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The effect of poloidal asymmetry of impurities on impurity transport driven by electrostatic
turbulence in tokamak plasmas is analyzed. It is found that if the density of the impurity ions is
poloidally asymmetric then the zero-flux impurity density gradient is significantly reduced and even
a sign change in the impurity flux may occur if the asymmetry is sufficiently large. This effect is
most effective in low shear plasmas with the impurity density peaking on the inboard side and may
be a contributing factor to the observed outward convection of impurities in the presence of radio
frequency heating. 关doi:10.1063/1.3569841兴
The presence of impurities in fusion plasmas has a significant effect on fusion performance. Accumulation of impurities in the core would have detrimental effect on fusion
reactivity due to increased radiation losses and plasma dilution. On the other hand the presence of impurities at the edge
can be beneficial, and seeded impurities are often used to
create a radiative belt in order to reduce the heat loads on the
walls. Therefore, it is of great value to understand the physics mechanisms governing the impurity transport, and to
identify plasma conditions in which impurity accumulation
in the core can be avoided.
Experimental observations on several tokamaks show
that the impurity distribution over the flux surface is often
poloidally asymmetric.1–5 The asymmetries are usually most
pronounced for heavy impurities. In the plasma core, where
the collisionality is low, in-out asymmetries can arise due to
toroidal rotation or the presence of radio frequency 共RF兲
heating. In the case of rotating plasmas, the poloidal asymmetry of the impurity ion distribution is due to the centrifugal force, which causes the impurities to accumulate on the
outboard side of flux surfaces.1,2 In the case of RF heated
plasmas, the asymmetry is a result of the increase of the
hydrogen-minority density on the outboard side. These particles tend to be trapped on the outside of the torus and the
turning points of their orbits drift toward the resonance layer
due to the heating. The poloidal asymmetry in the hydrogenminority density gives rise to an electric field that pushes the
other ion species to the inboard side. In the case of highlycharged impurities, this effect is amplified by their large
charge Z 共Ref. 3兲. In the tokamak edge, where the plasma is
sufficiently collisional, steep radial pressure or temperature
gradients give rise to an in-out asymmetry.6 Neoclassical
theory also predicts an up-down asymmetry, which is caused
by the ion-impurity friction.7
Recent experiments have shown that auxiliary heating
can influence the impurity convective flux. For example in
JET, it has been observed that with ion cyclotron resonance
heating 共ICRH兲 the accumulation of high-Z impurities can be
avoided.8,9 The physical mechanism by which the change of
the direction of the impurity convective velocity occurs has
not yet been clearly identified, in spite of the various efforts
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that have been made.9–11 In this paper we suggest a mechanism that can give rise to a reduction of the impurity peaking, or even a sign change in the impurity convective flux,
based on the asymmetry of the impurity density on the flux
surface 共which could be due to the presence of ICRH or
other reasons兲. Since impurity transport is usually dominated
by drift-wave turbulence, in this work we focus on the effect
of the impurity poloidal asymmetry on impurity transport
driven by microinstabilities. We assume that the neoclassical
processes that cause the asymmetry are not affected significantly by the fact that the cross-field transport is dominated
by fluctuations and that the equilibrium part of the electric
field is not large enough to cause poloidal asymmetries in the
main ion and electron densities. For simplicity we consider
only the collisionless, electrostatic case and neglect the effect
of rotation.
The quasilinear particle flux for impurities is given by
⌫z = −kI共n̂zⴱ兲 / B, where I denotes imaginary part, k is the
poloidal wave-number, n̂z is the perturbed impurity density,
 is the perturbed electrostatic potential and ⴱ denotes its
complex conjugate. The perturbed impurity density response
in an axisymmetric, large aspect ratio torus with circular
magnetic surfaces can be obtained from the linearized gyrokinetic 共GK兲 equation, which in the collisionless case can be
written as
ea f a0
v储  ga
− i共 − Da兲ga = − i
共 − Tⴱa兲J0共za兲,
Ta
qR  

