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Longitudinal Force Distribution
and Road Vehicle Handling

MATTHIJS KLOMP
Department of Applied Mechanics
Chalmers University of Technology

Abstract
The distribution of longitudinal forces has a large influence on vehicle handling
characteristics such as the driver/vehicle interaction, road holding and yaw sta-
bility, in particular during combined traction/braking and cornering near the grip
limit of the tires. In order to select and develop suitable driveline systems and as-
sociated active control that provide consistent driver/vehicle handling, maximum
road holding and sufficient yaw stability margins, it is essential to understand the
influence of a particular drive force distribution on these handling characteristics.
Due to the highly non-linear interaction between the longitudinal and lateral forces
near the grip limit, the studies in this area have thus far focused on prototype test-
ing and/or simulations with sophisticated vehicle models. By developing simpler
models and more informative graphical representations, the understanding of the
fundamental interaction of the drive force distribution and vehicle handling can be
further improved and thereby facilitate enhanced development of future driveline
systems.

In this thesis, improved graphical representations, simpler models and new
approaches to optimization of longitudinal force distribution are presented. These
new methods focus particularly on exploring and maximizing the road holding
capability of the vehicle. Also, new indicators of a likely loss of yaw stability are
presented for one particularly severe driving maneuver. One area of application
of the presented optimization methods, is demonstrated for case when the entry
speed is too high to track a particular curve due to friction limitations. For this
scenario a new parabolic path recovery strategy is developed based on a particle
representation. This strategy, when implemented in to the planar motion of a
vehicle, is shown to exhibit considerably less deviation from the intended path
than currently proposed methods based on yaw moment allocation.

The results obtained in this work are applied for analysis of the performance
of a wide range of driveline systems, and are expected to have applications also
in the associated active control for these systems. Overall, the present work has
expanded the fundamental framework of vehicle modeling, optimization formula-
tions and graphical representations for analysis and optimization of a wide range
of driveline system properties and vehicle level characteristics.

Keywords: vehicle dynamics, vehicle handling, combined grip, drive force, lon-
gitudinal force distribution, combined slip, quasi steady-state, optimization.
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Nomenclature

The nomenclature used in this work follows ISO standard 8855:1991 [19] for the
vehicle dynamics terminology. The indices used are given in Table 1, the Greek
variables in Table 2 and the latin variables in Table 3. The acronyms used are
summarized in Table 4 and selected terms are explained in Table 5.

Table 1: Indices

Index Description
0 Static / nominal
1 Front axle 2 Rear axle
i Front/Rear index j Left/Right index

IN Input from power source
st Single-track tt Two-track
lim Maximum value ref Reference or target value
X Longitudinal, positive forward Y Lateral, positive to left
Z Vertical, positive upward
˙ Derivation with respect to time ¨ Second time derivative

Table 2: Greek variables

Variable Unit Description
α [rad] Tire slip angle β [rad] Body slip angle
δ [rad] Wheel steered angle δH [rad] Steering-wheel angle
ψ [rad] Yaw angle κ [-] Longitudinal tire slip
σ [-] Combined tire slip µ [-] Friction coefficient.
ξ [-] Drive force ratio χ [-] Combined slip factor

vii
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Table 3: Latin variables

Variable Unit Description
A n/a State matrix a [m/s2] Acceleration vector
a [m/s2] Acceleration b [m] Track width
B n/a Input matrix Cα [N/rad] Cornering stiffness
F [N] Force g [m/s2] Gravity
KUS [*] Understeer gradient M [Nm] Moment
l1 [m] Front axle to CoM l2 [m] Rear axle to CoM
l [m] Wheelbase k [m] Radius of gyration
P [W] Power R [m] Cornering radius
h [m] Mass center height u n/a Input vector
v [m/s] Speed x n/a State vector

Table 4: Acronyms

ABS Antilock braking system
TCS Traction control system
ESC Electronic stability control
DYC Direct yaw moment control
AWD All wheel drive
FWD Front wheel drive
RWD Rear wheel drive
LSD Limited slip differential
eLSD Electronically controlled LSD
TVD Torque vectoring differential
EM Electric motor
ICE Internal combustion engine

MMM Milliken Moment Method
QCLP Quadratically Constrained Linear Programming
QSSA Quasi steady-state approximation/assumption
CoM Center of mass

Table 5: Glossary of selected terms

Term Explanation
Ackermann angle The wheel base divided by the cornering radius. A neutral

steered vehicle only needs to steer the Ackermann angle to
achieve a certain cornering radius.

Combined grip Combined lateral and longitudinal grip.
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Table 5: Glossary of selected terms

Term Explanation
Differential Device that splits the incoming torque with a fixed ratio

to each output while allowing an arbitrary speed difference
between the outputs.

Driveline The powertrain excluding the power source (e.g. combus-
tion engine or electric motor).

Dynamic square Contour plot of constant levels of lateral grip as function of
the front and rear longitudinal forces.

Friction Resistance to shear forces.
Friction circle Symmetric combined grip.
Handling Vehicle dynamics characteristics and capabilities of the

driver/vehicle/road system.
Handling curve Slip angle difference versus the lateral acceleration. The

slope of the handling curve is the understeer gradient.
Handling diagram Plot of a handling curve.
Lateral Left/right.
Lateral grip Maximum steady-state lateral acceleration capability of a

vehicle. Determines the minimum cornering radius for a
given speed.

Longitudinal Front/rear.
Longitudinal grip Longitudinal force capability.
Magic Formula One particular tire model.
MMM Diagram Unbalanced yaw moment versus lateral acceleration.
Neutral steer Increases in lateral acceleration requires no change in steer-

ing angle to maintain the same cornering radius.
Oversteer Increases in lateral acceleration requires a decrease in steer-

ing angle to maintain the same cornering radius.
Phase portrait Plots of the solutions of a two-degree of freedom dynamic

system for different initial conditions.
Pitch Front/rear rotation
Powertrain The powertrain is defined as the vehicle propulsion sub-

system, from the power source to the driven wheels.
Quasi steady-state The time derivatives of the states are small or constant.
Rate Rate of change with respect to time.
Road holding Maximum combined grip.
Roll Left/right rotation.
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Table 5: Glossary of selected terms

Term Explanation
Yaw stability Property of planar motion of the vehicle. If stable and the

inputs are fixed, the yaw rate converges (reasonably fast) to
a constant value after a disturbance or change in the inputs.
For yaw stability, this commonly also implies that the body
side-slip angle is small and bounded.

Slip Quantity that relates a free rolling wheel to a wheel that
subjected to forces or moments.

Slip angle Angle of the velocity vector of the wheel relative to the free
rolling direction.

Side-slip angle Angle of the velocity vector of the center of gravity relative
to the vehicle longitudinal axis.

Turn-in yaw mo-
ment

Yaw moment that increases the absolute value of the yaw
rate.

Understeer Increases in lateral acceleration requires a increase in steer-
ing angle to maintain the same cornering radius. Some-
times understeer refers to the understeer gradient.

Understeer gradi-
ent

Partial derivative of the front/rear slip angle difference rela-
tive to the lateral acceleration. A negative understeer gradi-
ent is means oversteer and a zero understeer gradient means
neutral steer.

Unbalanced yaw
moment

Product of the yaw inertia and the yaw acceleration.

Vertical Up/down.
Yaw Rotation in the road plane.
Yaw moment Moment around the vertical axis.
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Chapter 1
Introduction

The distribution of longitudinal forces has a large influence on vehicle handling
characteristics such as the driver/vehicle interaction, road holding and yaw stabil-
ity, in particular during combined traction/braking and cornering near the tires’
grip limit. In order to analyze and develop suitable driveline systems and associ-
ated active control that provide consistent driver/vehicle handling, maximum road
holding and sufficient yaw stability margins, it is essential to understand the influ-
ence of a particular drive force distribution on these handling characteristics. Due
to the highly non-linear interaction between the longitudinal and lateral forces
near the grip limit, the studies in this area have thus far focused on prototype test-
ing and/or simulations with sophisticated vehicle models. By developing simpler
models and more informative graphical representations, the understanding of the
fundamental interaction of the drive force distribution and vehicle handling can be
further improved and thereby facilitate enhanced development of future driveline
systems.

