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Abstract—It has been shown that diversity gains and MIMO
capacity of multi-port antennas can be conveniently determined
from reverberation chamber measurements. In this paper, we first
present the covariance eigenvalue approach and the embedded far
field function method to determine diversity gain and MIMO ca-
pacity, respectively, for arbitrary multi-port antennas. Then, we
discuss the convergence of the covariance eigenvalue approach. In
the end, we apply both methods to compare MRC diversity gains
and MIMO capacity measured in a reverberation chamber (based
on direct channel measurements) and an anechoic chamber (based
on measurements of the embedded far field functions and efficien-
cies at all antenna ports). The comparison is performed over 2—-8
GHz using a wideband multi-port antenna in two configurations.
There are in general good agreements between the reverberation
and anechoic chamber measurement results.

Index Terms—Anechoic chamber, MIMO capacity, MRC diver-
sity, reverberation chamber.

I. INTRODUCTION

ULTI-ANTENNA systems have drawn considerable at-

tention over the past decade due to the improved diver-
sity gain [1]-[5] and multiplexing gain [6]-[9]. From the an-
tenna point of view, both diversity gain [3] and MIMO capacity
[6] are appropriate parameters for multi-port antenna charac-
terizations in multipath environments. Due to the measurement
repeatability and convenience of the reverberation chamber, it
has become a popular multipath emulator [10]-[12] for mea-
surements of multi-port antennas [13]-[18] and active MIMO
terminal [19]-[21]. The reverberation chamber emulates a rich
isotropic multipath (RIMP) environment, being a contrast to the
well known pure Line-Of-Sight (LOS) in an anechoic environ-
ment [20].

It is shown in [14] that estimating diversity gain at 1% CDF
level requires a huge amount of channel samples for conver-
gence, which is difficult and (if possible) time-consuming to
achieve for a reverberation chamber measurement. Using the
theoretical CDF formula derived in [2], a fast convergent diver-
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sity gain can be achieved [4], [14]. In the present paper, we use
the same method to calculate the (maximum ratio combining)
MRC diversity gain of multi-port antennas over a wide band-
width. However, the approach requires distinct eigenvalues of
the covariance matrix, since two identical eigenvalues result in
singularity [2]. It is believed that two close eigenvalues will re-
sult in large numerical error due to the singularity. However, we
show that such diversity gain estimate actually converges to the
true value when any two eigenvalues approach each other. This
means that this method works for arbitrary antennas when it is
based on stochastic channel data from measurements in rever-
beration chamber. We also use this method to compare MRC
diversity gain of a multi-port antenna from both reverberation
and anechoic chamber measurements.

It was shown in [13] that the MIMO capacity can be readily
determined from measured channels in a reverberation chamber,
which intrinsically include the overall antenna effect. An alter-
native way of computing the MIMO capacity is to use numer-
ically generated random channel matrices and then include the
antenna effects (based on anechoic chamber measurements) in
the channel matrices. Nevertheless, the far field functions are
quite laborious to measure in an anechoic chamber. Preliminary
results of MIMO capacity comparison of anechoic and rever-
beration chamber measurements were presented in [15]. How-
ever, the embedded far field function method in [15] works only
for power-balanced two-port antennas. A generalized method
that works for arbitrary multi-port antenna has been presented
initially in [16]. However, the work of [16] is based solely on
reverberation chamber measurements. As a result, the gener-
alized method to date has not been applied to measured data.
In this paper, we apply this method to anechoic chamber mea-
surements using both power-balanced and power-unbalanced
antennas, and compare the results with that measured in a re-
verberation chamber. Moreover, instead of comparing only er-
godic capacities as in [15], we also calculate and compare the
CDF of the instantaneous capacity, which allow us to examine
the measured capacity in greater details. Finally, we investigate
the contributions of antenna efficiencies and correlations to the
diversity gain and the capacity, respectively, by combining mea-
sured antenna characteristics with simulated random channel
matrices. This allows us to separately examine the effects of the
antenna efficiency and correlation on the MIMO performance.

The paper is of particular interest because both reverberation
chamber and anechoic chamber are being considered for stan-
dardization of over-the-air (OTA) measurements [10]-[12] for
characterization of active wireless MIMO terminals.

0018-926X/$31.00 © 2012 IEEE
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II. FORMULATION OF MRC DIVERSITY GAIN

In this section, we first present an approach for calculations
of MRC diversity gains. Then we investigate the convergence
of this approach.