共1兲

where ga is the nonadiabatic part of the perturbed distribution function,  is the extended poloidal angle, f a0
= na / 共冑vTa兲3exp共−x2a兲 is the equilibrium Maxwellian
distribution function, and xa = v / vTa is the velocity normalized to the thermal speed vTa = 共2Ta / ma兲1/2. The parameters
na, Ta, ma, and ea are the density, temperature, mass, and
charge of species a, ⴱa = −kTa / eaBLna is the diamagnetic
frequency, with B the equilibrium magnetic field, Tⴱa
= ⴱa兵1 + 关x2a − 共3 / 2兲兴a其 and a = Lna / LTa, where Lna
= −关共ln na兲 / r兴−1 and LTa = −关共ln Ta兲 / r兴−1, are the density
and temperature scale lengths. Finally Da = −k共v2⬜ / 2 + v2储 兲
⫻共cos  + s sin 兲 / caR is the magnetic drift frequency,
where ca = eaB / ma is the cyclotron frequency, ⬜ and 储 are
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with respect to the equilibrium field, q is the safety factor,
s = 共r / q兲共dq / dr兲 is the magnetic shear, r and R are the minor
and major radii, J0 is the Bessel function of the first kind and
za = k⬜v⬜ / ca. If we neglect parallel compressibility by assuming k储vTz Ⰶ , the gyrokinetic equation can be solved to
find

冉 冕

Zenz
−1+
n̂z =
Tz

冊

2

 − Tⴱz e−xz 2
d xz
J0共zz兲 ,
 − x2z ˆ Dz 3/2
3

共2兲

2
ˆ Dz = Dz0D共兲, Dz0 = −2kvTz
where 
/ 3czR, D共兲 = cos 
+ s sin , and we have used the constant energy resonance
共CER兲 approximation 关v2⬜ + 2v2储 → 4共v2⬜ + v储兲2 / 3兴. Solving the
velocity space integrals 兰d3xz共 . . . 兲 in Eq. 共2兲 we obtain
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Here ba = ba0共1 + s22兲 ⬅ ba0B共兲, ba0 = 共ksa兲2, and sa
= vTa / 冑2ca. The tilde denotes normalization to , so that
˜ ⴱa = ⴱa / , 
˜ Dz = 
ˆ Dz / , and 
ˆ ⴱa = 1 − 共1 − 3a / 2兲
˜ ⴱa. The

effect of drift resonances is incorporated in Fab共z兲, where
Fab共z兲 = 2F0共a , b ; ; z兲, and 2F0 denotes the generalized hypergeometric function. An expression similar to Eq. 共3兲 was
derived in Ref. 12 but in that case the magnetic drift resonances were replaced with their weighted-averages over an
assumed form of the electrostatic potential. Here, we keep
the -dependence of the magnetic drift frequencies and no
ansatz for the perturbed electrostatic potential is used.
The zero-flux impurity density gradient can be obtained
from ⌫z = 0 with the perturbed impurity density taken from
Eq. 共3兲. If the impurity density varies over the flux surface,
in general we can write nz = nz0P共兲, where P共兲 = 1 if the
impurities are evenly distributed over the flux surface. A poloidal asymmetry can be modeled by Pn共兲 = 兵cos2关共
− ␦兲 / 2兴其n, where ␦ is the angular position where the impurity
density has its maximum. The peakedness of the asymmetry
grows with n.
For high-Z impurities, the hypergeometric function can
be replaced by its asymptotic limit for small arguments,
˜ Dz兲 = 1 共since 
˜ Dz ⬀ 1 / Z兲. Then 具⌫z典 = 0 leads to
F17/2共
˜ ⴱz具P共兲兩兩2典其 = I
I兵
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where 具 ¯ 典 = 共1 / 2兲兰−共 ¯ 兲d. Furthermore, since 
˜ Dz are O共1 / Z兲, the expression 
ˆ ⴱz − 共5 / 2兲共z
˜ ⴱz

˜ Dz
ˆ ⴱz兲 = 1 + O共1 / Z兲. In the limit of moderate or high im−
purity charge, all terms of order 1 / Z2 can be neglected, so
˜ ⴱz其 = I兵3
˜ Dz0具D共兲典 / 2其, where
Eq. 共4兲 simplifies to I兵
具 ¯ 典 = 具¯P兩兩2典 / 具P兩兩2典. Using the definitions of the drift
and diamagnetic frequencies we thus obtain

