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The effects of global Lewis number Le on the statistics of fluid velocity compo-
nents conditional in unburned reactants and fully burned products in the context of
Reynolds Averaged Navier Stokes simulations have been analysed using a Direct
Numerical Simulations (DNS) database of statistically planar turbulent premixed
flames with a low Damköhler number and Lewis number ranging from 0.34 to 1.2.
The conditional velocity statistics extracted from DNS data have been analysed with
respect to the well-known Bray-Moss-Libby (BML) expressions which were derived
based on bi-modal probability density function of reaction progress variable for high
Damköhler number flames. It has been shown that the Lewis number substantially
affects the mean velocity and the velocity fluctuation correlation conditional in prod-
ucts, with the effect being particularly pronounced for low Le. As far as the mean
velocity and the velocity fluctuation correlation conditional in reactants are con-
cerned, the BML expressions agree reasonably well with the DNS data reported in
the present work. Based on a priori analysis of present and previously reported DNS
data, the BML expressions have been empirically modified here in order to account
for Lewis number effects, and the non-bimodal distribution of reaction progress vari-
able. Moreover, it has been demonstrated for the first time that surface averaged
velocity components and Reynolds stresses conditional in unburned reactants can be
modelled without invoking expressions involving the Lewis number, as these surface
averaged conditional quantities remain approximately equal to their conditionally av-
eraged counterparts in the unburned mixture. C© 2013 American Institute of Physics.
[http://dx.doi.org/10.1063/1.4795548]

I. INTRODUCTION

Statistics of fluid velocity conditional in unburned reactants and fully burned products are of
fundamental importance in turbulent premixed combustion.1–7 The analysis of Bray et al.1 relates
the turbulent scalar flux ρu′′

i c′′ to the slip velocity (ui )P − (ui )R , where ρ is the fluid density, ui

is the ith component of fluid velocity, q ′′ = q − q̃, q̃ = ρq/ρ̄ are the Favre fluctuation and Favre
mean of a general quantity q, with the overbar suggesting a suitable Reynolds averaging operation.
The subscripts R and P are used to denote the conditional Reynolds averaged values in reactants
and products, respectively. In addition to the conditional mean velocities (i.e., (ui )R and (ui )P ),
the surface-weighted mean velocities conditional in reactants and products (i.e., (ui )Rs and (ui )Ps),
play a pivotal role in the modelling of turbulent premixed flames using Flame Surface Density
(FSD)3, 5, 8, 9 and conditional mean equations6, 7, 10–13 based methodologies. Moreover, conditional
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velocity statistics are useful for modelling the pressure gradient related terms in the transport
equations for turbulent kinetic energy and turbulent scalar fluxes, as demonstrated by Domingo and
Bray.4

In conventional Reynolds Averaged Navier Stokes (RANS) simulations, the conditional mean
velocities (ui )R and (ui )P are needed to evaluate turbulent scalar flux ρu′′

i c′′, whereas Reynolds
stresses conditional in reactants and products (i.e., (u′

i u
′
j )R

and (u′
i u

′
j )P

) are used for the closure

of ρu′′
i u′′

j . Alternatively, it is possible to obtain (ui )R and (ui )P ((u′
i u

′
j )R

and (u′
i u

′
j )P

) from ũi

and ρu′′
i c′′ (ρu′′

i u′′
j ) using algebraic expressions. In either of these methodologies, the Bray-Moss-

Libby1 expressions are commonly invoked. They result straightforwardly from a hypothesis that
the probability density function (pdf) of c (i.e., P(c)) is bi-modal in nature,1 which is valid for high
Damköhler number flames (i.e., Da � 1), but may be rendered invalid for small values of Damköhler
number, i.e., Da < 1. Recently, Chakraborty and Lipatnikov14 assessed the performance of the BML
expressions (the expressions which can be derived based on presumed bi-modal pdf of c are referred
to as the BML expressions in this paper) for evaluating (ui )R , (ui )P , (u′

i u
′
j )R

, and (u′
i u

′
j )P

by a priori
analysis of a Direct Numerical Simulation (DNS) database of freely propagating turbulent premixed
flames characterised by a large Damköhler number associated with the corrugated flamelets regime
combustion.15 The obtained results have indicated that although the BML approach is capable for
predicting the relations between (ui )R , (ui )P , ũi , and ρu′′

i c′′ under conditions of Da � 1, a slight
departure from bi-modal distribution of P(c) has major influences on the predictions of conditional
Reynolds stresses (u′

i u
′
j )R

and (u′
i u

′
j )P

even in high Da flames. Nevertheless, DNS data analysed in a
subsequent paper by Chakraborty and Lipatnikov16 implies that the BML expressions may be useful
for evaluating (ui )R , (ui )P , (u′

i u
′
j )R

, and (u′
i u

′
j )P

even at low Da for unity Lewis number flames.
However, this does not necessarily imply that BML expressions are valid for low Da combustion
but some of the expressions derived based on presumed bi-modal pdf of c might perform reasonably
well beyond the regime for which the BML methodology is strictly valid. It is worth noting that
Damköhler number provides the ratio of large scale turbulent time scale to chemical time scale and
thus small (large) values of Da are commonly associated with thick (thin) reaction zone. However,
recent experimental17–21 and DNS22–25 data demonstrate that reaction zones remain thin even at very
small (large) values of Damköhler (Karlovitz) number.

The state of the reacting mixture in premixed flames is often characterised by a single reaction
progress variable, where the molecular diffusivities of all species are taken to be equal to the molec-
ular thermal diffusivity.1–7, 10–14, 16 In actual combustion processes, diffusion of different species and
heat are characterised by their respective diffusivities. As a result, local mixture composition and
temperature are affected by imbalance between local diffusion of main reactants and heat and such
phenomena strongly affect turbulent burning rate, as reviewed in Ref. 26. Differential diffusion of
heat and mass is commonly accounted for by characterizing the mixture composition by two scalar
quantities, namely, the normalised mass fraction of the deficient reactant, and the non-dimensional
temperature, as well as the ratio of the thermal diffusivity to molecular diffusivity of the deficient
reactant, which is commonly known as the Lewis number Le. Such an approach is typical for
both theoretical27–29 and DNS30–37 studies, which have addressed various effects associated with
differential diffusion rates of heat and mass. However, to the best of our knowledge, the effects of
non-unity Lewis number Le on the statistical behaviours of conditional mean and surface-weighted
velocity components and Reynolds stresses are yet to be addressed in the literature. To date, there
is no analysis in the open literature about the evaluation of conditional mean velocities in low Da
non-unity Lewis number combustion where BML analysis is not strictly valid. In this study, this
gap is filled by analysing the statistics of conditional mean velocities using a DNS database of low
Damköhler number (i.e., Da < 1) turbulent premixed flames for different values of Lewis number
Le ranging from 0.34 to 1.2.

In this respect, the main objectives of this study are as follows:

1. To analyse the statistical behaviours of the conditional mean velocity and their relation to the
Favre mean velocity in the context of RANS for low Damköhler number non-unity Lewis
number combustion.
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2. To identify the expressions for extracting conditional mean velocities from Favre mean veloc-
ities, which are valid for a range of values of Le.

It is worth stressing that, to the best of our knowledge, the influences of Le on conditioned velocities
and Reynolds stresses have not yet been addressed in the literature and therefore the present analysis
attempts for the very first time to parameterize the conditional velocity statistics in low Damköhler
number flames for a wide range of values of global Lewis number.

The rest of the paper will be organised as follows. The necessary mathematical background
will be provided in Sec. II of the paper. This will be followed by a brief discussion on numerical
implementation. Following this, results will be presented and subsequently discussed. Finally, main
findings will be summarised and conclusions will be drawn.