1.1 Background

If driving under challenging road conditions, the driver may become aware of the
influence of the drive force distribution on the vehicle handling characteristics.
Driving a rear-wheel drive (RWD) vehicle on a slippery surface one may have
experienced that the vehicle started to skid sideways when accelerating in a turn.
Doing so in a front wheel drive (FWD) vehicle, and the vehicle may turn less than
desired, as opposed to too much for the RWD vehicle. Under these challenging
conditions a modern all wheel drive (AWD) vehicle provide better road holding
when accelerating (traction) than both FWD and RWD vehicles.

Vehicle dynamics is the theory of how tire and aerodynamic forces acting on

1



2 Chapter 1. Introduction

a vehicle affect the vehicle motion, response, stability, and other characteristics.
Vehicle dynamics thereby provides the framework necessary to understand the
phenomena described above and which are important for a safe driver/vehicle/road
interaction.

In its infancy, the main focus in the field of vehicle dynamics was on improv-
ing the brakes and tires due to the demands of increased vehicle speed. Early
developments include preventing the rear wheels from locking prior to the front
wheels (a common cause of vehicle instability up to that point) through brake
proportioning. AWD vehicles, as shown in Figure 1.1, were introduced as early
as 1900 in the Lohner-Porsche electric vehicle and 1903 in the Spyker 60/80 HP
racer and AWD-vehicles have gone as far as to the moon! The Lohner-Porsche
had in-wheel electric motors as did also the Lunar Rover vehicles used during
the Apollo 15, 16 and 17 lunar missions, a technology often seen as the ultimate
all-wheel drive technology [5, 17, 23].

Electronic control systems were introduced through anti-lock braking systems
(ABS), which prevented the wheels to lock during hard braking and thereby per-
mitting the driver to maintain steer-ability. From ABS systems, traction control
systems (TCS) were developed, which prevent wheel spin while accelerating. This
electronic control of the brake system eventually lead to electronic stability con-
trol (ESC) systems which use autonomous brake intervention to steer the vehicle
in a situation when skidding is detected by the system. In its most recent de-
velopment, vehicle dynamics control has expanded to include active control of
steering, driveline, and suspension sub-systems. Among these, this study focuses
on the analysis of active all-wheel drive (AWD) systems, which are reaching a
point where the longitudinal forces on all four wheels can be independently con-
trolled [46]. With this enhanced capability enabling better safety margins due to
an enhanced road holding, and the issues with higher possible cornering speed,
this area motivates a considerable amount of research and development activities.

1.2 Motivation
As for the interaction between combined longitudinal and lateral forces, it is well-
known that the lateral grip of tires reduces with increased longitudinal forces due
to tire/road friction limits [48, 63]. This is often modeled such that the vector
sum of the lateral and longitudinal forces must lie within a circle (or ellipse) –
the friction circle. Important early contributions to expand the understanding of
these effects on a tire level to vehicle level handling characteristics are made in
for instance [47] where the influence of longitudinal forces on the lateral grip
as well as the understeer of the vehicle is also modeled using the friction circle
concept. The lateral grip is important for the cornering capability of the vehicle
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(1900) Lohner Porsche (1903) Spyker 60 HP Racer (1985) Audi Sport Quattro [62]

(1972) Apollo 16 Lunar Roving Vehicle with Lunar Module Orion in the background. [10]

Figure 1.1: Historic AWD vehicles.

and the understeer is an important handling characteristic since it influences the
driver/vehicle interaction. Understeer is also important for the yaw stability when
the understeer changes to oversteer, see [3, 15, 24, 47, 48] for instance.

Apart from the above studies, regarding the influence of the longitudinal force
distribution on the lateral grip or understeer, there are studies of the influence of
the drive force distribution on the yaw moment potential [57, 58] or the stabiliz-
ing yaw moment [61]. In [61] the authors study both the front/rear and left/right
distribution and they report that the vehicle can be actively stabilized during de-
celeration by transferring brake force from the inner wheels to the outer wheels.
These studies paved the way for electronic stability control (ESC) systems that
are becoming standard on many vehicles [13, 65, 66] and have had a great im-
pact on vehicle safety [36, 42], primarily by avoiding loss of yaw stability during
evasive maneuvers. Further, the effects of longitudinal force distribution are stud-
ied separately for different actuators in for instance [1, 2, 22, 51, 57, 70] and as
an integrated system in [5, 23, 35, 39, 40, 44]. Most of these studies focus on
the development of a particular control system and are often applied to evasive
maneuvers such as lane-change maneuvers for which stability improvements are
shown over passive systems.

In reviewing the above referenced literature it is found that the vehicle/actuator
system is often handled as a largely unknown system that is studied by analyzing
the effects of certain inputs on the outputs of that system. Although the standard –
linear – operating region of the vehicle is well understood, for the non-linear op-
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erating region, however, simple models explaining fundamental phenomena are
largely missing. Also, many handling evaluation methods are developed for a
constant longitudinal speed and are not suitable for studying the effects of param-
eter changes of interest here, such as total longitudinal force and/or the front/rear
or left/right distribution.

1.3 Objectives
The objectives of this study are to gain better understanding and support industrial
application of active driveline systems. The first objective is to expand the funda-
mental understanding of the interaction between the drive force distribution and
limit vehicle handling by means of simple, yet meaningful, models and improved
graphical representations. This understanding should secondly support the devel-
opment of actual driveline systems and feed-forward components in the associated
active control.

It is suggested that the optimization of idealized driveline systems is important
as reference for the development of actual systems. For this reason development
of optimization formulations are part of this study.

In order to focus on performance of the vehicle/driveline system, this study is
limited to maneuvers where the steering input is prescribed (open-loop control),
meaning that any driver dynamics is excluded. Since the intended application of
the obtained results are standard passenger vehicles with a relatively low center
of gravity, the dynamics which are modeled are those related to planar vehicle
motion, meaning that roll, pitch, driveline and wheel dynamics are replaced with
quasi steady-state approximations.

1.4 Thesis Outline
The present thesis is a compilation thesis, meaning that it consists of one sum-
marizing part and a second part comprised of the papers that are included. The
summarizing part serves as a general overview of the work and intends to place
the appended papers in a common context. The main scientific contributions of
this work are reported in the appended papers which are submitted for publication
in scientific journals or conferences relevant to this field.



Chapter 2
Vehicle Dynamics Modeling

In order to mathematically analyze and/or optimize the vehicle dynamics system,
models are necessary. These models should capture the most relevant properties
of the system of interest. Further, by necessity, and to make the analysis as clear as
possible, proper simplifications are required. In this chapter four different models
of the planar vehicle motion are presented and compared. Additionally, the differ-
ent tire models used in this study are discussed. This chapter is concluded with a
presentation of the different components in modern driveline system. The reader
may appreciate this driveline presentation as a background to Papers I, II and III
appended to this thesis.

2.1 Vehicle Models

Four different vehicle models are used in this study. All are simple models mod-
eling the planar motion of a vehicle. In these models other dynamics such as for
instance roll, pitch, wheel rotation, driveline and tire dynamics are not considered.
A good discussion on these assumptions is found in [69] where the conclusion is
drawn that, for most maneuvers, the non-linear tire characteristics are the most
important to consider. The only paper where a more complex vehicle model is
used is Paper III.

The vehicle models used in this work use a vehicle fixed coordinate system.
The planar motion is then described using the vehicle longitudinal and lateral ve-
locities and the rotational velocity (yaw rate) as state variables. These state vari-
ables are denoted vX , vY and ψ̇, respectively. Throughout this work, the steering
input and the total drive force are assumed given a priori, and the study considers
the effect of the distribution of this total drive force.

