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On the symbol error probability of regular polytopes
Erik Agrell and Magnus Karlsson

Abstract—An exact expression is derived for the symbol error
probability when the vertices of the four-dimensional 24-cell are
used for digital transmission in Gaussian noise. Corresponding
expressions for other regular convex polytopes are summarized.
Numerically stable versions of these error probabilities are also
obtained.
Index Terms—Convex polytopes, modulation, symbol error
rate, Voronoi cell, 24-cell.

I. I NTRODUCTION

T

HE 24-CELL is a regular convex polytope (RCP) with
24 facets and 24 vertices in four dimensions. Its vertices
were considered as a signal constellation for digital modulation
already in 1977 [1]. The symbol error probability (SEP) of this
modulation format was approximated by a union bound in [1]
and the bit error probability was estimated by simulation in [2].
The constellation was considered for satellite communications
in [2], [3] and has recently received renewed interest in fiberoptical communications [4], [5]. This new interest was motivated by the rapid progress in coherent detection, which makes
it possible to transmit data in both polarizations simultaneously
and thus to employ four-dimensional constellations [6]. In
this paper, we calculate its exact SEP over the additive white
Gaussian noise (AWGN) channel, which has not been done
before.
We put the result into context by briefly summarizing what
is known about signal constellations constructed from the
vertices of other RCPs in n dimensions. An RCP is a convex
polytope with the maximum degree of symmetry; its facets and
vertices all look the same, and the facets are in turn RCPs.
Therefore, all symbols have the same energy and the same
conditional error probability, which is tractable at least from
a theoretical viewpoint [7]. A drawback is that the number
of vertices M of an RCP is usually not a power of two,
but such constellations can nevertheless be used in digital
communications if a block of bits is mapped to more than
one symbol [8], [9], in coded modulation [10], or to reduce
the peak power in orthogonal frequency-division modulation
systems [11]. Furthermore, in a data communication scenario,
some levels beyond a power of two are useful for framing
and control purposes; indeed, 3- and 5-level modulations are
already applied in standards for Fast Ethernet and Gigabit
Ethernet [12, pp. 285–289].
The SEP of RCPs can be approximated by sphere packing
[7], random coding [7], simplex packing [13], and union
bounds [14, Sec. 3.2.7]. To obtain an exact expression for the
SEP, one needs to integrate an n-dimensional Gaussian density,
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RCP

TABLE I
PARAMETERS OF A LL RCP S .
√
n
M
A
d/ Es

M -polygon

2

M

2

dodecahedron

3

20

3

icosahedron

3

12

5

24-cell

4

24

8

120-cell

4

600

4

600-cell

4

120

12

n

2n

n

n-cube
n-crosspolytope

n

2n

2(n − 1)

n-simplex

n

n+1

n

Gb (dB)

S

π
M
√
5−1
√
q 3
2 − √2
5

–2.59

1.44

–0.04

1.19

1

0.59

1.15

–7.73

2.31

–1.81

1.73

0

1

2 sin

√
3−√ 5
2 2
√
5−1
2
√2
n

√
2

q
2+

2
n

centered at an arbitrary RCP vertex, over the Voronoi cell of
this vertex. For a given RCP, the Voronoi cells are unbounded
n-dimensional pyramids with apex at the origin, whose (n−1)dimensional base cells are the facets of the dual polytope.1
Thus, the exact SEP is in general an n-dimensional integral,
but as we shall see, it can in most cases be simplified into
a one-dimensional integral, thanks to the inherent symmetries
of RCPs.
There exist infinitely many RCPs in dimension n = 2,
five for n = 3, six for n = 4, and three for n ≥ 5 [17,
p. 412]. For most of these constellations, the corresponding
SEP is known, but at high signal-to-noise ratios, the published
expressions often consist of the difference between two almost
equal entities, which makes them numerically unstable. We
therefore derive equivalent expressions that lend themselves
better to numerical evaluation.
II. P OWER AND