II. MATHEMATICAL BACKGROUND

In principle DNS of turbulent reacting flows should account for both three-dimensionality
of turbulence and detailed chemical structure of the flame. However, the limitation of computer
storage capacity until recently restricted DNS either to two dimensions with detailed chemistry
or in three dimensions with simplified chemistry. As turbulent velocity field is inherently three-
dimensional in nature and vortex stretching mechanism is absent in two dimensions, the second
approach takes precedence in the present study, which is based on a single-step irreversible Arrhenius
type chemistry. Although it is now possible to carry out three-dimensional DNS with detailed
chemistry, the computational cost associated with them are much too high (e.g., several millions of
CPU hours)38 to carry out an extensive parametric analysis as done in this analysis. As the present
paper deals with the effects of global Lewis number on the conditional fluid velocity statistics in
turbulent premixed flames, three-dimensional simplified chemistry based DNS data with different
values of Le is considered to be sufficient for the present analysis. In this analysis, the reaction
progress variable c is defined in terms of the mass fraction of a suitable reactant YR (e.g., fuel mass
fraction YF) in the following manner:

c = (YR0 − YR)/(YR0 − YR∝), (1)

where subscripts 0 and ∝ indicate values in pure reactants and in fully burned products, respectively.
The BML expressions are expected to work well for high values of Damköhler number (i.e.,

Da > 1)1, 2 and it has been found that conditional velocity statistics in unity Lewis number flames
under Da < 1 combustion can reasonably be parameterised by incorporating moderate modifications
to the conventional BML expressions in such a manner that they recover the correct limiting behaviour
for Da → ∞ and Le → 1. Thus, it is worth summarising the derivation and the assumptions pertinent
to the BML expressions.

The pdf of reaction progress variable c and the joint pdf of velocity vector �u and c according to
BML analysis are given by (Refs. 1 and 2)

P(c; �x) = αc(�x)δ(c) + βc(�x)δ(1 − c) + γc(�x) f1(c; �x)[H (c) − H (c − 1)], (2a)

P(�u, c; �x)=αc(�x)PR(�u; 0; �x)δ(c) + βc(�x)PP (�u; 1; �x)δ(1−c) + γc(�x) f2(�u, c; �x)[H (c) − H (c − 1)],
(2b)

where αc, βc, and γ c are the coefficients for the progress variable pdf, PR(�u; �x) and PP (�u; �x) refer
to pdfs of �u in reactants and products, respectively, and the functions f1 and f2 originate due to
burning gases at the interior of the flame. It is assumed that PR(�u; �x), PP (�u; �x), and f2(�u, c; �x) are
normalised in such a manner that they individually integrate to unity.1, 2 The last term on the right
hand side of Eqs. (2a) and (2b) refers to the contribution of burning fluid and scales with 1/Da and
thus this term might have non-negligible effects for Da < 1. Based on the presumed pdfs given by
Eqs. (2a) and (2b), one obtains

1∫
0

P(c)dc = αc + βc + O(γc) = 1 and ρ̄ =
1∫

0

ρc P(c)dc = αcρ0 + βcρ̄b + O(γc), (3)
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where ρ̄b is the mean burned gas density, ρ0 is the unburned gas density, and ρc is the mean value
of density conditional on c. For low Mach number adiabatic unity Lewis number flames ρc and ρ̄b

are given by: ρc = 1/(1 + τc) and ρ̄b = 1/(1 + τ ). If Le �= 1, then the mean product density ρ̄b

depends on the Lewis number. The contribution of O(γ c) scales as O(γc) ∼ O(1/Da) and thus for
large values of Damköhler number (i.e., Da � 1) the contribution of O(γ c) becomes negligible in
Eq. (3) which yields the following expressions of αc and βc for unity Lewis number flames:

αc = (1 − c̃)/(1 + τ c̃) and βc = (1 + τ )c̃/(1 + τ c̃). (4)

Based on Eq. (2), one obtains the following relation for the Favre mean velocity components ũi

(Refs. 1 and 2):

ũi =
∝∫

−∝

∫ 1

0
ρui P(�u, c)dcd �u/ρ̄ = (ui )R(1 − c̃) + (ui )P c̃ + O(γc). (5)

The conditional mean values in unburned reactants and products (i.e., (q)R and (q)P ) for a general
quantity q which is dependent on �u, are evaluated as

(q)R =
ε∫

0

∝∫
−∝

q P(c, �u)d �udc

/ ε∫
0

∝∫
−∝

P(c, �u)d �udc

and (q)P =
1∫

1−ε

∝∫
−∝

q P(c, �u)d �udc

/ 1∫
1−ε

∝∫
−∝

P(c, �u)d �udc, (6)

where ε is a small number (i.e., 0 < ε 
 1). It is possible to obtain the following relation for turbulent
scalar flux ρu′′

i c′′ using Eqs. (2b) and (5) (Refs. 1 and 2):

ρu′′
i c′′ =

∝∫
−∝

∫ 1

0
ρ(ui − ũi )(c − c̃)P(�u, c)dcd �u = ρ̄[(ui )P − (ui )R]c̃(1 − c̃) + O(γc). (7)

Using Eqs. (5) and (7), one obtains the following relations for (ui )R and (ui )P :

(ui )R = ũi − ρu′′
i c′′/ρ̄(1 − c̃), (8a)

(ui )P = ũi + ρu′′
i c′′/ρ̄c̃. (8b)

Using Eq. (2b) it is possible to obtain the following expressions of ρu′′
i u′′

j and ρu′′
i u′′

j c
′′:

ρu′′
i u′′

j =
∝∫

−∝

∫ 1

0
ρ(ui − ũi )(u j − ũ j )P(�u, c)dcd �u

= ρ̄[(ui )P − (ui )R][(u j )P − (u j )R]c̃(1 − c̃) + ρ̄(u′
i u

′
j )R

(1 − c̃) + ρ̄(u′
i u

′
j )P

c̃ + O(γc), (9a)

ρu′′
i u′′

j c
′′ =

∝∫
−∝

∫ 1

0
ρ(ui − ũi )(u j − ũ j )(c − c̃)P(�u, c)dcd �u

= ρ̄[(ui )P −(ui )R][(u j )P −(u j )R]c̃(1−c̃)(1−2c̃) − ρ̄(u′
i u

′
j )R

c̃(1−c̃) + ρ̄(u′
i u

′
j )P

c̃(1−c̃) + O(γc).

(9b)



045101-5 N. Chakraborty and A. N. Lipatnikov Phys. Fluids 25, 045101 (2013)

The expressions for Reynolds stresses conditional in reactants and products (i.e., (u′
i u

′
j )R

and

(u′
i u

′
j )P

) can be obtained using Eqs. (7), (9a), and (9b) in the following manner:

(u′
i u

′
j )R

= ρu′′
i u′′

j

ρ̄
− ρu′′

i u′′
j c

′′

ρ̄(1 − c̃)
− ρu′′

i c′′

ρ̄2

ρu′′
j c

′′

(1 − c̃)2
and (u′

i u
′
j )P

= ρu′′
i u′′

j

ρ̄
+ρu′′

i u′′
j c

′′

ρ̄c̃
− ρu′′

i c′′

ρ̄2

ρu′′
j c

′′

c̃2
.

(10)

It is worth noting that Eqs. (8)–(10) are strictly valid for high Damköhler number (i.e., Da � 1)
flames. It remains to be seen how these relations (Eqs. (8)–(10)) perform for low Damköhler number
non-unity Lewis number flames and this will be addressed in Sec. IV of this paper.