Next, three models will be presented in more detail. These are the two-track

5
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Figure 2.1: Two-track vehicle model

planar vehicle model, the non-linear single track model and the linearized single
track model. These models rely in many instances on lumped parameters where
a chain of components or subsystem characteristics are combined into a single
parameter. The fourth model used in this study is a particle representation of the
planar motion. This model is described Paper V.

2.1.1 Two-track Model

The two-track model is used as a basis for the analysis of the case where all the
wheel forces are individually controllable. Since the forces from all wheels are
modeled separately, the effect of differences in longitudinal forces on the yaw
motion is directly considered in the model. This model is used in Papers II, IV
and V and is adopted from [23]. The model is illustrated in Figure 2.1 where the
individual wheel forces are shown as well as the longitudinal speed, vX , lateral
speed, vY , and yaw rate, ψ̇, at the center of gravity. Furthermore the figure also
shows the steering angle of the front wheels, δ, and slip angles, αij , where the
indices i and j indicate the front/rear axle and the left/right side of the vehicle,
respectively. The slip angle is the angle between the velocity vector and the free
rolling direction.
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Dynamic model From Newton’s second law of motion the equations of motion
in the longitudinal, lateral and yaw directions are

maX =(FX11 + FX12) cos δ − (FY 11 + FY 12) sin δ + FX21 + FX22

maY =(FX11 + FX12) sin δ + (FY 11 + FY 12) cos δ + FY 21 + FY 22

mk2ψ̈ =− s cos δ (FX11 − FX12) + l1 sin δ (FX11 + FX12)− s(FX21 − FX22)

+ s sin δ (FY 11 − FY 12) + l1 cos δ (FY 11 + FY 12)− l2(FY 21 + FY 22)

(2.1)

wherem is the vehicle mass, k is the radius of gyration and where the longitudinal
and lateral accelerations (in the inertial reference frame) are

aX = v̇X − vY ψ̇
aY = v̇Y + vXψ̇

(2.2)

From Equations (2.1) and (2.2), the following state-space model is derived:

ẋ = ftt(x,utt) = M−1AttT ttztt − a (2.3)

where the state vector and the input vector are

x =
[
vX vY ψ̇

]>
utt =

[
FX11 · · · FX22 δ

]> (2.4)

and

M = diag
(
m m mk2

)
Att =

 1 0 1 0 1 0 1 0
0 1 0 1 0 1 0 1
−s l1 s l1 −s −l2 s −l2


T tt = diag

(
T 1 T 1 T 2 T 2

)
T 1 =

[
cos δ − sin δ
sin δ cos δ

]
T 2 =

[
1 0
0 1

]
z =

[
FX11 FY 11 · · · FX22 FY 22

]>
a =

[
−vY ψ̇ vXψ̇ 0

]>

(2.5)

The lateral forces, FY ij , are a function of the vehicle states, x and the control
inputs utt, as described in the tire modeling section below. First, however, two of
the most important factors determining the lateral forces; the vertical forces and
the tire slip angle, are described.
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Vertical forces The vertical forces forces on all four wheels, FZij , are given by
the static load distribution and the longitudinal and lateral load transfer [28, 48].
This load transfer model, due to longitudinal and lateral acceleration, is

FZij = F 0
Zij + (−1)iζXmaX + (−1)jζY imaY (2.6)

where ζY i is the lateral load transfer coefficient of each axle, and the static vertical
force and longitudinal load transfer coefficient are

F 0
Zij =

(l − li)mg
2l

ζX =
h

2l

(2.7)

respectively, and where h is the height of the center of mass above the ground and
g is the gravitational acceleration.

Slip angles When a wheel is rotated around its vertical axis relative to the free-
rolling direction, the tire develops lateral forces [48]. This angle is the slip angle,
which is

αij = δi − arctan
vY ij
|vXij|

(2.8)

where vXij and vY ij are the longitudinal and lateral velocities, respectively, of each
wheel expressed in the vehicle coordinate system. Note that, in our case, δ1 = δ
and δ2 = 0. The change in sign convention compared to ISO8855:1991 [19], gives
that a positive slip angle is associated with a positive lateral force [48]. The use of
the absolute velocity in the denominator will avoid numerical problems when vXij
changes sign (vehicle is traveling backwards), and that only the sign of vY ij will
determine the sign of the force. Additionally, this definition restricts the maximum
possible slip angles to ±90◦, which simplifies the tire model implementation.

By linear transformation of the longitudinal and lateral speed and the yaw rate
at the center of gravity to each wheel, the local velocities of each wheel are[

vXij
vY ij

]
=

[
vX + (−1)jsψ̇

vY − (−1)iliψ̇

]
(2.9)

which, when combined with Equation (2.8) gives that

αij = δi − arctan
vY − (−1)iliψ̇

|vX + (−1)jsψ̇|
(2.10)
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Figure 2.2: Single-track (Bicycle) vehicle model.

Quasi steady-state model In Paper II the quasi steady-state (QSS) approxima-
tion [26] is used for cases with a constant total longitudinal force and steering
input. This means that when the change in vX is constant (v̇X = c), and reason-
ably small, then the lateral and yaw motion can still be considered steady-state,
i.e. v̇Y = ψ̈ = 0 [1, 2, 69]. The QSS model therefore implies that

ẋ =
[
c 0 0

]> (2.11)

The QSS approximation means that the many handling characteristics that are
developed for steady-state cornering, can be applied also when the longitudinal
acceleration is not zero, but constant. In Papers I and II the QSS model is used for
optimization and study of the longitudinal force distribution of different driveline
configurations.

2.1.2 Single-Track (Bicycle) Model

From the two-track model, the single track model, which is illustrated in Fig-
ure 2.2, can be deduced. For the single track model, the left/right tires are lumped
into an axle equivalent expression. This model is used in Papers I and II and the
main advantage of this model is that it is much simpler than the two-track model
and thereby simplifies the subsequent analysis of the properties of interest.

Dynamic model The model which is presented here assumes that the differ-
ences in longitudinal forces are small, and therefore do not influence the lateral
force capability of the tires. The yaw moment that these differences give rise to is
denoted MDYC

Z . From the two-track model, the single track model can be derived
to be:

ẋ = fst(x,ust) = M−1AstT stzst − a (2.12)
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where

ust =
[
FX1 FX2 MDYC

Z δ
]>

Ast =

1 0 1 0 0
0 1 0 1 0
0 l1 0 −l2 1


T st = diag

(
T 1 T 2

)
zst =

[
FX1 FY 1 FX2 FY 2 MDYC

Z

]>
(2.13)

Quasi steady-state model As for the two-track model, the QSS approximation
can be used for the single track model in the same way.

Vertical forces The vertical forces from Equation (2.6) are reduced to

FZi =
2∑
j=1

FZij = 2(F 0
Zij + (−1)iζXmaX) (2.14)

Slip angles The slip angles on each axle, αi, are the average slip on the left and
right wheels which, from Equation (2.10), are:

αi = δi − arctan
vY − (−1)iliψ̇

|vX |
(2.15)

2.1.3 Linear Bicycle Model

The vehicle handling characteristics on high friction surfaces, and at low friction
utilization, are often considered to reflect the expectations from the driver [66].
The reason for this is that the driver normally operates the vehicle in this region
and is therefore assumed to be accustomed to the handling characteristics in that
region. As will be seen in the tire modeling section below, the lateral forces are
proportional to the slip angle when the friction utilization is low, but will saturate
at a constant level for large slip angles.

