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Abstract—In this paper the covariance matrix of received models, recast it in other ways, and subsequently derived
voltage signals across ports of a multiport antenna in corriated  some useful bounds for it. However, there are a few concerns
multipath environments is formulated. This eventually ledls 51,4t the aforemetioned formulas for MEG. First of all, the

to some expressions for mean effective gain and directivityn le of t inating impedan in the presen f lin
these environments, which to our best knowledge has not been role of terminating Impedances € presence ot coupling

addressed before. The notion of pattern overlap matrix is utized has not been properly emphasized. Furthermore, the impact
to coin correlated pattern overlap matrix. We show the crucal of total radiation efficiencies in a compact multiport syste

role of the latter parameter in general correlated multipath was not shown analytically. Finally, to our best knowledge,
environments. all available formulas are solely restricted to uncoresdat

Index Terms—correlated multipath; covariance matrix; mean multipath environments (e.g., see [4], [5]).
effective gain; mean effective directivity; spatial corrdation; In this paper, we generalize the definition of MEGs to
correlated pattern overlap matrix. hold also in correlated multipath environments. The roles o
the input network parameters, terminating impedances, and
total radiation efficiencies are clarified. Note that thenfer

Multiport antennas are indispensable building blocks gfarameter contains overall information about coupling in a
the contemporary wireless communication systems and theddiation structure. In an uncorrelated multipath envinent,
characterization is the main concern of this paper. The de crucial role of pattern overlap matrix in received sigha
variance matrix of the received signals across ports ofcavariance matrix is well known [6, Section 6-4], [7]. In
multiport antenna system in multipath environments playsarmony with that, we show that, by slight modifications, a
a significant role in its characterization. For instance ewh revised version of the pattern overlap matrix still builgstbe
normalized properly, the diagonal entries of this matrig arcentral core for the covariance matrix in correlated maltip
the corresponding mean effective gains (MEGs) which aemvironments.
undoubtedly very decisive metrics [1]. To elaborate more, To set the notations, bold letters denote matrices. Column
it suffices to say that in case other sources of noise arectors are shown by an overbar sign. The transpose,
negligible compared to the receiver noise, the receivetk$ig conjugate and Hermitian transpose operations are desigjnat
to-noise ratios at different ports become directly propodl by -7, asterisk, and dagger superscripts, respectivily.
to their MEGs. Furthermore, the off-diagonal entries pdevi signifies the expectation over time or realization. The syimb
the corresponding spatial covariances between differerisp I denotes the identity matrix angl stands for the intrinsic
which eventually yield the spatial correlation coefficentimpedance of the mediumR returns the real part of its
These metrics, in turn, play a crucial role in multiplexin@rgument.
efficiency and diversity gains in a multipath environment.

The covariance matrix relies on different system pararseter
as well as properties of the associated multipath environ-
ment. Concerning system parameters, the covariance depend
upon coupling between different radiation elements, arraylLet us denote the input impedance matrix of a multiport
configuration, the structure of different radiation elemsenantenna byZ,.,, in which n designates the number of
and their radiation efficiencies etc. In parallel, limited tports. Throughout this paper, we assume reciprocal radiati
uncorrelated multipath environments, the covariancearsk networks, i.e.,.Z = Z7. The terminating impedances at the
on probability density function of angle of arrival (AoA)antenna ports can be written in a diagonal matrix show# hy
for the incoming electromagnetic (EM) waves for both poae further denote the open-circuit embedded pattern matrix
larizations, and the cross polarization ratio (XPR) [2]. by G2x,, Whose rows are the corresponding verti¢adolar-

[1], a compact formula for a single-port antenna’s MEG iization and horizontat) polarization components associated
uncorrelated environments was introduced. Later, theoasithwith different ports.G is function of angular direction denoted
in [2] and [3] studied the MEG formula for different statesl by Q(6,+). Here, 6 is the latitude andy is the longitude

I. INTRODUCTION

Il. RECEIVED VOLTAGE SIGNALS IN MULTIPATH
ENVIRONMENTS



coordinates in the spherical coordinate system. The engdubdd V. RECEIVED SIGNALS’ COVARIANCE IN CORRELATED
pattern matrixG,. in volts is thus MULTIPATH ENVIRONMENTS

G =G-i, (1) In a tantamount way to the preceding Section, we can gen-

eralize the covariance expression in (6) to hold for coteela

where the c_olumns_oi‘ are the current \_/velght vectors at themultipath environments too. By virtue of (7) one can write
ports associated with the corresponding embedded element