SPECTRAL EFFICIENCY

We define the signal-to-noise ratios γ = Es /N0 and γb =
Eb /N0 , where Es is the symbol energy, Eb = Es / log2 M is
the bit energy, M is the number of levels, and N0 /2 is the
double-sided spectral density of the AWGN. For modulation
using the vertices of any RCP, the SEP P can be upperbounded
by the union bound

s
2
d 
γ ,
(1)
P ≤ AQ 
2Es
R∞
where Q(x) , x f (x)dx, f (x) is the √
normalized Gaussian
probability density function f (x) , (1/ 2π) exp(−x2 /2), d
is the minimum Euclidean distance between pairs of vertices,
1 This integral is different from integrating a Gaussian density over the RCP
itself, which has an application in lattice coding [15, Ch. 3], [16].
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one that is suitable for analysis and another for numerical
evaluation. Expressions related to our (5) and (7), but less
reliable at very high γ, were given in [21].
Theorem 1: The SEPs of the n-cube Pc , n-crosspolytope
Pcp , and n-simplex Ps are
(a) Generic RCPs for n = 3: simplex (tetrahedron), cube, and crosspolytope
(octahedron)

(b) Other RCPs for n = 3: dodecahedron and icosahedron

Fig. 1.

The five Platonian solids.

and A is the number of such pairs involving a given vertex.2
The bound is an accurate approximation at medium to high γ
and it is asymptotically exact. We define the power efficiency
as Gb = d2 /(4Eb ), which is the reduction of bit energy Eb
that a particular constellation admits, compared with binary
phase-shift keying (BPSK) modulation, to attain the same,
asymptotically low, SEP. Furthermore, the spectral efficiency
S = log2 M/n is the reduction of bandwidth that a particular
constellation admits, compared with BPSK, with the same bit
rate and pulse shape.
The parameters M , A, and d of all RCPs are given in Tab. I,
adapted from [18, pp. 292–295]3, along with Gb and S.
III. G ENERIC RCP S
Three types of generic RCPs exist for all n ≥ 2, illustrated
in Fig. 1 (a) for n = 3. First, the n-cube can be defined as the
vertex set (±1, . . . , ±1), with all 2n sign combinations. When
used for modulation, this constellation results in independent
BPSK modulation in all n dimensions. It specializes into a
square and cube for n = 2 and n = 3, resp. Second, the ncrosspolytope (or orthoplex), whose 2n vertices can be taken
as all permutations of (±1, 0, . . . , 0), is the geometric dual of
the n-cube and corresponds to biorthogonal modulation. It is
also a square for n = 2 but an octahedron for n = 3. The
third type is the self-dual n-simplex, which is an equilateral
triangle for n = 2 and a regular tetrahedron for n = 3. Its
n + 1 vertices can be taken as (1 − α, . . . , 1√− α) and all
permutations of (α − n, 1, . . . , 1), where α = n + 1 and all
vectors have length n [19].4
The SEP of these three RCPs are given by the following
theorem, where two expressions are given for each SEP;
2 The inequality does however not hold for irregular polytopes, for which
in general not only the closest neighbors contribute to the Voronoi cell.
3 The parameters were calculated from N , N , and φ in [18] as M = N ,
0
1
0
√
A = 2N1 /N√0 , and d/ Es = 2 sin φ.
4 α = − n + 1 gives another, equally valid, representation. These ndimensional coordinate representations are more useful for transmission than
the standard representation [20], which requires n + 1 coordinates.
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Proof: Transmission over the n-cube is equivalent to
transmitting a block of n bits over independent BPSK channels, which yields (2). Expressions (4) and (6) were derived
from [14,
via
p the substitutions
√ eqs. √(4.102) and (4.116)]
√
q = x/ 2 − γ and q = x/ 2 − γ(1 + 1/n), resp.
Expressions (3), (5), and (7) follow after expanding (1−Q(·))n
by the binomial theorem and integrating out the constant term.
We note that the generic RCPs, together with the 24-cell, are
special cases of permutation modulation [20]. Other geometric
properties of the three generic RCPs were calculated in [22].
IV. T WO - DIMENSIONAL RCP S
In two dimensions, RCPs are polygons, which exist with
an arbitrary number of vertices M ≥ 3. Using such a
constellation for transmission corresponds to M -ary phase
shift keying (M -PSK). The following expression, which was
given in [23], is both simple and stable.
Theorem 2: The SEP of the M -polygon PPSK is
"
2 #