The surface averaged value of fluid velocity component (ui )s is expressed in the following
manner:

(ui )s = ui |∇c|/	gen, (11)

where 	gen is the generalised flame surface density (i.e., 	gen = |∇c|).9, 39 Conditional surface
averaged quantities such as (ui )Rs and (ui u j )Rs play a key role in the balance equations for conditional
velocities and Reynolds stresses.10 A simple model for (ui )Rs is proposed in Ref. 10 based on the
DNS data by Im et al.6

(ui )Rs = (ui )R . (12)

For a hypothetical fully developed, constant-density, statistically planar, one-dimensional flame
propagating from right to left (u1)R → ū1 = ST in the reference frame attached to the flame,
whereas (u1)Rs → SL < ST , because the instantaneous propagation velocity of a flamelet (u1 − SL)
that reaches the leading edge should be equal to zero in the selected reference frame (otherwise
the flamelet would cross the leading edge, that is impossible by the definition). Therefore, Eq. (12)
yields wrong result at c̄ → 0 in this simple case. For these reasons, the following linear interpolation
has also been proposed in Ref. 10:

(ui )Rs = 〈c〉 (ui )R + (1 − 〈c〉) {
(ui )P + (1/σ − 1)Mi M j (u j )P

}
. (13)

Here, σ = (1 + τ ) and Mi = ∂〈c〉/∂xi/|∇〈c〉| in which 〈c〉 is either equal to c̄ or equal to c̃. This model
effectively ensures that (ui )Rs → (ui )P/σ when either c̄ → 0 or c̃ → 0. Similarly, (ui )Rs → (ui )R

when either c̄ → 1 or c̃ → 1 according to Eq. (13). In deriving Eq. (13), it is assumed that, at the
leading and trailing edges, (i) the flamelet is parallel to the flame brush (i.e., Mi = Ni = ∂c/∂xi/|∇c|);
(ii) the velocity component tangential to the flamelet is assumed to be unaffected by the local heat
release (i.e., (ui)R − NiNj(uj)R = (ui)P − NiNj(uj)P); (iii) the velocity component normal to the
flamelet is taken to be equal to laminar burning velocity (i.e., (ui)RNi → SL and (ui)PNi → σSL).
The performance of the expressions given by Eqs. (12) and (13) for non-unity Lewis number flames
with small values of Damköhler number (i.e., Da < 1) will be assessed in Sec. IV of this paper.

III. NUMERICAL IMPLEMENTATION

The simulations have been carried out using a three-dimensional DNS code called SENGA
where mass, momentum, energy, and species transport equations are solved in non-dimensional
form.40 The simulation domain is taken to be a cube of size 24.1δth × 24.1δth × 24.1δth where
the thermal flame thickness δth is given by δth = (Tad − T0)/Max

∣∣∇ T̂
∣∣

L
where subscript L refers

to the quantities in unstrained planar laminar flame. For the cubic domain, the boundaries in the
direction of mean flame propagation (i.e., x1 direction) are taken to be partially non-reflecting
whereas the transverse boundaries are taken to be periodic. The partially non-reflecting boundaries
are specified using the Navier Stokes Characteristic Boundary Conditions (NSCBC) formulation.41

All the spatial derivatives for all the internal grid points are evaluated using a 10th order central
difference scheme and the order of differentiation drops gradually to a 2nd order one-sided scheme
near non-periodic boundaries. The time advancement is carried out using an explicit 3rd order
low storage Runge-Kutta scheme.42 For all the simulations, turbulent velocity field is initialised
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TABLE I. Initial values of simulation parameters and non-dimensional numbers relevant to the DNS database.

Le u′/SL l/δL l/δth τ Ret Da

0.34 7.5 1.13 2.45 4.5 47.0 0.33
0.6 7.5 1.76 2.45 4.5 47.0 0.33
0.8 7.5 2.13 2.45 4.5 47.0 0.33
1.0 7.5 2.45 2.45 4.5 47.0 0.33
1.2 7.5 2.72 2.45 4.5 47.0 0.33

with the help of a standard pseudo-spectral method43 using Batchelor-Townsend44 turbulent kinetic
energy spectrum. The flame is initialised by an unstrained planar steady laminar flame solution.
The grid resolution is determined by the resolution of flame and in all cases about 10 grid points
are kept within Max(δL, δth) where δL = 1/Max|∇c|L is an alternative flame thickness, which is
greater (smaller) than δth for the Le < 1 (Le > 1) flames. The thicknesses δL and δth are equal
to each other for the unity Lewis number flames. The thermo-chemical parameters for the flames
in the present database are chosen in such a manner that the normalised turbulent rms velocity
fluctuation u′/SL, integral length scale to thermal flame thickness ratio l/δth, heat release parameter
τ = (Tad − T0)/T0, the laminar burning velocity for unstrained planar flame SL, and thermal flame
thickness δth remain identical for all the flames in this database. The dynamic viscosity, thermal
conductivity, density-weighted diffusivity, and specific heats are taken to be constant and independent
of temperature. The initial values of u′/SL and l/δth for all the flames are presented in Table I along
with the values of δL/δth, Damköhler number Da = l.SL/u′δth, and turbulent Reynolds number
Ret = ρ0u′l/μ0 where ρ0 and μ0 are unburned gas density and viscosity, respectively. Standard
values are taken for Prandtl number (Pr = 0.7), ratio of specific heats (γ = CP/CV = 1.4), and the
Zel’dovich number (β = Tac(Tad − T0)/T 2

ad = 6.0) where Tac is the activation temperature. Recent
experimental investigations45, 46 on premixed turbulent combustion involving alternative fuels under
conditions realised in gas turbines were performed for Da < 1, and therefore the initial simulation
parameters listed in Table I are of interest in terms of the development of high fidelity models
for low Damköhler number premixed combustion for gas turbine applications. Moreover, Da < 1
conditions are common in fuel-lean turbulent premixed combustion in IC engines and gas turbine
applications.47 There have been several analyses48–55 in the past where turbulent premixed flame
modelling has been carried out for Damköhler numbers, which are either comparable to, or smaller
than, the Damköhler number Da values considered in this analysis.

For all the flames considered here, the values of u′/SL and l/δth listed in Table I are associated with
the thin reaction zones regime combustion according to the regime diagram by Peters.15 In the thin
reaction zones regime, the Kolmogorov length scale η is smaller than the flame thickness but larger
than the reaction zone thickness δr ∼ δth/10. As a result of this, turbulent eddies can penetrate into
the preheat zone and perturb it while the reaction zone retains its quasi-laminar structure. According
to Peters,15 this regime is characterized by 1 < Ka < 100, where K a ∼ δ2

th/η
2 is the Karlovitz

number, which can also be scaled as K a ∼ (u′/SL )3/2(l/δth)−1/2 using the Kolmogorov scaling.
The Karlovitz number evaluated using K a ∼ (u′/SL )3/2(l/δth)−1/2 is equal to 13.2 for all cases
considered here. It is worth noting that the applicability of the Kolmogorov scaling for moderate
values of Ret (see Table I), and thus the value of Karlovitz number based on this scaling, should be
considered with care.

In all the cases, simulations have been carried out for about three initial eddy turn over times
(i.e., 3.34tf = 3.34l/u′) which corresponds to about one chemical time scale tc = δth/SL. It is admitted
that the simulation time remains small but it is comparable to that used in several previous DNS
studies.8, 9, 14, 16, 39, 40, 49–55 By the time the statistics were extracted the value of u′/SL in the unburned
gas ahead of the flame decayed by about 50% of its initial value, whereas the value of l/δth in the
fresh gas increased by about 1.7 times. Interested readers are referred to Refs. 9,37,56–58 for further
details on the flow conditions when the statistics were extracted.

In this analysis, all Reynolds or Favre averaged quantities were evaluated by averaging the
relevant quantity over each x2 − x3 plane at a given x1 location. In order to check the statistical
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convergence, the averaged quantities were evaluated using half of the domain in the x2 − x3 plane
and were compared to the corresponding quantities using the full sample size available in the same
plane. The qualitative and quantitative agreements between the results obtained based on full and
half of the sample sizes have been found to be satisfactory (i.e., maximum difference in magnitude
is of the order of 3%). Some results evaluated based on full and half of the sample sizes have been
shown in Ref. 8 and thus will not be repeated here.

In the present study, the conditional mean quantities are evaluated using Eq. (6) where ε is taken
to be 0.1 following the previous analysis by Domingo and Bray.4 This essentially suggests that the
mean quantities conditional in reactants are evaluated using the data corresponding to 0 < c < 0.1.
Similarly, the mean quantities conditional in products are evaluated using the data corresponding
to 0.9 < c < 1. A smaller value of ε yields qualitatively similar results as those obtained using
ε = 0.1 but the sample size for evaluating the conditional mean values decrease with decreasing
ε. By contrast, increasing ε value (e.g., 0.15 ≥ ε ≥ 0.1) gives rise to similar qualitative trends as
obtained using ε = 0.1 but increasing the value of ε by a large margin is likely to lead to q̄R and
q̄P values which are not representative of conditional means in reactants and products, respectively.
The quantitative agreement between the conditional velocity statistics obtained for 0.05 ≤ ε ≤ 0.15
is indeed found to be excellent. In Sec. IV, the presentation of conditional velocity statistics will be
restricted to a range of c̃ where variations in ε between 0.05 and 0.15 and halving the sample size in
transverse direction do not significantly (∼ < 5%) alter the quantitative variations.

