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MODULES AND HOPF STRUCTURES FOR (TWISTED)
GENERALIZED WEYL ALGEBRAS

JONAS T. HARTWIG

ABSTRACT

This work consists of two papers on (twisted) generalized Weyl algebras.

In the first paper we present methods and explicit formulas for describing simple
weight modules over twisted generalized Weyl algebras. When a certain commuta-
tive subalgebra is finitely generated over an algebraically closed field we obtain a
classification of a class of locally finite simple weight modules as those induced from
simple modules over a subalgebra isomorphic to a tensor product of noncommuta-
tive tori. As an application we describe simple weight modules over the quantized
Weyl algebra.

In the second paper we derive necessary and sufficient conditions for an ambiskew
polynomial ring to have a Hopf algebra structure of a certain type. This construc-
tion generalizes many known Hopf algebras, for example U(sl,), U,(sl,) and the
enveloping algebra of the 3-dimensional Heisenberg Lie algebra. In a torsion-free
case we describe the finite-dimensional simple modules, in particular their dimen-
sions and prove a Clebsch-Gordan decomposition theorem for the tensor product
of two simple modules. We construct a Casimir type operator and prove that any
finite-dimensional weight module is semisimple.

Keywords: Generalized Weyl algebra, weight module, quantum Weyl algebra,
ambiskew polynomial ring, Hopf algebra, quantum group
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1. INTRODUCTION

This thesis is about certain algebras and certain modules over them. Let A
be a C-algebra. A left A-module M is called simple if it has only itself and {0}
as submodules. The reason for calling them simple is that they are the building
blocks of more complicated modules. However even the simple modules can be very
complicated themselves.

Recall that a C-algebra A is commutative if the multiplication satisfies ab = ba
for any a,b € A. If A is a commutative C-algebra, then one can show that any
simple module over A which is finite-dimensional as a vector space must in fact
be one-dimensional. If A is not commutative then, in general, the complexity of
simple modules has no limits in some sense.

Therefore, to study non-commutative algebras and their modules, it is natural to
restrict attention to some class of algebras which on the one hand is sufficiently big
to include both important and already understood examples as well as new ones,
while on the other hand is small enough to allow a detailed description or at least
provides a setting for an interesting theory to be developed.

To motivate the class of algebras treated in this thesis we first consider a sim-
pler structure. Assume that R is a commutative C-algebra. To add some non-
commutativity, we introduce a new abstract symbol X, and consider all expressions
obtained from X and the elements of R using addition and multiplication. To get
something more interesting we require in addition that for each r € R there is a
unique 7’ € R such that

Xr=rX.

It is an exercise to verify that the map ¢ : R — R, r — 1’ is a ring homomor-
phism. The resulting C-algebra is called a skew polynomial ring and is denoted by
R[X;0]. The name comes from the fact that R[X ;o] can be viewed as the set of
all polynomials

N
(1) S X
n=0

with ordinary addition but multiplication is skew in the sense that
(1.2) Xr=o(r)X.

This means that when two sums of the form (1.1) are to be multiplied we must use
(1.2) several times to get a sum of the form (1.1) again. If o(r) = r for allr € R
then R[X ;o] is the ordinary commutative ring of polynomials in one indeterminate
X with coeflicients in R.

2. GENERALIZED WEYL ALGEBRAS

We now define the main object of the thesis — generalized Weyl algebras.

Definition 2.1. Let R be a commutative C-algebra, let o be a automorphism of R
and let ¢ € R. The generalized Weyl algebra (GWA) R(o,t) is defined as the ring
extension of R by two generators X and Y modulo the following relations

(2.1) YX=t XY=0@), Xr=o(r)X, r¥Y=Yo(r)
for r € R.
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Example. Let
A=C(z,0: 0z —x20 =1).

Then A is isomorphic to the GWA C[t](o,t) where o(t) = t —1 via the map = — X,
0o—Y.

The class of GWAs also includes the enveloping and quantum enveloping algebra
of the Lie algebra s[,. The definition of GWA first appeared in Bavula [1]. Besides
structural properties of GWAs, the author studied simple modules over a special
type of GWA. More precisely, he gave a classification of all finite-dimensional simple
modules up to indecomposable elements of a Euclidean ring. He also described
necessary and sufficient conditions for the category of its finite-dimensional modules
to be semisimple, i.e. for any finite-dimensional module to be a direct sum of simple
ones.

In general however, the classification of finite-dimensional simple modules over
a GWA is complicated. Moreover, most of the simple modules over a GWA are
infinite-dimensional and there exist simple modules which depend on arbitrary
many number of parameters. To obtain results, one needs to restrict the class
of modules. One such restriction is to study so called weight modules.

Let V be a module over a GWA. A vector v € V is called a weight vector if it is
annihilated by some maximal ideal of R. As an example, suppose R = Clz]. Then
any maximal ideal is of the form (z — «) where « € C. Thus v € V is a weight
vector iff zv = av for some «, i.e. iff v is an eigenvector of (the linear operator
represented by) . A module V' over a GWA is called a weight module if

V = OmeMax(r)Vm, where Viy = {v € V :mv = 0}.

Here Max(R) denote the set of all maximal ideals of R. Intuitively this means that
V has a basis in which each » € R is represented by a diagonal matrix. Weight
modules over GWAs have nice properties. For example

XVm - Va(m)v and YVm - Va—l(m).

Thus one can partly visualize such a module as a lattice of weights m together
with the action of X and Y on the weight components V;,. Also note that, if R
is finitely generated, then any finite-dimensional simple module over a GWA is a
weight module. In this sense the restriction to weight modules is not too restrictive.

In [5], Drozd, Guzner and Ovsienko described all simple and even indecomposable
(i.e. those which are not direct sums of proper submodules) weight modules over a
general GWA.

Higher rank analogues of GWAs were introduced in [3]. They are defined using
2n symbols X;,Y;, ¢ = 1,...,n where each pair X;,Y; satisfies relations of the type
(2.1) and in addition

Indecomposable modules over such algebras were studied in [3]. They showed that,
contrary to the results of [5], in most cases the description of all indecomposable
weight modules over a higher rank GWA is very complicated (a so called wild
problem).
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3. TWISTED GENERALIZED WEYL ALGEBRAS

There are still some examples, like higher rank quantum Weyl algebras, which
behave similarly as the higher rank GWAs but can not be realized as such in a
natural way. To be able to include these examples, Mazorchuk and Turowska [10]
introduced a twisted higher rank analogue of GWAs. Twisted means that more
non-commutativity is allowed. More precisely the generators X;, Y; (i # j) are
allowed to not commute. The exact definition of twisted GWA is given in Paper I.
The introduced class contains besides higher rank GWA also examples which are
closely related to finite-dimensional simple Lie algebras (see [9]). In [10], [9] the
authors began to study simple weight modules over twisted GWAs.

In Paper I we continue this study, describing a more general class of simple
modules. The results can be applied to many examples and to illustrate how we
give a classification of simple weight modules over the quantum Weyl algebra.

4. HOPF ALGEBRAS AND GENERALIZED WEYL ALGEBRAS

Let A be a C-algebra. The multiplication in A is a bilinear map from A x A to
A. Hence it can be viewed as a linear map from A ® A (by ® we will mean ®¢)
to A. Dually, one defines a coproduct A on a linear space V to be a linear map
V — V ® V. This coproduct is called coassociative if

(A®Id)(A(v)) = Id®A)(A(v)), for any v e V.

A Hopf algebra is an algebra together with an associative coproduct A. The product
and coproduct should be compatible in the sense that A : A — A® A is a homomor-
phism when A ® A is given the algebra structure satisfying (a ® b)(¢c® d) = ac® bd
for a,b,c,d € A. A Hopf algebra should also have a counit and an antipode (see
Paper II for definition). The following example shows one way that Hopf algebras
appear “in nature”.

Example. Let G be a group and let H = F(G, C) be the set of all complex-valued
functions on G. It is a commutative algebra under pointwise operations. We define

A':H — F(G x G,C)

by
A'(p)(g,h) = p(gh) for p € H,g,h € G.

Composing A’ with the natural isomorphism F(G x G,C) ~ H ® H defines a
coproduct A on H. Using that G is associative one can check that A is coassociative.
Similarly one can define a counit and antipode and verify that H is a Hopf algebra.

In the second paper we consider Hopf algebra structures on a subclass of GWAs,
the so-called ambiskew polynomial rings. This subclass was studied by Jordan in
[6], [7] and includes the down-up algebras defined by Benkart and Roby in [4].
Necessary conditions for a down-up algebra to be a Hopf algebra were given in [8].

One important property of Hopf algebras is that the coproduct allows one to
define a module structure on the tensor product space V ® W of two modules
V and W. We give a formula for decomposing the tensor product of two simple
modules into a direct sum of simple modules, generalizing the classical and quantum
Clebsch-Gordan formula. We also prove that any weight module is semisimple.
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LOCALLY FINITE SIMPLE WEIGHT MODULES OVER
TWISTED GENERALIZED WEYL ALGEBRAS

JONAS T. HARTWIG

ABSTRACT. We present methods and explicit formulas for describing simple
weight modules over twisted generalized Weyl algebras. When a certain com-
mutative subalgebra is finitely generated over an algebraically closed field we
obtain a classification of a class of locally finite simple weight modules as those
induced from simple modules over a subalgebra isomorphic to a tensor product
of noncommutative tori. As an application we describe simple weight modules
over the quantized Weyl algebra.

1. INTRODUCTION

Bavula defined in [1], [2] the notion of a generalized Weyl algebra (GWA) which
is a class of algebras which include U(sl(2)), U,(sl(2)), down-up algebras, and the
Weyl algebra, as examples. In addition to various ring theoretic properties, the
simple modules were also described for some GWAs in [2]. In [6] all simple and
indecomposable weight modules of GWAs of rank (or degree) one were classified.

So called higher rank GWAs were defined in [2] and in [3] the authors studied
indecomposable weight modules over certain higher rank GWAs.

In [8], with the goal to enrich the representation theory in the higher rank case,
the authors defined the twisted generalized Weyl algebras (TGWA). This is a class
of algebras which include all higher rank GWAs (if a certain subring R has no zero
divisors) and also many algebras which can be viewed as twisted tensor products
of rank one GWAs, for example certain Mickelsson step algebras and extended Or-
thogonal Gelfand-Zetlin algebras [7]. Under a technical assumption on the algebra
formulated using a biserial graph, some torsion-free simple weight modules were de-
scribed in [8]. Simple graded weight modules were studied in [7] using an analogue
of the Shapovalov form.

In this paper we describe a more general class of locally finite simple weight
modules over TGWAs using the well-known technique of considering the maxi-
mal graded subalgebra which preserves the weight spaces. It is known that under
quite general assumptions (see Theorem 18 in [5]) any simple weight module over
a TGWA is a unique quotient of a module which is induced from a simple module
over this subalgebra. Our main results are the description of this subalgebra un-
der various assumptions (Theorem 4.5 and Theorem 4.8) and the explicit formulas
(Theorem 5.4) of the associated module of the TGWA. In contrast to [8], we do
not assume that the orbits are torsion-free and we allow the modules to have some
inner breaks, as long as they do not have any so called proper inner breaks (see
Definition 3.7). The weight spaces will not in general be one-dimensional in our
case, which was the case in [8], [7].

Moreover, as an application we classify the simple weight modules without proper
inner breaks over a quantized Weyl algebra of rank two (Theorem 6.14).

2000 Mathematics Subject Classification. Primary 16G99; Secondary 16D60, 81R10, 17B37.
1



2 JONAS T. HARTWIG

The paper is organized as follows. In Section 2 the definitions of twisted gen-
eralized Weyl constructions and algebras are given together with some examples.
Weight modules and the subalgebra B(w) are defined.

In Section 3 we first prove some simple facts and then define the class of simple
weight modules with no proper inner breaks. We also show that this class properly
contains all the modules studied in [8].

Section 4 is devoted to the description of the subalgebra B(w). When the ground
field is algebraically closed and a certain subalgebra R is finitely generated, we
show that it is isomorphic to a tensor product of noncommutative tori for which
the finite-dimensional irreducible representations are easy to describe.

In Section 5 we specify a basis and give explicit formulas for the irreducible
quotient of the induced module.

Finally, in Section 6 we consider as an example the quantized Weyl algebra
and determine certain important subsets of Z" related to B(w) and the support
of modules as solutions to some systems of equations. In the rank two case we
describe all simple weight modules with finite-dimensional weight spaces and no
proper inner breaks.

2. DEFINITIONS

2.1. The TGWC and TGWA. Fix a positive integer n and set n = {1,2,...,n}.
Let K be a field, and let R be a commutative unital K-algebra, o = (01,...,0n)
be an n-tuple of pairwise commuting K-automorphisms of R, g = (f4i;)i,jen b€ a
matrix with entries from K* := K\{0} and t = (¢1,...,t,) be an n-tuple of nonzero
elements from R. The twisted generalized Weyl construction (TGWC) A’ obtained
from the data (R, o, t, ) is the unital K-algebra generated over R by X;,Y;, (i € n)
with the relations

(2.1) Xir = (1) X, Yir =o; Y (r)Y; for r € R,i € n,
(22) Y, X =t XY = O'i(ti), fori e n,
(2.3) XiY; = pi Y5 X5, for i,j € n,i # j.