If the vehicle speed is slowly varying, only the lateral and yaw dynamics of the
single-track model (2.3) need to be considered and vX can be treated as a known
parameter. Using a linear tire model where the lateral force is proportional to the
cornering stiffness, Cα, and the slip angle, we have that

FY i = Cαiαi (2.16)
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Using this tire model, the model in Equation (2.3) can be linearized. By lin-
earizing the lateral and yaw degree of freedom in Equation (2.3), combined with
Equations (2.15) and (2.16), the following linear state-space model is obtained:

ẋref = Arefxref + Brefuref (2.17)

where the state and input vectors and matrices are

xref =
[
vY,ref ψ̇ref

]>
uref =

[
δ MDYC

Z

]>
Aref = − 1

m|vX |

[
Cα1 + Cα2 l1Cα1 − l2Cα2 + v2X

(l1Cα1 − l2Cα2)/k2 (l21Cα1 + l22Cα2)/k
2

]
Bref =

1

m

[
Cα1 0

l1Cα1/k
2 1/k2

] (2.18)

respectively. This model can be used as reference model for feedback control, of
which an example will be given in the next chapter. The reference yaw rate is in
Paper IV limited to that which is attainable on a dry surface. The reference yaw
rate is therefore limited to be no more than

|ψ̇ref | ≤
āY − |v̇Y |

vX
(2.19)

where āY is some pre-determined maximum steady-state lateral acceleration. Note
that, by limiting the yaw rate, the model is again non-linear.

2.2 Tire Models
Simple tire models are used throughout this study. This is in agreement with the
primary objectives of this study to focus on studying the fundamental – qualitative
– behavior of the vehicle dynamics properties. Numerous tire models are available
in the literature ranging from linear tire models with a single parameter (corner-
ing stiffness) to over one-hundred parameters for the Magic Formula and SWIFT
model [7, 48, 59]. The Magic Formula tire model is perhaps the most well-known
and due to the number of parameters, it can fit tire measurements very well.

As pointed out in [48], however, the better the fit to tire data, the less insight
in the tire physics is generally provided due to the increased complexity of the
model. The requirements we have on the model (apart from it being simple) are
that the model should provide:

• Good qualitative description of lateral force for a large range of slip angles.
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• Combined slip model using either longitudinal slip or longitudinal force as
inputs to describe the influence on the lateral force generation.

Tire models commonly use slip quantities as input and forces and moments as
output. Slip is defined as a deformation of the rubber of the tire in a particular
direction due to an angle or speed difference of the wheel relative to a free-rolling
wheel. The slip quantities and associated forces which are of interest in this study
are the longitudinal slip, κ, lateral slip angle α and the longitudinal and lateral
forces. In particular the influence of the longitudinal and lateral slip (or associated
force) on the steady-state lateral force generation is in focus.

Two different combined slip models and two different force versus slip models
are used so both will be given separately. The combined slip and force versus slip
models are combined independently. This combination results in

FY = χF (σ), (2.20)

where F (σ) and χ are the force magnitude and combined slip models, respec-
tively.

Since the most commonly used method in the literature is to use longitudinal
slip for the combined slip model and that this study primarily uses longitudinal
force as input [48], a comparison between the two approaches is made.

Force Magnitude Model The force magnitude is here assumed to be a function
of either the combined slip or only the lateral slip, depending on the combined slip
model. The two most significant parameters of the tire model are the cornering
stiffness (slope of force/slip through the origin) and the peak force. These factors
are determined by the tire characteristics, tire/road friction and the vertical load
on the tire. Depending on the road surface, two simple force models have been
used:

• Two parameter isotropic saturation model for low-friction surfaces

• Three parameter isotropic model with distinct peak for high friction surfaces

The simple saturation model works well for low friction surfaces which typically
do not exhibit a clear peak in the lateral force, whereas such a peak is typical
on high friction surfaces such as dry asphalt. The three parameter model is a
simplified version of the Magic Formula tire model. These models are

F1 = D sin(C arctan(Bσ)) (2.21)
F2 = D tanh(CBσ) (2.22)
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For the high-friction model (F1), the vehicle slip σ∗ for which the maximum force
is obtained (F1 = D) is

σ∗ =
1

B
tan

π

2C
(2.23)

The other model instead saturates at to a constant force for large slip values.
The tire parameters B, C and D are determined for a particular vertical load

and camber angle. These parameters can also be adjusted to include effects of
suspension and steering compliance [48]. These considerations are why these
parameters, in general, are different for the front and rear suspension although the
same tires are used.

Combined Slip Model The combined slip models are adopted from [48] and
are

χ1 =

√
1−

(
FX
µFZ

)2

, ∀|FX | ≤ µFZ cosα (2.24)

χ2 = σY /σ (2.25)

The first model uses the longitudinal force, FX , as input and the other model
uses the longitudinal slip, κ as input. The limitation on the longitudinal force in
Equation (2.24) is such that for a locked or spinning wheel, the wheel is viewed
as a sliding block, i.e. FX = µFZ cosα and FY = µFZ sinα.

For the second model, χ2,

σ =
√
σ2
X + σ2

Y (2.26)

and [
σX
σY

]
=

1

1 + κ

[
κ

tanα

]
(2.27)

Comparing different combinations of the force magnitude and combined slip
models The two combined slip and force magnitude models are compared in
Figures 2.3.a and 2.3.b, respectively. Both sub-figures show the normalized lateral
force as function of slip angle α. The two combined slip models show good
correlation and so do the two force magnitude models. Usually the tire operation
regions are divided into a linear operating region which in Figure 2.3 is for |α| <
5◦; a nonlinear region for 5◦ < |α| < 10◦; and a saturation region for |α| >
10◦. The main difference between the two combined slip models (a) is in the
linear region for large longitudinal forces, the cornering stiffness (slope through
the origin) is slightly overestimated for the model that uses FX as the input.
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Figure 2.3: Comparison of two different combined slip models (a) and to two different
force magnitude models (b). The dash-dotted line is the force for a locked or spinning
wheel when FY = µFZ sinα

In Figure 2.4, FY and FX for different levels of constant κ and α are shown
which further illustrates the effect of combined slip.

The two tire characteristics which are mostly used in this work are the lateral
grip, F lim

Y and the (effective) cornering stiffness, Cα. These are important since
the lateral grip on either axle will determine the lateral grip of the entire vehicle
and the cornering stiffness of the tires determine the understeer of the vehicle. The
lateral grip for each tire is

F lim
Y = χD = χµFZ (2.28)

where µ and FZ are the friction coefficient and vertical force, respectively. The
lateral grip of an axle is simply the sum of the lateral grip of the tires on that axle.
The cornering stiffness is

Cα =
∂FY
∂α

∣∣∣∣
α=0

= χBCD (2.29)
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Figure 2.4: FY and FX for different levels of constant κ and α

2.3 Comparison of Vehicle Models

The different vehicle models presented in Section 2.1 are compared for two dif-
ferent open-loop maneuvers. The vehicle and tire data is from Paper V and the
steering wheel to steer angle ratio is 16:1. The tire models used in this comparison
are χ1 and F1. The results presented in Figure 2.5 show the yaw rate, ψ̇, and side-
slip, β, which are the response to a 0.5Hz half-period sine steering wheel impulse
[18, 20] input with two different amplitudes. It can be seen from Figure 2.5.a and
2.5.b that for the low amplitude steering input, the response from all three models
are nearly identical. The reason for this correlation is that the tires, for this small
steering input, are excited in the linear operating region only. For a large steering
input as shown in Figure 2.5.c and 2.5.d, the differences in the models are more
significant, as expected.

Similar results can be seen when making a comparison of the vehicle response
to a ramp on the steering input as shown in Figure 2.6. For small steering inputs,
the three models give the same response, but for more steering the yaw rate and
side-slip of the different models diverge as the tires saturate.
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2.4 Driveline Systems
Although no driveline dynamics is considered in this study, the general layout of a
general mechanical driveline is taken into account. This is done to make it easier
to relate the implications of the obtained results to actual driveline actuators such
as clutches, differentials and other driveline components.

The powertrain starts with a power source – for example an internal combus-
tion engine (ICE) or electric motor (EM) – that drives more than one output in
which case drive force is divided through a power split device [27]. In this sec-
tion, some different power split devices and how the drive force is distributed by
these devices are discussed.