IV. RESULTS AND DISCUSSION

The distributions of normalised vorticity magnitude (i.e.,
√

ωiωi × δth/SL where ωi is the ith
component of vorticity vector) on x1 − x2 mid-plane for cases A–E are shown in Figs. 1(a)–1(e)
to provide an idea of the turbulent flow field for the cases considered here. The contours of c from
0.1 to 0.9 (left to right) in steps of 0.1 are also shown in Figs. 1(a)–1(e) by white lines. Figures
1(a)–1(e) indicate that the global Lewis number has significant influence on the distribution of
vorticity in turbulent premixed flames. It is evident that the vorticity magnitude

√
ωiωi × δth/SL

drops significantly towards the burned gas side of the flame brush for cases C–E due to thermal
expansion, increase in the kinematic viscosity, and decay of turbulence. By contrast, vorticity
magnitude

√
ωiωi × δth/SL in the burned gases assumes high values in case A and in some locations

vorticity magnitude shows augmentation on the burned gas side of the flame brush in comparison to
the values in the unburned gas. This behaviour can also be discerned for case B although the extent of
vorticity magnitude augmentation in case B is much smaller than in case A. The increase in kinematic
viscosity and thermal expansion act to decrease vorticity, whereas vorticity in flames are produced
due to the baroclinic torque ∇p × ∇ρ. The effects of baroclinic torque strengthen with decreasing Le
because the magnitude of ∇p assumes high values in case A due to high burning rate.56, 57 This can be
substantiated from the values of normalised turbulent burning velocity ST /SL and normalised flame
surface area AT /AL presented in Table II where ST is evaluated in terms of volume-integrating the
reaction rate of progress variable ST = 1/(ρ0 AP )

∫
V ẇdϑ and the flame surface area A is evaluated

using volume-integration of reaction progress variable gradient A = ∫
V |∇c|dϑ , where dϑ is an

infinitesimal volume element, AP is the projected area in the direction of mean flame propagation,
and the subscripts L and T refer to laminar and turbulent flame quantities. The thermo-diffusive
imbalance in the Le < 1 flames augments the rate of burning,26 which in turn strengthens the local
pressure gradient and flame normal acceleration.27–34, 36, 56–58 It has been shown in Refs. 56–58 that
strong flame normal acceleration for low Lewis number Le 
 1 flames (e.g., cases A and B) gives
rise to considerable flame-generated velocity fluctuations which counters the decay of turbulence
in the burned gases due to increase in kinematic viscosity with increasing temperature. Interested
readers are referred to Ref. 58 for further information on flame generated velocity fluctuations
for the flames considered in this analysis. The following analysis does not focus on the effects
of Le on vorticity distribution and thus will not be elaborated here but it can be appreciated from
Figs. 1(a)–1(e) that Le significantly affects the fluid velocity field in turbulent premixed flames and
thus is likely have considerable influence on conditional velocity statistics.
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(a) (b)

(c) (d)

(e)

FIG. 1. Distribution of normalised vorticity magnitude
√

ωi ωi × δth/SL in the central x1 − x2 plane for cases (a)–(e) A–E
at the time when the statistics were extracted. The white lines indicate reaction progress variable c contours from c = 0.1 to
0.9 from left to right in steps of 0.1.

The nature of pdf of c can be characterised in terms of the variance c̃′′2. For a bi-modal
distribution of c, the variance of reaction progress variable c̃′′2 is given by

c̃′′2 = c̃(1 − c̃) + O(γc). (14)

The variations of c̃′′2 with c̃ for all the flames are shown in Fig. 2(a) which indicates that c̃′′2 remains
smaller than c̃(1 − c̃) for cases A–E. This indicates that the assumption of bi-modal distribution of c,
as done in BML analysis1 is likely to be rendered invalid in all cases considered here. It is important
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TABLE II. The effects of Lewis number on normalised turbulent flame speed ST/SL and normalised flame surface area AT/AL

after 3.34 initial eddy turn over times.

Le ST/SL AT/AL

0.34 13.70 3.93
0.6 4.58 2.66
0.8 2.53 2.11
1.0 1.83 1.84
1.2 1.50 1.76

to note that c̃(1 − c̃) is the maximum possible value of c̃′′2 which is obtained only when O(γ c)
remains negligible. Thus, the deviation of the pdf of c from bi-modal distribution can be quantified
in terms of the segregation factor g = c̃′′2/c̃(1 − c̃), which decreases from unity with the increasing
deviation from the bi-modal distribution of c. The pdfs of c at the location corresponding to c̃ = 0.5
for all the cases are shown in Fig. 2(b), which indicates that there is a significant probability of
finding 0 ≤ c ≤ 1 and the pdfs of c are not bi-modal in all cases considered here. This suggests that
O(γ c) contribution is likely to be non-negligible for cases A–E as Da is small in these cases. It is
also worth noting that Fig. 2(b) does not reveal a notable influence of the Lewis number on the pdf
shape at c̃ = 0.5, whereas Fig. 2(a) indicates a decrease in the segregation factor at higher values of
c̃ when Le is decreased.

The variations of (u1)R/SL with c̃ for cases A–E are shown in Figs. 3(a)–3(e), respectively,
which indicate that (u1)R/SL increases from unburned gas side to the burned gas side of the flame
brush for all cases due to thermal expansion and flame propagation. The variations of (u2)R/SL

and (u3)R/SL are not shown because these components are identically equal to zero for statistically
planar flames. Comparing Figs. 3(a)–3(e), it is evident that the global Lewis number Le has major
influence on the magnitude of (u1)R/SL and it is found to increase with decreasing Le. Moreover,
due to increasing flame normal acceleration with decreasing Le, the slip velocity (i.e., (ui )P − (ui )R)
assumes much greater value in the flames with low Le, which can be substantiated from
Fig. 3(f). It is also worth noting that a positive (negative) value of (u1)P − (u1)R is associated
with the counter-gradient (gradient) transport,1, 56, 57 which can be substantiated from Fig. 3(g),
where a positive (negative) value of ρu′′

1c′′.(∂ c̃/∂x1) × δth/ρ0SL indicates a counter-gradient (gradi-
ent) type transport. Interested readers are referred to Refs. 56 and 57 for the effects of Le on turbulent
scalar transport and this will not be discussed further in this paper.

It is evident from Fig. 3(d) that Eq. (8a) underpredicts the magnitude of (u1)R/SL for the low
Damköhler number unity Lewis number flame, which is consistent with earlier findings.16 As the
bi-modal distribution does not accurately describe the reaction progress variable distribution in cases
C–E (see Fig. 2(b)), the expression given by Eq. (8a) does not adequately predict (u1)R/SL in these
cases.

