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The forced transverse vibration of a single-walled carbon nanotube (SWNT) embedded with

atomic-size particles was investigated using molecular dynamic simulations. The particles inside

the cylindrical cantilever can be trapped near the antinodes or at the vicinity of the SWNT tip. The

trapping phenomenon is highly sensitive to the external driving frequencies such that even very

small changes in driving frequency can have a strong influence on the probability of the location of

the particle inside the SWNT. The trapping effect could potentially be employed to realize the

atomic scale control of particle position inside an SWNT via the finite adjustment of the external

driving frequency. It may also be suggested that the trapping phenomenon could be utilized to

develop high-sensitive mass detectors based on a SWNT resonator. VC 2013 American Institute of
Physics. [http://dx.doi.org/10.1063/1.4793533]

Carbon nanotubes (CNT) provide a promising candidate

toward the realization of the concepts concerning the manip-

ulation of material at the nanoscale put forward by Feynman

more than fifty years ago1 because of their impressive geo-

metrical, electrical, and mechanical properties. There are a

number of different approaches that may be used to realize

nanoscale mass transport2–15 based on CNT nanoelectrome-

chanical systems (NEMS). The experimental approaches

include electrophoretic,2–6 thermophoretic,7–9 and mechani-

cally actuated10–15 methods. Electrophoretic methods can

cause the motion of metal clusters2–5 or bio-molecules6 con-

trolled by an external electric field. Phonon-assisted

motion7,8 or thermal gradient9 mechanisms are reported as

examples of thermophoretic methods of mass transport

inside a CNT. As for mechanically assisted mass transport

inside a CNT, various mechanisms have been put forward.

Chang et al.10 proposed a mechanism to shoot out a C60 mol-

ecule by stimulating a domino wave on a thick single-walled

carbon nanotube (SWNT). Hu et al.11 and Kan et al.12 per-

formed molecular dynamic simulations (MDS) of the trans-

port of atomic mass driven by the bending of a CNT. Chen

et al.13 and Qiu et al.14 further demonstrated that an excited

vibrating CNT cantilever can act as an efficient and simple

nanopump.

The above cases outlined the transportation of mass

from one end of a CNT to the other, but few have attempted

to do so in a controllable manner.3,6 Those works are thus

still far from the goals of molecular manipulation envisioned

by Feynman. Nevertheless, the study of the interaction of

CNTs with nanoparticles caused by thermal excitations or

mechanical vibrations15–21 is of fundamental and applied in-

terest in the field of nanotechnology. Unfortunately, little

attention has been paid to CNT-based NEMS in nanoscale

mass transport and manipulation using vibrations.4,13–15

This paper addresses the specific problem of transport-

ing atoms to a certain part of a CNT with the help of a reso-

nance mechanism which offers a new route to mechanically

assisted mass transport inside CNT via numerical MDS. The

effect of external excited transverse mode vibrations on the

motion of the monatomic molecules inside the SWNT-based

NEMS cantilevers is studied. Due to inertial forces (centrifu-

gal forces20), the particles in a vibrating CNT have a tend-

ency to move toward the antinodes and stay in the vicinity.

The effects of “inertial trapping” for nanoparticles have been

reported earlier in fluidic NEMS systems.20 However, in the

cited work, the “trapped” particles considered are of nano-

meter size. The analysis of the mass transport at that scale

can be performed without the knowledge of the atom-atom

confining potential. For the atomic-size particles, the non-

uniform confining potential of the cantilever may cause a

local “trapping” effect, or it may affect the dynamics in

some other way. In particular, continuum models disregard

the influence of thermal fluctuations, as well as strong non-

linear effects in the van der Waals (vdW)-interaction

between the tube and the particles. Therefore, MDS were

employed to take all these factors into account.

The molecular model for the performed simulations is

shown in Figure 1(a). The model is composed primarily of

an SWNT-based NEMS cantilever that can be described by

the continuum model (see Section A in supplementary

material23). The SWNT were placed in a Berendsen thermo-

stat at a stable temperature of 30 K. The time step for the

simulations was taken to be 0.5 fs, while the elapsed time in

a typical simulation case is 5 ns. Other details of the simula-

tions are provided in Section B in supplementary material.23

Before the simulations of “inertial trapping,” the eigen-

frequencies or the resonant frequencies of the SWNT system
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were calculated (see Section C in supplementary material23).

Generally, it was found that when one or more particles are

added to the cantilever, the eigenfrequencies of the system

are changed with respect to the location of the particles, the

mass and number of the particles, the amplitude of the vibra-

tions, temperature, and the mode of vibration.