Apart from the role of the power-split device in the drive force distribution, it
may be relevant also to understand the nature of the power source. One simple
mathematical model that can be used to constrain the maximum drive force for
both an ICE as well as an EM is

F IN
X ≤ min(F lim

X (n), P lim/vX), (2.30)

where F IN
X is the output from the power source, Fmax

X (n) the maximum force for
the selected gear n and P lim is the maximum mechanical power. An example
force-speed map for a particular combination of ICE and transmission combina-
tion from Paper III is shown in Figure 2.7. There it can be seen how the maximum
force for lower speeds is limited by the engine’s torque limit and for higher speeds
is limited by the maximum power of the engine.

The most commonly used power split device is the (open) differential which
has one input and two outputs. Without any friction, a differential divides the
drive torque to each output with a fixed ratio (often 50:50) regardless of the speed
difference between the outputs. If the engine drives all four wheels, three power
split devices are necessary. Since the free-rolling wheel speeds on all four wheels
typically are different while cornering, restricting or superimposing a speed differ-
ence will generate a longitudinal force difference between the outputs which will
affect the cornering of the vehicle. The benefit of the differential is that the speed
difference on the outputs can be arbitrary while the torque ratio between the two
outputs is always constant (assuming no friction). This means that the cornering
behavior is not influenced as a result of interconnecting the wheels through the
driveline.

Although in most instances equal drive force distribution on the output shafts
is desirable, there are exceptions to this. One such instance is if the tire/road
friction at the different axles or wheels are very different. In this case, the total
longitudinal force is limited by the wheel with the least friction. By introducing
friction in the differential, however, the ratio between the drive forces on the out-
put shafts can be different than the mechanical ratio and thereby provide better
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Figure 2.7: Maximum engine force per gear as function of vehicle speed. This particular
engine has a torque limit of 400Nm and a power limit of 280hp.

overall traction. This ratio is called the torque bias ratio which is defined as

η =
Mhigh

Mlow

=
max(M1,M2)

min(M1,M2)
(2.31)

where,M1 andM2 are the torque on the first and second output shaft, respectively.
In order to illustrate the effect of friction in the differential on the traction perfor-
mance the relative traction (relative to the traction if the resistance on both outputs
were equal) versus the ratio between the high and low friction outputs for three
different configurations is shown in Figure 2.8. There it can be seen that the rela-
tive traction for an open differential is zero if the friction on the low-friction side is
zero. If instead the differential is locked, the traction capacity on the high-friction
output can be fully utilized.

Differentials with friction are called limited slip differentials (LSD), since the
speed difference is limited by added resistance between the outputs. The friction
can be proportional to the speed [49] or torque difference [9] between the out-
put shafts or be actively controlled. An example of an electronically controlled
LSD (eLSD) is presented in Paper III where the friction can be actively varied by
controlling the hydraulic pressure in a clutch. A principle sketch of an eLSD is
shown in Figure 2.9.b, where actuation of the clutch restricts the speed difference
between the input and one of the outputs. Since the outputs are connected through
the differential, this will also restrict the speed difference between the two outputs.
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Figure 2.8: Relative traction of an axle depending on the friction ratio between the low
and high friction of the two wheels. The same principle can be applied to the relative
traction between the front and rear axle.

Apart from the (LSD) which restricts the speed difference between the out-
puts, there are so-called torque vectoring differentials (TVD) which can impose a
speed difference. These differentials are advanced mechanical devices which are
typically composed of an open differential and two gear sets which – when en-
gaged – causes the outputs of the differential to rotate with a fixed speed difference
in either direction (one direction per gear-set). The concept shown Figure 2.9.a is
a TVD having a fixed left/right speed difference across two controllable clutches,
which connect the left and right drive shafts when engaged. This particular TVD
is described in more detail in references [16, 54, 56]. Other mechanical implemen-
tations of the same principle, but using a speed increasing/decreasing mechanism
on each side of the differential using planetary gears, is given in [34] or an elegant
solution using epicyclic gears in [60].

In addition to the open, limited slip and torque vectoring differentials, a clutch
placed between one input and one output, is also possible to be used for torque
transfer [41, 50, 64]. In Paper I four different front/rear drive force distribution
configurations are presented. There the effect modulating between an open and
locked clutch depending on where it is placed in the driveline is discussed. Typ-
ically the clutch is placed between the front and rear wheels where the power
source is directly connected to either front or rear axle. In Paper III, the clutch is
used to modulate the drive force transfer to the rear wheels.

As mentioned in the introduction, many consider individual drive on each
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a.) Torque vectoring differential (TVD) b.) Limited slip differential (eLSD)

Figure 2.9: Examples of two different rear differential units.

wheel as the ultimate all-wheel drive technology. Already with the presence
of two power sources driving different axles, a wide range of difference in the
front/rear drive force distribution becomes possible. Further developments, such
as torque vectoring systems using electric motors, may eventually lead to full
freedom in the distribution of the longitudinal forces on each wheel.



Chapter 3
Longitudinal Forces and Yaw Stability

The objective of this chapter is to provide the reader with an overview of the
effects of longitudinal force distribution on the yaw stability of the vehicle. Par-
ticular attention is given to differences in the left/right drive force distribution. It
will be shown that the yaw moment that arises from these differences has a signif-
icant influence on the yaw stability of the vehicle. The specific motivation of this
chapter is that the focus of all papers except Paper IV is mainly on road holding,
and that some additional discussion on yaw stability is therefore warranted, given
its importance to vehicle handling. This means that the vehicle response to inputs
from the driver (steering, throttle, brakes) and/or external disturbances should not
cause excessive yaw motion and/or leading to large side-slip angles.

The yaw stability aspects are divided into analyzing the convergence proper-
ties of solutions around a steady-state condition and the dynamic stability, which
here is defined as the rate of convergence after large deviations from steady-state
conditions. Firstly the influence of a constant turn-in yaw moment on the yaw
stability is studied. Secondly the effects of using individual braking to stabilize
excessive yaw motion or adding additional yaw damping to the system by locking
a differential are analyzed.

Stability analysis is a large subject, and this chapter only intends to provide
an overview of the yaw stability properties of the vehicle dynamics system. The
interested reader is referred to [26] for stability of general non-linear systems and
an excellent reference for stability for a wide range of vehicle systems (including
aircraft) is presented in [24].

In this chapter, first a motivational example will be presented to highlight that
yaw stability must be considered when applying a turn-in yaw moment. Next, the
influence of the understeer on the yaw stability of the linear bicycle model is dis-
cussed. Subsequently the handling diagram is presented, for which the understeer
can be determined also for the non-linear operating region of the vehicle. Using

21
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the handling diagram, the case where a turn-in yaw moment can cause the vehicle
to change from understeer to oversteer, and thus may become unstable, is studied
in detail. This case is further analyzed using phase-plane diagrams, where the dy-
namics of an autonomous non-linear system can be visualized. After discussing
solutions for a system with statically stable solutions, but which still may be con-
sidered unstable for some instances, a brief introduction to yaw stability control
and yaw damping strategies, will conclude the chapter.

3.1 Yaw Stability and Closed-loop Yaw Control in
the Presence of Understeer

The ability to control the curvature of the path is essential for safe operation of the
vehicle. This road holding ability is in Papers I and II studied from the perspective
of the road holding capability – lateral grip – of the vehicle. In Paper V the case
is studied where the entry speed is too high for the vehicle to track a particular
curve, given the available lateral grip. Such a situation is commonly referred to
as terminal understeer [37]. To mitigate the understeer, one commonly proposed
strategy is to increase the yaw rate for the curvature to increase [42]. If, however,
the yaw rate is increased beyond the lateral grip, instead the vehicle side-slip will
increase, thereby compromising the yaw stability.

In order to illustrate such a case, consider the (somewhat idealized) example
shown in Figure 3.1. Here three vehicles are all turning at the grip limit of the
vehicle and surface and with the same yaw rate. This could be the case if the
vehicles are following a common yaw-rate reference using a yaw control system
[66].