Z
1 π−π/M
sin(π/M )
dz.
exp −γ
PPSK =
π 0
sin z
The SEP for selected values of M is plotted in Fig. 2 (a).
As expected, M = 4 has the same asymptotic performance
as BPSK. The only M -PSK format with a power efficiency
higher than 0 dB is 3-PSK, as shown already in [24].
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V. T HREE - DIMENSIONAL RCP S
In three dimensions, there exist five RCPs, called the Platonian solids, see Fig. 1. In addition to the above-mentioned
cube, octahedron, and tetrahedron, there are the icosahedron
and the dodecahedron, with 12 and 20 vertices, respectively,
which are duals of each other. Their exact SEPs are not known,
but their union bounds follow from (1) and Table I. The results
are shown in Fig. 2 (b). The tetrahedron (3-simplex) has the
highest power efficiency of the three-dimensional RCPs [5].
VI. F OUR - DIMENSIONAL RCP S
Coxeter remarked that a “peculiarity of four-dimensional
space is the occurrence of the 24-cell. . . , having no analogue
above or below” [18, p. 289]. The 24-cell is a four-dimensional
self-dual RCP with 24 vertices. It is the only RCP, in any
dimension, that is both more power efficient and more spectrally efficient than the n-cube (BPSK modulation). Curiously
enough, the power and spectral efficiencies of the 24-cell are
equal, d2 /(4Eb ) = log2 M/n = (3 + log2 3)/4 = 1.15.
The 24-cell can be described in several ways depending
on its orientation. The vertices can be taken as the union of
(±1, ±1, ±1, ±1), with all possible combinations of signs, and
Π(±2, 0, 0, 0), where Π(·) means the set of all permutations
of the given elements. In other words, the 24-cell is the convex
hull of the union of the 4-cube and the 4-crosspolytope, scaled
to the same circumscribed radius and properly aligned. This
description, although geometrically appealing, does not seem
to easily admit an exact computation of the SEP.
Rotating the constellation, the vertices of the 24-cell can be
described as the set
X , Π(±1, ±1, 0, 0),
with all possible permutations and signs, which proves that
the 24-cell is a form of permutation modulation [20]. With
this representation, we are able to calculate the SEP of the
24-cell. The result is again presented in the form of two
expressions, where the first is analytically simpler and the
second numerically useful even at high γ values.
Theorem 3: The SEP of the 24-cell is
r Z ∞


√
(x − γ)2
2
exp −
P24 = 1 −
π 0
2
√
(8)
· (1 − 2Q(x))2 Q(x − γ)dx
r Z ∞

√ 2
(x − γ)
32
√
√
exp −
= Q( γ)(2 − Q( γ)) +
π 0
2
√
· Q(x)(1 − Q(x))Q(x − γ)dx.
(9)
p
Proof: A signal vector X Es /2, where X is randomly taken from X with equal probabilities, is transmitted
over a discrete-time AWGN
with variance N0 /2.
p channel p
The received vector is X Es /2 + Z N0 /2, where Z =
(Z1 , Z2 , Z3 , Z4 ) is a vector of independent, zero-mean, unitvariance, Gaussian random variables. To simplify
the analysis,
p
the received vector is rescaled by a factor Es /2. Thus, the
maximum likelihood detector shall find the vector in X being
√
closest to X + Z/ γ in the Euclidean sense.