From the relations (2.1)-(2.3) follows that A’ carries a Z"-gradation {A}gezn
which is uniquely defined by requiring

deg X; =¢;, degY;=—e¢;, degr=0, forien,reR,

where e¢; = (0,..., ZZL, ...,0). The twisted generalized Weyl algebra (TGWA) A =
A(R,o,t,p) of rank n is defined to be A’/I, where I is the sum of all graded
two-sided ideals of A’ intersecting R trivially. Since I is graded, A inherits a Z"-
gradation {Ay}gezn from A’

Note that from relations (2.1)—(2.3) follows the identity

(24) Xinti = XinﬂjZ'O'j_l(ti)
which holds for 7,5 € n,i # j. Multiplying (2.4) from the left by u;;Y; we obtain
(2.5) Xi(titj — uijlujiO'i_l(tj)O'j_l(ti)) =0

for i,j € n,i # j. One can show that the algebra A’, hence A, is nontrivial if one
assumes that ¢;t; = uijuj,-a;l(tj)ajl(ti) for i,j € n,i # j. Analogous identities
exist for Y;.

2.2. Examples. Some of the first motivating examples of a generalized Weyl alge-
bra (GWA), i.e. a TGWC of rank 1, are U(s[(2)), Uy(s((2)) and of course the Weyl
algebra A;. We refer to [2] for details.

We give some examples of TGWAs of higher rank.
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2.2.1. Quantized Weyl algebras. Let A = (X;;) be an n X n matrix with nonzero
complex entries such that \;; = )\j_il. Let ¢ = (q1,-.-,¢n) be an n-tuple of elements
of C\{0, 1}. The n:th quantized Weyl algebra A% is the C-algebra with generators
i, yi, 1 <1 < n, and relations

(2.6) T = qiNij T, Yili = NijYsYis
(2.7) Ty = AjiyiTi, Ty = QiNijYiTs,
1—1
(2.8) vy — qyivi =1+ Y (qx — Dy,
k=1

for 1 <i< j<n. Let R=Clty,...,t,] be the polynomial algebra in n variables
and o; the C-algebra automorphisms defined by

tja J<i,
(2.9) oi(ty) = Q L+ qiti + 42 (qe — Dty j =1,
qitj, 7> 1.

One can check that the o; commute. Let g = (ij)ijen be defined by pi; = Aj
and pj; = g\ for i < j. Let also o = (01,...,0,) and t = (¢1,...,t,). One can
show that the maximal graded ideal of the TGWC A’'(R,o,t, 1) is generated by
the elements
XiXj — @i X5 X5, VY — A Y5Y, 1<i<j<n.

Thus AZ4 is isomorphic to the TGWA A(R, o, t, 1) via z; — X;, y; — Y.

2.2.2. Q;;-CCR. Let (Qi; ﬁjzl be an d x d matrix with complex entries such that
Qij = Qj_il if i # j and Aq be the algebra generated by elements a;,af, 1 < i <d
and relations

aja; — Quaia; =1, a;a; = Qjaza;,

*

aiaj = jSajai, CL:{LZ] Qija;a;‘,
where 1 <4,j < d and i # j. Let R = Clty,...,t4] and define the automorphisms
o; of R by O’i(t]‘) =t if 7 75 j and O'i(ti) =1+ Qt;. Let Wij = jS for all 4, 5.
Then Ay is isomorphic to the TGWA A(R, (01,...,04), (t1,---,tn), ).

2.2.3. Mickelsson and OGZ algebras. In both the above examples the generators
X; and X; commute up to a multiple of the ground field. This need not be the case
as shown in [7], where it was shown that Mickelsson step algebras and extended
orthogonal Gelfand-Zetlin algebras are TGWAs.

2.3. Weight modules. Let A be a TGWC or a TGWA. Let Max(R) denote the
set of all maximal ideals in R. A module M over A is called a weight module if

M= 69mEMax(R)Z\4mv
where
Mm:{U€M|m’U=0}.

The support, supp(M), of M is the set of all m € Max(R) such that My, # 0.
A weight module is locally finite if all the weight spaces My, m € supp(M), are
finite-dimensional over the ground field K.

Since the o; are pairwise commuting, the free abelian group Z" acts on R as a
group of K-algebra automorphisms by

(2.10) g(r)y=0705...09"(r)
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for g = (g1,...,9n) € Z™ and r € R. Then Z™ also acts naturally on Max(R) by
g(m) = {g(r) | r € m}. Note that

(2.11) Xz'Mm g Mzri(m) and Y;Mm Q Mafl(m)

for any m € Max(R). If a € A is homogeneous of degree g € Z", then by using
(2.1) and (2.11) repeatedly one obtains the very useful identities

(2.12) a-r=g(r)y-a r-a=a-(—g)(r),
for r € R and
(2.13) aMm - Mg(m)

for m € Max(R).

2.4. Subalgebras leaving the weight spaces invariant. Let w C Max(R) be
an orbit under the action of Z" on Max(R) defined in (2.10). Let

(2.14) L, =Ty ={9€Z" | g(m)=m}

where m is some point in w. Since Z" is abelian, Z, does not depend on the choice
of m from w. Define

(215) B(w) = GBQGZSAQ-

Since A is Z"-graded and since Z" is a subgroup of Z™, B(w) is a subalgebra of A
and R = Ay C B(w). Let m € w and suppose that M is a simple weight A-module
with m € supp(M). Since M is simple we have supp(M) C w. Using (2.13) it
follows that B(w)Mm C My and by definition My, is annihilated by m hence also
by the two-sided ideal (m) in B(w) generated by m. Thus My, is naturally a module
over the algebra

(2.16) B := B(w)/(m).

By Proposition 7.2 in [7] (see also Theorem 18 in [5] for a general result), My, is a
simple By,-module, and any simple By-module occurs as a weight space in a simple
weight A-module. Moreover, two simple weight A-modules M, N are isomorphic if

and only if My, and Ny, are isomorphic as By-modules. Therefore we are led to
study the algebra B, and simple modules over it.

3. PRELIMINARIES

3.1. Reduced words. Let L = {X;}ien U {Yi}ien. By a word (a;Z4,...,2Z;) in
A we will mean an element a in A which is a product of elements from the set L,
together with a fixed tuple (Z1, ..., Zx) of elements from L such that a = Z;-.. .- Zj.
When referring to a word we will often write a = Z; ... Z € A to denote the word
(a; Z4,...,Z) or just write a € A, suppressing the fixed representation of a as a
product of elements from L.

Set X =Y; and Y;* = X;. For a word a = Z; ... Z € A we define

o =27y Zi_q-...- Z7.

In the special case when p;; = pj; for all 4,5 then by (2.1)-(2.3) there is an
anti-involution * on A’ defined by X} =Y;, and r* = r for r € R. Since I* = [
this anti-involution carries over to A.

Definition 3.1. A word Z; ... Z; will be called reduced if
Zi;éZ; fori,j €k

and
Zi € { X ren = Z; € { X, }ren Vi > i.
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For example Y1Y5Y7 X3 is reduced whereas Y1Y5X; and Y; X5Y3 are not. The
following lemma and corollary explains the importance of the reduced words.

Lemma 3.2. Any word b in A can be written b= a-r =r'-a, where a is a reduced
word, and r,7" € R.

Proof. If a and r has been found we can take ' = (dega)(r), according to (2.12).
Thus we concentrate on finding a and r. Let b = Z; ... Z) be an arbitrary word
in A. We prove the statement by induction on k. If £ = 1, then b is necessarily

reduced so take a = b,r = 1. When k£ > 1, use the induction hypothesis to write
Zl...Zk,1ZYYZ'I...Y;IXJ‘I...X '7”,,

Im

where 1 < iy, j, < n and iy # j, for any u,v. Consider first the case when Zj, =Y}
for some j € n. Then

Zl...Zk :Y;'l "'}/;Lle XJmY} 'O’j(’f‘/).

If j, # j for v =1,...,m we are done because using relation (2.3) repeatedly we
obtain,

Zy... Zpy =Yy .. Y. Y X5, . X, oo (1)
for some p € K*. Otherwise, let v € {1,...,m} be maximal such that j, = j.
Then

Zl .. .Zk = Yvil .. .lejl ...va}/}va+1 ...ij,u(fj(r') =
=Yi, Y X X, X X () pog (')

for some p € K* and some w € W. It remains to consider the case Z;, = X for
some j € n. But using that

Y;;l "'}/il,le ...ij = le ...ijY;;l Y;“U,
for some p € K*, it is clear that this case is analogous. O

Corollary 3.3. Each Ay, g € W, is generated as a right (and also as a left)
R-module by the reduced words of degree g.

Lemma 3.4. Suppose * defines an anti-involution on A. Let p be a prime ideal of
R. Let g Z" and let a € Ay. Ifba ¢ p for some b e A_gy then a*a ¢ p.

Proof. Since p is prime, and ba € R we have

p # (ba)?* = (ba)*ba = a*b*ba = a*a - (— dega)(b*D)
so in particular a*a ¢ p. O
Remark 3.5. If we assume a and b to be words in the formulation of Lemma 3.4,

one can easily show that the statement remains true without the restriction on
to be an anti-involution.

3.2. Inner breaks and canonical modules. Let A be a TGWC or a TGWA and
let M be a simple weight module over A. In [§8] Remark 1 it was noted that the
problem of describing simple weight modules over a TGWC is wild in general. This
is a motivation for restricting attention to some subclass which has nice properties.
In [8] the following definition was made.

Definition 3.6. The support of M has no inner breaks if for all m € supp(M),
t; € m = o;(m) ¢ supp(M), and
0i(t;) € m = o; ' (m) ¢ supp(M).

We introduce the following property.
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Definition 3.7. We say that M has no proper inner breaks if for any m € supp(M)
and any word a with aMy, # 0 we have a*a ¢ m.

Observe that whether or not a*a € m for a word a does not depend on the
particular representation of a as a product of generators. Note also that to prove
that a simple weight module M has no proper inner breaks, it is sufficient to find
for any m € supp(M) and any word a with aMy # 0 a word b € A of degree —dega
such that ba ¢ m because then a*a ¢ m automatically by Remark 3.5. In fact one
can show that a simple weight module M has no proper inner breaks if (and only if)
there exists an m € supp(M) such that for any reduced word a € A with aMy # 0
and aMy, C My, there is a word b of degree — deg a such that ba ¢ m. However we
will not use this result.

The choice of terminology in Definition 3.7 is motivated by the following propo-
sition.

Proposition 3.8. If M has no inner breaks, then M has no proper inner breaks
either.

Proof. Let m € supp(M) and a = Z;...Z; € A be a word such that aM,, # 0.
Thus Z; ... ZxyMn #0fori=1,...,k+1 so (2.13) implies that
(deg Z; ... Zy)(m) € supp(M).
If M has no inner breaks, it follows that Z}Z; ¢ (degZit1...Zk)(m) for i =
1,..., k. Now using (2.12),
ata=ZF . T2y .. Tp =T .. ZiZs. .. Zp(—deg Zo... Zy)(Z12,) =

k
(3.1) =...= H(— deg Zi1 ... Zp)(Z} Z) ¢ m.

Thus M has no proper inner breaks. O

In [8], a simple weight module M was defined to be canonical if for any m,n €
supp(M) there is an automorphism o of R of the form

o=o0;' ..o, gj=Fland 1<i;<n, forj=1,... k,

ik 0

such that o(m) = n and such that for each j =1,...,k,

(3.2) ti, ¢ 0’2:11 oo (m) ife; =1, and
(3.3) oy, (ti;) ¢ O’fj:ll cop(m) ife; = 1.

This definition can be reformulated as follows.

Proposition 3.9. M is canonical iff for any m,n € supp(M) there is a word a € A
such that aMyn C M, and a*a ¢ m.

Proof. Suppose M is canonical, and let m,n € supp(M). Let o be as in the def-
inition of canonical module. Define a = Z; ... Z) where Z; = Xi, if ¢; =1 and
Zj =Y;,; otherwise. Using (2.13) we see that aMy, C M,. Also, (3.2) and (3.3)
translates into
ZJ*ZJ §é (deg Zj+1 c. Zk)(m)

for j = 1,...,k. Using the calculation (3.1) and that m is prime we deduce that
a*a ¢ m.

Conversely, given a word a = Z1...Z, € A with aMy,, C M, and a*a ¢ m, we
define ¢; = 1 if Z; = X; and ¢; = —1 otherwise. Then from a*a ¢ m follows that

o:=0;' ... o5} satisfies (3.2) and (3.3) by the same reasoning as above. O

Corollary 3.10. If M has no proper inner breaks, then M is canonical.
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Proof. We only need to note that since M is a simple weight module there is for
each m,n € supp(M) a word a such that 0 # aMy, C M,. O

Under the assumptions in [8] any canonical module has no inner breaks (see [8],
Proposition 1). However we have the following example of a TGWA A and a simple
weight module M over A which has no proper inner breaks, and thus is canonical
by Corollary 3.10, but nonetheless has an inner break.