H 2
patt_e_rn. If the embgdded element patterns are obtained a))/: & GT(Q’)-I‘(Q’,Q)-G*(Q) P(Y, Q) dYdQ
exciting each port with d volt voltage source, we have n S )ix
(8)

i=(Z+2%,)"". (2) " in which P is the joint probability density function for the
The incident wave fron direction is given byEs ., whose incoming waves fronf)” and(2 directions. It is further inter-
components are agaifi;(Q) and E,(Q). Using the chosen esting to recast the covariance matrix in terms of the aateti
notations, we can recast the received voltage at the pows dlirectivities. Without loss of generality, let us consitlee case
multiport antenna in an uncorrelated multipath as [8, Hguat of Z, = Z, = Z, L,x, with Z, being the characteristic

(3-16)] impedance of the system, which is commonly of resistive
92\ ~ nature. Now, using (3) and expressing the embedded pattern
Uy = T Z, GI(Q)-EQ) P(Q) d , (3) matrix in terms of its associated embedded directivity matr
4m

) . - . ) D, which is dimensionless, we can recast the terminated
wherein P is the AoA probablllty denSIty function of the covariance matri)cr in watts as

random incoming EM waves. If it is preferable to rely on

open-circuit embedded patterns, we may use (1)-(2) to tewri C, = Vet Cp, Vetot , 9)
(3) as .
o) wherein
Op =" 2, (Z+Z,)"! GT(Q)-E(Q) P(Q) dQ . (4) A2 .
Jn ar Cp, = e / D, (Q")T(,Q)DX(Q) P(2,Q) dQ'dQ
Identifying the expression for open-circuit received agku, R (10)
in (4), we can write andey is a diagonal matrix of ports’ total embedded element
_ 2 T _ radiation efficiencies. For lossless multiport antenndesys,
Vo = E i G () - E() P(2) d2 . ) the embedded radiation efficiency equals the multiport

It should be evident that the relation between the receiv 2tch|ng.d§ff|C|ency. This flatterl m]:s:trlc; Wasl |r1ltr9duc:d '3
terminated signals and their open-circuit counterparts i ] providing a compact formula for its calculation base

simply o, = Z, (Z + Z,)~ 4., which is already known [9]. on t_he input network para_meters. The _expression in _(9)_ is
an important one separating out the impacts of radiation

efficiencies and the shape of the embedded patterns in
[1l. RECEIVED SIGNALS’ COVARIANCE IN conjunction with properties of the multipath environment.
UNCORRELATEDMULTIPATH ENVIRONMENTS Under the restrictions imposed by (1)-(2), the embedded

Limiting ourselves to zero-mean complex Gaussian randd#ifectivity matrix can be further recast in a way to factot ou
incoming EM waves, we use the expression in (5) for calculthe effects of terminating impedances@, .
tion of open-circuit covariance matri€, = E[o,3}] in volts
squared. Doing so and after some manipulations we arrive atV

8\2 [
— ¢ GT.T-G* P d (6) ANTENNA
) ) " dm ) As introduced by the author in [1], for normalization of
whereinI'sx is the polarization matrix of the uncorrelateqne covariance matrix we need to opt for a suitable reference
incoming EM waves. Recall that the polarization matrix hagntenna. For this purpose, a dual-port, dual-polarizea!ide
been originally defined in [9, Equation (2)-(3)], [10]. Herejsqiropic antenna does more than suffice. To achieve maximum
with a slight modification to its initial form, we redefine isa gy 4ilaple power in a multipath environment, the termirgtin
1 = = impedances at the port of this ideal two-port referenceranate
r(,0) =— EEQ)-E(Q 7 . L : .
(@, 9) 2n [B(E) @1, () should be conjugate matched to its input impedance matrix.

in watts/m?. In a special case of uncorrelated multipath er-o" sake of simplicity, let us assume that the input impedanc

vironment, the incoming EM waves frofd’ and) directions matrix of this ideal reference antennadg.: = Z, Ioxz. With
are uncor’related Thug = T(,Q)5( — Q). Although some straightforward manipulations, it follows that theeop

in (6) we only derived the open-circuit covariance matri)g,ircuit embedded pattern matrix for this ideal dual-pced

the relation between the covariance matrix of an arbitraf§'€r€NCce antenna is
terminated multiport antenna and its open-circuit coyrar Z

i i i Grot = 1/ 222 1
has already been given in [11, Equation (1)]. vef =\ T T2x2

. DUAL-PORTDUAL-POLARIZED IDEAL REFERENCE
C, =

(11)



Using the expressions in (1)-(3) and (7), and under presunipe corresponding arbitrary terminated normalized cevené
tion of zero-mean complex Gaussian random incoming EMatrix as

waves, we can derive the total average received power at the 167 .

ports of this ideal reference antenna as C,, = e R[Z,]"2x
A2 ' = 0 1

Prog = — ’// (Y, Q) P(Y,Q) dQ'dQ . (12) er GT {HX 1 } G:PdQ Z! R[Z,]"= (16)