A. Covariance Eigenvalue Approach

Assuming an NV -port diversity antenna in a Rayleigh-fading
environment (e.g. a reverberation chamber), its covariance ma-
trix is

R = E[hh”] (1)

where h is the complex baseband column-vector fading channel
including overall antenna effects, the superscript # is Hermitian
operator, and F is mathematical expectation. Throughout this
paper, E is approximated by sample mean in all simulations and
measurements. The joint probability density function (PDF) of
h is,

1

p(h) = 2n)N del(R) exp(~h”R™'h). 2

The MRC output power is defined as
Pyrc =h'h. 3)

Assuming independent, identically distributed (i.i.d.) Gaussian
noises with unity variance, Py;rc then equals in value to the
instantaneous signal-to-noise ratio (SNR), denoted as «. The
characteristic function [22] of = is

¢(z) = Elexp(jz7)] - “4)

Equation (4) can be expressed as [23]
Af

1 1
#(z) = det(I+ zR) - H 1+ z) ©)

i=1

where A; denotes the ith eigenvalues of R. The PDF of +y is the
inverse Fourier transform of ¢(z) [2],

1 exp(=7/\i)
= . 6
PO = 7, 2 T/ 1A ©
i ki
The CDF of v can be readily derived as [2],
N N1
AT exp(—y/ A
Fyy=1-Y “— 2/, (7
= TG = )
ki

We refer to (7) as Lee’s (CDF) formula. The effective diversity
gain (EDQ) is defined as the output of a diversity antenna im-
provement compared with that of a single ideal antenna at cer-
tain outage probability level, e.g. 1% [1]. The MRC EDG is,

F'(y)

EDG = —
Fideal(’}/) 1%

®)

where (-) ! denotes functional inversion, and F}4..; is the CDF
of output SNR of a single ideal antenna. For Rayleigh fading,

Figeat(7) =1 — exp(—). )

The CDF of the MRC output SNR in Rayleigh fading is known
for two cases:
e When all eigenvalues are different from each other it is
given by (7);

* When all eigenvalues are equal, i.e. \; = A(i = 1... M),
it is given by [1]
N .
B (%)z 1
F(y) =1 exp (1) I T (10)

The CDF expressions with arbitrary equal eigenvalues are un-
known in general and have to be approximated by empirical
CDFs from measured channel samples. Since the EDG is de-
termined from CDF consisting eigenvalues of the covariance
matrix, we refer to this method of EDG calculation as covari-
ance eigenvalue approach. Compared with traditional way of di-
versity measurement [14], the covariance-eigenvalue approach
offers better accuracy with the same finite number of samples.
Nevertheless, it is limited to MRC diversity in contrast to the
generality of reading empirical CDF curves.

B. EDG Convergence in Distribution

We see from (7) that Lee’s formula has an apparent singularity
when any two eigenvalues of the covariance matrix are equal.
Therefore, it is usually believed that Lee’s formula will result
in large numerical error when two eigenvalues are close to each
other. In this paper, however, we show that Lee’s formula con-
verges to the true CDF when the eigenvalues approaches each
other when the covariance matrix is estimated by the sample
mean,

1 M
S H
R= - hyh]

m=1

Q)

where h,,, is the mth realization of random channel vector h,
and M is the number of realizations (or samples). We therefore
refer to (11) as sample covariance matrix and its eigenvalues,
Ai(i = 1...N), as sample eigenvalues.

To prove the convergence in distribution of EDG obtained
using the covariance eigenvalue approach is equivalent to show
that Lee’s formula converges to the true CDF when the eigen-
values approach to each other.

First we consider the case when N = 2, and A\; — A (i = 1,
2). In this case, Lee’s formula reduces to

_Arexp(=y/A1) — Asexp(—v/A2) '

Free =1
Lee(7) N

(12)

The true CDF, i.e. the distribution of the MRC output of a two-
port antenna with unity total embedded radiation efficiencies
and no correlation, is

(13)

Namely, we need to show that I'..(v) — F(v) as A; — A.
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Proof: Without loss of generality, let Ao = A and A\ =
A+ eforanye > 0 (A; — Ais equivalent to e — (), and
substitute these into (12),

Free(y)=1- 2 [CXP (‘ ﬂ?) TP (_}ﬂ

Denote f(A+ ) = exp(—~/A + ¢), using Taylor expansion to
the first order,

[O+e) =)+ exp (=3 ) +ole) (9
where o(c) — 0 as e — 0. Substitute (15) into (14),
iy )= g 1-2 [ o (3ot
o (2)+ L op(-2) m(g)]}
ZIf}exp(fz)fexp<f}):F(W). (16)
O

It is, however, difficult to prove that Lee’s formula converges
to the true CDF with arbitrary antenna ports (and therefore arbi-
trary number of equal eigenvalues) from CDF formula directly.
We have to resort to the characteristic function for a more gen-
eral proof.

