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Abstract:  In vector four-wave mixing, one or two strong pump waves
drive two weak signal and idler waves, each of which has two polariza-
tion components. In this paper, vector four-wave mixing processes in a
randomly-birefringent fiber (modulation interaction, phase conjugation
and Bragg scattering) are studied in detail. For each process, the Schmidt
decompositions of the coupling matrices facilitate the solution of the
signal-idler equations and the Schmidt decomposition of the associated
transfer matrix. The results of this paper are valid for arbitrary pump
polarizations.
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1. Introduction

Parametric (wave-mixing) processes provide a variety of signal-processing functions required
by classical communication systems [1, 2] and quantum information experiments [3, 4]. Such
processes are governed by coupled-mode equations (CMES) of the forms

d Xy = i1 X +iKX5, dXo = idoXo +iK'XS, 1)

where d, = d/dz is a space derivative, X1 = [x1j] and Xo = [xoj] are m x 1 mode-amplitude
vectors, Ji, J» and K are m x m coefficient matrices, and the superscripts « and t denote com-
plex conjugate and transpose, respectively. The self-action (-coupling) matrices J; and J, are
Hermitian, whereas the cross-coupling matrix K is arbitrary. Equations (1) can be rewritten in
the compact form

d-X =iLX, @)

where the 2m x 1 mode vector and 2m x 2m coefficient matrix are

(%], [ n K
el el &) @

respectively. Because Eq. (2) is linear in the mode vector, its solution can be written in the
input—output (10) form

X(2) = T(2)X(0), @
where the transfer (Green) matrix satisfies Eq. (2) and the input condition T (0) = |. The math-

ematical properties of this evolution equation and its solution were studied in detail in [5] and
papers cited therein. It was shown that the transfer matrix has the Schmidt decomposition

_ [ viDU;  wiD, UL

T(2) = 5
2) VZ*DVUJ;r VZ*‘D#UE ’ ®)

where Uy, Uy, V; and V> are unitary matrices, D, = diag(u;) is a positive diagonal matrix,
D, = diag(v;) isanon-negative diagonal matrix and j = 1,...,m. The columns of U; are input
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Schmidt mode-vectors, the columns of V;j are output Schmidt mode-vectors, and the entries of
D, and D, are Schmidit coefficients that satisfy the auxiliary equations u? — vZ = 1. By using
the columns of U and U5 as bases for the input vectors X;(0) and X; (0), respectively, and the
columns of V; and V. as bases for the output vectors X;(z) and X;(z), one obtains the CMEs

x1j(0) = 1j(2)xj(0) + vj(2)%3(0), %) (0) = vj(2)x1j (0) + 1 (2)%3; (0), (6)

where the Schmidt mode-amplitudes x;; and x;; are the components of X, and X3 relativeto the
af orementioned bases. The physical significance of thisresult isthat every parametric processes
(no matter how complicated), can be decomposed into a collection of independent two-mode
(stretching and squeezing) processes, about which much is known [6, 7].

In a previous paper [5], two specific examples were discussed: Scalar (inverse) modulation
interaction (MI) and phase conjugation (PC). Although these examples were sufficient to illus-
trate the general results, they involved only one or two complex modes: For such processes, the
Schmidt decomposition is an elegant, but unnecessary, tool. This paper isthefirst in a sequence
of papers on four-mode parametric processes. Such processes are more complicated than their
one- and two-mode counterparts, and their analyses showcase the benefits of Schmidt decom-
positions. In this paper, vector four-wave mixing (FWM) in a randomly-birefringent fiber is
considered [8-10].

2. Modulation interaction

Light-wave propagation in a randomly-birefringent fiber is governed by the vector nonlinear
Schrodinger equation (NSE)