In order to check the phenomenon of “inertial trapping,”

a particle was placed near the antinodes or the tip of the can-

tilever. The trajectories of the particle would then be ana-

lyzed to probe if the particle inside the cantilever would

travel to and remain trapped near the antinodes or the SWNT

tip, as well as remain there during the duration of the simula-

tion. In this study, a krypton (Kr) atom was chosen as the

particle, and the third transverse mode (N¼ 2) was excited,

and thus two antinodes were formed (see Figure 1(b)). For

this mode, the z-coordinates of the left and right antinodes

are calculated to be approximately 60 Å and 108 Å, respec-

tively. The chosen initial values for the z-coordinates of the

particle were 60 Å and 102 Å. In the case of “inertia

trapping” near the tip of the SWNT, the initial z-coordinate

of the particle was chosen to be 130 Å. According to calcula-

tions, if the particle stays near the left antinode, the right

antinode, and the tip of the SWNT, the eigenfrequencies of

the cantilever will be 334.5 GHz, 336.7 GHz, and 336.7 GHz,

respectively. These frequencies were therefore used to excite

the resonance vibrations in the simulations. More informa-

tion concerning the simulations can be found in Section C in

supplementary material.23

The results from simulations utilizing resonance excita-

tion are examined in this part. The resulting trajectories of

the particle in the SWNT in the z-direction are plotted in

Figure 2(a). The green, red, and blue curves in Figure 2(a)

show “inertia trapping” of the particle near the left antinode,

the right antinode, and the tip of the cantilever, respectively.

Related data are shown in Table I. While the particles are

rotating in the xy-plane, as shown in Figure 2(c), the aver-

aged z-coordinate of the particles are very close to the posi-

tions of antinodes or the tip, as shown in Table I. This can

happen even if the initial z-coordinate of the particle is up to

6 Å away from the antinode (see the red curve in Figure

2(a)). These results testify to the “inertia trapping” phenom-

enon for the third mode (N¼ 2) with one Kr particle inside

the SWNT, within the simulation time span of 5 ns.

In Section D of the supplementary material,23 details are

given concerning alternative scenarios that test the trapping

effect with different masses of particles, wiggling ampli-

tudes, temperatures, etc.

After testing driving frequencies other than the eigenfre-

quency, we found that the trapping phenomenon is highly

sensitive to the driving frequency. Cases where the Kr parti-

cle starts to move in the vicinity of the left antinode with

N¼ 2 were simulated. The variance of the z-coordinate of

the particle, Vz, is plotted in Figure 3 as a function of the

driving frequency f. The results show that a small shift of

less than 1% of f from the resonance frequency of 334.5 GHz

can cause a considerable increase of Vz and a decrease of the

quality of “inertia trapping.” Further analysis of the effect of

the driving frequency shows that if f is smaller than

332.2 GHz or larger than 336.7 GHz, “inertia trapping” of

the particle actually disappears totally. A similar trend was

observed for cases where the particle starts to move from a

position close to the right antinode with N¼ 2.

The inertia trapping phenomenon could potentially be

applied to a number of applications. Two of these are pre-

sented hereafter. The first application that is put forth is the

ability to control the position of a particle. The trapping

phenomenon has been seen to be highly sensitive to the

driving frequency of the CNT. It has also been found that

the eigenfrequencies of the system are changed with respect

to the location of the antinode close to which the particle

resides (see Section B of supplementary material23). The

work presented in this paper suggests that the driving fre-

quency could determine which antinode the particle will

ultimately stably radiate to and thus control the position of

the particle. An example of this manner of controlling has

been demonstrated in the case, where the particle starts

from a position near the right antinode, while the driving

frequency f¼ 334.5 GHz, which is the eigenfrequency for

the particle at the left antinode. In this case, the particle

could not remain near the right antinode and traveled to the

left antinode after about 2 ns (see Figure 2(b) and associated

video).

Another possible application of the “inertia trapping”

phenomenon is to improve the sensitivity of CNT resonators

for mass detection, an area of considerable recent interest.

Jensen et al. reported the detection of a mass of 2/5 Au atom,

i.e., roughly a Kr-atom, utilizing a cantilever resonator.16

Chaste et al. declared that the mass of a proton can be

detected by a double clamped resonator.17 The sensitivity

can be expressed by the equivalent mass of the particle22 as

FIG. 1. The model for the “inertial trapping” simulations. (a) A schematic

representation of the initial configuration. A 60 ring (5,5) SWNT was used.

