regular intervals, separated by regions in which the depth
reaches a minimum just downstream of the surge front. How-
ever, the waves must travel a certain distance until they are
readily recognized. A measure of this distance is the distance,
%,  to the point where the waves break, and it may be estimated

by integrating Ea. (15),

Y
vy, (£) = 2 (16)
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where y is the initial steepness of the disturbance, vy =y1(0).
Putting the denominator in Eq. (16) equal to zero, we obtain

Xbr = tbr‘(vn+V gDn) =

2 2
= iliWEYEl . XE 1n Yo (17)
(1=Ve) gI, yO-G

which has also been derived by Montuori (1963) (see Figure 2).
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Figure 2 Development 04 roll waves in stationary steep channeld

o fLow. Requirned distance xp, to form breaking nﬂﬂﬂ—
waves. The Line &8s Eq. (17) with ygu/(yy-G)=10"".
Aftern Mountuoni (1963).



If Ve < 1, we have two possibilities. In case of an initial

steepness Yo > G, again a steepening wave front is obtained.
On the othe¥ hand, if yo < G, the distrubance will attenuate
as it moves downstream.

The Vedernikov stability criterion Ve < 1 is thus a necessary
but insufficient condition for stable stationary flow. If a
sufficiently steep disturbance is created, a steepening wave
front will develop, irrespective of the actual value of Ve.

STABILITY CRITERIA FOR PIPE FLOW

"As the veédernikov number is a function of the Froude number, Fr, =

the curve corresponding to neutral stability, Ve = 1, may also
be expressed as a function of Fr. In figure 3 such a curve is
shown for a circular pipe.
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Figune 3 Stability conditions for stationary Low in a
cihcularn pipe

For Y/d > 0.82, the stability analysis has to be performed on

a dynamic wave moving in the upstream direction at a speed
corresponding to Eg. (4), which leads to the stability criteria
Ve <-=1.

A comparison of figures 3 and 4 shows that the flow is always
unstable for relative depths Y/d close to 1.0. This instability
is frequently observed in practice.
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Figure 4 Froude number as a hunction o4 relative depth V/d
fon three different pipes
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STABILITY OF FLOOD WAVES IN SEWERS

A flood wave created by, for example, storm-water runoff does
not fulfill the requirement of stationary flow, nor that of
small disturbances. In spite of this the Vedernikov stability
criteria seem to be applicable also to such waves.

By means of numerical experiments (computer calculations based
on the method of characteristics) Jolly and Yevijevich (1974)
have demonstrated how the Vedernikov number can be used to
determine whether the peak of a gradually varied single-peaked
flood wave will amplify or not. They conclude:

- when Ve < 1 over the wave profile, the wave attenuates

-~ when Ve < 1 on the top portion of the wave profile and
greater than one on the bottom portion, the wave
attenuates

-~ when Ve > 1 over the entire wave profile, the wave
anplifies, and if the channel is long enough, the
front of the wave will steepen and eventually become
a bore.



They did not study the possibility of obtaining a steepening
wave front in case of an initial steepness y_ > G for Ve < 1.
However, as will be demonstrated below, also®this result of
the stability analysis seems to be applicable to gradually
varied flood waves.

In order to verify numerical solutions of de Saint-Venant
equations for partly filled storm sewers, a limited number of
experiments were performed with an 85 m long pipe with a dia-
meter of 0.105 m and a slope of 5%. The full capacity of the
pipe was 6.3 1/s. '

In one of the experiments the input hydrograph to the pipe
“accidently had a rather steep front, and a-bore was formed
about 70 m from the pipe inlet (Figure 5).
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Figure 5 Water depths measured at different distances x
from the inket point. The inflow hydrograph had
a trniangularn form with a base fLlow of 0.7 £/5
and peak {Low of 6.1 £/s. The duration was 70 5.
From Sjdbeng (1976).
(The critical slope in the time domain L4 gilven
by cz - G).

Unfortunately, a detailed analysis of this experiment was not
undertaken until the test series was completed. Thus, the signi-
ficance of the result was realized too late, and therefore no
further tests with similar input hydrographs are available.

As shown in figure 5, the measured steepness of the flood wave
at 5 m from the inlet is close to the critical value. The G-
and ci-values have been calculated for depths of 2.3 and 5.0
cm (see Table 1).




Table 1: Summary of characteristic values calculated for
the input hydrograph according to figure 5

+ + 1) 2) (3)
Yn . G cf cf-G Ve Vn xbr Xbr Xbr
(m) (m/s) (m/s) (m/s) (m) (m)
.3 0.0014 0.81 0.0011 0.49 0.48 38 52 100

5.0 0.0024 1.32 0.0032 0.40 0.71 82 109 210

1) - with Y /G = 1.20
2)  with Yo/G = 1.10
3) with yO/G 1.01

]

According to Eq. (17) , the distance required for a bore to be
formed is a function of the initial slope Y. Of the front., If
= 0
we put y_ = G, we get x r- . Thus, we havé to use a value of
% a limited value of x . As shown in

Table 1, we arrive at reasonable estimates of Q‘ycompared to the
measured value « 70 m for 1.01 < y./G < 1.20. THe experimental
result thus agrees well with the tﬁeory.

The development of the steep front has also been verified by

numerical calculations based on an implicit solution of the full
de Saint Venant equations (Figure 6).

CONCLUSIONS

wave in case of Ve < 1 and an initial steepness greater than a
certain critical value given by the theory.
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