IA=iB(id)A+iy(ATA)A, 7

where d, and ¢ are space and time derivatives, respectively, A = [x,y]' is the two-component
amplitude vector, y = 8y /9 is proportiona to the Kerr nonlinearity coefficient % and the
superscript T denotes Hermitian conjugate. In the frequency domain, the dispersion function
B(w) =Yr k" /n!, where the k, are dispersion coefficients evaluated at some reference
(carrier) frequency, and o is the difference between the actual frequency and this carrier fre-
quency. One converts from the frequency domain to the time domain by replacing  with ic.
Equation (7) is the simplest equation that models the effects of convection, dispersion, nonlin-
earity and polarization, and is sometimes called the Manakov equation [11-17]. It is written
in a frame that rotates with the birefringence axes of the fiber, and is based on the assump-
tion that the FWM length is much longer than the length over which the birefringence strength
and axes change due to random fiber nonuniformities (1-100 m). Although this condition is
barely satisfied for fibers shorter than 1 Km, the predictions of the Manakov eguation agree
with the results of many recent FWM experiments. The Manakov equation does not account
for polarization-mode dispersion [18], which can reduce the FWM efficiency [19, 20].

In the degenerate FWM process called modulation interaction (MI), one strong pump wave
(p) drives weak signal (s) and idler (r) waves (sidebands), subject to the frequency-matching
condition 2wp = @ + ws, Which isillustrated in Fig. 1(a). By substituting the three-frequency
ansatz

A(z,t) = Ap(z) exp(—iwpt) + A (2) exp(—iaxt) + As(z) exp(—imst) (8)
in Eq. (7) and collecting terms of like frequency, one obtains the M| equations
dAy = iBpAp+iv(ATAp)A,, )
A = B A+ TY(ALAD + AsAD A +iY(ApAAS, (10)
A = iBAsHiV(ALAL+AAD As+iy(ApALAT, (11)
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where the wavenumbers j = B(wj) and j = p, r or s. For reference, this procedure is described
in[9,10]. Notice that the weak sidebands do not affect the strong pump, which is undepleted.
Theright sides of Egs. (9)—11) contain the scalar operator A“;Ap = |Ap|2l , which produces self-
phase modulation (PM) and cross-PM, and the tensor operator ApAlJ[,, which produces cross-
polarization rotation (PR). Notice that (ALAp)Ap = (ApAl)Ay, so one can write the operator in
Eq. (9) asaPM or a PR operator, whichever is more convenient. Notice also that in Egs. (10)
and (11) the self-coupling operators (matrices) are Hermitian, and the cross-coupling operators
(matrices) satisfy the equation ApAl, = (ApA})!, as required by Egs. (1). Because the pump
vector A, depends on z, so also do the coupling matrices.

(a) (b)

I 1,

r p S p S q

Fig. 1. Frequency diagrams for (a) modulation interaction and (b) inverse modulation in-
teraction. Long arrows denote pumps (p and q), whereas short arrows denote sidebands (r
and s). Downward arrows denote modes that |ose photons, whereas upward arrows denote
modes that gain photons.

It is convenient to define the operator Op, which satisfies the evolution equation
d0p = i(Bp+ YApAR)Op (12)

and the input condition Op(0) = |. Because the pump equation conserves the products |Ap|?
and ApAT, the operator on the right side of Eq. (12) is constant. It is also Hermitian. Hence, the
operator

Op(2) = expli(Bp + YAPAE)Z], (13)

which is unitary. Op, describes linear PM and nonlinear PR, which in Stokes space [18] is a
rotation about the Stokes vector of the pump by the angle 2y|Ap\22 [9,21].
It isalso convenient to define the transformed amplitude vectors

Aj(2) = Op(2)Bj(2). (14)

By substituting the first of these definitionsin Eg. (9) and using Eq. (13), one finds that d,Bp =
0: The transformed pump vector is constant. By substituting the other definitions in Egs. (10)
and (11), one obtains the transformed M| equations

B = (B — Bp+7IBp|*)Br +iy(BpBy)BE, (15)
dBs = i(Bs—Bp+7IBpl*)Bs+iy(ByBy)B;. (16)

Notice that the self-coupling matrices are still Hermitian and the (common) cross-coupling
matrix is still symmetric, but all three matrices are now constant. By measuring the phases of
Bp, Br and B; relative to a common reference phase (which could be the input phase of one of
the components of Bp), one can remove common phase factors from Egs. (15) and (16).