I
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where R / L0nz denotes R / Lnz for 具⌫z典 = 0, and is the steadystate impurity density gradient 共also called the impurity
peaking factor兲.
If the impurities are evenly distributed over the flux surface, and we assume a flute electrostatic potential 共 independent of 兲, the zero-flux impurity density gradient becomes R / L0nz = 2s. This is in agreement with the value
obtained keeping all the terms in the expression for the impurity flux 关which for the GA standard case13 and Z = 10 is
R / L0nz ⯝ 2 共Ref. 14兲兴. We note that an up-down asymmetry
would generally not change the sign of the transport. In the
case of a flute potential it only increases the transport
slightly, since if ␦ = ⫾  / 2, then 具D共兲典 = Cs, where C ⱖ 1.
However an in-out asymmetry has a considerable effect. Taking for example n = 1 gives R / L0nz = 2s + cos ␦共1 − s / 2兲. Interestingly, the sign of the zero-flux impurity gradient changes
when the shear s = 2 cos ␦ / 共cos ␦ − 4兲. If the impurity density
is in-out asymmetric 共␦ = 兲, the sign of R / L0nz is negative for
low shear, and the larger n is, the larger the shear value for
which the sign change occurs.
For high Z the zero-flux impurity density gradient does
not have an explicit dependence on Z, although this can be
somewhat misleading since, in general, the strength of the
asymmetry depends on Z 共usually it is larger for heavy impurities兲. The fact that the zero-flux impurity density gradient
is nearly independent of Z has been noted before, in both
fluid and gyrokinetic simulations of ion-temperature-gradient
共ITG兲 turbulence dominated transport, without taking into
account the poloidal impurity asymmetries.10,15 Our results
agree with that, but we note that the independence from Z
would disappear if the asymmetry were a strong function
of Z.
If the electrostatic potential is ballooning, with a sheardependent imaginary part, as assumed in Refs. 12 and 14,

共兲 = 0

冉

冊

1 + cos 
+ if s sin2  关H共 + 兲 − H共 − 兲兴, 共6兲
2

where H is the Heaviside function and f s can be written
approximately as f s = −0.6s + s2 − 0.3s3, then the in-out asymmetry leads again to a significantly reduced zero-flux impurity gradient for low shear. Figure 1 shows R / L0nz as function
of shear, both for the case of a poloidally symmetric impurity
density and for the case of in-out 共␦ = 兲, up-down 共␦
=  / 2兲 and out-in 共␦ = 0兲 asymmetric impurity densities for
n = 4. Interestingly, also the up-down asymmetry leads to a
slightly reduced zero-flux impurity gradient for low shear in
this case.
Clearly, for any assumed form for the electrostatic potential, the zero-flux impurity density gradient depends
strongly on the sign and peakedness of the asymmetry. Typically, if the impurities are accumulated on the inboard side,
the zero-flux impurity density gradient is much lower that if
they are evenly distributed over the flux surface or if they are
accumulated on the outboard side. However, for moderate
shear, the zero-flux impurity density gradient is expected to
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FIG. 1. 共Color online兲 Zero-flux impurity density gradient for high-Z impu0
= 2具D共兲典, as a function of shear.
rities, R / Lnz

FIG. 2. 共Color online兲 Absolute value of the perturbed electrostatic potential
兩兩2 obtained by GYRO for a JET-like case with ICRH, together with the
potential given in Eq. 共6兲 which is valid for moderate shear.

be positive; partly because if the potential is ballooning on
the outboard side it outweighs the effect of impurity accumulation, but also because the sign change tends to occur at
low shear.
To calculate the zero-flux impurity density gradient in
low shear JET-like core plasmas we have used numerically
calculated values for the perturbed potential and eigenvalues
for the following parameters: r / a = 0.3, R / a = 3, ks = 0.3,
q = 1.7, a / Lne = 1.3, a / Lni = 0.86, a / LTe = 0.2, a / LTi = 0.3,
Ti / Te = 0.85, s = 0.22, and s / a = 0.0034. These parameters are
taken from a typical JET-shot with ICRH heating.9 We assume that the impurities are present in trace quantities and do
not affect the turbulence characteristics. The absolute value
of the potential calculated by GYRO13 is given in Fig. 2,
together with the approximate analytical potential from
Eq. 共6兲, representative of moderate shear.
The zero-flux impurity gradient calculated from Eq. 共5兲
with the parameters given above is shown in Fig. 3. Figure

3共a兲 illustrates that for strongly peaked asymmetries if ␦ is
close to  共inboard accumulation兲, the sign of the zero-flux
impurity gradient changes. Figure 3共b兲 shows that in this
particular JET-like case the zero-flux impurity gradient is
very sensitive to the peakedness of the asymmetry in the case
of in-out asymmetry 共␦ = 兲. The sign change occurs around
n ⯝ 4. However, if the impurities are accumulated on the outboard side 共␦ = 0兲, R / L0nz grows with n, but it is less sensitive
to the peakedness of the asymmetry. An up-down asymmetry
reduces R / L0nz, but not as much as the in-out asymmetry and
a sign change is not expected to occur.
Similar calculations for other radial positions, shears,
and safety factors give similar results. Our conclusion is that
the exact form of the potential or variation in the above given
experimental parameters does not change the results described above and the main reduction of the zero-flux impurity density gradient is due to the in-out asymmetry.
For moderate Z, the expression for the zero-flux impurity
density gradient can be refined to be