It can be seen in Figure 3.1 that following the same yaw rate for three different
surfaces may lead to very different outcomes for path following and yaw stability,
with excessive side-slip occurring on low friction surfaces. This excessive side-
slip will lead to loss of yaw stability, which may be uncontrollable for the driver.
A common way for the active yaw control system to avoid a too large yaw rate is
to limit the reference/target yaw rate by taking the (estimated) surface friction into
account [14, 66]. Such a strategy will prevent yaw instability, but does nothing to
improve path curvature; and when a driver makes a large steering input, it is likely
that the intention really is to increase the path curvature. The conclusion of this is
that the focus of the study should firstly be at optimizing the force magnitude and
direction and only secondly on the yaw rate following. This is also one motivation
for the particle model approach used to solve such problems in Paper V.

From this example it is obvious that, apart from the ability to change the path
curvature, the yaw stability is also essential for safe operation of the vehicle.
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Figure 3.1: Example of vehicle motion on three different surfaces with the same speed
and yaw rate.

3.2 Yaw Stability for the Linear Bicycle Model
Stability for the linear bicycle model can be determined by eigenvalue analysis
of the state matrix (Aref in Equation (2.17)). For the model to be stable for a
particular speed, the real part of the eigenvalues must be negative [26]. Here, the
study is limited to analyzing the stability of the yaw motion as response to changes
in the steering input. To do so, the influence of the longitudinal speed and vehicle
parameters on steady-state gain of the steering to yaw rate is studied.

From the linear bicycle model (Equation (2.17)) the steady-state yaw rate gain
from the steering input is obtained:

ψ̇

δ
=

vX
l +Kuv2X

(3.1)

where
Ku = −m

l

l1Cα1 − l2Cα2
Cα1Cα2

(3.2)

is identified as the understeer coefficient of the linear bicycle model. For the yaw
stability of a road vehicle, the understeer is an important steady-state characteris-
tic. It can be seen from Equation (3.1) that the steady-state gain tends to infinity
when the denominator tends to zero; which means that the yaw motion is unstable.
For this to occur the understeer must be negative (Ku < 0) and vX =

√
−l/Ku,

which is the critical speed. For a more detailed discussion on the relationship
between the understeer and stability the interested reader is referred to [3, 24, 48].

3.3 Handling diagram
The results which are obtained from the handling diagram [24, 47, 48] are the
similar as the experimental results from a vehicle test such as the ISO-4138 [21]
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steady-state cornering test. From this test the understeer and the lateral grip, for
both the linear and non-linear operating region, can be determined and the han-
dling diagram is a useful tool to visualize these results.

In order to give some background useful to the understanding of the handling
diagram, some kinematic relationships of a turning vehicle are given in Figure 3.2.
The solid circle to the top left is the vehicle’s instantaneous center of rotation.
The front and rear slip angles in the figure are α1 and α2, respectively. If the
test is performed with a constant cornering radius, R, and the tangential speed
is increased, then also the slip angles increase. Note that in the figure, the scale
of the vehicle is exaggerated relative to the cornering radius. In all instances
relevant to this study, l � R, therefore small angles approximations are used.
From Figure 3.2 it can be seen that

δ − l/R = α1 − α2 (3.3)

Note in particular that if the speed of the vehicle is low the slip angles are zero
then δ = l/R. This angle is referred to as the Ackermann angle [48].

In Figure 3.3 the normalized lateral force versus tire slip angle is shown in
Figure 3.3.a and the handling diagram in Figure 3.3.b. In the handling diagram,
the lateral acceleration is treated as the independent parameter, but is shown on
the ordinate axis to aid the comparison with the normalized lateral forces of each
axle. In the handling diagram the difference between the front and rear slip angles
are then shown relative to the lateral acceleration.

The understeer of the vehicle is defined as [21]:

Ku = −∂(δ − l/R)

∂aY
= −∂(α1 − α2)

∂aY
(3.4)

which is the slope of the handling curve in Figure 3.3.b. It is straightforward to
verify that the expression in Equation (3.2) can also be obtained by using this
definition, the linear tire model (2.16), the yaw balance, and the turning geometry
in Figure 3.2. The linear slope of the handling curve is in Figure 3.3.b accentuated
with the line with diamond markers.

The lateral grip can be seen in the diagram as the peak lateral acceleration
indicated with an asterisk in Figure 3.3.b. Comparing Figure 3.3.a and 3.3.b one
can see that the lateral grip is limited by the front axle in this case. Also, since
normalized cornering stiffness (slope in 3.3.a) is less for the front axle than for the
rear, the understeer is always positive. More examples of handling diagrams for
different tire characteristics are given in [24] and [48].
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radius. The solid circle to the top left is the vehicle’s instantaneous center of rotation.
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3.4 Stability and the Handling Diagram
This stability discussion deals with the stability properties for small perturbations
around a particular steady-state condition. Here we will study the influence of a
turn-in yaw moment on the yaw stability. One example will be given where this
yaw moment can change the behavior of the vehicle, from being statically stable
for any lateral acceleration to being stable for small but unstable for large lateral
accelerations.

If the yaw moment is such that Ku < 0 for some combination of vX and δ, the
vehicle may become unstable for that yaw moment [24, 48].

In Figure 3.4 two different cases are studied. One is without any additional
yaw moment (circle markers) and the second (square markers) with a yaw moment
such that the lateral grip is maximized. This yaw moment provides that both front
and rear axles reach the lateral grip simultaneously, and can be identified in the
MMM-diagram in Paper IV as the vertical distance between the right or left vertex
and the abscissa of the diagram.

Given that the yaw moment and the speed are fixed, the lateral acceleration
at which the vehicle will become unstable is the point where the slope of the
handling curve is parallel to the straight line that relates the lateral acceleration
to the Ackermann steering (l/R) for a given speed [48] (indicated with triangles
for 90km/h in Figure 3.4). This point is marked with an asterisk in Figure 3.4. It
can also be seen from the right handling curve (which changes from understeer to
oversteer) that, for the same steering input, two different lateral accelerations can
be reached. The lower lateral acceleration is a stable steady-state condition and
the point above the asterisk is unstable.

It may further be noted that the unstable steady-state condition can also be
reached with a (large) steering input in the opposite direction (right of the Ack-
ermann curve). This means that, while turning left, the steering is in the right
direction. This condition is referred to as drifting, studied in [11, 45, 67, 68], for
instance.

3.5 Dynamic Stability
Non-linear systems may have multiple steady-state solutions with different quali-
tative behavior [26], as could be seen in the previous section. One useful method
to visualize qualitative behavior for large deviations from the steady-state solu-
tion is the phase portrait. Since the method is limited to systems with two state
variables, the phase portrait is generated for the side-slip β and the yaw velocity
ψ̇ using a fixed longitudinal speed and steering input.

In Figure 3.5 an example of a phase portrait using the bicycle model (2.12) is
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Figure 3.4: Handling diagram for a fixed 15◦ steering wheel input at a velocity of 90km/h.
The straight inclined lines marked with a given speed relate the lateral acceleration to the
path curvature for that speed.

shown, thereby using the same speed and steering input as for the right handling
curve in Figure 3.4. Since a sufficiently large turn-in yaw moment is applied to
the vehicle, an additional equilibrium appears. This equilibrium is characterized
as a saddle node [26] since a linearization of the bicycle model around this equi-
librium results in one stable (negative real part) and one unstable (positive real
part) eigenvalue. The two equilibrium points in Figure 3.5 are the same as the
two points for the right handling curve in Figure 3.4 that equate to 15◦ steering
wheel angle input (marked with horizontal lines). The lateral acceleration at each
equilibrium is aY = vXψ̇.

The bold curve through the saddle node is the separatrix which separates the
stable and unstable manifolds of the phase portrait. By linearizing the system
around the saddle node, the eigenvector associated with the stable eigenvalue
gives an (conservative) approximation of the separatrix. This approximation is
in Figure 3.5 shown by the dashed diagonal line through the saddle node. The
normalized distance between any point in the state-space to the separatrix could
be viewed as a stability margin.