Every complex matrix M has the Schmidt decomposition M = VDU, whereU and V are
unitary matricesand D isanon-negative diagonal matrix. The columnsof U (input Schmidt vec-
tors) are the eigenvectors of MM, the columns of V (output Schmidt vectors) are the eigenvec-
tors of MM, and the entries of D (Schmidt coefficients) are the square roots of the (common)
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eigenvalues of MTM and MM, Because the cross-coupling matrix K = prBtp IS symmetric,
it has the simpler Schmidt decomposition K =VD,V". Let E) and E, denote unit vectors that
are parallel and perpendicular (orthogonal) to the pump vector By. Then, in the context of MI,
the columns of V are E and E, , and the diagonal entries of D, are }/|Bp|2 and O (parallel side-
bands couple to the pump, whereas perpendicular sidebands do not couple). The self-coupling
matrices are proportional to the identity matrix, which has the unitary decomposition | =VVT.
Notice that the polarization properties of M| are determined completely by the Schmidt vectors
of the cross-coupling matrix.
By substituting the decompositions

Br = Zjbrjvj, Bs = Zjbsjvj, (17)

which are based on the same Schmidt vectors, in Egs. (15) and (16), one obtains the scalar
equations

dzbrj = i6brj +iyjbgj, dbsj =iddbsj +iyjbyj, (18)
where j = || or L. The wavenumber mismatches & = f; — Bp + 7|Bp|? and & = Bs— fBp
+7|Bp|2, and the coupling coefficients y = |Bp|? and y, = 0. Equations (18) describe two-
mode stretching and squeezing. Their solutions, which are well known, can be writtenin the IO
forms

brj(2) = e2)u;(2)brj(0)+e2)vj(2)bg(0), (19)
bsj (2) €' (2)uj(2)bs;(0) +€°(2)vj(2)by;(0), (20)

where the transfer functions and phase factor are

uj(z) = cos(kjz)+idasin(kjz)/kj, (22)
vi(@ = insin(kz)/k;, (22)
&2z) = exp(idyz), (23)

respectively. In these formulas, the mismatch average 6, = (8 + 0s) /2, the mismatch difference

84 = (8 — ) /2 and the M| wavenumbersk; = (52— ?)*/2. Noticethat k; can beimaginary, so

the parallel processis conditionally unstable (as required for amplification). For the perpendic-

ular processy, =0,50k; = 84, v1(2) =0, e(z)u, (z) = exp(i6;z) and €*(z) 1, () = exp(idsz).
By combining Egs. (19) and (20) with Egs. (17) and their inverses

brj =V,'Br, b =V]'Bs, (24)
one can write the solutions of Egs. (15) and (16) in the vector 10 forms
Bi(2 = X;Vie(dui(2V,'Br(0)+3,Vie(2)vj(2)V{B;(0), (25)
Bi(2) = XVie(n)vj (z)VjTBr (0)+ 3,V e(2)u; (2)V|B{(0). (26)
Equations (25) and (26) can be rewritten in the compact form

50 - Vst \y(i%x;t [ &0 | @)

The transfer matrix in Eq. (27) is similar to the matrix in Eq. (5). It is in Schmidt-like form,
rather than Schmidt form, because the diagonal matriceseD,,, eD;;, eD, and €Dy, are complex,
rather than non-negative. Nonetheless, Eq. (27) is useful: It shows that the polarization proper-
ties of M1 are determined by the single unitary matrix V, rather than the four matrices allowed
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by the general theory of parametric processes. Let ¢e = arg(e), ¢, = arg(u) and ¢, = arg(v),
and define the phase average ¢a = (¢u + ¢v)/2 and phase difference ¢g = (¢v — ¢u)/2,
which depend implicitly on j. Furthermore, define the column vectors U; = V;exp(i¢q),
Vij = Vjexpli(¢a+ ¢e)] and Vsj = Vjexpli(¢a — ¢e)]. Then, by using this notation, one can
rewrite Eq. (27) in the (canonical) Schmidt form

Br(2) |_ [ VIDuU" Vi|Dy|U! B:(0) (28)
B:(2) V¢[DyuT VgD Ut || BL(O) |

in which the diagonal matrices |D,| and |D,| are non-negative. Notice that in Eq. (28) the
output Schmidt vectors of the signal and idler are different. However, if one were to measure
the output signal and idler phases relative to ¢e and —¢e, respectively, this difference would
disappear and decomposition (28) would involve only two unitary matrices (U and V).