Example 3.11. Let R = C[t1, t2] and define the C-algebra automorphisms o7 and
oy of R by o(tj) = —tj for 4,57 = 1,2. Let p = [{}]. Let A’ = A'(R,t, 0, p) be
the associated TGWC, where t = (t1,t2),0 = (01,02). Then one can check that
I = (X1 Xo+X2X1,Y1Y2+Y2Y1). Let M be a vector space over C with basis {v, w}
and define an A’-module structure on M by letting X1 M = Y1 M = 0 and

Xov = w, Xow = v,

Yov = w, Yow = —w.
It is easy to check that the required relations are satisfied and that IM = 0, hence
M becomes an A-module. Let m = ({1,t2 + 1) and n = (¢1,t2 — 1). Then

M =My ® M,, where M, =Cv, M,, =Cw

so M is a weight module. Any proper nonzero submodule of M would also be a
weight module by standard results. That no such submodule can exist is easy to
check, so M is simple. One checks that M has no proper inner breaks. But t; € m
and o1(m) =n € supp(M) so m is an inner break.

4. THE WEIGHT SPACE PRESERVING SUBALGEBRA AND ITS IRREDUCIBLE
REPRESENTATIONS

In this section, let A be a TGWC, m € Max(R) and let w be the Z™-orbit of m.
Recall the set Z" defined in (2.14). Define the following subsets of Z™:

(41) Gn={g€Z"|a*a¢m for some word a € A;} and Gpn=GnNZ".

Let also ¢y, : A — A/(m) denote the canonical projection, where (m) is the two-
sided ideal in A generated by m, and let Ry = R/m be the residue field of R at
m.

Lemma 4.1. Let g € ém. Then
(4.2) Pm(Ag) = R - om(a) = ¢m(a) - Rm
for any word a € Ay with a*a ¢ m.

Proof. Let b € Ay be any element and a € A, a word such that a*a ¢ m, We must
show that there is an r € R such that ¢ (b) = pm(r)pm(a). Since a*a ¢ m and m
is maximal, 1 — rja*a € m for some r; € R. Set r = brya*. Then r € R and

b—ra=>b(1—-ria*a) € (m).
The last equality in (4.2) is immediate using (2.12). O
The following result was proved in [8] Lemma 8 for simple weight modules with
so called regular support which in particular means that they have no inner breaks.

It is still true in the more general situation when M has no proper inner breaks.
Recall the ideal I from the definition of a TGW A.

Proposition 4.2. Suppose A is a TGWC. If M is a simple weight A-module with
no proper inner breaks, then IM = 0. Hence M is naturally a module over the
associated TGWA A/I.
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Proof. Since I is graded and M is a weight modules, it is enough to show that
(INAy)My =0 for any g € Z™ and any m € supp(M). Assume that a € I N A,
and av # 0 for some v € My,. Then aijv # 0 for some word a7 in a. Since M
has no proper inner breaks, aja; ¢ m so by Lemma 4.1 there is an » € R such
that av = ayrv. Thus 0 # ajairv = ajav which implies that aja € R\{0}. This
contradicts that a € 1. O

We fix now for each g € Gy a word ay € A, such that ajag ¢ m. For g =0 we
choose a4 = 1.

Lemma 4.3. For any g € Gm,h € G we have
a) (aga})*aga;, ¢ m so in particular g — h € G and Gy is a subgroup of Z!,
b) om(Ag)om(An) = om(AgAn) = Pm(Agin),
C) Ag+lLMm = Ang.
Proof. a) We have
(4.3) (agap)*agay, = apayagay, = apaph(azag).
Now ajya, ¢ m so h(aja,) ¢ h(m) =m. And
m % (ahan)? = o} (anah)an = ahan - (~h)(anay)

so apa), ¢ h(m) = m. Since m is maximal the right hand side of (4.3) does not
belong to m. Since deg(aga}) = g —h we obtain g — h € Gy, If in addition g € G,
then g — h € Z7, also since Z, is a group. Thus g —h € Gy, so Gy, is a subgroup of
zZn.

b) Since ¢n is a homomorphism, the first equality holds. By part a), —h € G
so by part a) again, (aga*,)*aga*, ¢ m. Hence by Lemma 4.1, we have

Pm(Ag+n) = Rm - pmlaga’y) € om(AgAn).
The reverse inclusion holds since {Ay}4ez is a gradation of A.
c) By part a), g+ h =g — (—h) € Gn. Thus by part b),
Ag+hM = CPm(Ag-t,-h)Mm = gOm(AgAh)Mm = AgAhMm g Ath(m) = Ang.

By part a), the same calculation holds if we replace g by g + h and and h by —h,
which gives the opposite inclusion. O

Lemma 4.4. Let g € Z”\Gm. Then AgMy = 0 for any simple weight module M
over A with no proper inner breaks.

Proof. Let a € Ay be any word. Then a*a € m and hence if M is a simple weight
module over A with no proper inner breaks, aM, = 0. Since the words generate
Ag as a left R-module, it follows that Ay My = 0. O

4.1. General case. Recall that (m) denotes the two-sided ideal in A generated
by m. Since (m) is a graded ideal in A, there is an induced Z™-gradation of the
quotient A/(m) and ¢m(Ay) = (A/(m))y. Corresponding to the decomposition
Z], into the subset G, and its complement are two K-subspaces of the algebra
Bu = B(w)/(B(w) N (m)) which will be denoted by B’ and BY” respectively. In
other words, By, = B](nl) ® Bﬁ?), where
1 0
Bu' = @ (4/(m), amd B = @ (4/(m),.
9€Gm 9ELE\Gm

By Lemma 4.3a), Gy, is a subgroup of the free abelian group Z"™, hence is free
abelian itself of rank k < n. Let s1,..., s, denote a basis for G, over Z and let
bi = pm(as;) fori =1,... k. Note also that Ry, is an extension field of K and that
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Z7; acts naturally on Ry as a group of K-automorphisms. Let {p;},cs be a basis
for Ry over K.

Theorem 4.5. a) B,§1())Mm = 0 for any simple weight module M over A with no
proper inner breaks, and

b) the b; are invertible and as a K-linear space, B.(nl) has a basis

(4.4) {pblr ... b | €T and l; €7 for 1 <i <k}
and the following commutation relations hold

(4.5) bid=s;(Nb;, i=1,...,k,XE R,
(4.6) bibj = Aijbibi, i,5=1,....k

for some nonzero X\j; € Ry,.

Proof. a) Let g € Z2\Gn. By Lemma 4.4, Ag My = 0 and thus ¢m(Ay)Mn = 0.

b) Since s; € G, ¥m(a},)b; € Ru\{0} and by Lemma 4.3a) with g = 0 and
h = s; we have bijpm(a} ) € Rn\{0}. So the b; are invertible. The relation (4.5)
follows from (2.12). Next we prove (4.6). From Lemma 4.3a) and Lemma 4.1 we
have p(As,+s;) = Rmbib;. Switching i and j it follows that (4.6) must hold for
some nonzero \;; € Ry.

Finally we prove that (4.4) is a basis for B‘(n1 ) over K. Linear independence is
clear. Let g € G and write g = >, l;s;. By repeated use of Lemma 4.3b) we
obtain that

Pm(Ag) = ‘Pm(Asgn(ll)&)“ll e @m(Asgn(lk)sk)llk"
For I; = 0 the factor should be interpreted as Ry,,. By Lemma 4.1,

Spm(Aisz-)l = Rmbz:'tl
for [ > 0 so using (4.5) we get
Pm(Ay) = Ryblt .. bl
The proof is finished. O
4.2. Restricted case. In this subsection we will assume that K is algebraically

closed. Moreover we will assume that the K-algebra inclusion K — Ry, is onto
which is the case when R is finitely generated as a K-algebra by the (weak) Null-

stellensatz. Then Z7 acts trivially on Ry,. The structure of Bfnl ) given in Theorem
4.5 is then simplified in the following way.

Corollary 4.6. Let k = rank Gy, and let b; = ou(as,) for i = 1,...,k where
{s1,..., 8k} is a Z-basis for G. Then B,(nl) is the K -algebra with invertible gener-
ators by, ..., b, and the relation

bibj = )\ijbjbi, 1< i,j < k.

Using the normal form of a skew-symmetric integral matrix we will now show
that B,(nl ) can be expressed as a tensor product of noncommutative tori. Consider
the matrix (Aij)lgi,jgk from (46)

Claim 4.7. If Bsnl ) has a nontrivial irreducible finite-dimensional representation,
then all the \ij are roots of unity.

Proof. Indeed, let N be a finite-dimensional simple module over Bt(n1 ) and let i €
{1,...,k}. Since K is algebraically closed, b; has an eigenvector 0 # v € N with
eigenvalue p, say. Since b; is invertible, p # 0. Let j # ¢ and consider the vector
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bjv. It is also nonzero, since b; is invertible, and it is an eigenvector of b; with
eigenvalue \;;ju. Repeating the process, we obtain a sequence

of eigenvalues of b;. Since N is finite-dimensional, they cannot all be pairwise
distinct, and thus A;; is a root of unity. O

For A € K, let T\ denote the K-algebra with two invertible generators a and b
satisfying ab = Aba. T (or its C*-analogue) is sometimes referred to as a noncom-
mutative torus.

Theorem 4.8. Let k = rank Gn,. If all the \i; in (4.6) are roots of unity, then
there is a root of unity A\, an integer r with 0 < r < |k/2] and positive integers
pisi = 1,...,r with 1 = p1|p2|. .. |pr such that

BWY ~ Ty @ Tors @ @ Towr @ L

where L is a Laurent polynomial algebra over K in k — 2r variables.

Proof. If k = 1, then Bl(nl) ~ K[bl,bfl] and r = 0. If £ > 1, let p be the smallest

positive integer such that /\fj =1 for all 4, j. Using that K is algebraically closed,

we fix a primitive p:th root of unity € € K. Then there are integers 0;; such that
Aij = glis

and

(47) Gji = —97;3'.

Equation (4.7) means that © = (6;;) is a k x k skew-symmetric integer matrix.

Next, consider a change of generators of the algebra Bt(n1 ).

(4.8) b; — by = byt - bk
Such a change of generators can be done if we are given an invertible k£ X k integer
matrix U = (u;;). The new commutation relations are

b;b; — biltu . bzzkb;i]l . bZJk —_

_ \UuLiulj UkiULH
=\ DV

Ui Uk Uk Uk Iyl
A Ak ~bib; =

— 2 p g Opatpitaspl bl
= g4ra bjbi

Hence ©' = UTOU. By Theorem IV.1 in [9] there is a U such that ©’ has the skew
normal form

0 6
-6 0
0 6
—02 0

where r < |k/2] is the rank of ©, the 6; are nonzero integers, 0;|6;,11 and 0 is a
k—2r by k — 2r zero matrix. Set A\ = % and p; = 0,/6; for i = 1,...,r. The claim
follows. O

The following result, describing simple modules over the tensor product of non-
commutative tori, is more or less well-known, but we provide a proof for conve-
nience.
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Proposition 4.9. Let M be a finite dimensional simple module over
T:=T\, ® --®T),,

where the \; are roots of unity in K. Then there are simple modules M; over Ty,
such that, as T-modules,

M~M®- - ®M,.

Proof. Denote the generators of Ty, by a; and b;. We will view T}, as subalgebras
of T'. Since the elements a;,7 = 1,...,r commute and M is finite dimensional and
K is algebraically closed, there is a nonzero common eigenvector w € M of the a;:

(4.9) aw=pw, 1=1,...,7

where p; € K* because a; is invertible. Let n; be the order of A;. Then b]" acts
as a scalar by Schur’s Lemma. By simplicity of M, any element of M has the form
(using the commutation relations and (4.9))

(4.10) S pbd b w,
JEZ, 0<gi<m;
where p; € K. This shows that
dimg M <nq-...-n,.

But the terms in (4.10) all belong to different weight spaces with respect to the
commutative subalgebra generated by aq,...,a,:

a,wb{1 cbrw = )\giui-b{l cbrw, =1,
and
M s M) # (Mg, A )

if 5,1 € 27,0 < j;,l; < n; and j # [. Hence by standard results they must be
linearly independent. Thus

(4.11) dimg M =nq ... n,.
Next, set M; =T}, - w. Then M; = @?;Ble{ -w and

Finally, define
Vv M ®... M. - M
by
Y(we...0w)=w

and by requiring that ¢ is a T-module homomorphism. This is possible since
M; ®...® M, is generated by w ® ... ® w as a T-module. Then ¢ is surjective,
since M is simple. Also the dimensions on both sides agree, so v is an isomorphism
of T-modules. d

5. EXPLICIT FORMULAS FOR THE INDUCED MODULES

In this section we show explicitly how one can obtain simple weight modules with
no proper inner breaks over a TGWA (equivalently over a TGWC by Proposition
4.2) from the structure of its weight spaces as B(w)-modules.

Since the B(w)-modules were described in the restricted case in Subsection 4.2,
we obtain in particular a description of all simple weight modules over A with no
proper inner breaks and finite-dimensional weight spaces if R is finitely generated
over an algebraically closed field K.
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5.1. A basis for M. Let {v; };es be a basis for My, over K. By Lemma 4.3a), Gy, is
the union of some cosets in Z" /Gr. Let S C Z™ be a set of representatives of these
cosets. For g € G, choose ry € R such that aj, := rya; satisfies pm(ay)pm(ag) = 1.

Theorem 5.1. The set C = {agv; | g € S,i € I} is a basis for M over K.

Proof. First we show that C is linearly independent over K. Assume that
Z )\giagv,- =0.
9%

Then >, Agiaqgv; = 0 for each g since the elements belong to different weight spaces.
Hence 0 = a’g Do AgiGgVi = Y, Agiv; for each g. Since v; is a basis over K, all the
Agi must be zero.