3

Because the signal vectors are equally probable and symmetrically located, we assume, without loss of generality, that
the transmitted vector is x1 , (1, 1, 0, 0). The SEP can now
be expressed as
1
/ ΩX (x1 )},
P24 = Pr{x1 + √ Z ∈
γ

(10)

where ΩX (u) for any u ∈ R4 is the Voronoi cell5
ΩX (u) , {y ∈ R4 | ky − uk ≤ ky − xk, x ∈ X }.

(11)

In order to integrate the four-dimensional noise over the
Voronoi cell, we need to find a compact coordinate representation for this cell. To this end, we first partition X into the
subsets
X1 , {(1, 1, 0, 0)},

X2 , {(0, 1, 0, ±1), (0, 1, ±1, 0), (1, 0, 0, ±1), (1, 0, ±1, 0)},

X3 , {(−1, 1, 0, 0), (1, −1, 0, 0)},

X4 , {(0, 0, ±1, ±1)},

X5 , {(0, −1, 0, ±1), (0, −1, ±1, 0),

(−1, 0, 0, ±1), (−1, 0, ±1, 0)},

X6 , {(−1, −1, 0, 0)}.
With these definitions,
X =
ΩX (u) =

6
[

i=1
6
\

i=1

Xi ,
ΩXi (u), for any u ∈ R4 .

(12)

Applying (11) to the subset X2 yields
ΩX2 (x1 )

= {y ∈ R4 | ky − x1 k2 ≤ ky − xk2 , x ∈ X2 }

= {y ∈ R4 | hy, x1 − xi ≥ 0, x ∈ X2 }

= {y ∈ R4 | y1 ≥ |y4 |, y1 ≥ |y3 |, y2 ≥ |y4 |, y2 ≥ |y3 |}

= {y ∈ R4 | min{y1 , y2 } ≥ max{|y3 |, |y4 |}},

(13)

where y = (y1 , y2 , y3 , y4 ) and h·, ·i denotes the inner product.
The Voronoi cells of x1 with respect to the subsets X3 , . . . , X6
can be calculated by the same method. Omitting the details,
the results are
ΩX3 (x1 ) = {y ∈ R4 | min{y1 , y2 } ≥ 0}

ΩX4 (x1 ) = {y ∈ R4 | y1 + y2 ≥ |y3 | + |y4 |}

ΩX5 (x1 ) = {y ∈ R4 | y1 + y2 + min{y1 , y2 }
≥ max{|y3 |, |y4 |}}
4

ΩX6 (x1 ) = {y ∈ R | y1 + y2 ≥ 0}.

(14)
(15)
(16)
(17)

Comparing (13) with (14) yields ΩX2 (x1 ) ⊆ ΩX3 (x1 ), because min{y1 , y2 } ≥ max{|y3 |, |y4 |} ⇒ min{y1 , y2 } ≥ 0.
Similarly, comparing (13) with each of (15)–(17) shows that
5 In our notation, the definition is valid also when u ∈
/ X , which will be
utilized in (12)–(17).
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ΩX2 (x1 ) ⊆ ΩXi (x1 ) for i = 4, 5, 6. Now using these results
in (12) yields
ΩX (x1 ) = ΩX2 (x1 ).

(18)