R
=2
L0nz

具D典 +

冉

冊

冉

冊

10
10
共ks兲2 R
k  s R
具D典 − 具D2 典 +
具B典 − 具BD典
n
3
3
2Zz LTz
1 + ␥ Zz0 LTz
,
2
4
共ks兲
k  s
1−
具D典 −
具B典
Zz
1 + ␥ˆ 2 Zzn0
2

ˆ2

where z = Te / Tz, ␥ˆ = ␥ / 0 is the normalized growth rate and
n0 is 0 normalized to cs / R. Note that we only neglected
terms of order 1 / Z3 in Eq. 共4兲. Although this approximation
is acceptable for rather low values of Z, Eq. 共7兲 is not reliable
for very low Z, e.g., for helium. The expression is valid for
both trapped electron 共TE兲 and ITG mode driven turbulence,
and there is no assumption on the sign or the magnitude of
the eigenfrequency or on the magnitude of any other parameters. The largest term in Eq. 共7兲, which usually gives rise to
an inward flux in the poloidally symmetric case 共positive
R / L0nz兲, is the one proportional to 具D典 originating from the

共7兲

curvature drift.16–18 Note that 具D典 is reduced or even negative if the impurities accumulate on the inboard side 共see Fig.
1兲 and this is the main reason for the reduced R / L0nz for
high-Z impurities. The rest of the terms are proportional to
1 / Z and are small for high-Z impurities. The terms proportional to R / LTz are due to thermodiffusion and their sign
depends on the underlying instability. In the poloidally symmetric case they would give rise to an outward flux if the
turbulence is ITG-dominated 共n0 ⬍ 0兲 and an inward flux in
the opposite case. However, in the in-out asymmetric case
this is also changed, since, as we have shown, a poloidal
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FIG. 3. 共Color online兲 Zero-flux impurity density gradient for the JET-like case: 共a兲 as a function of ␦ for three different values of n; 共b兲 as a function of n
for various values of ␦.

accumulation on the inboard side changes the sign of 具D典.
As 具D典 multiplies R / LTz, this sign change leads to an inward flux due to thermodiffusion in the ITG-dominated case.
The terms proportional to 共ks兲2 stem from the finite Larmor
radius 共FLR兲 parameter and are usually negligibly small unless ␥ˆ is very large. However, that rarely occurs unless n0 is
very small, in which case the FLR-terms become negligible
compared to the terms containing n0共1 + ␥ˆ 2兲.
In our orderings, terms corresponding to parallel compressibility are treated as formally small. The contribution
due to parallel compressibility to R / L0nz is proportional to
共Zz / ks兲共vTz / qR兲2 and is usually directed outward for
transport driven by TE modes and inward for ITG modes.10
The reduction of the zero-flux impurity gradient due to
poloidal impurity asymmetries may be a contributing factor
to the observed impurity flow reversal in the presence of
RF-heating. According to recent observations from JET,9 the
higher the applied ion cyclotron resonance heating power the
lower is the zero-flux impurity density gradient until it eventually changes sign and becomes negative. The reason for
this may be that as the ICRH power is raised, the impurities
are pushed to the inboard of flux surfaces. The in-out asymmetry can then lead to a change in the impurity flux from
inward to outward as demonstrated here. The more asymmetric the distribution becomes, the lower is the zero-flux impurity density gradient. The point is that if the impurities are
accumulated on the inboard side 共regardless of reason兲, they
will not be sucked into the plasma by the combined effect of
the -dependence of their density, magnetic drift frequency,
and the electrostatic potential. The physical reason for this is
that the magnetic drift frequency changes sign at the inboard
side, so if the impurities are mainly accumulated there, their
averaged flux will change sign. We have shown that the sign
change occurs for low shear, so the effect should be more
pronounced in the core region. The main mechanism that
produces in-out asymmetries in the core is the RF-induced
increase of the hydrogen-minority density on the outboard
side which gives rise to an electric field that pushes the impurities to the inboard side.
The analysis in this paper applies for a large aspect ratio
torus with circular cross section, and the magnitude of the
effect may change for realistic equilibra. Also, the effect of
rotation, which is one of the mechanisms that causes poloidal
asymmetry, has not been taken into account. Fluid and gyrokinetic modeling of rotation induced contributions to the

transport fluxes,19,20 have shown that in the ITG-dominated
case, the centrifugal force leads to higher inward convection
for impurities 共increasing with impurity mass兲. This agrees
with the predictions of the present work, since the strength of
the asymmetry increases with Z, and accumulation at the
outboard side should lead to an increased inward flux.
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