Next we prove that C' spans M over K. Since M is simple and My, # 0,

M=AMy= Y AMy= Y AMy=> > AMn=> A,My
gezn 9 heS geht G hes
by Lemma 4.4 and Lemma 4.3c). O
Corollary 5.2. supp(M) = {g(m) | g € S} and g(m) # h(m) if g,h € S, g # h.
Corollary 5.3. dim M = |S]| - dim My, with natural interpretation of co.

5.2. The action of A. Our next step is to describe the action of the X;,Y; on the
basis C for M. Let ¢ : Gn, — S be the function defined by requiring g — ((g) € Gm.

Theorem 5.4. Let g € S and let v € My,. Then
Xiayo = ap - bgv  if g+ e.i € G,
0 otherwise,
where h = (g + €;) and
bg’i = (_h‘)(Xiaga"/queifha;z) “Qgte;—h

and

v ag - cgiv if g— e € G,
iAgl = .
0 otherwise,

where k = ((g — ¢;) and
Cgi = (*k)(yiaga;—ei—ka;c) “Qg—ei—k-

Remark 5.5. Note that

!

/ /! /
deg Xiagay, ., _pap = degYiaga, .. _pap =0

so the action of Z™ on these elements is well defined. Thus we see that degby; € G
and degcg; € G, L.e. that by, and ¢,4; belong to B(w). Therefore the action of
these elements on a basis element v; of M, can be determined if we know the
structure of My, as an B(w)-module. In the restricted case this was described in
Subsection 4.2. Expanding the result in the basis {v;} again and acting by aj or
ax we obtain a linear combination of basis elements from the set C.

Proof. Assume g + e; € Gy. Let h = ((g +¢;). Then
Xiagv = Xiaga;+ei_hag+ei—hv =
= (Xiaga;+e1—ha;z)ahangeﬁhU =
= CQh - (_h)(Xiagalg+ei—h,a;z) * Ggte;—hU-

If g+ e; ¢ G, then Xiagv = 0 by Lemma 4.4.



LOCALLY FINITE SIMPLE WEIGHT MODULES OVER TGWAS 13

Assume g — e; € G Let k= (g — e;). Then
Yiagv = Yiaga'gfeﬁkag,ei,kv =
= (Yiagay_c, k) arag—e,— v =
= ay - (—k)(Yiagay o, xax) - Gg—e,—kv-
Ifg—e; ¢ Gm, then Yiaqv = 0 by Lemma 4.4. O

Note that we do not need the technical assumptions in the proof of Theorem 1
in [8] under which the exact formulas for simple weight modules were obtained.

6. APPLICATION TO QUANTIZED WEYL ALGEBRAS

In this final part we will apply the methods developed in the previous sections
to the problem of describing representations of the quantized Weyl algebra, defined
in Section 2.2. As mentioned there, it is naturally a TGWA.

First we find the isotropy group and the set Gm expressed as solution of systems
of linear equations (see Proposition 6.3 and Proposition 6.4). These sets are directly
related to the structure of the subalgebra B(w) (Theorem 4.5) and the support of
a module (Corollary 5.2).

Then in Section 6.2 we give a complete classification of all locally finite simple
weight modules with no proper inner breaks over a quantized Weyl algebra of rank
two. The parameters ¢; and g2 are allowed to be any numbers from C\{0,1}.
Example 6.7 shows that the assumption that the modules have no proper inner
breaks is not superfluous.

6.1. The isotropy group and Gy,. Let R = C[t1,...,t,] and fix m = (t; —
a1,...,ty —ay) € Max(R). Let w be the orbit of m under the action (2.10) of
Z". Set [k]q = Z;:é q' for k € Z and ¢ € C. Recall the definition (2.9) of the
automorphisms o; of R.

Proposition 6.1. Let (g1,...,9n) € Z"™. Then
o ..o (m) =
([gﬂql +qf'ts — a1, g2l (L4 (1 — Do) + ¢ ¢ t2 — s . ..

Jj—1
o g)e (LY (g = Do) +aft gVt —

r=1

n—1
[l (U4 Y (@ = V) +af' gl — o).
r=1

Proof. Induction. O

For notational brevity we set 8; = (¢; — 1)a; and v; = 1+ 81+ B2+ ...+ 5;. We
also set 79 = 1. The numbers ~; will play an important role in the next statements.
By a j-break we mean an ideal n € Max(R) such that ¢; € n.

Corollary 6.2. For j=1,...,n we have
ti€af ... o9 (m) = ;= qjgjvj,l.
Thus w contains a j-break iff v; = qf'yj,l for some integer k.

Proof. By Proposition 6.1,
t; € ot ... o9 (m)



14 JONAS T. HARTWIG

iff
j—1

(9]0, 1+ > (ar — Do) = 0.

r=1

Multiply both sides with ¢; — 1 to get
(¢ —1D)A+Bi+...+8j-1) = 5.

The next Proposition describes the isotropy subgroup Z” defined in (2.14).
Proposition 6.3. We have
(6.1) 2, ={g9eZ" | (¢f"...q) =)y, =0Yj=1,...,n}.
Proof. From Proposition 6.1, ' ... gd" (m) = m iff
a1 = [g]g +qi'

s = [g2]g (L4 (@1 — Do) + ¢{" ¢ 2

an = 9nlgn (1 + (@ —Dar+ ...+ (gn-1 — l)an,l) +4i' ... ¢fray,
Multiply the i:th equation by g; — 1. Then the system can be written
Br=q' —1+q{'A
B2 = (¢8> = 1)1+ B1) + ¢ 43 2

Bn=(¢0" — 1)1+ L1+ ...+ Bn-1)+q]" ...¢7" Bn

or equivalently

1461 =q{" (14 51)
L+ 61+ Be=q>(1+ B1) + ¢ ¢35 B2

L+bi+. 4 Ba=a 1+ B+ +Bu1) +ai' - q)" Bn

Now for ¢ from 1 to n — 1, replace the expression 1 + 81 + ... + (; in the right
hand side of the i + 1:th equation by the right hand side of the i:th equation. After
simplification, the claim follows. O

Note that it follows from (6.1) that the subgroup
_ n 9j __ L
(6.2) Q={geZ"|q’ =1forj=1,...,n}

of Z" is always contained in Z7 for any orbit w. Moreover Z], = @ if w (viewed
as a subset of C™) does not intersect the union of the hyperplanes in C™ defined
by the equations 1+ (g1 — 1)1 + ...+ (¢ — 1)z; =0 (1 < j < n). Of course the
group ) can be trivial. This is the case for example when all the g; are positive
real numbers.

Another case of interest is when for any j, ¢7' ...q;.” = 1 implies g1 = ... =
g; = 0. If for instance the g; are pairwise distinct prime numbers this hold. Then
Z7, = {0} unless 14+ 31 + ...+ 8; = 0 for all j, i.e. unless w contains the point

Ng = (tl — (1 — ql)_l,tg, .. .,tn).

So in this very special case we have w = {ng} and Z = Z".
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We now turn to the set G, defined in (4.1) which can here be described explicitly
in terms of m in the following way.

Proposition 6.4.
G =G x ... x G,
where
GW = {k>0]~ # v ¥i=0,1,....k—1}U
Proof. From the relations of the algebra follows that the subspace spanned by the
words in A, is one-dimensional. Thus g € Gy, iff
(6.3) Zyo 279 29 ¢ m

where ZF = XF if k> 0 and ZF = Y; " if k < 0. Since oy(t;) = t; for j < i, (6.3)
is equivalent to

Z;gn ngLn . Z;!h Z.lql ¢ m.
Since m is prime, this holds iff Z;gj Zj-” ¢ m for each j. If g; = 0 this is true. If
g; > 0 we have

7,92 =Y)IXP =Y TXP T o 1) = = oy (t) o T (),

while if g; < 0

—95 79 _ y—9iv—9 _ y—9i—1y—9i—1
Zj Zj _Xj YJ _Xj YJ

O';gj (t]) =...= Uj(t]) . .U;gj (t])
Since m is prime, g € Gy, iff forall j =1,...,n

tj¢oi(m), i=0,...,g;—1ifg; >0,
and .

tj¢a;-(m), i:*1,72...,gjifgj<0.
The claim now follows from Corollary 6.2. O
Corollary 6.5. If {1,a1,aq,...,a,} is linearly independent over Q(qi,...,qn),
then Gy = Z™.

6.2. Description of simple weight modules over rank two algebras. Assume
from now on that A is a quantized Weyl algebra of rank two. In this section we
will obtain a list of all locally finite simple weight A-modules with no proper inner
breaks.

We consider first some families of ideals in Max(R). Define for A € C,

n = (- (1= N0 —q) - A1 )Y,
0 = (- (1—q) - ),

(1) _ @

and set ng = ny . The following lemma will be useful.

Lemma 6.6. For A € C and integers k,l we have

(6.4) otoh V) =nl)
a;
2 2
(6.5) otob ) =l o

Proof. Follows from Proposition 6.1 or by direct calculation using the definition
(2.9) of the o;. O

The following example shows the existence of locally finite simple weight modules
M over A which have some proper inner breaks.
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Example 6.7. Assume that ¢; A2 is a root of unity of order r. Let M be a vector
space of dimension r and let {vg,v1,...,v,—1} be a basis for M. Define an action
of A on M as follows.

Vpr1, k<r—1 _
Xyop =4 Xovg = (g1 A12)  Fuy,
V0, k=r—1
1—q) g1, k>0
Yiv, = ( Q1)_1Uk 1 Yovg = 0
(1-—q) 'vr—1, k=0

It is easy to check that (2.6)—(2.8) hold so this defines a module over A. It is
immediate that M = My, where m = ng = (t; — (1 — q1) "', %2) so M is a weight
module and M is simple by standard arguments. However, recalling Definition 3.7,
M has some proper inner breaks in the sense that m € supp(M), XoMy, # 0 but
Yo Xo My = 0.

We will describe the isotropy groups of the different ideals in Max(R). Let K7 and
K denote the kernels of the group homomorphisms from Z x Z to the multiplicative
group C\{0} which map (k, 1) to ¢¥ and ¢¥ ¢} respectively. Then Q = K;N K, where
Q was defined in (6.2). For m € Max(R), recall that Z2 = {g € Z? | g(m) = m}.
The following corollary describes the isotropy group Z2 of any m € Max(R).

Corollary 6.8. Let A € C\{0} and n € Max(R)\{nEf) | pweC,i=1,2}. Then we
have the following equalities in the lattice of subgroups of 7.

2 __ 2
I’IO_Z

2 —
= = Ko
n

i/
Z%,, = Ki z
Q

Proof. The family of ideals {ng\l) | A € C} are precisely those for which v, = 0.

And {nE\Q) | A € C} are exactly those such that 41 = 0. Thus the claim follows from
Proposition 6.3. O

72 =

Let M be a simple weight A-module with no proper inner breaks and finite
dimensional weight spaces, m = (1 — a1, t2 — az) € supp M and let w be the orbit
of m. We consider four main cases separately: m = ng, m = ng\l) for some A # 0,
m= ng\z) for some A # 0 and m ¢ {nff) | w€ C,i=1,2}. Some of these cases will
contain subcases. In each case we will proceed along the following steps, which also
illustrate the procedure for a general TGWA.

(1) Find the sets Z7 and Gy, using Corollary 6.8 and Proposition 6.4. Write
down G, = Z7: N G and choose a basis {s1,...,s;} for Gy over Z.

(2) For each g € G, choose a word a, of degree g such that agag ¢ m.

(3) Using Corollary 4.6, describe B,(n1 ) and the finite-dimensional simple B‘(n1 )
module M.

(4) Choose a set of representatives S for Gy /Gm. By Theorem 5.1 we know
then a basis C for M.

(5) Calculate the action of X;, Y; on the basis using either relations (2.6)—(2.8)
or Theorem 5.4.
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We will use the following notation: ZJIC = Xj"-C if k>0 and ZJIC = Yj_’C if £ <0.
Note that the k in Zj"-C should only be regarded as an upper index, not as a power.
The choice of a,4 in step two above is more or less irrelevant for a quantized Weyl

algebra because each A, is one-dimensional. Therefore we will always choose a4 =
Z{' Z§? where g = (g1, g2).

6.3. The case m = ng. Here a; = (1 — ¢q1)~ %, as = 0 so that v, = v = 0.

By Corollary 6.8 we have Z2, = Z? and from Proposition 6.4 one obtains that
Gm = Z x {0}. Thus Gy = Z x {0} = Z - s; with s; = (1,0). Since Gy, has
rank one, Corollary 4.6 implies that Br(n1 ) is isomorphic to the Laurent polynomial
algebra C[T, T_l} in one variable. Therefore My, is one-dimensional, say M, = Cug
and by = ¢ (Z1) = om(X1), hence X7, acts in My, as some nonzero scalar p. And

Yivg = p V1 X 09 = p_l(l - ql)_lvo.
Here S = {(0,0)} and C = {vp} is a basis for M with the following action:
(6.6) X1v9 = pug, Xovg =0,
Yive = p (1 — q1) oo, Yovo = 0.

That Z3 vy = 0 follows from Theorem 5.4 since (0,+1) ¢ Gy,.