We can now finish the SEP calculation. From (10), (13),
and (18),


1
P24 = 1 − Pr x1 + √ Z ∈ ΩX2 (x1 )
γ





|Z3 | |Z4 |
Z1
Z2
≥ max √ , √
= 1 − Pr min 1 + √ , 1 + √
γ
γ
γ
γ
√
= 1 − Pr{ γ + min{Z1 , Z2 } ≥ max{|Z3 |, |Z4 |}}
√
= 1 − Pr{Z1 ≤ Z2 , γ + min{Z1 , Z2 } ≥ max{|Z3 |, |Z4 |}}
√
− Pr{Z1 > Z2 , γ + min{Z1 , Z2 } ≥ max{|Z3 |, |Z4 |}}.
By symmetry, the last two probabilities are equal; thus,
P24 = 1 − 2 Pr{Z1 ≤ Z2 ,
√
γ + min{Z1 , Z2 } ≥ max{|Z3 |, |Z4 |}}
√
√
= 1 − 2 Pr{Z1 ≤ Z2 , γ + Z1 ≥ |Z3 |, γ + Z1 ≥ |Z4 |}.
Finally, we marginalize the probability over Z1 = z1 to obtain
Z ∞
P24 = 1 − 2 √ f (z1 )
− γ

√
√
· Pr{Z2 ≥ z1 , |Z3 | ≤ γ + z1 , |Z4 | ≤ γ + z1 }dz1
Z ∞
√
= 1 − 2 √ f (z1 )Q(z1 )(1 − 2Q( γ + z1 ))2 dz1 (19)
− γ
Z ∞
√
√
= 1−2
f (z − γ)Q(z − γ)(1 − 2Q(z))2 dz,
0

where f (·) was defined in Sec. II, which completes the proof
of (8).
To prove (9), we first note that for any x ∈ R,
Q2 (x) = Pr{Z1 ≥ x, Z2 ≥ x}

= 2 Pr{Z2 ≥ Z1 ≥ x}
Z ∞
=2
f (z1 )Q(z1 )dz1 .

(20)

x

Expanding (19) with the help of (20) yields
Z ∞
P24 = 1 − 2 √ f (z1 )Q(z1 )
− γ

√
√
· (1 − 4Q( γ + z1 ) + 4Q2 ( γ + z1 ))dz1
Z ∞
√
= 1 − Q2 (− γ) + 2 √ f (z1 )Q(z1 )
− γ

√
√
· (4Q( γ + z1 ) − 4Q2 ( γ + z1 ))dz1
Z ∞
√
= 1 − (1 − Q( γ))2 + 8 √ f (z1 )Q(z1 )
− γ

√
√
· Q( γ + z1 )(1 − Q( γ + z1 ))dz1
√
√
= Q( γ)(2 − Q( γ))
Z ∞
√
√
+8
f (z − γ)Q(z − γ)Q(z)(1 − Q(z))dz,
0

which completes the proof of (9).
The SEP of all four-dimensional RCPs is shown in
Fig. 2 (c). It can be observed that n = 4 is the lowest

ON I NFORMATION

T HEORY, to appear, 2011.

dimension for which the crosspolytope has the highest power
efficiency of all RCPs. In addition to the 24-cell and the three
generic polytopes, there are RCPs with 120 and 600 vertices in
four dimensions. Miyazaki made an artistic effort to visualize
these polytopes [25, Ch. 14], which are each other’s duals.
Their power efficiencies are low, similarly to the two largest
RCPs in three dimensions.
VII. H IGHER - DIMENSIONAL RCP S
In dimensions n ≥ 5, there are no RCPs apart from the three
generic types. For medium and high γb , the crosspolytope is
always better than the simplex, and the simplex is better than
the cube. Their SEP performances are shown in Fig. 2 (d) for
the five-dimensional case.
As the dimension increases, the power efficiency gap between the simplex and the cube increases monotonically.
However, the gap between the crosspolytope and the simplex,
which based on Tab. I and the definition of Gb can be
expressed as
Gb,cp
n log2 (2n)
=
,
Gb,s
(n + 1) log2 (n + 1)