It is self-evident from (5) that ¢(z) converges as A; — A.
Since ¢(z) is the Fourier transform of the PDF of +, to show
that the limit of Lee’s formula converges to the true CDF is
equivalent to show that the convergence of ¢(z).

Proof: Let Fi(i =1... N) be the CDF of y when i eigen-
values of the covariance matrix are equal. Namely, 3 denotes
Lee’s formula, F7.., and F5 represents the CDF of the MRC
output with i.i.d. antenna branches. Due to bijection between
the CDF and the characteristic function, there exists one ¢;(z)
for each F; uniquely. The Levy’s continuity theorem [22] states
that if ¢1(z) converges to ¢;(2) (that is continuous at 0), then
Fy converges to F. O

This is an immediate but general proof, yet it is rather ab-
stract, for this reason, we would like to keep the proof for N = 2
case for the sake of better convergence illustration.

The convergence of Lee’s formula to the true CDF means
that the estimated MRC diversity gain using Lee’s formula con-
verges in distribution to its true value [22]. To further illustrate
the convergence of the covariance-eigenvalue approach, we re-
sort to simulations.

We first consider an ideal two-port diversity antenna with
unity total embedded radiation efficiencies for both branches,
and no correlation. The covariance matrix with perfect estima-
tion R is an identity matrix with equal eigenvalues of unity. In
this case, there would have been singularity if we apply Lee’s
formula directly to R.. Nevertheless, in practice, the covariance
matrices and eigenvalues in multipath fading environments are
unknown, and have to be estimated from measurement samples.
Thus \; deviate from ); with large probability. The question is

empirical CDF
— — — - Lee's formula
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Fig. 1. Numerically simulated EDG as a function of number of realizations for
ideal two-port antenna.

if there will be large numerical error using Lee’s formula with
finite number of realizations? To answer that, we generate i.i.d.
complex Gaussian channel, represented by h,,, with a Euclidean
norm satisfying E[||h,,||3] = N, where N = 2 in this case. The
channel seen by the diversity antenna can then be expressed as

an

where R'/2 is the Hermitian square root of R, which is identity
matrix I in this case. The sample covariance matrix R is esti-
mated using (11), which deviates from I (due to finite sample
number M) with large probability.

Fig. 1 shows the EDGs (as a function of number of channel
realizations) obtained using Lee’s formula with sample eigen-
values \; against that obtained using the empirical CDF from
channel realizations. The EDG converges to the true value, i.e.,
11.7 dB, much faster than that based on using the empirical
CDF. It is surprising to see that there is no noticeable error when
the number of samples increases, knowing that the eigenvalues
are estimated more accurately and therefore become very close
to each other.

We then consider a three-port antenna with a covariance ma-
trix

h = RY?h,,

51, (18)

so that two of the eigenvalues are equal (A} = 2, Ay = A3 =
0.5). Repeat the same simulation procedure, the EDGs are cal-
culated and shown in Fig. 2. It shows that the EDG obtained
using Lee’s formula with sample eigenvalues A against that ob-
tained using the empirical CDF. Similar simulation results are
observed, i.e. EDG obtained using Lee’s formula with sample
eigenvalues not only converge to the true value but also con-
verge much faster than that obtained from empirical CDF.
From both Fig. 1 and Fig. 2, it seems that the limit of Lee’s
formula converges to the true CDF when the eigenvalues
converge to each other. In other words, the EDG obtained using
covariance-eigenvalue approach converges in distribution to
the true value. Lee’s formula converges faster because the
sample eigenvalues converge faster than the empirical CDF at



920 IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, VOL. 61, NO. 2, FEBRUARY 2013

empirical CDF
17t — — — -Lee's formula
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Fig. 2. Numerically simulated effective diversity gain as a function of number
of realizations for three-port antenna with a uniform correlation of 0.5.