4m 4m F 4m 0 T+x

where subscript indicates the Frobenius norm. It should be evident that the MEGs in uncorrelated environ-

ments are the diagonal entries in (16). Furthermore, egprgs
VI. NORMALIZATION OF COVARIANCE MATRIX the corresponding embedded element patterns in terms of the

A proper normalization is essential for a fair study ofSSociated directivities reveals a compact expressiomézm
received signals’ covariance matrix. In this Section wet fir§TTective directivity (MED) matrixM,, and its relation with
present an expression for the covariance matrix in a genebdk: I (14). To find out more about this relation, let us resrict
multipath environment. Later, we offer equivalent expiass OUrselves (&, = Z,. This leads to
for two particular multipath environments which are of prac M, = Vet - M, - erot a7
tical interest. _ .

For a general multipath environment, using (8), [11, Equifl Which

tion (1)] and (12), the normalized arbitrary terminated amv . o= 0 .
ance( r31]atrixC( )becomes ’ M, = diag [f{ D, {M(SX L} D; P dﬂ] - (19
Tn 4m 1+x
1 Until now the MED definition has been limited to un-
G, = 2Pref>< correlated multipath environments [13]. Yet, based on the

expressions provided in the frame of this paper, we are
able to redefine it for general cases of correlated multipath
Here the subscrip only signifies the normalized metric. NVironments too. For this purpose, one only needs to take
Since the number of ports has also been shown,bye may the diagonal entries (i.ediag) in (10) when normalized by
not allow this subindex to create any source of confusioft2)-

The diagonal entries of (13) are the corresponding MEGs @t Case of Isotropic Multipath

different ports. That is

R(Z.| *Z,(Z+2Z,)' Co (Z+2Z,) V2 R[Z,]7F (13)

An uncorrelated multipath environment of uniform AoA
M, = diag[C,. ] (14) _(i.e., P = 1/4n) an_d bala_nced p_olarization (i.e, = 0 dB)
is referred to as isotropic multipath environment [13]. An
whereM_, is the diagonal matrix of MEGs associated witlisotropic multipath environment is important more due te th
different ports. This is a quite general expression. The offact that it is the only type of multipath environment thahca
diagonal entries in (13) represent the spatial correlatien be created simply in a well stirred reverberation chamblee T
tween different ports which after further normalizatiorelgi measurement results in this case are not subject to coabider
the corresponding renowned spatial correlation coeffisigfj.  variations due to repetition and hence are most reliables.one
Inserting the necessary parameters (exg.— 0 dB and
A. Case of Uncorrelated Multipath P = 1/47) into (13), we arrive at
Uncorrelated multipath environments are commonly re-
ferred to those multipath environments wherein incoming ~"» —
waves of different AoAs and those of the same AoAs but dif- 2 %[ZT]_%ZT(Z +Z) ' C(Z+ z,.)—”zi %[Z,.]—%
ferent polarizations are uncorrelated. In these envirorigtbe (19)

polarization matrix in (7) is diagonal. The cross-polatiza : .
ratio (XPR), denoted by, has been defined for these environWhere thepattern overlap matrix C is [14]

ments signifying the amount of polarization power imbaknc C— 1 Gl . G* d0 (20)
of the incoming EM waves. In other words, N Jax
Tyo 0 X 0 Recall that in (20),G represents the open-circuit embedded
= [ 0 FW} = Lyy {0 J (Uncorrelated Multipath) (15)  pattern matrix. It is not difficult to show that the diagonal

entries in (19) equa% ey This fact was anticipated in
with 'y andI'y, being the steradic power densities of th¢l3] and subsequently demonstrated in [2]. Table 1 in [15]
incoming EM waves ind and ¢ polarizations, whose ratio indirectly shows the links between MEGs and the total embed-
renders the XPR. In the frame of this paper, we assurded element efficiencies with regards to the selected metere
that XPR is independent of angular directibn Using the antenna.

aforementioned covariance matrix in (8) and the referenceOne point about the pattern overlap matrix in (20) merits
power in (12), and by virtue of (1) and (2), we can derivéurther regards. Indeed, it has been said that for singldemo



lossless multiport antennas, the pattern overlap matrig is
real matrix [9]. In this way, it can approximate the real part
of the corresponding input impedance matrix [7, Equation
(8)]. That is,C = R[Z]. This is of considerable help when
one needs to calculate the covariance matrix in isotropic
environments solely in terms of the input network paranseter