(21)

increases until it reaches a maximum for n = 24, where
the crosspolytope is 0.62 dB better. Thereafter the gap decreases again and approaches 0 dB in very high dimensions.
Extending n to real numbers, the maximum of (21) occurs
for n ≈ 24.066, which is quite close to 24. Whether this is
a pure coincidence or more deeply related to other unique
properties of 24-dimensional geometry, such as the existence
of the Leech lattice, is not known.
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[17] B. Grünbaum, Convex Polytopes. London, UK: Interscience, 1967.
[18] H. S. M. Coxeter, Regular Polytopes. New York, NY: Dover, 1973.
[19] H. Y. Song and S. W. Golomb, “Some new constructions for simplex
codes,” IEEE Trans. Inf. Theory, vol. 40, no. 2, pp. 504–507, Mar. 1994.
[20] D. Slepian, “Permutation modulation,” Proc. IEEE, vol. 53, no. 3, pp.
p. 228–236, Mar. 1965.
[21] L. Xiao and X. Dong, “New analytical expressions for orthogonal,
biorthogonal, and transorthogonal signaling in Nakagami fading channels with diversity reception,” IEEE Trans. Wireless Commun., vol. 4,
no. 4, pp. 1418–1424, July 2005.
[22] N. M. Blachman, “Random exploration of the three regular polytopes,”
IEEE Trans. Inf. Theory, vol. 41, no. 6, pp. 2081–2087, Nov. 1995.
[23] J. W. Craig, “A new, simple and exact result for calculating the
probability of error for two-dimensional signal constellations,” in Proc.
Military Communications Conference, vol. 2, McLean, VA, Nov. 1991,
pp. 571–575.
[24] J. R. Pierce, “Comparison of three-phase modulation with two-phase and
four-phase modulation,” IEEE Trans. Commun., vol. COM-28, no. 7, pp.
1098–1099, July 1980.
[25] K. Miyazaki, An Adventure in Multidimensional Space. New York,
NY: Wiley, 1986.

Erik Agrell received the M.S. degree in electrical
engineering in 1989 and the Ph.D.degree in information theory in 1997, both from Chalmers University
of Technology, Sweden.
PLACE
From 1988 to 1990, he was with Volvo Technical
PHOTO
Development as a Systems Analyst, and from 1990
HERE
to 1997, with the Department of Information Theory,
Chalmers University of Technology, as a Research
Assistant. In 1997–1999, he was a Postdoctoral
Researcher with the University of Illinois at UrbanaChampaign and the University of California, San
Diego. In 1999, he joined the faculty of Chalmers University of Technology,
first as an Associate Professor and since 2009 as a Professor in Communication Systems. His research interests belong to the fields of information theory,
coding theory, and digital communications, and his favorite applications are
found in fiber-optical communications. More specifically, his current research
involves bit-interleaved coded modulation and multilevel coding, polarizationmultiplexed coding and modulation, transmission over the optical intensity
channel, phase noise mitigation, and bit-to-symbol mappings in coded and
uncoded systems.
Prof. Agrell served as Publications Editor for IEEE Transactions on
Information Theory from 1999 to 2002.

6

Magnus Karlsson received his Ph.D. in Electromagnetic Field Theory in 1994 from Chalmers University of Technology, Gothenburg, Sweden. The title
of his Ph.D thesis was “Nonlinear propagation of
PLACE
optical pulses and beams”. Since 1995, he has been
PHOTO
with the Photonics Laboratory at Chalmers, first as
HERE
assistant professor and since 2003 as professor in
photonics. He has authored or co-authored over 190
scientific journal and conference contributions and
holds two patents. He has served in the technical
committees for the Optical Fiber Communication
Conference (OFC) (2009 as subcommittee chair), the Asia-Pacific Optical
Communications Conference (APOC), the Optical Amplifiers and Applications (OAA), and the Nonlinear Photonics (NP) meetings. He served as guest
editor for the Journal of Lightwave Technology and is associate editor of
Optics Express.
His research has been devoted to a variety of aspects of fiber optic communication systems, in particular transmission effects such as fiber nonlinearities
and polarization effects, but also applied issues such as high-capacity data
transmission and all-optical switching. Currently he is devoted to parametric
amplification, multilevel modulation formats, and coherent transmission in
optical fibers.

IEEE T RANSACTIONS

ON I NFORMATION

T HEORY, to appear, 2011.