As discussed in Ref. 16, the segregation factor g = c̃′′2/c̃(1 − c̃) plays a key role in determining
the contribution of O(γ c) in Eq. (7). As c̃′′2 ≈ c̃(1 − c̃) in high Damköhler number flames, Eq. (7)
can be written as: ρu′′

i c′′ = ρ̄[(ui )P − (ui )R]c̃′′2 + O(γc), which in combination with ũi = (ui )R(1
− c̃) + c̃(ui )P + O(γc) yields the following expression for (ui )R for unity Lewis number flames
(Ref. 16):

(ui )R = ũi − ρu′′
i c′′/[gρ̄(1 − c̃)]. (15)

The predictions of Eq. (15) are shown in Figs. 3(a)–3(e) which indicate that Eq. (15) satisfactorily
captures the behaviour of (ui )R for flames with Lewis number close to unity (i.e., cases C–E).
However, Eq. (15) significantly underpredicts (ui )R for the major portion of the flame brush in cases
A and B. By contrast, the original BML Eq. (8a) satisfactorily captures the statistical behaviour
of (u1)R/SL for the Le = 0.34 and 0.6 flames (i.e., cases A and B, see Figs. 3(a) and 3(b)) even
for low Damköhler number. Based on this observation Eq. (15) has been modified here in the
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FIG. 2. (a) Variations of c̃′′2 with c̃ across the flame brush for all cases considered here; (b) pdfs of c at the location
corresponding to c̃ = 0.5 for all cases considered here.

following manner:

(ui )R = ũi − ρu′′
i c′′/[gLe2

ρ̄(1 − c̃)]. (16)

Note that Eq. (16) becomes equivalent to Eq. (15) in the case of Le = 1 and both Eqs. (15) and (16)
reduce to the original BML Eq. (8a) in the case of g = 1 associated with Da → ∞. The predictions
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FIG. 3. Variations of (u1)R/SL with c̃ across the flame brush along with the predictions of Eqs. (8a), (15), and (16) for cases
(a)–(e) A–E. Variations of (f) [(u1)P − (u1)R]/SL and (g) ρu′′

1c′′ × ∂ c̃/∂x1 × δth/ρ0 SL with c̃ across the flame brush for all
cases considered here.
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of Eq. (16) are compared with (ui )R obtained from DNS data in Figs. 3(a)–3(e), which indicate that
Eq. (16) satisfactorily captures the behaviour of (ui )R in the low Le flames (e.g., cases A and B)
whereas the predictions of Eq. (16) remain comparable to those of Eq. (15) for the flames with Le
≈ 1.0 (e.g., cases C–E).

The predictions of Eq. (16) are better than Eq. (8a) for flame with Le = 1.0 (see Fig. 3(d)),
whereas the prediction of Eq. (16) remains comparable to that of Eq. (8a) for Le = 0.34, 0.6, and 0.8
flames. Reasonable agreement between Eq. (8a) and the DNS data in the low Lewis number cases
could imply that the pdf of c is closer to a bi-modal pdf in these cases. However, Fig. 2(a) does not
confirm such an assumption. Therefore, the agreement between Eq. (8a) and the DNS data is likely
to be fortuitous, e.g., due to the cancellation of effects associated with a low Damköhler number by
the effects associated with small values of Lewis number Le.

The variations (u1)P/SL with c̃ for cases A–E are shown in Figs. 4(a)–4(e), respectively. The
variations of (u2)P/SL and (u3)P/SL are not shown because these components are identically equal
to zero for statistically planar flames. In all cases, (u1)P/SL increases from unburned gas side to the
burned gas side of the flame brush due to flame propagation and thermal expansion. The predictions
of Eq. (8b) are also shown in Figs. 4(a)–4(e) which indicate that Eq. (8b) significantly underpredicts
the value of (u1)P/SL in cases A and B (low Lewis number), and slightly overpredicts it in cases
C–E. Equation (8b) is derived based on the bi-modal distribution of c so it is not surprising that
this relation does not perform well in the cases where the assumption related to bi-modal pdf is not
satisfied.

Equation (7) can be written as: ρu′′
i c′′ = ρ̄[(ui )P − (ui )R]c̃′′2 + O(γc) as c̃′′2 ≈ c̃(1 − c̃) in high

Damköhler number flames, which in combination with ũi = (ui )R(1 − c̃) + c̃(ui )P + O(γc) yields
the following expression for (ui )P :

(ui )P = ũi + ρu′′
i c′′/[ρ̄gc̃]. (17a)

The philosophy behind the derivation of Eq. (17a) is similar to that of Eq. (15). However, contrary
to (ui )R prediction by Eq. (15), such a method does not work well for (ui )P when Eq. (17a) is used,
even if the Lewis number is close to unity. It can be seen from Fig. 4 that Eq. (17a) underpredicts the
magnitude of (u1)P/SL towards the unburned gas side of the flame brush in cases A, B, D, and E.
Chakraborty and Lipatnikov16 reported the same trend in the case of Le = 1 and Da < 1. To resolve
the problem, they proposed an expression for (u1)P by arithmetic averaging Eqs. (8b) and (17a)

(ui )P = ũi + [(1 + g)/2g] × ρu′′
i c′′/ρ̄c̃. (17b)

Figures 4(c)–4(e) demonstrate that Eq. (17b) satisfactorily predicts the variation of (u1)P throughout
the flame brush for Le ≈ 1.0 (i.e., cases C–E). For high Damköhler number flames g ≈ 1 due to
bi-modal pdf of c and under that condition Eq. (17b) becomes equivalent to Eqs. (8b) and (17a).
However, Eq. (17b) significantly underpredicts (u1)P for low Le cases, i.e., the use of the Le-
independent factor (1 + g) / 2g in the second term on the right hand side of Eq. (17b) is not sufficient
to account for strengthening of reactive contribution [(u1)P − ũ1] due to decreasing Lewis number
Le as a result of augmented burning rate (see Table II). In order to overcome this limitation,
Eq. (17b) has been modified here in the following manner:

(ui )P = ũi + [( f1(Le) + g)/2g] × ρu′′
i c′′/ρ̄c̃, (17c)

where f1(Le) is a function, which assumes a value equal to unity for the unity Lewis number flames
(i.e., f1(Le = 1.0) = 1.0) so that Eq. (17c) becomes identical to Eq. (17b) for Le = 1.0. Here, the
function f1(Le) is proposed in the following manner by analysing the DNS data so that f1(Le = 1.0)
= 1.0:

f (Le) = 1.5 + 0.5er f [14.29(0.65 − Le)]). (17d)

The function given by Eq. (17d) increases with decreasing Le, thus, accounting for strengthening
of the reactive contribution to (u1)P for Le = 0.34 and 0.6 flames. This function f1 reaches an
asymptotic value of unity for Le ≈ 1.0 flames. Figures 4(a)–4(e) indicate that the prediction of
Eq. (17c) remains comparable to that of Eq. (17b) for the flames with Lewis number close to unity
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FIG. 4. Variations of (u1)P/SL with c̃ across the flame brush along with the predictions of Eqs. (8b) and (17a)–(17c) for
cases (a)–(e) A–E.

(e.g., cases C–E) but Eq. (17c) captures the statistical behaviours of (u1)P in a better manner than
Eqs. (8b), (17a), and (17b) for the low Le flames (e.g., cases A and B).

The findings based on Figs. 3 and 4 can be summarised as follows:

1. The theoretical BML expression (i.e., Eq. (8a)) slightly underpredicts (u1)R/SL for all cases
considered here, while Eq. (16) shows similar performance for low Lewis number flames, but
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its prediction remains better in comparison to Eq. (8a) for Le ≈ 1.0 flames analysed here, and
for both high and low Damköhler number combustion with unity Lewis number discussed in
Ref. 16.

2. The theoretical BML expression (i.e., Eq. (8b)) predicts (u1)P/SL reasonably well for Le = 0.8
− 1.2 flames considered here, while significantly underpredicts this conditional velocity when
Lewis number is low (e.g., Le = 0.34 and 0.6 flames). A newly proposed empirical expression
given by Eq. (17c) parameterizes the DNS data shown in Fig. 4, as well as DNS data analysed
in Refs. 14 and 16.

3. For Da → ∞, the segregation factor g approaches to unity (i.e., g → 1) and Eqs. (16) and (17c)
become identical to the theoretical Eqs. (8a) and (8b), respectively.

The influences of Lewis number on conditional velocities is more pronounced in the products than in
the reactants. This could be explained by local variations in burning rate due to the imbalance of local
heat and species diffusion fluxes, which affect the velocity components when a gas volume passes
through the heat-release zone,56–58 but weakly influence the velocity field ahead of the reaction zone.