1% level. Note that, to be really sure to avoid singularities, one
can add tiny marginal guards (say, “eps” in Matlab) between
sample eigenvalues before substituting them into Lee’s for-
mula. However, since \; deviate from A; with large probability
and that Lee’s formula has a finite limit when the eigenvalues
approach to each other, the singularity problem rarely hap-
pens in reverberation chamber measurements. Note that the
simulations do not serve as a proof of the convergence but a
confirmation of the rigid proof shown earlier in this subsection
and an illustration of the convergence rate of the diversity
gain estimates. Note also that the shown convergence of Lee’s
formula does not mean that the covariance eigenvalue approach
is numerically robust no matter what, since the probability that
A; deviate from \; depends on the precision of the computer.
This probability is arbitrarily close to 1 for modern computer
with many precision bits and deviate from 1 for a digital signal
processor (DSP) with finite bits. As a result, a large numerical
error might be experienced when a real DSP is concerned. But
for measurements with finite number of samples and a modern
computer as the data processor, it is safe to use the covariance
eigenvalue approach.

By now we have presented a fast-convergent approach (that
works for arbitrary antennas) for determining MRC diversity
gains from channel measurements. In the next section, we will
present a general method for MIMO capacity calculation of ar-
bitrary multi-port antennas based on their embedded far field

among the transmit branches. The ergodic capacity of the multi-

antenna system is [6]
i H
EHNT X Ny HN,‘ ><N,/> :| }

(19)

ONTth =F {10g2 {det (INt +

where Hy, «n, is the MIMO channel matrix, V; and V, are
number of transmit and receive antennas, respectively. The
subscripts in (19) will be dropped hereafter for notational
convenience.

In order to focus on characterization of multi-port antennas,
we assume the multi-port antenna under test is at the receive side
and that the transmit antennas are ideal (i.e. with unity efficiency
and no correlation). The ergodic capacity including overall an-
tenna effects can be expressed as

C=E {bga {dCt (I A v (RYHL) (RH)H)} }
—FE {10g2 [det (I + A—tRHHuH)] }

where H,, denotes the spatially white MIMO channel with i.i.d.
complex Gaussian entries. H,, is normalized so that its Frobe-
nius norm satisfies £[||H,||%] = N;N,.. The physical meaning
of this normalization is that every sub-channel (i.e. entry of the
channel matrix) should have unity average channel gain.

The covariance matrix R can be constructed by embedded
radiation efficiencies at each antenna port and complex corre-
lations between all the antenna ports. The embedded radiation
efficiency can be measured in an anechoic chamber, while the
complex correlation between mth and nth ports has to be deter-
mined from measured embedded far field functions at the cor-
responding ports [3], [7], (see (21) at the bottom of the page)
where € is the solid angle of arrival, g;(¢ = 1,..., N,.) is the
embedded far field function (a column vector with elements rep-
resenting for different polarizations) at the ¢th antenna port, and
P,,.. is dyadic power angular spectrum of the incident waves.
Note that in polarization-balanced isotropic scattering environ-
ments, e.g. reverberation chambers, P;,,.(9) = I.

Denote the efficiency vector consisting of all the total em-
bedded radiation efficiencies and the correlation matrix as

(20)

T
functions and efficiencies. €= [Combl Cemb2 CembN, | s
1 P12 PIN,

III. FORMULATION FOR MIMO CAPACITY & P12 1 P2N, (22)

We assume that the receiver has perfect channel state in- B : : :

formation, and that the transmitted power is equally allocated Pin. Piy. 1

[ g ()P (Q)gn (2)d2

(@], = el 1)

Pinc(Q)gm

J;f gl (9

dQ ff gn Pi‘nc(Q)gn(Q)dQ
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The covariance matrix based on anechoic chamber measure-
ments can be expressed as

R=E0c® (23)
where E = \/E\/ET, o denotes entry-wise product, the super-
script T is the transpose operator, and |/ 1s the entry-wise square
root. The matrix = can be expressed as (see (24) at the bottom
of the page).

Since the embedded radiation efficiencies obtained from ane-
choic chamber measurements are based on measured embedded
far field functions as well, we call this method embedded far
field function method. For power-balanced multi-port antenna

with a scalar embedded radiation efficiency of e.,,;, R becomes
eemt®, and (20) reduces to [15]

C=E {mgQ [det (I + %@Huﬂfﬂ }

iVt

(25)

which is a special case of (20). Up to this point, we have ex-
tended the embedded far field function method in [15] to ar-
bitrary multi-port antennas. Based on the generalized method,
MIMO capacity of any multi-port antenna can be calculated
based on measurements in an anechoic chamber.