3. Phase conjugation

In the nondegenerate FWM process called phase conjugation (PC), two strong pumps (p and q)
drive weak sidebands (r and s), subject to the frequency-matching condition wp+ wg = @r + os,
which isillustrated in Fig. 2. By substituting the four-frequency ansatz
Alzt) = Ap(z)exp(—iwpt) +Aq(z) exp(—iwgt)
+ A2 exp(—int) +Ag(2) exp(—iot) (29)

in Eq. (7) and collecting terms of like frequency, one obtains the PC equations

dAp = iBpAp+iv(ALAp+AlAG+AAD A, (30)
dAG = iBoAqtiv(AIAG+ATAL+AALA,, (31)
A = B A +iY(ATAp + ApAT + AlAG -+ AAD A
+i7(ApAG+AGAAS, (32)
dAs = IBAs+iV(ALAD +ApAL -+ AlAG+ AAL As
+7(ApAG+AAYA. (33)

The right sides of Egs. (30)—(33) contain the scalar operators A}‘,Ap and A(T]Aq, which produce
PM, and the tensor operators ApA;g and Aqu, which produce PR. Notice that in Eg. (30) one
can replace (ALAR)Ap by (ApAL)Ap and in Eq. (31) one can replace (AfAq)Aq by (AqALA,.
Notice also that in Egs. (32) and (33) the self-coupling matrices are Hermitian, and the cross-
coupling matrices satisfy the equation ApAf, -+ AqA}, = (ApA, +AgA})', as required by Egs. (1).
Because the pump vectors Ap and Ag depend on z, so also do the coupling matrices.

(@) (b)

T L. I

r p q S p r S q

Fig. 2. Frequency diagrams for (a) outer-band and (b) inner-band phase conjugation. Long
arrows denote pumps (p and g), whereas short arrows denote sidebands (r and s). Down-
ward arrows denote modes that lose photons, whereas upward arrows denote modes that
gain photons.
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It is convenient to define the operators Op and Og, which satisfy the evolution equations

4,05 = i[Bp+7IAql+¥(ApAL+AADIOp, (34)
d,0q = i[Bq+¥IApl®+ Y(ApAL +AA})]Og, (35)

together with the input conditions O, (0) = | and Oqy(0) = |. Because the pump equations con-
serve the products | Ap|2, |Aq|? and ApAl + AgAl, the operators

Op(2) = exp{i[Bp+7IAgl* + Y(ApAL +AgA])]z (36)
0q4(2) expfi[Bq+ 71Ap|® + Y(ApAL + AgAl) |2 (37)
These unitary operators describe linear and nonlinear PM, and nonlinear PR, which in Stokes

space is arotation about the total Stokes vector of the pumps|[9, 21].
It is also convenient to define the transformed amplitude vectors

Ap(2) = Op(2Bp(2). Aq(2) = Oq(2)Bq(2). (38)
Ac(2) = Op(2)B (), As(2) = Og(2)Bs(2). (39)

By substituting definitions (38) into Egs. (30) and (31), and using Egs. (36) and (37), one
finds that d,Bp = 0 and d,Bq = O: The transformed pump vectors are constant. By substituting
definitions (38) and (39) in Egs. (32) and (33), and using the facts that 0},0q, O},05, O{Op, and
Ot O}, are scalar operators, one obtains the transformed PC equations

d:B = i(Br — Bp+vIBp|*)Br +iy(BpB+ ByB})BE, (40)
dBs = i(Bs— Py+7|Bg/*)Bs+iy(BpBy+ByBy)B;. (41)

Notice that the self-coupling matrices are still Hermitian and the (common) cross-coupling
matrix is still symmetric, but all three matrices are now constant.