The variations of (u′
1u′

1)R/S2
L with c̃ for all the cases are shown in Fig. 5. It is evident that

(u′
1u′

1)R/S2
L decays from unburned gas side to burned gas side for all the cases. For the flames

with Lewis number close to unity (i.e., cases C–E) the variation of ρu′′
1u′′

1/ρ̄S2
L approximates the

distribution of (u′
1u′

1)R/S2
L for the major portion of the flame brush, but the difference between

ρu′′
1u′′

1/ρ̄S2
L and (u′

1u′
1)R/S2

L is significant for cases A and B. The difference between (u′
1u′

1)R and
ρu′′

1u′′
1/ρ̄ arises due to chemical reaction. The effects of chemical reaction are particularly strong

for the low Le flames due to augmented heat release (see Table II) even if the Damköhler number
is low. As a result of this, the contribution of (u′

1u′
1)R − ρu′′

1u′′
1/ρ̄ plays an important role for cases

A and B, which makes the distributions of (u′
1u′

1)R/S2
L and ρu′′

1u′′
1/ρ̄S2

L significantly different from
each other.

Figure 5 indicates that Eq. (10) predicts the magnitude of (u′
1u′

1)R/S2
L reasonably well in all

the cases considered in the present paper. It is worth noting, however, that a previous DNS based
analysis14 for unity Lewis number and large Damköhler number combustion has revealed that
Eq. (10) does not work well, and even a small deviation of the pdf of c from the presumed bi-modal
distribution substantially affects the prediction of (u′

1u′
1)R/S2

L . A subsequent analysis16 of DNS
data obtained from unity Lewis number low Damköhler number flames has shown that, contrary
to common expectations, a decrease in Da does not make the prediction of Eq. (10) worse, and its
prediction agrees reasonably well with (u′

i u
′
j )R

/S2
L obtained from the DNS data of low Da flames

with Le = 1.0. Figure 5 further supports this observation for different values of Lewis number Le.
This trend is attributed to a decrease in the reactive contributions (see the second and third terms
on the right hand side of Eq. (10)) to the conditional Reynolds stresses (u′

i u
′
j )R

with decreasing

Damköhler number so that (u′
i u

′
j )R

remains close to ρu′′
i u′′

j / ρ̄ (i.e., (u′
i u

′
j )R

≈ ρu′′
i u′′

j / ρ̄) if Le ≈ 1
and Da < 1. The DNS data shown in Fig. 5 imply that the weakening of reactive contribution to the
conditional Reynolds stresses (u′

i u
′
j )R

with decreasing Da compensates the error due to the deviation

from the presumed bimodal pdf of c when the difference [(u′
i u

′
j )R

− ρu′′
i u′′

j / ρ̄] is evaluated using
Eq. (10).

Despite the reasonable accuracy of Eq. (10) indicated by Fig. 5, it would be desirable to have
an expression applicable to both low and high Damköhler number combustion. For this purpose, the
following expression was proposed in Ref. 16 for unity Lewis number flames:

(u′
i u

′
j )R

= ρu′′
i u′′

j/ρ̄ − ρu′′
i u′′

j c
′′/ρ̄(1 − c̃) − 0.5(1 + g−1)(ρu′′

i c′′/ρ̄)(ρu′′
j c

′′/ρ̄)/(1 − c̃)2. (18)

Equation (18) has been obtained by averaging Eq. (10) and the following expression (u′
i u

′
j )R

= ρu′′
i u′′

j/ρ̄ − ρu′′
i u′′

j c
′′/ρ̄(1 − c̃) − g−1(ρu′′

i c′′/ρ̄)(ρu′′
j c

′′/ρ̄)/(1 − c̃)2 which results from substi-

tution of Eq. (7) and [(ui )P − (ui )R] = ρu′′
i c′′/ρ̄c̃′′2 into Eqs. (9a) and (9b). For large values of

Damköhler number (i.e., Da → ∞), the segregation factor approaches unity (i.e., g → 1), and as a
result Eq. (18) becomes equivalent to Eq. (10).
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FIG. 5. Variations of (u′
1u′

1)R/S2
L and ρu′′

1u′′
1/ρ̄S2

L with c̃ across the flame brush along with the predictions of Eqs. (10),
(18), and (19) for cases (a)–(e) A–E.

However, Fig. 5(a) shows that Eq. (18) underestimates (u′
i u

′
j )R

for c̃ > 0.2 in case A, be-

cause 0.5(1 + g−1) is substantially larger than unity in this case and the reactive contribu-
tion to (u′

i u
′
j )R

is overestimated. To resolve the problem, Eq. (18) could be further modified
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as follows:

(u′
i u

′
j )R

= ρu′′
i u′′

j/ρ̄ − ρu′′
i u′′

j c
′′/ρ̄(1 − c̃) − 0.5(1 + g−Le1.5

)(ρu′′
i c′′/ρ̄)(ρu′′

j c
′′/ρ̄)/(1 − c̃)2.

(19)

Equation (19) is exactly equal to Eq. (18) if Le = 1.0, but the magnitude of the last term of Eq. (19)
remains smaller than that in Eq. (18) for Le <1 flames if g is substantially smaller than unity. It
can be seen from Fig. 5(a) that Eq. (19) provides improved (as compared to Eq. (18)) prediction of
(u′

1u′
1)R when Le = 0.34. Moreover, predictions of Eqs. (10) and (19) remain close to one another

in all cases considered in the present paper, but Eq. (19) performs better than Eq. (10) in high
Damköhler number flames analysed in previous studies.14, 16 For large values of Damköhler number
(i.e., Da → ∞), the segregation factor approaches unity (i.e., g → 1), and thus Eq. (19) becomes
equivalent to the BML expression given by Eq. (10).

Figure 6 indicates that (u′
2u′

2)R/S2
L and ρu′′

2u′′
2/ρ̄S2

L remain close to each other for all cases
considered here, i.e., the net reactive contribution [(u′

2u′
2)R − ρu′′

2u′′
2/ρ̄] remains negligible. This is

consistent with the previous findings for unity Lewis number low Damköhler number combustion
by Chakraborty and Lipatnikov.16 The predictions of Eqs. (10), (18), and (19) for (u′

2u′
2)R remain

identical to each other, because ρu′′
2c′′ is identically equal to zero for statistically planar flames.

This also reduces the net reactive contributions to (u′
2u′

2)R/S2
L . As (u′

2u′
2)R/S2

L and ρu′′
2u′′

2/ρ̄S2
L are

statistically similar to (u′
3u′

3)R/S2
L and ρu′′

3u′′
3/ρ̄S2

L , respectively, the variations of (u′
3u′

3)R/S2
L and

ρu′′
3u′′

3/ρ̄S2
L are not shown here for the sake of conciseness.

The variations of (u′
1u′

1)P/S2
L and ρu′′

1u′′
1/ρ̄S2

L with c̃ for all cases considered here are shown in
Figs. 7(a)–7(e) along with the prediction of Eq. (10). As in the case of (u′

1u′
1)R/S2

L , the variation of
(u′

1u′
1)P/S2

L remains close to ρu′′
1u′′

1/ρ̄S2
L , and Eq. (10) predicts (u′

1u′
1)P/S2

L satisfactorily when Lewis
number is close to unity (cases C–E). However, for the flames with low Le (cases A and B), Eq. (10)
significantly overpredicts (u′

1u′
1)P . The effects of chemical reaction are stronger in the flames with a

low Le, and as a result of this, the contributions of [(u′
1u′

1)P − ρu′′
1u′′

1/ρ̄] are of higher importance for
cases A and B. As shown in previous analyses14, 16 for unity Lewis number flames, Eq. (10) does not
work well for Da > 1 flames even for a small deviation of the pdf of c from the presumed bi-modal
distribution, which substantially affects the prediction of (u′

1u′
1)P , though Eq. (10) predicts (u′

1u′
1)P

reasonably well for Da < 1 due to weak reactive contributions. In Ref. 16, the BML expression given
by Eq. (10), which was originally derived for high Damköhler number flames, was modified for
low Damköhler number combustion as follows. Using Eq. (7) and [(ui )P − (ui )R] = ρu′′

i c′′/ρ̄c̃′′2

in Eqs. (9a) and (9b) yields (u′
i u

′
j )P

= ρu′′
i u′′

j/ρ̄ + ρu′′
i u′′

j c
′′/ρ̄c̃ − g−1(ρu′′

i c′′/ρ̄)(ρu′′
j c

′′/ρ̄)/c̃2.
Weighting this expression and Eq. (10) by g and (1 − g) gives rise to