IV. MEASUREMENTS AND RESULTS

A. Measurement in Reverberation Chamber

The reverberation chamber is basically a metal cavity with
many excited modes which are stirred to create an isotropic
Rayleigh-fading environment [24]. The Bluetest HP reverber-
ation chamber is used in this work. It has a size of 1.75 x 1.25 X
1.8 m® and is provided with two plate stirrers, a turn-table plat-
form (on which the antenna under test is mounted), and three
wideband half bow-tie antennas (mounted on three orthogonal
walls with different polarizations inside the chamber). We here-
after refer to these three antennas as wall antennas. Fig. 3 shows
a drawing of the chamber.

In the measurements, the platform was moved to 20 positions
spaced by 18° and at each platform position each of the two
plates move simultaneously to 10 positions. At each stirrer
position and for each of the three wall antennas a full frequency
sweep was performed by a vector network analyzer (VNA). For
diversity gain evaluations, we treat samples from the three wall
antennas as the same random process; for MIMO capacity eval-
uations, we regard the wall antennas as independent transmit
antennas. Therefore, for diversity evaluations there are 600
channel samples per frequency point, while for MIMO capacity
evaluations there are 200 channel samples per frequency point.

Network
Analyzer

Fig. 3. Drawing of Bluetest reverberation chamber with two mechanical plate
stirrers, a turn-table platform, and three wall antennas.

In order to improve measurement accuracy, the frequency stir-
ring [25] is used. The frequency stirring technique, in principle,
is to treat channel samples at different frequencies (within the
frequency stirring bandwidth) as if they were from the same
random process. Therefore, the frequency stirring bandwidth
has to be carefully chosen so that more independent samples
can be included without changing the channel statistics. Since
the coherence bandwidth of the channel in the chamber for
this setup is around 1-2 MHz [26], the frequency step is set to
1 MHz, and a 20-MHz frequency stirring is used. Therefore,
eventually there are 12000 channel samples for diversity gain
evaluations and 4000 channel samples for MIMO capacity
evaluations.

The average power transfer function is measured using a ref-
erence antenna with known radiation efficiency. The reference
level, F,.z, is obtained by dividing the average power level
with the total radiation efficiency of the reference antenna. The
measured diversity channel vector (MIMO channel matrix)
hyyeas (Hpeas) is a function of frequency and stirrer positions.
The normalized measured channels are

h= h'meas/‘\/ Pr'ef7
H :Hmea,s/\/ Pref~

Note that the reverberation chamber attenuation and the total
radiation efficiency of the wall antennas are calibrated out by
(26). Since the three wall antennas in the reverberation chamber
are located far away from each other on three orthogonal walls,
the correlations between them are negligible.

The covariance matrix at the receive side can be estimated
using (11). Once the covariance matrix is calculated, the MRC

(26)

€embl
\/eemhl €emb2

m
I

\/eemb 1€emb2
Cemb2

1/ €embl€embN,

1/ Cemb2€embN,. (24)

\/eem,bl €embN,

\/eeme €embN..

CembN,.
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diversity gain can be readily obtained using the covariance
eigenvalue approach. The ergodic MIMO capacity can be easily
calculated using (19) with the (normalized) measured MIMO
channel samples.

B. Measurement in Anechoic Chamber

Diversity and capacity measurements in an anechoic chamber
are not as straightforward as those in the reverberation chamber
in the sense that there is no random channel to measure in the
anechoic chamber. For both diversity and capacity evaluations,
we need to measure the embedded far field functions and em-
bedded radiation efficiencies at every antenna port. In this paper,
the embedded far field functions and efficiencies of the multi-
port antenna under test were measured (with angular step of
1°) in the anechoic chamber at Technical University of Den-
mark (DTU), Lyngby, Denmark. During the measurement, the
antenna under test is rotated by an azimuth positioner and the
full-sphere near-field signal is measured on a regular grid by
a dual-polarized probe located about 6 m away. The measured
signal is then transformed to the far field using the spherical
wave expansion and properly correcting for the probe charac-
teristics.