The inner particle (in red) was placed along the central axis of the SWNT

(in blue). The left end of the SWNT axis acts as the origin of the coordinate

system. The overall structure acts as a cantilever with z 2 ½zlef t; zright� and a

fixed prolongation with z 2 ½0; zlef t�, where zleft¼ 31 Å and zright¼ 144 Å.

Additionally, 50 carbon atoms near the position zleft were assigned as wig-

gling atoms and used to generate vibrations. (b) Normalized fundamental

mode shapes for the first, second, and third transverse mode (N¼ 0, 1, 2) cal-

culated in Section A in supplementary material.23 The N¼ 2 mode is excited

in the simulations.
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mr ¼ m

ð

beam

pðzÞ/2ðzÞdz; (1)

where m is the mass of the particle, p(z) is the probability

that the particle will remain at z, and /(z) is the profile of

displacement of the axis of the SWNT. The equivalent mass

mr is proportional to the shift of the resonator’s resonance

frequency. A larger mr will therefore correspond to a higher

sensitivity of the resonator. The best case scenario can be

obtained when mr�m if the particle stays near the antinode,

implying a small Vz. A high sensitivity is therefore obtained

if a high degree of inertia trapping can be achieved.

On the other hand, if the particle does not remain in a

stable state in the vicinity of the antinode, mr will be smaller.

For example, the mr can be estimated to be 0.27m for a canti-

lever at the third mode (N¼ 2) with p(z)¼ constant.

Considering that in reality that particle(s) can move in

extended parts of the CNT, e.g., the fixed part in Figure 1(a)

and that in experiments the extended parts are relatively

long,18 mr will be considerably smaller than m.

In conclusion, MDS have been employed for the analysis

of the motion of an atomic size particle inside a vibrating

SWNT. The forced transverse vibrations of a SWNT cantile-

ver have been analyzed. It was found that the application of

an external driving frequency to the system can lead to the

TABLE I. The parameters that describe the “inertia trapping” phenomenon

of the Kr particle inside the SWNT.

Antinodea F (GHz)b VyT (Å2)c Vy (Å2)c Vz (Å2)c Az (Å)d

Left 334.5 1.61 1.06 2.16 61.2

Right 336.7 1.24 0.58 7.52 108.2

Tip 336.7 1.27 0.47 0.40 137.8

aThe antinode near which the particle is placed.
bDriving frequencies. They are eigenfrequencies of the SWNT with N¼ 2

and the Kr particle staying near the left antinode, the right antinode, and the

tip of the cantilever, respectively.
cThe variances of the y-coordinate at the apex of the SWNT cantilever, the

y- and z-coordinates of the Kr particle. Here the Vz could be understood as

the quality of the “inertia trapping.” Detailed physical meanings of there var-

iances are in Section B in supplementary material.23

dThe averaged z-coordinate of the particle.

FIG. 3. Plot of the variance of the z-coordinate of the particle, Vz, as a func-

tion of the driving frequency f, which shows the sensitivity of the “inertia

trapping” phenomenon to the driving frequency.

FIG. 2. Trajectory of the Kr particle in

an SWNT. (a) The green, red, and blue

curves show “inertia trapping” of the

particle (in red color) with the third

transverse vibration mode of the SWNT

(N¼ 2) depicted in blue near the left

antinode, the right antinode, and the tip

of the cantilever, respectively. The three

subfigures on the right side are plotted

by superimposing 20 frames separated

by 25 ps intervals, where the mode

shapes are shown; (b) an example of the

breaking of “inertia trapping” with

N¼ 2. The particle was initially near the

right antinode with a driving frequency

of 334.5 GHz. (c) A plot of a trapped

particle after superimposing 6 frames

separated by 0.5 ps intervals, which

shows a circular trajectory. The video

demonstrates the controlling of the parti-

cle position as shown in (b) (enhanced

online) [URL: http://dx.doi.org/10.1063/

1.4793533.1].
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appearance of standing waves such that the particle will move

inside the SWNT and be trapped either near the antinodes or

in the vicinity of the SWNT tip. The particle’s trapping phe-

nomenon was found to be highly sensitive to the driving fre-

quency such that a small change in the driving frequency will

cause a large increase of variance of z-coordinate of the parti-

cle. The results suggest that it is possible to control the posi-

tion of particle(s) by adjusting the SWNT driving frequency.

It is also suggested that the trapping phenomenon can be uti-

lized to improve the sensitivity of the CNT resonator for mass

detection.
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