(u′
i u

′
j )P

= ρu′′
i u′′

j/ρ̄ + ρu′′
i u′′

j c
′′/ρ̄c̃ − (2 − g)(ρu′′

i c′′/ρ̄)(ρu′′
j c

′′/ρ̄)/c̃2. (20)

The prediction of Eq. (20) provides a reasonable agreement with (u′
i u

′
j )P

obtained from DNS data
for low Damköhler number unity Lewis number flames.16 It is worth noting that for high values of
Damköhler number (i.e., Da → ∞), the segregation factor approaches unity (i.e., g → 1), and thus
Eq. (20) becomes identical to Eq. (10). It can be seen from Fig. 7 that Eq. (20) satisfactorily predicts
(u′

1u′
1)P for the flames with Lewis number close to unity (cases C–E), but it still overpredicts (u′

1u′
1)P

for low Le flames (cases A and B). In order to resolve this problem, Eq. (20) is modified here in the
following manner:

(u′
i u

′
j )P

= ρu′′
i u′′

j/ρ̄ + ρu′′
i u′′

j c
′′/ρ̄c̃ − f2(Le)(2 − g)(ρu′′

i c′′/ρ̄)(ρu′′
j c

′′/ρ̄)/c̃2, (21a)

where f2(Le) = (1 − c̃)−ζ (Le) with ζ (Le) = 0.5 + 0.5er f [14.29(0.65 − Le)]). (21b)

The function f2(Le) is proposed here in such a manner that Eqs. (21) becomes identical to Eq. (20) for
Le = 1.0, whereas the magnitude of the reactive contribution to (u′

i u
′
j )P

strengthens with decreasing
Le and towards the burned gas side of the flame brush. Figure 7 indicates that the predictions of
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FIG. 6. Variations of (u′
2u′

2)R/S2
L and ρu′′

2u′′
2/ρ̄S2

L with c̃ across the flame brush along with the predictions of Eqs. (10),
(18), and (19) for cases (a)–(e) A–E.

Eqs. (21) for (u′
1u′

1)P remain comparable to that of Eq. (20) for the flames with Lewis number
close to unity Le ≈ 1.0 (i.e., cases C–E) but Eqs. (21) capture (u′

1u′
1)P more satisfactorily than

Eqs. (10) and (20) in the flames with a low Le (e.g., cases A and B).
It is evident from Figs. 8(a)–8(e) that (u′

2u′
2)P/S2

L and ρu′′
2u′′

2/ρ̄S2
L remain close to each other

for all cases considered here. This suggests that the contribution arising from chemical reaction
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FIG. 7. Variations of (u′
1u′

1)P/S2
L and ρu′′

1u′′
1/ρ̄S2

L with c̃ across the flame brush along with the predictions of Eqs. (10),
(20), and (21a) for cases (a)–(e) A–E.

[(u′
2u′

2)P − ρu′′
2u′′

2/ρ̄] does not play a major role for the low Damköhler number flames, which is
consistent with the previous findings by Chakraborty and Lipatnikov.16 As ρu′′

2c′′ remains identi-
cally zero (i.e., ρu′′

2c′′ = 0) for statistically planar flames, the predictions of Eqs. (10), (20), and
(21) are identical for (u′

2u′
2)P (see Fig. 8). Moreover, the original BML expression given by Eq. (10)
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FIG. 8. Variations of (u′
2u′

2)P/S2
L and ρu′′

2u′′
2/ρ̄S2

L with c̃ across the flame brush along with the predictions of Eqs. (10),
(20), and (21a) for cases (a)–(e) A–E.

reasonably predicts not only (u′
2u′

2)R (see Fig. 6), but also (u′
2u′

2)P (see Fig. 8) for all cases consid-
ered here. As (u′

2u′
2)P/S2

L and ρu′′
2u′′

2/ρ̄S2
L are statistically similar to (u′

3u′
3)P/S2

L and ρu′′
3u′′

3/ρ̄S2
L ,

respectively, the variations of (u′
3u′

3)P/S2
L and ρu′′

3u′′
3/ρ̄S2

L are not shown here for the sake of
conciseness.
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The findings based on Figs. 5–8 can be summarised as follows:

1. The theoretical BML expression given by Eq. (10) predicts (u′
1u′

1)R , (u′
2u′

2)R , and (u′
2u′

2)P

satisfactorily for cases A–E, with (u′
2u′

2)R and (u′
2u′

2)P being close to ρu′′
2u′′

2. Moreover,
Eq. (10) predicts (u′

1u′
1)P satisfactorily for cases C–E, but overestimates this correlation for

cases A and B.
2. The empirical expression given by Eq. (19) not only parameterizes (u′

1u′
1)R obtained from

DNS data shown in Figs. 5 and 6 (Eq. (10) is also capable for doing so), but also for Da > 1
flames with Le = 1.0 (Refs. 14 and 16), where the prediction of Eq. (10) remains worse than
Eq. (19).

3. Equation (20) empirically parameterizes (u′
1u′

1)P not only for Le = 0.8 − 1.2, but also for Le
= 0.34 and 0.6.

4. For Da → ∞, the segregation factor g approaches to unity (i.e., g → 1) and Eqs. (19) and (20)
become identical to the theoretical Eq. (10).

Stronger influences of the Lewis number on conditional Reynolds stresses in the products (than in
reactants) may be explained in terms of the local variations in burning rate due to the imbalance of
local heat and species diffusion fluxes, which in turn affect the velocity statistics when a gas volume
passes through the heat-release zone,56–58 even though the velocity field ahead of the reaction zone
gets marginally influenced.

It is worth noting that in an actual RANS simulation, the quantities ρu′′
i c′′ and ρu′′

i u′′
j c

′′ are
modelled and the accuracy of their modelling are also likely to affect the performance of Eqs. (8),
(10) and (15)–(21). Modelling of ρu′′

i c′′ and ρu′′
i u′′

j c
′′ have been discussed in Refs. 1,49,56,57,59–61

and thus will not be repeated here for the sake of brevity. Moreover, c̃′′2 needs to be evaluated in
order to obtain the segregation factor g = c̃′′2/c̃(1 − c̃). The modelling of c̃′′2 for low Damköhler
number non-unity Lewis number flames has been discussed in Ref. 62 and will not be taken up here.
Interested readers are referred to Refs. 56–62 for further details on the modelling of c̃′′2, ρu′′

i c′′,
ρu′′

i u′′
j c

′′, and ρu′′
i u′′

j .

The variations of (u1)Rs/SL and (u1)R/SL with c̃ along with the predictions of Eq. (13) according
to 〈c〉 = c̄ and 〈c〉 = c̃ are shown in Figs. 9(a)–9(e) for cases A–E, respectively. It is worth stressing
that these velocities were evaluated in the coordinate framework selected, so that the mean velocity
of unburned gas upstream of the flame brush is equal to SL. It is evident from Figs. 9(a)–9(e) that
the simple expression given by Eq. (12) captures the behaviour of (u1)Rs/SL throughout the flame
brush,10 which is in agreement with earlier DNS results.6, 7, 14, 16 Figures 9(a)–9(e) show that the
performance of Eq. (13) is comparable for 〈c〉 = c̄ and 〈c〉 = c̃ and the model given by Eq. (13)
underpredicts (u1)Rs/SL for all cases considered here. It is worth reminding that Eq. (13) is a linear
interpolation between two limiting cases, i.e., (u1)P/σ at c̃ = 0 (or c̄ = 0) and (u1)R at c̃ = 1 (or
c̄ = 1). As shown in Ref. 14, Eq. (13) performs well at the leading edge of a unity Lewis number
premixed turbulent flame characterized by Da > 1.