VII. CORRELATED AND UNCORRELATEDPATTERN
OVERLAP MATRICES

Referring back to the normalized terminated covariance
matrix in (19) which is dlmensmnl_es_s, We_ st_ress on the a%nthg_ 1. Four equidistant lossless monopoles above a pastiectric conductor
role of the pattern overlap matrix in this important exprespec) plane. Parameter denotes the element separation in this structure.
sion. Note that although this expression has been derived fo
isotropic multipath environments, with slight modificatf it
can be applied for both uncorrelated and correlated muttipavay to Section VI-A, one can recast the pattern overlap
environments too. For this purpose, only the pattern operleatrices (20)-(22) in terms of the corresponding embedded
matrix C has to be replaced by its properly modified versiordirectivities. This is left for the interested reader.
referred to asuncorrelated pattern overlap matrix, C,, and
correlated pattern overlap matrix, C.. The uncorrelated pat-

tern overlap matrix is obtained by VIIl. SIMULATION
{7 r [ . The main goal in this Section is to choose an arbitrary multi-
Cu= o G [ IS L] G* PdQ2. (21) port antenna and verify the formulas presented in the fraime o
4m 14+x

this paper. For this purpose, we chose four quarter wavtieng
Remember that in (21) is a constant independent of angulagquidistant lossless thin monopoles above a perfect &ectr
direction(2. Similarly, the correlated pattern overlap matrix i$onductor (PEC). The resonance frequency of these idéntica
achieved through monopoles slightly exceedefi = 1 GHz (Ao = 0.3m). The
element separation is denoted By This multiport radiation
structure, which is illustrated in Fig. 1, is an actual exsergd
lossless single-mode antennas. For sake of simplicity we se
lectedZ, = Z, for these simulations. The embedded element
patternsG.,. and the associated input network parameters (e.g.,
Z) were all obtained by the well known full-wave method of
moments (MoM) [16, Section 8.4]. We first emulated a random
In (20)-(22) some arguments were intentionally dropped fonultipath scenario and exposed the embedded patternssof thi
sake of conciseness. It follows that the correlated patiteen- multiport antenna to the incoming EM waves. Subsequently,
lap matrix in (22) reduces to (21) in uncorrelated multipatve calculated the received voltage signals. This process of
environments and to (20) in isotropic multipath environtsen realization is repeated to achieve sufficient number of eand
Let us spend a few moments reviewing some importambltage samples across the antenna ports. To leave one more
points. Recall the dimensionless normalized covarianogtion for verification of the results, which shall be clehre
matrix in (19). The diagonal entries in this matrix are th& a moment, we restricted ourselves to an isotropic muthipa
corresponding ports’ MEGs while its off-diagonal entriegnvironment. In each realization, the number of random-zero
are the spatial correlations between the received sigrtalsmean complex Gaussian incoming waves incident on this
different ports. The latter when further normalized yieldantenna structure we$)0 being sufficient for convergence in
the corresponding spatial correlation coefficients whiatpvariance [15]. The total number of realizations (or rando
are more known in the literature. It is of importance tooltage samples at the ports) wag* rendering the desired
observe that the pattern overlap matrix is the core of tlecuracy. Further elaboration and details of this simatati
aforementioned expression containing also the necessargthod can be found in [8, Chapter 4].
information about the properties of multipath environnsent Upon calculation of the received random signals, the
The normalized covariance matrix in a general correlat@éttern overlap matrixC could be achieved by virtue of
multipath environment can be obtained by replaci@gin equation (19). In parallel, it could also be directly obtain
(19) with C. in (22). Note also that the impact of terminatindpy the expression provided in (20) and the open-circuit
impedances upon MEGs and spatial correlations is entireyjnbedded patterns by the full-wave MoM simulation. In
described by (19). As a quick reminder, different patteraddition, as already pointed out, since this structure is a
overlap matrices are credible under zero-mean complsixgle-mode lossless structur€ should approximate the
Gaussian random incoming EM waves restriction. In a similagsistive part of input impedance matrix. This stands as an

/ GT(Q)T G*(Q) P ddQ

c.= (22)
"

4
// (Y, Q) P(Y,Q) ddQ
4w

F
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Fig. 2. Pattern overlap entrigsversus element separatidrfor four lossless
monopoles above a PEC planefat= 1 GHz.

extra option for verification of our analysis. Note that dugg

to the symmetry in the structure, only four independe

of terminating impedances and the total embedded radiation
efficiencies. More for practical interests, two compact
expressions for covariance matrices in uncorrelated and
isotropic multipath environments were presented. Theonoti

of pattern overlap matrix, which plays a central role in
the normalized covariance matrix, was extended to general
correlated multipath environments. The latter has led to
definitions of two novel parameters referred to as corrdlate
and uncorrelated pattern overlap matrices. Based on the
aforementioned achievements, we could also generalize the
definitions of MEGs and MEDs to correlated multipath
environments. Some of the presented expressions were
verified by a simulation tool which had already been well
developed in the literature [8].
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