Even though there is only a stable focus in the phase-plane (no saddle nodes),
there may still exist solutions that are considered unstable. This is for the case
when MDYC

Z = 0, corresponding to the left handling curve in Figure 3.4. One
particularly severe maneuver for yaw stability is the sine-with-dwell maneuver
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Figure 3.5: Phase portrait for a fixed 15◦ steering wheel input at a velocity of 90km/h.
Shown are also the separatrix (bold solid) and the equilibrium points (circles).

[43], which is developed to evaluate the yaw stabilization ability of an ESC sys-
tem. During this maneuver, a rapid steering cycling of the steering input causes
the lateral forces to act out of phase during a short period, generating a large yaw
motion. Unless the yaw motion is stabilized, sufficiently large amplitudes of the
steering input causes unacceptably large (unstable) changes in the heading direc-
tion of the vehicle.

In Paper IV the stability criteria of the sine-with-dwell maneuver are related
to Lyapunov stability [12, 26]. The stability criteria for this maneuver are such
that the yaw rate must converge to zero “sufficiently fast” after the steering input
is brought back to zero [43]. In Figure 3.6, a phase portrait for δ = 0 and vX =
25 m/s is shown together a contour of the gradient for a simple quadratic Lyapunov
candidate function. The contour presented in the phase-plane is where gradient is
zero:

V̇ = ψ̇ψ̈ + η2ββ̇ = 0, (3.5)

where η is tuned such that V̇ ≈ 0 when the stability criteria in [43] are just
met. This means that we can relate a well-known stability criterion, namely the
Lyapunov stability to the stability criteria in [43] and analyze the results in a phase
portrait.
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Figure 3.6: Phase portrait and the state history of a Sine-with-Dwell maneuver. In the
upper left and lower right corners, the contour of the Lyapunov gradient surface where
V̇ = 0 is shown. The asterisk marks where the steering input is completed.

3.6 Yaw Stability Control

In order to avoid loss of yaw stability, yaw stability control is applied using longi-
tudinal forces to generate a counteracting yaw moment. The yaw stability control
is in Paper IV based on a simple proportional controller, braking the outer front
wheel when a certain limit of deviation between the actual yaw rate and the ref-
erence yaw rate is detected. The control diagram for this system is shown in
Figure 3.7. Although the system inevitably will slow down the vehicle, the yaw
stability control system is an excellent example of how to use longitudinal forces
to accomplish a large safety benefit.
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Figure 3.7: Yaw stability control diagram.
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Figure 3.8: Passive vehicle (circle markers) and yaw damping (square markers).

3.7 Yaw Damping
Rapid changes in the steering input during high-speed driving or a sudden throttle
off in a turn can be additional areas where yaw stability could become compro-
mised. In contrast to the yaw stability control described earlier, no changes in the
steady-state characteristics are aimed for. Also, in general no reduction in speed is
accomplished meaning that the intervention can be made more often than an ESC
intervention.

The throttle off in a turn, studied in Paper III, causes an instant reduction in
turning radius due to the longitudinal load transfer as discussed in Paper I. There it
is shown that the eLSD can provide significant improvements in the yaw damping.

Here, a simple derivative control on the deviation between the actual and ref-
erence yaw rate is combined with gain scheduling. The results for a step-steer are
shown in Figure 3.8. There it can be seen that significant improvements in the
damping of the yaw motion can be achieved. It can further be seen in the figure
that a properly designed yaw damping strategy does not effect the rise-time or the
steady-state gain.



Chapter 4
Summary of Appended Papers

This chapter chapter summarizes the main points and context of the appended
papers.

4.1 Paper I – Front/Rear Drive Force Distribution
The objective of this paper is to describe the combined longitudinal and lateral
road holding capability with the simple single-track model. To facilitate a better
correlation of the single-track model to more complex models, closed-form ex-
pressions that better describe critical axle performance parameters than currently
used approximations, are necessary. The expressions for the lateral grip limits
and the vehicle understeer are therefore developed to account for general cases of
front/rear drive force distributions.

The dynamic square method, presented in (author?) [25], is used to show the
effect of an arbitrary front/rear drive force distribution on the lateral grip. Using
this diagram the optimal front/rear drive force distribution can be graphically iden-
tified. Another objective of this paper is to extend the dynamic square method so
that both the grip limit and the understeer can be analyzed under conditions with
constant longitudinal acceleration.

The developed single-track model and extensions to the dynamic square method
are applied to four particular driveline configurations, thereby demonstrating the
application of these methods for analysis of modern driveline systems.

4.2 Paper II – Optimal Force Distribution
As in Paper I, the influence of drive force distribution in AWD vehicles is in
this paper studied from the aspects of lateral grip and vehicle understeer when
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RDM (Rear Drive Module)
PTU (Power Take‐off Unit)

TTD (Torque Transfer Device)
Prop‐shaft

RDCM (Rear Drive Control Module)

eLSD (Electrical Limited Slip Differential)

Figure 4.1: Saab XWD System

accelerating in a turn. In this paper, however, the scope is expanded to also include
the effects of left/right drive force distribution.

In this paper a new method of optimizing the longitudinal force distribution
for combined traction/braking and cornering is studied. In order to provide a
general, simple and flexible problem formulation, the optimization is addressed
as a quadratically constrained linear programming (QCLP) problem. This method
gives fast numerical solutions and makes it also possible to conveniently include
a wide range of different driveline configurations to the problem formulation.

Optimizing the distribution of the individual wheel forces using the quasi
steady-state assumption is useful for the analysis of particular driveline configu-
rations in relation to the combined lateral and longitudinal grip envelope [51, 55].
The addition of the QCLP problem formulation in this paper, makes another pow-
erful tool available to the vehicle dynamics analyst to perform such studies.

4.3 Paper III – XWD Driveline Technology

This paper describes the development and vehicle integration of one particular
all-wheel-drive driveline system, named XWD or cross-wheel-drive [27]. The
XWD-system, shown in Figure 4.1, is comprised of an active on demand driven
rear-axle, coupled to the front by means of an electronically controlled hydraulic
clutch to distribute a variable amount of torque from front to rear. In addition to
this front to rear distribution, the system is capable of transferring torque laterally
across the rear-axle as well using an electronic limited slip differential (eLSD).

A complete system overview is provided in this paper, detailing each part of
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the system and explaining both their mutual and external interfaces. Once having
presented all key characteristics, the paper also presents how these characteristics
determine system behavior on a vehicle level, i.e. especially on vehicle dynam-
ics properties like traction and handling performance. Furthermore, the paper
presents specific development implications related to the integration in the target
application, i.e. how on one hand the vehicle architecture needed to be changed
in order to incorporate the described system and how the system itself is tailored
to excel in the particular vehicle.

4.4 Paper IV – Driver Warning Strategies

In this paper several indicators of instability are reviewed during a lane-change
type maneuver. The lane-change type maneuver used here is the sine-with-dwell
maneuver from the FMVSS-126 regulation [43]. The maneuver was suitable for
our purpose of evaluating stability, since the maneuver is designed to invoke vehi-
cle instability and thereby evaluating the ESC system’s effectiveness to stabilize
the vehicle.

It is assumed that it would be beneficial if the driver could cooperate with the
ESC system by countersteering after the completion of the lane-change maneuver.
For this purpose several indicators related to for instance the yaw acceleration and
the side-slip rate together with a crude friction estimation were developed. These
indicators are shown to give unambiguous warning thresholds on the two different
surface for which these indicators were evaluated. These indicators, which were
based on easily measurable variables, were further compared to classical evalua-
tion tools such as the MMM diagram [38], phase portrait analysis and Lyapunov
stability [26]. The conclusions are that stability indicators based on side-slip rate
and yaw acceleration give an early indication of possible instability.