Lee and Huh7 proposed a model for (u1)Rs as

(u1)Rs = (u1)R − K1(∂2c̄/∂x2
1 ) / (∂ c̄/∂x1), (22)

where K1 is a tuning parameter that is proportional to but significantly larger than the kine-
matic eddy viscosity Cμ(k̃2/ε̃)R conditional in unburned gas,7 where Cμ = 0.09 is a model
constant. The prediction of Eq. (22) for K1 = 2Cμ(k̃2/ε̃)R is also shown in Figs. 9(a)–9(e),
which demonstrates that K1(∂2c̄/∂x2

1 )/(∂ c̄/∂x1) remains much smaller than (u1)R and (u1)Rs

and the prediction of Eq. (22) remains comparable to Eq. (12) for the major part of turbu-
lent flame brush for all the flames considered here. The variations of [(u1)R − (u1)Rs]/SL and
K1(∂2c̄/∂x1)/[(∂ c̄/∂x1)SL ] = 2Cμ(k̃2/ε̃)R(∂2c̄/∂x2

1 )/[(∂ c̄/∂x1)SL ] with c̃ are shown in Figs. 10(a)–
10(e). Equation (22) overpredicts [(u1)R − (u1)Rs]/SL for a major portion of the flame brush for all
cases considered here. Moreover, K1(∂2c̄/∂x2

1 ) / (∂ c̄/∂x1) becomes negative in a region towards the
burned gas side of the flame brush where [(u1)R − (u1)Rs]/SL remains positive (see Figs. 10(a)–
10(e)).
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FIG. 9. Variations of (u1)Rs/SL and (u1)R/SL with c̃across the flame brush along with the predictions of Eqs. (12) and (13)
according to 〈c〉 = c̄ (shown as model 1 in the legend) and 〈c〉 = c̃ (shown as model 2 in the legend) and Eq. (22) for cases
(a)–(e) A–E.
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FIG. 10. Variations of [(u1)R − (u1)Rs ]/SL and K1(∇2c̄)/[(∂ c̄/∂x1)SL ] = 2Cμ(k̃2/ε̃)R(∇2c̄)/[(∂ c̄/∂x1)SL ] with c̃ for cases
(a)–(e) A–E.

The simplest possible model for the conditional surface-weighted Reynolds stresses (i.e.,
(ui u j )Rs) can be proposed as

(ui u j )Rs = (ui u j )R, (23a)

whereas the following linear interpolation10 ensures the correct behaviour of (ui u j )Rs → (ui u j )P at
c̄ → 0 for a constant density “flame”:

(ui u j )Rs = (1 − 〈c〉)(ui u j )P + 〈c〉 (ui u j )R . (23b)
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FIG. 11. Variations of (u1u1)Rs/S2
L with c̃ across the flame brush along with the predictions of Eqs. (23a) (i.e., (u1u1)Rs/S2

L =
(u1u1)R/S2

L ) and (23b) for cases (a)–(e) A–E. The model given by Eq. (23b) with 〈c〉 = c̄ and 〈c〉 = c̃ are shown as model 1
and model 2, respectively, in the legend.

The variations of (u1u1)Rs/S2
L and (u1u1)R/S2

L with c̃ are shown in Figs. 11(a)–11(e) for cases
A–E, respectively, along with the predictions of Eqs. (23a) and (23b) (for 〈c〉 = c̄ and 〈c〉 = c̃). The
corresponding variations for (u2u2)Rs/S2

L and (u2u2)R/S2
L with c̃ are shown in Figs. 12(a)–12(e). It

is evident from Figs. 11 and 12 that (u1u1)Rs and (u2u2)Rs are appropriately captured by (u1u1)R

and (u2u2)R , respectively.
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FIG. 12. Variations of (u2u2)Rs/S2
L with c̃ across the flame brush along with the predictions of Eqs. (23a) (i.e., (u2u2)Rs/S2

L =
(u2u2)R/S2

L ) and (23b) for cases (d)–(f) A–C. The model given by Eq. (23b) with 〈c〉 = c̄ and 〈c〉 = c̃ are shown as model 1
and model 2, respectively, in the legend.

According to Eq. (23b) the quantity (u1u1)Rs is bound between (u1u1)P at c̃ = 0 (or c̄ = 0) to
(u1u1)R at c̃ = 1 (or c̄ = 1) and as (u1)P and (u′

1u′
1)P are greater than (u1)R and (u′

1u′
1)R , respectively,

in cases A and B (see Figs. 2–5 and 7), the model given by Eq. (23b) overpredicts the magnitude
of (u1u1)Rs for the major portion of the flame brush. Moreover, in cases A and B (u′

2u′
2)P remains
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greater than (u′
2u′

2)R (see Figs. 6 and 8), which leads to an overprediction for the model given by
Eq. (23b), whereas Eq. (23a) satisfactorily predicts (u2u2)Rs for the major part of the flame brush.
In cases C–E, the magnitudes of (u1u1)P and (u1u1)R ((u2u2)P and (u2u2)R) remain comparable
and thus the predictions of Eq. (23b) are found to be in better agreement with (u1u1)Rs ((u2u2)Rs)
extracted from DNS data than in cases A and B.

The above results suggest that the relations between surface-weighted velocity components and
velocity correlations conditional on reactants (i.e., (ui )Rs and (ui u j )Rs) with un-weighted conditional
averages (i.e., (ui )R and (ui u j )R) are not directly affected by Le, and the surface-weighted conditional
quantities are well approximated by un-weighted conditional quantities.

V. CONCLUSIONS

The effects of global Lewis number Le on the statistics of fluid velocities conditional in reactants
and products have been analysed in the context of RANS simulations using a database of statistically
planar turbulent premixed flames with Lewis number ranging from 0.34 to 1.2 for small values
of Damköhler number. It has been shown that the non-unity Lewis number substantially affects
the mean velocity (u1)P and the velocity fluctuation correlation (u′

1u′
1)P conditional in products,

with the effect being particularly pronounced for low Le. However, the BML expressions for the
mean velocity (u1)R and the velocity fluctuation correlation (u′

1u′
1)R conditional in reactants agree

reasonably well with the DNS data reported in the present work, even though the cases considered
here represent low Damköhler number Da combustion, and the BML expressions are expected to
be strictly valid for high values of Da. Accordingly, in order to parameterize both the present and
the earlier14, 16 DNS data, the BML expressions have been modified here by introducing empirical
functions fk(g, Le) of the segregation factor g = c̃′′2/c̃(1 − c̃) and the Lewis number Le so that
the original theoretical expressions are recovered in the case of high Damköhler and unity Lewis
number, i.e., fk(g → 1, Le → 1) → 1. The newly proposed expressions (see Eqs. (16), (17c), (19),
and (21a)) have been demonstrated to capture the behaviours of (ui )R , (ui )P , (u′

i u
′
j )R

, and (u′
i u

′
j )P

satisfactory for a large range of values of Le. Moreover, the newly proposed expressions reduce to
the expressions proposed earlier by the present authors16 based on previous DNS based analyses
of high14 and low16 Damköhler number unity Lewis number flames. Thus, these new expressions
could be used either as DNS-derived parameterisations for the assessment of future models, or as
semi-empirical models for investigating conditioned characteristics of velocity field in premixed
turbulent flames. It is worth noting that the newly proposed expressions are not meant to extend the
validity of BML methodology for low Damköhler number combustion and more analysis is needed
to assess the extent to which the BML methodology can be applied beyond high Damköhler number
conditions.

It has been demonstrated for the first time that the conditional surface averaged velocities
(ui )Rs and velocity correlations (ui u j )Rs can be effectively modelled by (ui )R and (ui u j )R , respec-
tively, for a wide range of values of global Lewis numbers. This suggests that the surface aver-
aged quantities can be modelled without invoking expressions that involve explicit Lewis number
dependence.

The present modelling has been carried out for moderate values of turbulent Reynolds number
Ret and simplified chemistry. Although no assumption has been made in this analysis which could
have a significant Ret dependence, both experimental and detailed chemistry based DNS data for
higher values of Ret are necessary for more comprehensive assessment of expressions proposed in
the present study. Some of these issues will form the basis of future investigations.
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