For MRC diversity calculations, we need only to construct the
covariance matrix R (23), and then apply the covariance-eigen-
value approach directly. In that case, it is necessary to put tiny
marginal guards (say, “eps” in Matlab) between the eigenvalues
to avoid the singularity in Lee’s formula, because the anechoic
chamber measurement is deterministic and therefore there is
non-negligible probability that some eigenvalues are equal. For
capacity evaluations, we can apply the embedded far field func-
tion method straightforwardly.

C. Eleven Antenna

The so-called Eleven antenna (see Fig. 4) is chosen as the an-
tenna under test. It is a log-periodic multi-port antenna working
from 2 to 13 GHz [27]. In this paper, the four ports for one
polarization of Eleven antenna, shown in Fig. 5, are combined
with wideband 180° hybrids to form two-port and three-port an-
tennas as shown in Fig. 5 and Fig. 6, respectively. The ports of
the two-port Eleven antenna are marked as ports P1 and P2 in
Fig. 5. The ports of the three-port Eleven antenna are marked
as ports P1, P2, and P3 in Fig. 6. In this paper, the two Eleven
antenna configurations are measured from 2 to 8 GHz in both
reverberation and anechoic chambers. The associate 180° hy-
brids have losses between 1.4 dB at 2 GHZ and 3 dB at 8 GHz,
which contribute the most ohmic losses.

Due to the symmetric property of Eleven antenna, we only
measured the embedded far field function and total embedded
radiation efficiency at port P1 for two-port Eleven antenna (see
Fig. 5) and port P1 for three-port Eleven antenna (see Fig. 6),
from 2 to 8 GHz with frequency step of 100 MHz. This simpli-
fication is necessary considering the time-consuming radiation
pattern measurements in the anechoic chamber. As a result, for
the two-port Eleven antenna, the embedded far field function
at port P2 is obtained by rotating that of P1 by 180°. For the
thee-port Eleven antenna, the embedded far field function at P2
is obtained from that of P1 by imaging; and the embedded far
field function at P3 is the same as that at P2 for the two-port

b | "
port3 port4
center circuit board
at rear side of
the ground plane

Fig. 4. Photos of front and back sides of Eleven antenna.

Portl Port3
P17 1800 Eleven 180" [ P2
m— hybrid antenna hybrid |
Termination Port2 Port4 Termination

Fig. 5. Diagram of Eleven antenna with the four ports of one polarization com-
bined to a two-port antenna.

Portl Port3

PA Eleven 180° &

P2 — antenna hybrid —
Port2 Port4 Termination

Fig. 6. Diagram of Eleven antenna with the four ports of one polarization com-
bined to a three-port antenna.

Eleven antenna. Furthermore, the embedded radiation efficiency
at P1 is the same as that at P2 for the two-port Eleven antenna;
and that the total embedded radiation efficiency at P1 equals
to that at P2 for the three-port Eleven antenna (with the total
embedded radiation efficiency of P3 equal to that at P2 of the
two-port Eleven antenna).

Note that the channel measurements in the reverberation
chamber are much faster than the anechoic chamber measure-
ments. We measured the channel samples at each port of both
Eleven antennas with 1-MHz frequency step. The vector net-
work analyzer (VNA) that is used for the reverberation chamber
measurement can gather a maximum of 1601 samples per fre-
quency sweep. Therefore, we divided the whole measurement
frequency range into four sub-bands, each with a sub-band-
width of 1.5 GHz, i.e. 2-3.5 GHz, 3.5-5 GHz, 5-6.5 GHz, and
6.5-8 GHz, and repeated the same measurement procedure
over these four sub-bands.

D. Results and Discussions

Although correlations and embedded radiation efficiencies
are only needed for diversity and capacity evaluations of
anechoic chamber measurements (evaluations of reverberation
chamber measurements are based on measured channel samples
directly), it is still worthwhile to compare the measured em-
bedded radiation efficiencies and correlations in both chambers,
because they are also informative parameters for multi-port
antenna characterizations. The embedded radiation efficiencies
are readily obtained from anechoic chamber measurements; the
measured correlation coefficients in the anechoic chamber can
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Two-port Eleven antenna P1

----AC

Efficiency (dB)

Efficiency (dB)

Frequency (GHz)

Fig. 7. Comparison of measured total embedded radiation efficiencies from
anechoic chamber (AC) and reverberation chamber (RC).

be calculated using (21). The measured embedded radiation
efficiencies in the reverberation chamber can be obtained by
simply comparing the power levels of the sub-channels at
corresponding antenna ports with the reference level .. (cf.
Section IV-A). The measured correlation coefficients in the
reverberation chamber can be obtained by

[R] mn

T 27
[R] mm [R] nn

o J—
Pmn =

with R calculated by (11).