6.4. The case m = ”)\ s A£0. Hereas = (1-A)(1—q1) ' and ap = A(1—q1) !
so y1 = A and 2 = 0. By Proposition 6.4, éff) =7 and

GV ={k>0|A#¢ Vi=0,1,....k—1}U{k<O0|A#q Vi=—1,-2,...,k}.

We consider four subcases according to whether w contains a 1-break or not and
whether ¢; is a root of unity or not.

6.4.1. The case m = “,\ , A# 0, w contains a 1-break and qq is a root of unity. By
Corollary 6.2 A = ¢¥ for some k € Z. Let oy be the order of ¢;. Then Z2 = K; =
(01Z) x Z. We can further assume that k € {0,1,...,01 — 1}.

Note that X¥M, # 0 because deg XF = (k,0) € G so YFXF ¢ m. Hence
ot (m) € supp(M). By Lemma 6.6, of(m) = n(}c) = u(l). We can thus change

notation and let m = ng ). Then by Proposition 6.4 we have

Gm ={0,-1,-2,...,—01 + 1} x Z.

And Gy = G NZ2 = {0} x Z. By Corollary 4.6, B,Ep is a Laurent polynomial
algebra in one variable. Thus M, is one dimensional with a basis vector, say vg.
X5 acts by some nonzero scalar p on vy and Yo Xovg = (1 — g2) "lvg. X7 and Y
act as zero on My, by Lemma 4.4 because their degrees (1,0) and (—o1,0) does not
belong to Gy,. R
As a set of representatives for Gy, /G we choose
S ={(0,0),(-1,0),(=2,0),...,(—01 + 1,0)}.
By Corollary 5.2 we obtain that
supp(M) = {n(l) (1,)1, e ((1901+1
1

By 5.1, the set
C = {v, ::Yljvo |i=0,1,...,00 — 1}
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is a basis for M. The following picture shows the support of the module and how
the X; act on it. Since the Y; just act in the opposite direction of the X; we do not
draw their arrows.

X2 X2 X2 X2 X?
o ——>0 —>0 - e —>60
X1 X1 X1

Using Lemma 6.6,
Xivj = X1Y{vo = Y{ " of(t1)vo = [jlg vj-1
and from relations (2.6)—(2.8) follow that
Xavj = q]M,Y{ Xavg = pXpaiv),

YQ'U]‘ = A%lyjYQUO = (1 — qz)ilpil)\%lvj.

Thus the action on the basis {vg, ..., 00, -1} is
0 =0
X =4’ J ’
' Ulavi-1, 0<j<oi—1,
vit1, 0<j3<o0;—1,
(67) Ylvj — J+1 - =] 1
07 J = 01— ]-7

Xo0; = pMaqivj,
You; = (1= g2) " 'p~ "N, 0;.

6.4.2. The case m = ng\l), A # 0, w contains a 1-break and ¢ is not a root of unity.
Now there is a unique integer k € Z such that A = ¢F. If k¥ > 0, then é,ﬁ}) is the
set of all integers < k while if k < 0, then (}S) is all integers > k + 1.

If k > 0, XFMy # 0 because (k,0) € Gy so YFXF ¢ m. Therefore of(m) =
ngl) € supp(M). We change notation and let m = ngl). Then ér(nl) ={..,—-2,-1,0}
and Gy = {0} x Z. We choose S = {(i,0) | i < 0}. YoXo = (1 — q2)~! on My
so My, = Cuyg, for a basis vector vy, and Xovg = pvg for some p € C*. The set
C = {vj == Y{vy | j < 0} is a basis for M and we have the following picture of

supp(M).

X2 Xa X2
()% ) O)

...... O ——— 00— 0

One easily obtains the following action on the basis {v; | j < 0}:

0 =0
Xivj =1 j ’
[]]thvj*lv J Z 17
(6.8) Yivj = vj41,

Xov; = pXN,yqvj,
Yavj = (1= q2) " p Ny

The case k < 0 is analogous and yields a lowest weight representation with

m= nfll_)l as its lowest weight. A basis for M is then
1

C={v;:=X{w | j >0},
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where My, = Cvy and the action is given by
X1vj = vj41,

Vi, 0, | j:: 0,
[—ilgvj-1, 5 >0,

(6.9)
Xov; = (g1 h\2) 7 pvj,

Yau; = Mo (1= g2) 1o oy
6.4.3. The case m = nf\l), A # 0, w contains no 1-break and q1 is a root of unity. By

Corollary 6.2, A # ¢¥ for all k € Z. So by Proposition 6.4, Gy = Z2. G = (01Z) X Z
and we can choose S = {0,1,...,01 — 1} x {0}. From

Xi)lXQ = (q1>\12)01X2Xf1 = )\‘{éXQXfl

and Corollary 4.6 follows that B&l )~ TXI%' It can only have finite-dimensional

irreducible representations if A} is a root of unity. Assuming this, any such rep-
resentation is r-dimensional, where r is the order of A3, and is parametrized by
C* x C* 5 (p, u) with basis

My, = Span{v; := ngo |j=0,1,...,7r =1},
where X7'vg = pvy and relations
Xty = )‘12 PYj,

{uﬂl, 0<j<r—1,

Xov;
T Vo, j=r-L

Therefore by Theorem 5.1,
M = Span{w;; = Xlivj |0<i<o01,0<j<r}.

Using the commutation relations and the formulas in Lemma 6.6 we can write down
the action as follows.

UJZ_HJ7 0<i1<o01—1,

Ay pwoj, i=o01—1,

1_ 1)\ o1j —1 s =0
Ylwz_] { (J1) 12 P Wo, 1,55 1 )

Xlw”

1_>\Q1l)(1_QI) w1 j, 0<i<o—1,
(6.10)

Xyw;; = q; )\21ww+1, 0<i<r—1,
i ql )‘21/“”10’ ':T_lv

Yow;; = o™ A1 = q2) Mwi ey, j=0,
Z] 212)\(1 — Q2)*1wi,j_1, 0<j<r—1

The action can be illustrated in the following way.

OXIO&O OXIO

o ———>0 —>0 - e ——>60

~__  x
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6.4.4. The casem = ng\l), A # 0, w contains no 1-break and g1 is not a root of unity.
By Corollary 6.2, A # ¢¥ for all k € Z. Now Z2, = {0} X Z 30 Gy = {0} X Z. My is
one-dimensional with basis vg, say, and Xo = p on My, while Yo X5 = A(1—¢2)"! #0
on My,. We choose S =7Z x {0}. Then a basis for M is

C = {v; == X{vo | j = 0} U {v; := Y, vo | j < 0},
where we determine ¢; by requiring that X,v; = vj4 for all j. Explicitly we have
for j <0,
(1—q)”’
(L= A )1 = g7 (1= Aan)

Using the commutation relations and the formulas in Lemma 6.6 we get the action
on M = Span{v; | j € Z}.

G =

(6.11) X1vj = vjt1, Xav; = a17 Mg poj,
1— )\q;jJrl

Vi1, Yau; = MoA(1 — q2) Lo My,
1—q

Yiv; =

and a corresponding diagram

6.5. The case m = n(f), A # 0. Here 3 = 0 while 75 = A(g2 — 1). By Corollary

6.2, w does not contain any breaks. We have Gm =72 and Gy = Zﬁl = K.
We will need some lemmas in order to proceed.

Lemma 6.9. For k,l € Z we have

(6.12) 2175 = ai' N 2321,

where | = max{0,1}.

Proof. Relations (2.6)—(2.8) can be rewritten in the more compact form
ZFZL = P NML ZLZk k1= 1,

where d;1 is the Kronecker symbol. After repeated application of this, (6.12) fol-
lows. O

By Lemma 6.6 we have for k,[ € Z,
(6.13) ofob(t)) = (1 —q)"" mod m,
(6.14) ofob(ta) = \g¥gy, mod m.

Lemma 6.10. Let k,l € Z and let m = min{|k|,|l|}. Then, as operators on My,
we have

Zk+ Kkl >0

(6.15) AVARER . =
(1—q) ™z k<o,
ZhH kl >0,

6.16 VAVASER S
( ) 242 {)\mq;l2l+(sg1r1l)m)m/2Z§;+l7 Kl < 0.
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Proof. Direct calculation using (6.13) and (6.14). For example if £ > 0 and [ < 0
we have

z57h = Xkt = X oy (te) Y, T =
=X 7Y, Tyl () = XTI gy ==

= A3 Agy L agy Tz
- )\mq;lmfm(mfl)/ZZécH.
U

Lemma 6.11. Let k,l € Z and let m = min{|k|, |l|}. Then, as operators on My,
(6.17) ASAEWAVAS
and
(6.18) 7874 = c(k, 1) ZL 75,
where
(6.19) c(k,l) = {(Zkl)m(sgn k—sgn l)m2/2, :; i g’
Proof. Follows directly from Lemma 6.10. 0

Lemma 6.12. Let g = (g1, 92) € Z* = Gy and set rg = wm(a;ag)_l where on s
the projection R — R/m = K. Then

(6.20) rg = (1— )\ "1gf /%) loe]
and (ag)™t = rya
Proof. We have

a;ag — (Zfl Zéh)*Zi}l Zé]z — Z;gz ngl Zfl Zéh — ngl Zfl Z;gz Zéh7
by Lemma 6.9. Thus by Lemma 6.10,

* __

» =197y Z %" as operators on M.

Pm(afag) = (1 - qp) 1ot \lsalg{t =202 Fozlozl/2

which proves the formula. The last statement is immediate. O

We consider the three subcases corresponding to the rank of the free abelian
group Ks.

6.5.1. The case m = ng\z)’ A #0,rank Ko =0. Gy = Ko = {0} so B,(nl) = R which is
commutative, hence My, = Cuvy for some vy, and S = Z2. Thus C = {a4v | g € Z*}
is a basis for M and using Lemma 6.10 and Lemma 6.9 we obtain that the action
of X; is given by

Xia,v0 = {a’g-‘quOa g1 >0,
V0 =

(6 21) (1 - QI)_lag+€1v07 g1 < 07

A —91 e , > 07
Xzagvo _ ((h 12)_ Cbgt;vo g2 =
(@1M12) 79 Mgy #agye,v0, g2 < 0.
The action of Y; on the basis is deduced uniquely from
YiXiagvo = (1 — q1) 'agvo,
(6.22) ! I

Yo Xoagvg = Mgy " g5 7

which hold by (6.13) and (6.14).

2
agv07
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./
-
V

FIGURE 1. Example of a weight diagram for M when m = n(2)

A # 0 and rank K5 = 1. Here a = 4, b = —2. The action of X1 is
indicated by — arrows, while = arrows are used for Xs.

el——eo ---

o—— 0o <—

6.5.2. The case m = ng\Q), A # 0,rank K5 = 1. Let (a,b) be a basis element. Since
Gm = K, which is of rank one, B ~ C[T,T~1] by Corollary 4.6 so My, is one-
dimensional. As before we let My, = Cvg. Then Zilngo = pug for some p € C*.
We assume a # 0. The case b # 0 can be treated similarly. By changing basis,

we can assume that a > 0. Choose S = {0,1,...,a — 1} x Z. The corresponding
basis for M is '

C={w;:=Xi{Zjvy|0<i<a—1,j€Z}.
We now aim to apply Theorem 5.4. If 0 < ¢ < a — 1 then clearly Xjw;; = wit1,5.
And

Xlwa_l,j = XfZgU() € (CZéibU() = (C’w()vj_b.
We want to compute the coeflicient of wg j_p. Similarly to the proof of Theorem
5.4 we have, using Lemma 6.12, Lemma 6.9 and (6.16),

X1Waor,j = 23 Z3v0 = (28 23710y 25 21 ) 25 Zhvo =
= rap) (@M2) g NG 23250 22 27 pug =

= (Mg PG pCowo s,

where

o[ b<0
0= /\min{j,b}q§1+2b—min{j7b}) min{j,b}/Q’ b>0.

Using Lemma 6.9 one easily get the action of X5 on the basis. We conclude that

Wit1,55 0<i<a-—1,
Xywij = 1 (b—1)/2\[b] -ali+7D) ya(i—b) .
(A g )I ‘q1 Als pCowo j—p, i=a—1,

(6.23) N
—ini .
q A Wi, 5 ) Z 07
Xows; =4 -, ?1 Zj?+1 !
¢ A Apw; 1, J<O0.
The action of the Y; is uniquely determined by
Ylel)" = (1 — ql)il’U' iy
(6.24) Y L
Yo Xovij = Agy "qy 7 vig,

which hold by (6.13)—(6.14). See Figure 1 for a visual representation.
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6.5.3. The case m = ng\z),)\ # 0,rank Ko = 2. Let 51 = a = (a1,0a2), s2 = b =
(b1,b2) be a basis for G, = K3 over Z. We can assume that aq,b; > 0 and that
d:=[g4]>0.

By Corollary 4.6, Br(n1 )~ T, for some v which we will now determine. Using
Lemma 6.9 and Lemma 6.11 we have, as operators on My,

2P Z32 2 2y = qp TN P elaz, ba) 2y 27 22 257 =
_ qllllgfblﬁ)\(fébszlfm C(az, bg)Z{jl Zgz Zih Zgz.
We conclude that Bt(n1 )~ T, where
(6.25) v = Xlizqflg_blﬁc(ag, ba).