The transformed PC equations are similar to their M1 counterparts. The self-coupling matri-
ces are diagonal, with (repeated) entries & = fr — Bp + ¥|Bp|? and 8s = s — Bq + ¥|Bq|2 and
the (common) cross-coupling matrix 7/(B,;,Bg| -+ Byq Btp) is symmetric. Hence, the polarization
properties of PC are determined completely by the Schmidt vectors of the cross-coupling ma-
trix. Specific formulas for these vectors are stated in terms of the pump components and Stokes
vectorsin [9] and [10], respectively. The latter formulas are more compact. Let p and g denote
the (unit) Stokes vectors of pumps p and g, respectively. Then the Stokes representations of the
idler and signal (unit) Schmidt vectors are +7 and £S5, respectively, where

= (P+d)/(2+2p-9)Y2 (42)

For reference, if a Jones vector has the Stokes representation (v, vz, V3), the conjugate vector
has the representation (v1, —V2, —V3). Pump vectors that are perpendicular in Jones space are
anti-parallel in Stokes space [18]. This configuration, for which Eq. (42) is indeterminate, is
discussed in [10]. The associated Schmidt coefficients (entries of D,) are

7 =[3+P-d+2(2+2p-d)?|BpBy/?/2, (43)

where [ByBq| = (B}BpB{Bqy)/2. The dependences of these coefficients (coupling strengths) on
the polarization alignment of the pumps (p- 4) areillustrated in Fig. 3. Parallel pumps produce
strong sideband-pol arization-dependent coupling (4 = 2|BpBg| and y— = 0), whereas perpen-
dicular pumps provide moderate pol arization-independent coupling (v, = - = |BpBq|). Notice
that v, +7- = 2|BpBy|.
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Fig. 3. Normalized Schmidt coefficients (1 /|BpBq|) plotted as functions of the pump-

polarization alignment (p- G). The solid and dashed curves represent v, and y_, respec-
tively.

Equations (17)—(28) also apply to PC (with the appropriate definitions of &, 6s and V), so no

further analysisisrequired. Nonetheless, it isinstructive to define the alternative amplitudes
By (2) = G (2) exp(iduz), Bs(2) = Cs(2) exp(—idu2), (44)

where 8¢ was defined after Eq. (23). By substituting these definitionsin Egs. (40) and (41), one
obtains the alternative (symmetrized) PC equations

dCr = 18.Cr +iy(BpBy +ByB,)Cs, (45)

dCs = i8.Cs+iy(BpBy+ByB})C/, (46)
where 8, also was defined after Eq. (23). In Egs. (45) and (46) the mismatches are equal, so the
phase factor e(z) does not appear in the associated Schmidt-like decomposition (27) and only
two unitary matrices (U and V) appear in the associated Schmidt decomposition (28), as stated
previously.

In degenerate PC (inverse Ml), @ = ws and the pumps drive only a single sideband (s),
subject to the frequency-matching condition wp + wg = 2ws, which isillustrated in Fig. 1(b).
For this degenerate process, the pump equations (30) and (31) are unchanged, and the signal
equationis

dAs = iBAs+IV(ALAL+ApAL + AlAG + AAL As
+7(ApAG+ AdApAS. (47)

It is only because the cross-coupling matrix is symmetric that Egs. (32) and (33) have this
common limit. It is convenient to define the unitary operator

Os(z) = exp{i[(Bp+Bg)/2+ Y(IApl?+|Aql?)/2
+ 1(ApAL + AGA) 2, (48)

which is a symmetric combination of the operators O, and Ogq. By using Os in the second of
Egs. (39), one obtains the transformed signal equation

d,Bs = i8Bs +i7(BpB}, + ByBL)BL, (49)
where the mismatch 8 = Bs — (Bp + Bq) /2 + ¥(|Bp|? + |Bq|2) /2 depends symmetrically on the

pump wavenumbers and powers. Thus, the cross-coupling matrix for inverse Ml is the same
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asthat for PC, so it remains true that K = VDth, where the Schmidt vectors (columns of V)
and coefficients (entries of D,) were defined by Egs. (42) and (43), respectively. The equations
for the signal vector and its conjugate are similar to Egs. (45) and (46), so the 1O relations for
these quantities can be written in the form of Eq. (27), but without the phase factor e (because
o¢ =0).

For any pump aignment, there are two signal polarizations for which the signal experi-
ences (one-mode) phase-sensitive amplification. The most useful configuration involves per-
pendicular pumps, for which the amplification strength is signal-polarization independent. If
the pump vectors are used as basis vectors, the signal-polarization vectors are [1,€ 4]t /21/2 and
[1, —ei‘7’]t/21/2, where ¢ is an arbitrary phase. For example, if the pumps are polarized linearly
along reference axes, ¢ = 0 corresponds to signals polarized linearly at +45° to these axes,
whereas ¢ = /2 corresponds to left- and right-circularly-polarized signals. If the pumps are
circularly polarized, ¢ = 0 corresponds to signals polarized linearly along the axes, whereas
¢ = m/2 corresponds to signals polarized linearly at +45° to the axes. The preceding results
generalize those of [22,23].