Due to the symmetry property of the Eleven antenna, we
only compare the embedded radiation efficiencies at P1 of the
two-port Eleven antenna, and at P1 of the three-port Eleven an-
tenna. Fig. 7 shows the measured embedded radiation efficien-
cies of the Eleven antennas at both chambers. There are good
agreements over most of the frequency range. Note that the used
180° hybrids are the dominate contributor to the total embedded
radiation efficiency at P1 of the two-port Eleven antenna and
that the mutual coupling is the main contributor to the embedded
radiation efficiency at P1 of the three-port Eleven antenna.

Fig. 8 shows the measured correlation magnitudes from ane-
choic and reverberation chambers. There is excellent agreement
for the correlation of the two-port Eleven antenna. Although
the agreements of correlations between different ports of the
three-port Eleven antenna is not as good as that, their agreement
is acceptable, since it is difficult to measure small correlation ac-
curately.

The MRC diversity gains of the two-port and three-port
Eleven antennas based on reverberation and anechoic chamber
measurements are shown in Fig. 9, as a function of frequency.
As expected, the diversity gains measured from both chambers
agree with each other well over most of the frequency range.
Similarly, the ergodic capacities of the two-port and three-port
Eleven antennas are calculated at 10-dB SNR and shown in
Fig. 10, as a function of frequency. Again good agreements are
observed. Note that for better illustration, the corresponding
diversity gain and ergodic capacity values of ideal antennas
(with i.i.d. channels) are not plotted in the same figures. Since
the ideal case values are independent of frequency, we give a

Two-port Eleven antenna

Correlation magnitude

Correlation magnitude

2 3 4 5 6 7 8

Correlation magnitude

Frequency (GHz)

Fig. 8. Comparison of measured correlation magnitudes from anechoic
chamber (AC) and reverberation chamber (RC).
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Fig. 9. Comparison of MRC EDG of two-port and three-port Eleven an-
tennas from anechoic chamber (AC) and reverberation chamber (RC). The
corresponding ideal two-port and three-port antenna (with i.i.d. channels) have
EDGs of 11.7 and 16.4 dB respectively.

single value for each case in the captions of Fig. 9 and Fig. 10
respectively.

The ergodic capacity is the average of the instantaneous ca-
pacity. Since the instantaneous capacity depends on the channel
state, it is itself a random variable. Therefore, a closer capacity
evaluation would be comparison of the empirical CDF of the ca-
pacity estimates. Fig. 11 and Fig. 12 show the empirical CDFs of
the capacities of the two-port and three-port Eleven antennas, re-
spectively, at a few frequencies with 10-dB SNR. As expected,
there are reasonable agreements between the empirical CDFs.
For comparison, we also plotted the empirical CDF of the cor-
responding ideal antennas (with i.i.d. channels). As mentioned
earlier, the capacity (and EDG) degradation is mainly due to
the ohmic loss introduced by the 180° hybrids rather than the
antenna itself. For a closer look at the antenna effects on di-
versity gains and ergodic capacities, we calculated for the two-
port Eleven antenna the degradation contributions of antenna
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Fig. 10. Comparison of ergodic capacities of two-port and three-port Eleven
antennas from anechoic chamber (AC) and reverberation chamber (RC), both at
SNR of 10 dB. The corresponding ideal two-port and three-port antennas (with
i.i.d. channels) have ergodic capacities of 6.0 and 8.2 bps/Hz respectively.
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efficiencies and correlations respectively, as shown in Table I
and Table II, where the efficiency and correlation are obtained

TABLE 1
EFFECTIVE DIVERSITY GAINS (EDG) OF TWO-PORT ELEVEN ANTENNA WITH
EFFICIENCY AND CORRELATION CONTRIBUTIONS

3 GHz 5 GHz 7.5 GHz
Ideal EDG (dB) 11.7 11.7 11.7
Efficiency (dB) -4.0 -2.8 -4.2
EDG with only 7.7 8.9 7.5
efficiency (dB)
Correlation 0.31 0.31 0.41
magnitude

EDG with only
correlations (dB)
EDG with both 7.5 8.6 7.1
efficiency and
correlation (dB)