The function ¢ was defined in (6.19), d = a1b2 — bias and k := max{0, k} for k € Z.
For M, to be finite-dimensional it is thus necessary that this v is a root of unity.
Assume this and let » denote its order. Then dim M, = r. Let

(626) {’0071}1,...,’(%,1}
be a basis such that
(6.27) ZP 7520 = v puy,
; 0<y -1
(6.28) Zi’lZSZvj = {Uﬁ-lv - J<r )
Ko, J=r—= 17

where p, u € C*.

The next step is to determine a set S C Gm = 72 of representatives for the set
of cosets G /Gm = Z2/K, which makes it possible to write down the action of the
algebra later. We proceed as follows.

Recall that Ky = Z- (a1,a2) ®Z- (b1, bs). Let dq be the smallest positive integer
such that (dy,0) € K2. We claim that d; = d/ GCD(ag, b2). Indeed di must be of
the form ka1 +1by where k, 1 € Z and kas+1bs = 0 with GCD(k,1) = 1. For such k, [,
Elba, l|lag and be/k = —ag/l =: p > 0. Then GCD(az/p,b2/p) = 1 which implies
that GCD(az2,b2) = p. Thus d1 = kay + Iby = (baar — a2b1)/p = d/ GCD(asg, ba) as
claimed.

Next, let do denote the smallest positive integer such that some Ks-translation
of (0,dz) lies on the z-axis, i.e. such that

((0,d2) + K2) NZ x {0} # 0.
Such an integer exists because if we write GCD(ag, b2) = kag + lba, then
(0, ka2 + lbg) — k(al, (IQ) — l(bl, bg) = (—ka1 — lbl, 0)

On the other hand if (0,d2) + ka + Ib € Z x {0}, i.e. if do = kag + lba, then
GCD(ag, b2)|d2. Therefore do = GCD(az, ba).

We also see that for any point in Z? of the form (z,dz) there is a g € K> such
that (z,d2) + g € Z x {0}. Also, (d1,0) € K3 so for any point of the form (d;,y)
there is a g € K3 (namely (—d1,0)) such that (di,y) + g € {0} x Z.

Suppose now that for some k,l € Z,

k(ai,a2) +1(b1,b2) € KaN{0,1,...,dy — 1} x {0,1,...,dy — 1}.
Then we would have (0, kag+1bs) — (ka+Ib) € Zx {0} and kaz+1bs € {0,1,...,d2—
1} which contradicts the minimality of ds unless kas + lbo = 0. But in this case

(kay + 1b1,0) € Ky which contradicts the minimality of d; unless ka; + by = 0.
Hence Ko N{0,1,...,dy —1} x {0,1,...,d2 — 1} = {(0,0)}. We have shown that

S:={0,1,...,dy — 1} x{0,1,...,d2 — 1}
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=R

FIGURE 2. An example of the action on supp(M) when m = nE\Q),

A # 0 and rank Ky = 2. Herea = (2,—-2), b=(3,2), dy =5,ds =
2 and s = 2. The = arrows indicate the action of X; and the —
arrows show the action of Xs.

is a set of representatives for Z2/K,. In particular we get from Corollary 5.3 that
dim M is finite and

dlmM/lelM = |S| = d1d2 = CL1b2 — blag.
We fix now integers ab, b such that
(6.29) do = GCD(GQ, bg) = Cl/Q(IQ + bébz

and such that —aba; — b3b; € {0,1,...,d; — 1}. This can be done because for any
p EZ, (ay,by) := (a + pba/da, by — pag/dg) also satisfies ajas + biba = d2 but now

—aha; — bbby = —(ah + pba/da)a; — (by — paz/da)by = —ahay — byby — pd;.
We set
(6.30) s = —ahay — bby.
Let (i,4) € S. We have the following reductions in Z2? modulo Ks.

(i+1,7), 0<i<d —1,

(1,0) + (i, 5) = {

0,7), i=dy —1,

(Z]+1) OSj<d2—17
(0,1) + (i,5) = { (i +5,0), j=ds—1,i+s5<d; —1,

(Z+S*d1, ), j=do—1,5+s>dy — 1.

From this we can understand how the X; act on the support of M, see Figure 2 for
an example. By Theorem 5.1 the set

C = {wj, = Xi X3, |0<i<d,0<j<dy,0<k <7}

is a basis for M where vy, is the basis (6.26) for My,.
If 0 <i < dy — 1 we clearly have Xjw;jr = wit1,jk. Suppose ¢ = d; — 1. Then
by Lemma 6.9,
Xywie = X3 XJvp = ¢S XTI X oy,

Thus we must express X in terms of Z* Z$2 and Z% Z52. Since (d,0) = by /dya—
as/dsb we have

(6.31) (21 252y (2 Ze) o/ = O X
as operators on My, for some constant C; * which we must calculate.

Lemma 6.13. The constant Cy defined in (6.31) is given by

(6.32) Cl_l :T—bz/d2(q1 a1@z = a1a2) (**1)/2 ra2/d2(q*b1b2)\ b1b2)d2 d 241)/2,

b1a2a2b2/d2 b1a2b2/d2 -1 /
q )\ T( 7b2a2/d2)C1’
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where the r,, g € Z* are given by (6.20),

o = (1 _ ql)fmin{\a1b2/d2|»\b1a2/d2|}, asby >0,
! 1, azby <0,

k = max{0,k} for k € Z and dy = GCD(az, by).
Proof. If by > 0 for example, we have by Lemma 6.9

ay rzag\bs/ds __ _—aiaz\y—aias —aj1as \ —ai1az\2
(271 23%) /da =0 Atz “(ay A )%

—a1a@3 y—a1a2\ba/da—1 rya1bz/dz yazba/d2
e (g A1) Zy Zy =

_ (q;alﬁ)\ﬁal(w)%(%_1>/2Zf1b2/d2 Z§l2b2/d2
When by < 0 we get a similar calculation where ra ba/dz appears by Lemma 6.12.

(Zi”Zéu)*“?/d2 can analogously be expressed as a multiple of Zl_b1a2/d2 Z;b2a2/d2.

We then commute Z;zbz/d2 and Zl_bla2/d2 using Lemma 6.9. As a last step we use

Lemma 6.10 and obtain two more factors. O

We conclude that
Xywijr = {U;i;l,?:; ba/dok ba/da K, Z f o
q] A Chy 1p pWwo g, 1 =dy — 1.
Here
(6.33) k—as/ds =rki + k) with 0 <k] <r.

Next we turn to the description of how X3 acts on the basis C. If 0 < j < dy —1
we have Xow;jr = g7 ‘A5 w; j+1,5 by Lemma 6.9. Suppose j = da — 1. Then, as in
the first step of the proof of Theorem 5.4,

(6:34)  Xowij = a7 "Ny X{ X520k = 4y ‘M Xi (X527 (.00 25 23) (21 ° 257 o
By (6.16) and (6.20),
(635)  X5*r(—san)Zs 2} = (a0 —an Dt =
siy—1 (d2=1)/2\ds (y—1 (—d2—1)/2\dy s _
=(1—a)"(Vg2) *27.
We must express Z; “Z4§? in the generators of the algebra BY in order to calculate
its action on vy.
(6.36) (20 237 (20 2% = O 2
for some Cy € C* since the degree on both sides are equal by (6.29) and (6.30).
Similarly to the proof of Lemma 6.13,
(637) Oyt = ra (g A/ g T g b 012,
. ql—blb;@)\—blbéagaécécé/’
and
o 1, ayby, > 0,
2 = (1- ql)fmin{\ala’2\,|b1b'2|}7 aébé <0,
1, a2a12b2bl2 > 07

Cé/ - / ’ ! !’
7 (1—2babh+(sgn bab 2
A qg 2ot (sgn baby)Jm)m’/ , agabbabl, < 0,
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FIGURE 3. Weight diagram when m = n(f), A # 0, rank Ko =2
and ¢1 = ¢o.

where m’ = min{|a2ab|, |b2by|}. Furthermore, letting

(6.38) o+ k=rkh+ k), where0 <k <r
we have by (6.27)—(6.28),

(6.39) (231 252)" (27 Z52) vy, = v72h% 2 2y

If i + s < dy — 1 we can now write down the action of X, on wj;j;; by combining
(6.34)—(6.37), (6.39) to get a multiple of w;; o xy. However if i +s > dy — 1, we
must reduce further because then (i + 5,0) ¢ S. Let

(6.40) kY —as/ds = rki + k5, where 0 <k < r.
Then by the calculations for the action of X on My,
Xflvké/ = X{"'s_le{hvké/ = C’lukéz/kgb2/d2pb2/d2wi+s_dl,Oﬁkg.
Summing up, M has a basis
{wijr |0<i<d,0< 5 <dy,0<k <}

and X1, Xs act on this basis as follows.
(6.41)
Xoweir — Wi+t1,5,ks 1< d1 — 1,
FOIET g Oy A gl R = dy L.
Xowij, = (g1 i2) ™"
Wi, 541,k
if0<j<d—1,
(1 N Q1)s(/\2qz)_d2 CQVa/gk’lea’zuk/z Wit s,0,kY
ifj=do—landi+s<d; —1,
(1 o ql)s()\2q2)—d2 CQValeél_._le’bz/d2pa,z+b2/d2/lk/2+kg01wi+s,dl 0.k
if j=dy—1andi+s>d —1,
where Cf is given by (6.32), Cy by (6.37) and v by (6.25). The parameters p and p

comes from the action (6.27), (6.28) of BY on M,, and ki, k! are defined in (6.33),
(6.38) and (6.40).
The action of the Y; is uniquely determined by

(6.42) YiXqwijr = (1 - Qi)flwijky
YoXowijr = Mgy '3 wiji.

We remark that the case g1 = ¢o corresponds to a = (a1,a2) = (1,—1). Then
dy =1,d1 =d=1|by +bs] and s = 1. X; and X5 will act on the support in the
same direction, cyclically as in Figure 3. The explicit action can be deduced from
the above more general case noting that here k4 = k, k) = 0 and

0, k<r—1, k, k<r-—1,
K, =k = ki =ky =
1, k=r—-1, 0, k=r—1.

)
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6.6. The case m ¢ {nff) | o € C,i = 1,2}. This is the generic case. We have
72 = @Q by Corollary 6.8. Our statements here generalize without any problem to
the case of arbitrary rank.

Assume first that the g; are roots of unity of orders o; (i = 1,2) and that w does
not contain any 1-breaks or 2-breaks. Then by Corollary 6.2 and Proposition 6.4
we have Gy, = Z2. Thus Gy, = (01Z) X (02Z). Moreover,

o1 02 __ 0102 02 01
Xl X2 _)‘12 X2 Xl

SO B,(n1 )T Ao1°2 by Corollary 4.6. This algebra has only finite dimensional rep-

resentations if A\J3°% is a root of unity. Assuming this, let r be the order of \J3°2.

Then there are p, u € C* and My, has a basis vg, v1,...,v,—1 such that
Xt = )\ﬁl”pvi

Xglvi: Vit1 0<i1<p—1
pvg t=p—1

Choose S = {0, 1,. 01— 1} x{0,1,...,09 —1}. The corresponding basis for M is
C ={wiji == XiXJv, | 0<i< 01,0 <j <o092,0<k<r}. The following formulas
are easily deduced using (2.6)—(2.8).

Yow Wit 1,5,k k<o —1,
1Wijk = o1(o2k+j
)\15( : )PUJOjk, k=o0—1,

(6.43) W10, <oz —1,
Xowijr = (1 M2) " - Qwioi41, =o02—1,i<r—1,

HW3500, l:02—1,i:T—1.
The action of Y7, Y5 is determined by

(6.44) Vi Xqwijr = qi (o0 — [i]g, )wijn,
. Yo Xowije = a5 a5 7 (a2 — [flge (1 + (@1 — D)ar))wiji.

In all other cases one can show using the same argument that dim M, = 1 for all
n € supp(M) and that M can be realized in a vector space with basis {wi;} jer,
where I = I; x I5 is one of the following sets

Ndl X Ndz: Nd1 X Zi7 Zi X Ndz: Z X Z,
It x 7, Zx7Z*, 7T xZ*, 7T xZTF,

where Ny = {0,1,...,d =1}, Z* = {k € Z | £k > 0} and d; is the order of ¢; if
finite. The action of the generators is given by the following formulas.

wi+1{j7 (7’+17.])€I:
Xywij = pA Y woy, (i+1,5) ¢ 1,11 = Ny, and ay # [i],,,
0, otherwise,
(6.45) wiji1, (i,5+1) €l

pwio, (4,5 +1) ¢ I, 1s = Ng,
and az 7é [j]qz(l + (ql - 1)041),
0, otherwise,

Xowij = (@ Ai2) "
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Yiwi; = q7 " (g = [i = 1g,)-

wi*l,jj (2717])6‘[7
(p)‘(liéj)_lwdl—l»jv (Z - 1a.7) ¢ L= Ndl and oy 7& [Z - 1]&11)
0, otherwise,

(6.46)  Yaows; = Agay” (o2 — [ — g (1 + (¢ — 1)on))-

Wi j4+1, (.,7+1) e,
prwig, -1, (4,5 +1) ¢ 1,11 = Ng,
and oz 7é [J - ”qz(l + (ql - 1)041),
0, otherwise.
Thus we have proved the following result.