4. Bragg scattering

In the nondegenerate FWM process called Bragg scattering (BS), two strong pumps (p and q)
drive weak sidebands (r and s), subject to the frequency-matching condition wp + ws = wg+ o,
which is illustrated in Fig. 4. By substituting the four-frequency ansatz (29) in Eq. (7) and
collecting terms of like frequency, one obtains the BS equations

dAp = iBpAp+iv(ALAp +AlAG+AAD A, (50)
dAG = iBoAq+iv(AIAG+ATAL+AALA,, (51)
A = B A +iY(ATAp + ApAT + AlAG -+ AAD A
+iY(ApAL+ALAD A, (52)
dAs = IBsAs+iV(ALAD +ApAL -+ AlAG+ AAL As
+ V(AL A+ AAD A (53)

Equations (50) and (51) areidentical to Egs. (30) and (31), respectively. In Egs. (52) and (53),
the self-coupling matrices are Hermitian, and the coupling matrices satisfy the equation A;QAq +
AgAL = (ApAl +AlAp)T. Notice that A, is coupled to As, rather than A;. This type of coupling
differentiates BS from M1 and PC.

(a) (b)

I I

p r q S p q r S

Fig. 4. Frequency diagramsfor (a) distant and (b) nearby Bragg scattering. Long arrows de-
note pumps (p and q), whereas short arrows denote sidebands (r and s). Downward arrows
denote modes that |ose photons, whereas upward arrows denote modes that gain photons.
The directions of the arrows are reversible.

The sideband equations can be written in the compact form

d,X = iHX, (54)
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where the mode vector and coefficient matrix are

x:[Z],H:[% i} (55)

respectively. J; and Js are the aforementioned self-coupling matrices and K is the (common)
coupling matrix. Notice that H is Hermitian. Equation (54) is both a specia case of Eq. (2), in
which J; = H and the other block matrices are absent, and an equation worthy of study in its
own right.

The solution of Eg. (54) can be written in the form of Eq. (4) and the associated transfer
matrix has the Schmidt decomposition

T T
Ty [ VaDUL aDU;

- 56
—~V,D,US VoD.UJ | (56)

where U;j and V; are unitary matrices, D; = diag(tj) and D, = diag(p;) are non-negative di-
agonal matrices whose entries satisfy the auxiliary equations 11-2 + pjz =1,and j=1or2[24].
The physical significance of this result is that every BS process, no matter how complicated,
can be decomposed into a collection of independent beam-splitter-like processes, about which
much is known [25, 26].

Because the pump equations for BS are identical to those for PC, the pump evolution (linear
and nonlinear PM, and nonlinear PR) is described by Eqgs. (34)—(38). By substituting definitions
(38) and (39) in Egs. (52) and (53), and using the factsthat Of,0, and O{ Oy, are scalar operators,
one obtains the transformed BS equations

d,Br = i(ﬁr_BD+Y|BD‘2)BT+i'}/(BPBg+B(§Bp)BS’ (57)
dBs = i(ﬁs—ﬁq+7’|Bq|2)Bs+i?’(BLBq"’BqBE)Br (58)

Notice that the self-coupling matrices are still Hermitian and cross-coupling is still described
by a single matrix (and its Hermitian conjugate), but all three matrices are now constant.
The cross-coupling matrix has the Schmidt decomposition K = UDYVT, whereas the self-
coupling matrices are proportional to the identity matrix, which has the unitary decomposi-
tions| =UUT =VVT. Hence, the polarization properties of BS are determined completely by
the Schmidt vectors of the coupling matrix. Specific formulas for these vectors are stated in
terms of the pump components and Stokes vectors in [9] and [10], respectively. The Stokes
representation of theidler and signal Schmidt vectors are +F and +85, respectively, where

7= (2p+0d)/(5+4p-d)Y2 s=(p+2d)/(5+4p )"/, (59)
and the associated Schmidt coefficients are
72 =[3+2p-G+ (5+4p-d)"/?|ByBy[?/2. (60)

The dependences of these coefficients on the pump-polarization alignment isillustrated in Fig.
5. For any pump alignment, there are strongly- and weakly-coupled sideband polarizations: The
coupling is always sideband-polarization dependent. Notice that v, — y- = |BpBy|.