Other methods such as the Lyapunov analysis and deviation from a reference
model gave an indication of instability only after completion of the maneuver.
Additionally, the deviation from a reference model was used to trigger the ESC
system which brakes the individual wheels to stabilize the vehicle.

It is shown in this paper that a combination of countersteer and ESC interven-
tion triggered a quicker ESC intervention with a shorter duration. This is under-
stood to show that a cooperation between the driver and the stability control gives
a better overall system performance.
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4.5 Paper V – Optimal Path Recovery Strategy
In this paper the problem of a vehicle overshooting a simple circular reference
trajectory, due to friction limits, is considered. This is a situation referred to as
terminal understeer [6] resulting from reaching the road holding limit of the front
axle. In order to minimize the effects of a deviation from the desired trajectory, the
path recovery task is formulated: to minimize the maximum off-tracking distance
from the reference trajectory.

For any particular path recovery strategy, maximum off-tracking occurs when
the direction of the velocity vector is tangent to the reference trajectory, provided
the reference trajectory is sufficiently smooth and provided the vehicle speed at
that instant no longer exceeds the maximum admissible tangential velocity for the
future reference trajectory. In this work, the particular case of a circular reference
trajectory was considered, and in this case a rigorous optimal control strategy was
found for a particle model. It is found that minimum off-tracking is achieved by
directing the force in a globally fixed direction, perpendicular to the path tangent
at the anticipated point of maximum off-tracking. This recovery to the reference
trajectory is identified as the well-known parabolic motion seen for ideal projec-
tiles moving in free-fall under gravity. Because of the optimal path recovery being
a projectile motion, the strategy is named the parabolic path recovery strategy.

It is further shown that the parabolic path recovery strategy can be successfully
tracked by a model of rigid body motion of a passenger vehicle and can also
be applied to non-circular reference trajectories. The parabolic path recovery is
compared to a standard ESC understeer mitigation strategy based on braking the
inner wheels. It is found that the new strategy solves the path recovery problem
with significantly reduced off-tracking and better stability margins due to less
side-slip.



Chapter 5
Discussion

This study covers a wide range of handling characteristics and the influence of
longitudinal forces on these characteristics. In this chapter the main scientific
contributions are summarized, conclusions are made and future work is identified.

5.1 Scientific Contributions

The main scientific contributions are presented in the appended papers. A sum-
mary of the most significant findings are given below.

In Paper I, a new axle-level combined friction model enables a correct rep-
resentation of vehicles with open front and/or rear differentials using a simple
single-track vehicle model relative to the commonly used more complex two-
track vehicle model. This model represents the lateral load transfer due to cor-
nering more accurately than a standard friction circle and much simpler than the
two-track model.

In Paper II the objective is to develop a framework for the optimization of
general driveline configurations for optimal combined grip. These problems have
been addressed by using a simple load transfer model resulting in the quadratically
constrained linear programming (QCLP) formulation. The QCLP formulation
provides a faster and more flexible method to perform optimization of the wheel
force distribution than methods currently available.

In Paper IV six different friction independent indicators of a critical cornering
situation are evaluated. Two of these indicators are related to the Milliken Mo-
ment Method-diagram and one of them relates the stability of the vehicle to the
Lyapunov stability. Since five of these indicators were able to identify the critical
cornering situation approximately one-half to one second prior to the oversteer in-
tervention from the ESC-system, these indicators could be used for driver warning
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or activation of additional yaw damping from, for instance, an eLSD or TVD.
In Paper V the problem of path recovery is addressed for the case when the

speed of a vehicle speed is too high to permit successful tracking of a circular ref-
erence path. The essential element of the presented approach is in the allocation of
resultant vehicle forces derived from a simple particle representation. In this case
the optimal path recovery is shown to be a classical parabolic trajectory resulting
from a constant target acceleration vector. When this strategy is implemented for
a simple vehicle model, the maximum deviation from the intended path is only
half of that of a standard ESC understeer mitigation approach of braking the inner
wheels.

5.2 Conclusions
This work sets out to improve the fundamental understanding of the driveline/vehicle
system related to road-holding limit handling characteristics. This objective is
achieved by introducing simplified mathematical models which, for instance, makes
it possible to study the effects from front/rear drive force distribution using a sim-
ple single-track vehicle model. This is in contrast to the common approach of
using a more complex two-track vehicle model for this purpose. Based on these
models, closed form expressions that describe the influence of several common
driveline configurations on the lateral grip, are developed.

Since much information can be conveyed in graphical representations, these
were developed and extensively used in this study with actual driveline systems
in mind. One example of this is the dynamic square method which is successfully
applied to the analysis of actual vehicle applications as demonstrated in Papers I,
II and III.

Having established the necessary modeling framework, these models have
been used to optimize the longitudinal force distribution with the objective to
maximize the combined longitudinal and lateral grip. In Paper I, where only the
front and rear longitudinal force is varied the front/rear distribution that results
in the maximum lateral grip could be graphically identified. For the case where
also the left/right drive force distribution is varied, the new QCLP optimization
problem formulation was applied to expand the work from Paper I. The strengths
of the new QCLP formulation are that it is numerically efficient, and flexible in
terms of configuration and direction into which the force vector is maximized.
Apart from these benefits, the method is equally accurate as standard non-linear
programming formulations currently available.

Although this study mainly focuses on longitudinal force distribution in driv-
eline systems, the path recovery strategy shown in Paper V uses a brake force
distribution based on a strategy which in Paper II is presented for a driveline sys-
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tem. This demonstrates that much of the learnings developed for traction forces
can also be extended to brake forces.

Dynamic stability is studied in Paper IV. As with the drive force optimization,
a simple bicycle model is shown to be useful to explain the phenomena that create
the yaw instability that is provoked by for instance the sine-with-dwell maneuver.
For this purpose existing methods such as Lyapunov stability concepts and phase
plane representations are applied in a new way to solutions that generate excessive
yaw motion. The understanding of these fundamentals as presented in Paper IV
mean that interventions from, for instance, an active differentials can be activated
around one second prior to the intervention of an ESC-system and thereby ex-
panding the range within which the driver remains in control of the vehicle.

The results obtained in this work can be applied for analysis of the perfor-
mance of current and upcoming driveline and brake systems and as components
in the associated active control for these systems. Overall, the present work has
expanded the fundamental framework of vehicle modeling, optimization formula-
tions and graphical representations for analysis and optimization of a wide range
of driveline system properties and vehicle level characteristics.

5.3 Future Work
The findings in this project that considerable insight can be gained using simple
models to better describe the limit handling characteristics during quasi steady-
state conditions. Similar expansions can therefore likely be made to transient
and dynamic effects from longitudinal force inputs. Theory describing the yaw
damping effect from locked differentials as shown in Papers III, IV and V could
for instance be expanded to limit handling conditions.

Further, of the four driveline configurations studied in Paper II, only for the
fully active driveline, closed form expressions were derived that relate the drive
force distribution to a given total drive force. A natural expansion in this area
would be to find closed-form solutions also for other configurations. Another
area for future research is to better understand the safety critical situations where
longitudinal acceleration is vital to avoid an accident. It might be possible to solve
some of these problems as an optimal control problem using a particle model in a
similar fashion as is done in Paper V.

The methods developed in Paper IV for detecting a critical cornering situation
require substantially more work before these methods could be implemented in a
vehicle application, such as driver warning. More driving cases should be stud-
ied both to expand the detection capability of the system, but also to avoid false
activations. The human/machine interface also requires a considerable amount of
research and development as to the presentation of the warning and evaluation
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of the driver’s reaction to such a warning. Also other usages of early detection,
not necessarily involving the driver such as earlier activation of yaw damping are
indicated in the work and could be further explored.

It would also be interesting to study applications for the linear approximation
of the quadratic tire constraints in Paper II. One likely application is model pre-
dictive control of similar problems as are studied in Paper V, but with a complete
vehicle rather than only a particle representation.
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