Theorem 6.14. Let A be a quantized Weyl algebra of rank two with arbitrary
parameters q1,q2 € C\{0,1}. Then any simple weight A-module with no proper
inner breaks is isomorphic to one of the modules defined by formulas (6.6), (6.7),

(6.
(6.

to

8), (6.9), (6.10), (6.11), (6.21-6.22), (6.25-6.24), (6.41-6.42), (6.45-6.44) or
45-6.46).
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HOPF STRUCTURES ON AMBISKEW POLYNOMIAL RINGS

JONAS T. HARTWIG

ABSTRACT. We derive necessary and sufficient conditions for an ambiskew
polynomial ring to have a Hopf algebra structure of a certain type. This con-
struction generalizes many known Hopf algebras, for example U(sl,), Uq(sl)
and the enveloping algebra of the 3-dimensional Heisenberg Lie algebra. In
a torsion-free case we describe the finite-dimensional simple modules, in par-
ticular their dimensions and prove a Clebsch-Gordan decomposition theorem
for the tensor product of two simple modules. We construct a Casimir type
operator and prove that any finite-dimensional weight module is semisimple.

1. INTRODUCTION

In [4], the authors define a four parameter deformation of the Heisenberg (os-
cillator) Lie algebra Wg 5(q) and study its representations. Moreover by requiring
this algebra to be invariant under ¢ — ¢~!, they define a Hopf algebra structure
on W, 5(q) generalizing several previous results.

The quantum group Uy (sl2(C)) has by definition the structure of a Hopf algebra.
In [6], an extension of this quantum group to an associative algebra denoted by
U,(f(H,K)) (where f is a Laurent polynomial in two variables) is defined and
finite-dimensional representations are studied. The authors show that under certain
conditions on f, a Hopf algebra structure can be introduced. Among these Hopf
algebras is for example the Drinfeld double D(sl,).

All of the mentioned algebras fall (after suitable mathematical formalization in
the case of W 5(¢)) into the class of so called ambiskew polynomial rings (see
Section 2 for the definition). Motivated by these examples of similar classes of
algebras, all of which can be equipped with Hopf algebra structures, we consider a
certain type of Hopf structures on a class of ambiskew polynomial rings.

In Section 2, we recall some definitions and fix notation. We present the con-
ditions for a certain Hopf structure on an ambiskew polynomial ring in Section 3,
while Section 4 is devoted to examples. In Section 5 we introduce some convenient
notation and state some useful formulas for viewing R as an algebra of functions on
its set of maximal ideals. Finite-dimensional simple modules are studied in Section
6. Those have already been classified in [7], but we focus on describing the dimen-
sions in terms of the highest weights. The main result is stated in Theorem 6.17.
The classical Clebsch-Gordan theorem for U(sl,) is generalized in Section 7 to the
present more general setting, using the results of the previous section. Finally, in
Section 8 we first construct a kind of Casimir operator and prove that it can be
used to distinguish non-isomorphic simple modules. This is then used to prove that
any weight module is semisimple.

2000 Mathematics Subject Classification. Primary 16S36; Secondary 16W30, 17B37.
1
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2. PRELIMINARIES

Throughout, K will be an algebraically closed field of characteristic zero. All
algebras are associative and unital K-algebras.

By a Hopf structure on an algebra A we mean a triple (A, g, S) where the coprod-
uct A: A — A® A is a homomorphism, (A® A is given the tensor product algebra
structure) the counit € : A — K is a homomorphism, and the antipode S : A — A
is an anti-homomorphism such that

(2.1) (Id @A) (A(z)) = (AR Id)(A(x)), (Coassociativity)
(2.2) (Id®e)(A(x)) =z = (e @ Id)(A(x)), (Counit axiom)

(2.3) m((s ® Id)(A(m))) — c(z) = m((Id ®S)(A(x))), (Antipode axiom)

for all z € A. Here m : A® A — A denotes the multiplication map of A. A Hopf
algebra is an algebra equipped with a Hopf structure. An element z € A of a Hopf
algebra A is called grouplike if A(z) =z ® x and primitive if A(z) =21+ 1.
In the former case it follows from the axioms that e(x) = 1, x is invertible and
S(x) = z~! while in the latter e(z) = 0 and S(x) = —=x.

If V; (i = 1,2) are two modules over a Hopf algebra H, then V4 ® V5 becomes an
H-module in the following way

(2.4) a(vy ®vz) =Y _(ajv1) ® (af'vo)

for vy € V; (i = 1,2) if a € H with A(a) = ), a] ® a. From (2.1) it follows that
it V; (i =1,2,3) are modules over H then the natural vector space isomorphism
V1@ (Va®Vs) ~ (V1 ®V,)® Vs is an isomorphism of H-modules. From (2.2) follows
that the one-dimensional module K. associated to the representation € of H is a
tensor unit, i.e. Kc @ V >~V ~V ® K. as H-modules for any H-module V.

Let R be a finitely generated commutative algebra over K. Let o be an automor-
phism of R, h € R and £ € K\{0}. Then we define the algebra A = A(R, 0, h,§) as
the associative K-algebra formed by adjoining to R two symbols X, X_ subject
to the relations

(2.5) Xia =0 a)Xy for a € R,

(26) X+X_ - h+€X_X+

This algebra is called an ambiskew polynomial ring. Its structure and representa-
tions were studied by Jordan [8] (see also references therein).

We recall the definition of a generalized Weyl algebra (GWA) (see [1] and refer-
ences therein). If B is a ring, o an automorphism of B, and ¢ € B a central element,
then the generalized Weyl algebra B(o,t) is the ring extension of B generated by
two elements x4, z_ subject to the relations
+1 (

zra=o0""(a)ry, fora€ B,

2.7
27) z_zy =t, and ziz_ =o(l).

The relation between these two constructions is the following. Let A = A(R, o, h, &)
be an ambiskew polynomial ring. Denote by R[t] be the polynomial ring in one
variable ¢ with coefficients in R and let us extend the automorphism o of R to a
K-algebra automorphism of R[t] satisfying

(2.8) o(t) =h+¢Et
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Then A is isomorphic to the GWA R[t](o, t).

3. THE HOPF STRUCTURE

Let A = A(R,0,h,&) be a skew polynomial ring and assume that R has been
equipped with a Hopf structure. In this section we will extend the Hopf structure
on R to A. We make the following anzats, guided by [4] and [6]:

(3.1) AXy)=Xe @re +1+2 ® Xg,
(3:2) e(X4) =0,
(3.3) S(X4) = 5. X4

The elements r4,l+ and s+ will be assumed to belong to R.

Theorem 3.1. Formulas (3.1)-(3.3) define a Hopf algebra structure on A which
extends that of R iff

(3.4a) (c®Id)oAlg =Aoo|g = (Id®0c) o Alg,

(3.4b) Soo|lr=0"108|g,

(3.5a) Ay =h@ryr_ +141_ ®h,

(3.5b) e(h) =0,

(3.5¢) S(h) = —(l4l_ryr_)"th,

(3.6a) r4 and ly are grouplike, i.e. A(x) =z Q@ x for x € {ry,l4},
(3.6b) o(lx)Qo(rg) =E&ly Qre,

(3.7) (si)_l = —liaﬂ(ri).

Proof. From (2.5)-(2.6) we see that ¢ extends to a homomorphism A — K satis-
fying (3.2) if and only if (3.5b) holds. Assume for a moment that A extends to a
homomorphism A — A ® A. From (3.1)-(3.2) it follows that £ is a counit iff

(3.8) e(ry)=celro)=¢e(ly) =¢e(l2) =1.
A is coassociative iff (dropping the +)
(Id®A)(A(X)) = (A Id)(A(X))
which is equivalent to
XA+ X@r+loleX=Xorar+leXor+Al) X,
or
(3.9) X@(A(r)—rer)=(A1)-Il®])® X.

From (2.5)-(2.6) follows that A has a Z-gradation defined by requiring that degr = 0
for » € R, deg X+ = £1. This also induces a Z?-gradation on A ® A in a natural
way. The left and right hand sides of equation (3.9) are homogenous of different Z2-
degrees, namely (£1,0) and (0, £1) respectively. Hence, since homogenous elements
of different degrees must be linearly independent, (3.9) is equivalent to both sides
being zero which holds iff r and [+ are grouplike.
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A respects (2.5) iff (again dropping =)
A(X)A(a) = A(a(a))A(X),
(X@r+leX)A(a) =A(c(a))(X @r+1 X),
(c@1)(A) - (X®r)+(1®0)(Ala)- (1@ X)=A(c(a)(X @7+ X),
(0@ 1)(A(a)) = Alo(a)) - (X @7) + (1@ 0)(A(a) = Alo(a)) - (1 ® X) = 0.
As before the two terms in the last equation have different Z2-degrees and therefore

must be zero. So A respects (2.5) iff (3.4a) holds.
It is straightforward to check that A respects (2.6) iff

(3.10) h®ryr_ +1:0- ®h— A(h)+
(e @olr) — €07 (1) @7 ) Xo @ Xyt

+ (a(z,) ® ¢l ® 0_1(r+))X+ ®X_ =0.

Again these three terms have different degrees so each of them must be zero. Hence
(3.5a) holds. Multiply the second term by X ® X_ from the right:

(s ®@o(r-) — o7l (1) ® r_)t®o(t) = 0.
Here we use the extension (2.8) of o to R[t] where t = X_X. If we apply e; ® €]
to this equation, where e, (e].) for r € R is the evaluation homomorphism R[t] — R
which maps ¢ (o(t)) to r, we get
L oolr) =t 1) @r.

Applying 0 ® 1 to this we obtain one of the relations in (3.6b). Similarly the
vanishing of the third term in (3.10) implies the other.

Assuming that S is an anti-homomorphism A — A satisfying (3.3), we obtain
that S is a an antipode on A iff

S(Xi)re +S(14)Xe =0=X15(r4) +1+5(X4),

which is equivalent to (3.7), using that r1 and I+ are grouplike. And S extends to
a well-defined anti-homomorphism A — A iff

(3.11) S(a)S(X+) = S(X1)S(0F(a)), forae R,
(3.12) S(X_)S(X1)=S(h)+£S(X1)S(X2).

Using (3.7) and that r4,ly are invertible, (3.11) holds iff (3.4b) holds. And (3.12)
holds iff

0=s_X_s: X, —5(h)—¢&s1 X s X_ =
=5 0 s )X Xy —S(h) —s lo(s )X X_ =
= —S5(h) — syo(s_)¢h+
+ (s_0 M (s1) — spo(s_)E)t.
Applying ey and e; we obtain
S(h) = —£s, (s )h,
s_o sy) =% 0(s).

Substituting (3.7) in these equations and using (3.6b), the first is equivalent to
(3.5¢), while the other already holds. g
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4. EXAMPLES

Many Hopf algebras known in the literature can be viewed as one defined in the
previous section.

4.1. Heisenberg algebra. Let R = C[c| with ¢ primitive, and o(c) = ¢. Choose
h=c¢ &=ry =r_ =1y =1_ =1. Then A is the universal enveloping algebra
U(h3) of the three-dimensional Heisenberg Lie algebra.

4.2. U(sl,) and its quantizations.

4.2.1. U(sl,). Let R = C[H] with Hopf algebra structure A(H) = H®1+1® H,
e(H) =0, S(H) = —H. Define o(H) = H—1. Choose h=H, { =ry =r_ =
I =1_=1. Then A~ U(sl,) as Hopf algebras.

4.2.2. Uy(sl,). Let R = C[K, K~ '] with Hopf structure defined by requiring that

K is grouplike. Define o(K) = ¢~ 2K, where ¢ € C, ¢? # 1, and choose h = 12:5(_—11’
§€=r_=1, =1andr, = K,l_ = K. Then the equations in Theorem 3.1 are

satisfied giving a Hopf algebra A which is isomorphic to Uy(sl,).

4.2.3. U,(sl,). For the definition of this algebra, see for example [10]. Let ¢ €
C,q* # 1. Let R = C[K,K!] with K grouplike. Define o(K) = ¢ 'K, h =
KoK= ¢=1,ry=r =K, Iy =1_ =K' Then A= A(R,0,h,¢) is a Hopf
algebra isomorphic to Uy(sl,).

43. U,(f(H,K)). Let R = C[H,H"',K,K~], o(H) = ¢*H, o(K) = q_2K. Let
a€Kand M,p,r,s,t,p',r",s',t' € Zsuchthat M = m—n=m'—n' = p+t—r—s,
s—t=5 —tandp—r=7p —1. Set h = o(K™H" — K- H™), ¢ = 1,
ry = KPH", |, = KSH', r_ = K~“H" |_ = K? H="". Then A is the Hopf
algebra described in [6], Theorem 3.3.

4.4. Down-up algebras. The down-up algebra A(«, 3,7) where «, 3,7 € C, was
defined in [2] and studied by many authors, see for example [3], [5], [8], [9], and
references therein. It is the algebra generated by u, d and relations

ddu = adud + fudd + vd,
duu = audu + Puud + yu.

In [8] it is proved that if o is allowed to be any endomorphism, not necessarily invert-
ible, then any down-up algebra is an ambiskew polynomial ring. Here we consider
the down-up algebra B = A(0,1,1). Thus B is the C-algebra with generators u, d
and relations

(4.1) dPPu=ud®+d, du®=u’d+u.