By substituting the decompositions

By :Zjbrjuj, BSZZjbsth (61)

which are based on different Schmidt vectors, in Egs. (57) and (58), one obtains the scalar
equations
dzer :Iéfbrj—i_l’y]bsh deSj :|6sbsj+|'}/1br]7 (62)
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2.0f°

1.5¢

1.0r

Coupling strength

-1.0 -0.5 0.0 0.5 1.0
Polarization alignment
Fig. 5. Normalized Schmidt coefficients (1 /|BpBq|) plotted as functions of the pump-

polarization alignment (p- G). The solid and dashed curves represent v, and y_, respec-
tively.

where the mismatches & = fr — Bp + ¥|Bp|? and 8s = Bs— Bq+ 7|Bg|2 and j = + or —. Equar
tions (62) describe two-mode beam splitting (frequency conversion). Their solutions, which are
well known, can be written in the 10 forms

brj(2) = e2)7(2)brj(0) +&2)p;(2)bs;(0), (63)
bsj(z) = —e(2)pj(2)brj(0)+e&(2) 7 (2)bs;(0), (64)

where the transfer functions and phase factor are

Tj (2) COS(k]'Z) +i5dsin(ka)/kj, (65)
pi(z) = irsin(kjz)/k;, (66)
e(Z) = exp(l 832) ) (67)

respectively. In these formulas, the mismatches 8; = (6 + 0s)/2 and 8q = (& — 8s)/2, and the
BSwavenumbers k;j = (53 + y?)*/2. Notice that 7; and p; depend on &y, rather than &,, and the
kj arereal, so BSisaways stable.

By combining Egs. (63) and (64) with Egs. (61) and their inverses

brj =U/Br, bsj=V/Bs, (69)
one can write the solutions of Egs. (57) and (58) in the vector 10 forms
B2 = XUje@d7(2U]B(0)+3;Uje(dpi(2)VBs(0), (69)
Bs(2) = -X,Vie(2)p] (2U[Br(0) +3;Vie?) 7} (2)V]Bs(0). (70)
Equations (69) and (70) can be rewritten in the compact form

[ Srsgg } - [ Uvee%;uTT g/ggf\\//: } [ 2;583 ] (71)

The transfer matrix in Eq. (71) is in Schmidt-like form, because the diagonal matrices eD(T*)

and eDf,*) are complex. Nonetheless, Eq. (71) shows that the polarization properties of BS are
determined by only two unitary matrices (U and V), rather than the four matrices alowed by
Eq. (56). Let ¢, = arg(t) and ¢, = arg(p), and define the phase average ¢a = (¢: + ¢p)/2
and phase difference ¢g = (¢p — ¢:)/2, which depend implicitly on j. Furthermore, define
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the column vectors Uy ; = Ujexp(igq), Vrj = Uj expli(ge+ ¢a)], Usj =V exp(—igq) and Vsj =
Vj expli(¢e — ¢a)]. Then, by using this notation, one can rewrite Eq. (71) in the Schmidt form

BRI 72

where the diagonal matrices |D;| and |D, | are non-negative.

5. Summary

In this paper, vector four-wave mixing in arandomly-birefringent fiber was studied for arbitrary
pump polarizations. The coupled-mode equations for (inverse) modulation interaction, phase
conjugation and Bragg scattering were derived from the Manakov equation (7) and solved an-
alytically. For each process, one can reduce a complicated system of four coupled equations
to two simple systems of two coupled equations by using the Schmidt vectors of the cross-
coupling matrix as basis vectors. Not only do these Schmidt vectors facilitate the solution of
the coupled-mode equations and the Schmidt decomposition of the associated transfer matrix,
they also determine completely the polarization properties of each process. This simplification
is not required by the Schmidt decomposition theorem. It is a consequence of the facts that the
dispersion term in the Manakov equation does not depend on the wave polarizations and the
nonlinearity term depends on the polarizationsin arelatively simple way.
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