11.5 11.5 113

TABLE 11
ERGODIC CAPACITIES OF TWO-PORT ELEVEN ANTENNA WITH EFFICIENCY
AND CORRELATION CONTRIBUTIONS AT 10-DB SNR

3 GHz 5 GHz 7.5 GHz
Ideal capacity 6.04 6.04 6.04
(bps/Hz)
Efficiency (dB) -4.0 -2.8 -4.2
Capacity with 4.03 4.57 3.92
only efficiencies
(bps/Hz)
Correlation 0.31 031 0.41
magnitude
Capacity with 5.94 5.94 5.86
only correlations
(bps/Hz)
Capacity with 3.95 4.49 3.83
both efficiencies
and correlations
(bps/Hz)

based on the anechoic chamber measurement and that the EDG
and capacity values are calculated using the covariance eigen-
value approach and embedded far field function method (with
4000 numerically generated random channel samples), respec-
tively. The effects of antenna efficiency and correlation on di-
versity gain and capacity for the three-port Eleven antenna are
quite similar, i.e., the efficiency is the major contribution to both
degradations of diversity gain and ergodic capacity, given the
fact the correlation magnitude is below 0.5. Note that the an-
tenna efficiency is mainly due to the ohmic losses in the 180°
hybrids.

From both diversity and capacity comparisons between re-
verberation and anechoic chamber measurements, it is safe to
conclude that both chambers can give approximately the same
results with reasonable accuracies. It would be impractically
time consuming and expensive to determine the diversity and
capacity measurement uncertainties by repeating the measure-
ments many times. Using Monte Carlo simulations, together
with known antenna radiation efficiency uncertainties in both
chambers, it is shown that the measurement efficiency uncer-
tainty is the major uncertainty contributor [28]. The uncertainty
of efficiencies measured in the Bluetest reverberation chamber
is normally smaller than a standard deviation (STD) of 0.5 dB
[29], whereas the anechoic chamber at DTU has a STD of 0.2
dB for Eleven antenna measurements [30]. Thus the anechoic
chamber measurement is more accurate.
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For the reverberation chamber measurement, we actually
used a four-port VNA to sample channels in reverberation
chamber. Therefore we can measure up to three antenna ports
in one run. As a result, the measurement times for the two-port
and three-port Eleven antenna are almost the same, i.e. about
1.5 hours. The times used to measure embedded far field func-
tions is around 10 hours in the anechoic chamber for each port.
In principle, one needs 20 hours for measuring the two-port
Eleven antenna, and 30 hours for measuring the three-port
Eleven antenna. Knowing the symmetric property of Eleven
antenna, we only measured the embedded far field function at
port P1 for the two-port Eleven antenna (see Fig. 5), and port
P1 for the three-port Eleven antenna (see Fig. 6), as explained
in Section IV-C. Note that, in principle, the embedded far field
function and embedded radiation efficiency at each antenna
port must be measured in an anechoic chamber for general
multi-port antennas that do not have the symmetric property.
This means that the measurement time in the anechoic chamber
increases with a factor of antenna port number, in general, for
arbitrary multi-port antennas. Given the fact that both chambers
offer reasonable accuracies and that the embedded far filed
function method is much more time-consuming compared with
the straightforward capacity calculation based on measured
channel samples, the reverberation chamber seems more suit-
able for evaluations of multi-port antennas.

V. CONCLUSION

We presented the covariance eigenvalue approach for MRC
diversity gain calculations, which is very suitable for reverber-
ation chamber measurements. We showed that this approach is
generally valid for practical measurements of arbitrary multi-
port antennas, despite the mathematical singularity in its CDF
formula. We also showed how to apply this approach to ane-
choic chamber measurements. We presented the embedded far
field function method for capacity evaluations based on ane-
choic chamber measurements for arbitrary multi-port antennas.
Based on it, the ergodic MIMO capacity can be calculated based
on embedded far field functions and embedded radiation effi-
ciencies measured in an anechoic chamber. We compared re-
verberation chamber measurements with that of an anechoic
chamber using the covariance-eigenvalue approach for diversity
gain evaluations and the embedded far field function method
for capacity evaluations. Good agreements between measured
MRC diversity gains and MIMO capacities in both chambers are
observed (despite of small discrepancies), meaning both cham-
bers give acceptable measurement accuracy. Nevertheless, it is
shown that MRC diversity gain and MIMO capacity can be
readily calculated from direct channel measurements in a rever-
beration chamber and that the reverberation chamber measure-
ment is much faster than that of an anechoic chamber.
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