Let R = Clh], o(h) = h+1 and £ = —1. Then B is isomorphic to the ambiskew
polynomial ring A(R,o,h,§) viad+— X4 and u— X_.

One can show that B is isomorphic to the enveloping algebra of the Lie super
algebra osp(1,2) and hence has a graded Hopf structure. A question was raised in
[9] whether there exists a Hopf structure on B. We do not answer this question here
but we show the existence of a Hopf structure on a larger algebra B, giving us a
formula for the tensor product of weight (in particular finite-dimensional) modules
over B.
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Let ¢ € C* and fix a value of logg. By ¢% we always mean e¢*1°24. Let B, be the
ambiskew polynomial ring B, = A(R, o, h,£) where R = Clh,w,w™ ], o(h) = h+1,
o(w) = quw, and § = —1.

Theorem 4.1. For any p, A € Z such that ¢°~> = —1 and ¢** = 1, the algebra B,
has a Hopf algebra structure given by

AXy)=Xe@uw  + vt @ Xu, e(X1) =0,

S(Xy) = —wT X LT = _qpuﬁ(p-s-/\)Xi’
and

Alw)=wew, cw)=1, Sw)=w"!,
Ahy=h®1+1®h, eh)=0, S(h)=—h.

Proof. The subalgebra C[h, w,w™!] of B, has a unique Hopf structure given by the
maps above. We must verify (3.4)-(3.7) with h = v, £ = —1, ro. = wt?, IL = wt?,

and sy = —gPwF (TN This is straightforward. O

This gives us a tensor structure on the category of modules over B;. Next aim
is to show how using the Hopf structure on B, one can define a tensor structure on
the category of weight modules over B.

In general, if C' is a commutative subalgebra of an algebra A, we say that an
A-module V is a weight module with respect to C' if

V = @memax(c) Vi, Vi = {v € V|mv = 0},
where Max(C) denotes the set of all maximal ideals of C. When C is finitely
generated this is equivalent to V' having a basis in which each ¢ € C acts diagonally.

By weight modules over B (B;) we mean weight modules with respect to the
subalgebra C[h] (C[h, w, w™]). We need a simple lemma.

Lemma 4.2. Any finite-dimensional module V' over B is a weight module.

Proof. By Proposition 5.3 in [8], any finite-dimensional B-module is semisimple.
Since direct sums of weight modules are weight modules we can assume that V'
is simple. Since V is finite-dimensional, the commutative subalgebra C[h] has a
common eigenvector v # 0, i.e. mv = 0 for some maximal ideal m of C[h]. Acting on
this weight vector by X+ produces another weight vector: o*!(m)X1v = Ximv =
0. Since B is generated by C[h] and X4, any vector in the B-submodule of V
generated by v is a sum of weight vectors. But V was simple so V = @ Viy. O

Let W(B) denote the category of weight B-modules and similarly for Bj.

Theorem 4.3. The category of weight modules over B can be embedded into the
category of weight modules over By, i.e. there exist functors

W(B) -5 W(B,) = W(B)

whose composition is the identity functor. In particular, the category of finite-
dimensional B-modules can be embedded in W(By).

Proof. R is given by restriction. It takes weight modules to weight modules. Next
we define £. Let V be a weight module over B and define

(4.2) wv = ¢*v for v € Vih_q) and a € C.
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It is immediate that w commutes with h. Let v € V(;,_4) be arbitrary. Then
Xiwv = X1q¢% = ¢“ X 0.

On the other hand, since hXjv = X (h — 1)v = (a — 1)X v which shows that
X+U € Vv(h,(afl)), we have

quX v = qq* ' X v =q¢* X v.

Thus X,y w = qwX . Similarly X_w = ¢ *wX_ on V. Thus V becomes a module
over B,. That V is a weight module with respect to Clh,w,w™!] is clear. We
define £(V') to be the same space V' with additional action (4.2). If ¢ : V — W is
a morphism of weight B-modules then p(wv) = wp(v) for weight vectors v, since
©(Vm) € Wy for any maximal ideal m of C[h]. But then p(wv) = we(v) for all
v € V since V is a weight module. Thus ¢ is automatically a morphism of B-
modules and we set £(yp) = . It is clear that the composition of the functors is
the identity on objects and morphisms. 0

Note that
(4.3) EW(B)) ={V e W(B,) | Supp(V) C {m=(h—a,w —¢*) | a € C}}.
It is not difficult to see that
EW) @ E(Vz) € E(W(B))
and hence there is a unique V3 € W(B) such that
EW) ®E(Va) = E(V3).

Thus we can define
Vi@V, =V

and this will make W(B) into a tensor category.

4.5. Non Hopf ambiskew polynomial rings. There are many examples of am-
biskew polynomial rings which do not have any Hopf structure. One example
is the Weyl algebra W = (a,blab — ba = 1) which can have no counit . In-
deed, a counit is in particular a homomorphism ¢ : W — C so we would have
1 =¢(1) = e(a)e(b) — e(b)e(a) = 0. Moreover all down-up algebras are ambiskew
polynomial rings (see [8]) and [9] contains necessary conditions for the existence of
a Hopf structure on a down-up algebra in terms of the parameters «, 3,7y. More
precisely, they show that if A = A(a, 3, 7) is a Noetherian down-up algebra that is a
Hopf algebra, then a+ 3 = 1. Moreover if v = 0, then («, 5) = (2, —1) and as alge-
bras, A is isomorphic to the universal enveloping algebra of the three-dimensional
Heisenberg Lie algebra, while if v # 0, then —( is not an nth root of unity for
n > 3. It would be of interest to generalize such a result to a more general class of
ambiskew polynomial rings and also to other GWAs.

5. R AS FUNCTIONS ON A GROUP

From now on we assume that A = A(R, 0, h,§) is an algebra of the form defined in
Section 3 and that conditions (3.4)-(3.7) hold so that A becomes a Hopf algebra with
R as a Hopf subalgebra. Let G denote the set of all maximal ideals in R. Since K
is algebraically closed and R is finitely generated, the inclusion map iy, : K — R/m
is onto for any m € G and we let ¢, : R — K denote the composition of the
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projection R — R/m and i,'. Thus ¢n(a) is the unique element of K such that
a — pm(a) € m. We define the weight sum of m,n € G to be

m+n:=ker(m o (om ® pn) 0 Alg).

This is the kernel of a K-algebra homomorphisms R — K, hence m +n € G. We
will never use the usual addition of ideals so + should not cause any confusion.
Using that A is coassociative, ¢ is a counit and S is an antipode, one easily deduces
that + is associative, that 0 := kere is a unit element and S(m) is the inverse of m.
Thus G is a group under +. If R is cocommutative, G is abelian.

Example 5.1. Let R = C[H|. Then G = {(H — a)|a € C}. Give R the Hopf
structure A(H) = H®1+1® H, ¢(H) =0 and S(H) = —H. Then the operation
+ will be
(H—a)+(H=p)=(H—(a+ ),
i.e. the correspondence C 3 o +— (H — «) € G is an additive group isomorphism.
If R = C[K,K '] then G = {(K — a)|a € C*}. With the Hopf structure
AK)=K® K, e(K)=1and S(K) =K', the operation + will be

(K —a)+ (K —8) = (K —ap)
for o, 8 # 0. Thus G ~ (C*,-).

We will often think of elements from R as K-valued functions on G and for z € R
and m € G we will use the notation z(m) for ¢n(z). Note however that different
elements z,y € R can represent the same function. In fact one can check that the
map from R to functions on G is a homomorphism of K-algebras with kernel equal
to the radical Rad(R) := Nmegm.

Define a map

(5.1) (:Z— G, n—n:=7c"(0).

Lemma 5.2. Let myn € G. Then for any a € R,

(5.2) o(a)(m) = a(ofl(m)),

(5.3) a(m+n) =mo (pm @ pa) 0 Ala) = Y a'(m)a” (v),
(a)

(5.4) m+1l=0c(m)=1+m.

Thus ¢ is a group homomorphism and its image is contained in the center of G.

Proof. Since for any a € R we have
o(a)(m) —a=o0""(o(a)(m) — o(a)) € 0" (m),
(5.2) holds. Similarly,
alm+n)—a€m+n
so applying the map mo (pm ® ¢n) 0 A to a(m—+n) — a yields zero. This gives (5.3).
Finally we have for any a € m,
o(a)(m+1) =mo (pn @ ¢1) 0o Ao(a)) =mo (pm @ ¢1) o (1 ® 0)A(a) =
=mo (pm @ o) © Ala) = a(m + 0) = a(m) = 0.
Here we used (5.3) in the first and the fourth equality, (3.4a) in the second and

(5.2) in the third. Thus o(m) € m+ 1 and then equality holds since both sides are
maximal ideals. The proof of the other equality in (5.4) is symmetric. (]
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Example 5.3. If R = C[K, K '] with A(K) = K ® K,e(K) = 1,S(K) = K~!
and o(K) = ¢ 2K, then kere = (K — 1) so

n = O'”(Q) = O'n((K — 1)) = (qunK — 1) — (K _ q2n).

From (5.3) follows that if © € R is grouplike, then viewed as a function G — K
it is a multiplicative homomorphism. Using (5.3) and (3.5a)-(3.5¢), the following
formulas are satisfied by h as a function on G.

h(m +n) = h(m)r(n) + I(m)h(n),
(5.5) h(0) =0,
h(—m) = —r~'"'h(m),

where r =ryr_and [ =1,1_.

6. FINITE-DIMENSIONAL SIMPLE MODULES

In this section we consider finite-dimensional simple modules over the algebra A.
The main theorem is Theorem 6.17 where we, under the torsion-free assumption
(6.1), characterize the finite-dimensional simple modules of a given dimension in
terms of their highest weights. This result will be used in Section 7 to prove a
Clebsch-Gordan decomposition theorem.

Throughout the rest of the paper we will assume that

(6.1) o"(m) # m for any n € Z\{0} and any m € G.
By (5.4), this condition holds iff 1 has infinite order in G.

6.1. Weight modules, Verma modules and their finite-dimensional simple
quotients. In this section we define weight modules, Verma modules and derive
an equation for the dimension of its finite-dimensional simple quotients.

Let V be an A-module. We call m € G a weight of V' if mv = 0 for some nonzero
v € V. The support of V, denoted Supp(V'), is the set of weights of V. To a weight
m we associate its weight space

Vm:{’UEV|mU=0}.

Elements of V;, are called weight vectors of weight m. A module V is a weight
module if V= &y Vin. A highest weight vector v € V of weight m is a weight vector
of weight m such that X ;v = 0. A module V is called a highest weight module if it
is generated by a highest weight vector. From the defining relations of A it follows
that

(6.2) K1V C Vosti(m).

Equation (6.2) implies that a highest weight module is a weight module.
Let m € G. The Verma module M(m) is defined as the left A-module A/I(m)
where I(m) is the left ideal AX, 4+ Am C A. From relations (2.5),(2.6) follows that

{vp, := X" +I(m)|n >0}

is a basis for M(m). It is clear that M(m) is a highest weight module generated
by vy. We also see that the vectors v, (n > 0) are weight vectors of weights o™ (m)
respectively. By (6.1) we conclude dim M (m),, = 1. Therefore the sum of all its
proper submodules is proper and equals the unique maximal submodule N(m) of
M (m). Thus M (m) has a unique simple quotient L(m). Since it is easy to see that
any highest weight module over A of highest weight m is a quotient of M (m) we
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deduce that L(m) is the unique irreducible highest weight module over A with given
highest weight m € G. We set

Gy :={me G| dimL(m) < co}.

Proposition 6.1. Any finite-dimensional simple module over A is isomorphic to
L(m) for some m € Gjy.

Proof. Let V be a finite-dimensional simple A-module. Since K is algebraically
closed, R has a common eigenvector v # 0, i.e. there exists n € G such that
nw = 0. From (2.5) it follows that ¢”(n)(X4)"v = 0 for any n > 0. By (6.1),
the set {XTv|n > 0} is a set of weight vectors of different weights. Since V' is
finite-dimensional it follows that (X4)"v = 0 for some n > 0. This proves the
existence of a highest weight vector of weight m in V for some weight m. Thus
V = L(m). O

Corollary 6.2. Let V' be a finite-dimensional weight module over A. Then
Supp(V) CGr+Z={m+n|me Gf,neZ}

Proof. Let m € Supp(V) and let 0 # v € Vi,. Then (X1 )"™v = 0 for some smallest
n > 0. But then (X;)" v is a highest weight vector so its weight o"~!(m) =
m +n — 1 must belong to Gy. Thusm=m+n—-1-n—-1¢c Gy +Z. O

The following lemma was essentially proved in [7], Proposition 2.3, and the
general result was mentioned in [8]. We give a proof for completeness.

Proposition 6.3. The dimension of L(m) is the smallest positive integer n such
that

n—1
> e Fh(m— k) = 0.
k=0

Proof. Let e™ be a highest weight vector in L(m). Let n > 0 be the smallest
positive integer such that X"e™ = 0. Then the set spanned by the vectors X7 em,
0 < j < n, is invariant under X_, under R using (2.5), and under X, using
(2.6). Hence it is a nonzero submodule and so coincides with L(m) since the latter
is simple. Therefore n = dim L(m). Let k > 0. Then X*e™ = 0 implies that
XﬁXﬁem = 0. Conversely, suppose XiXﬁem = 0. Then Xi_leem generates a
proper submodule and thus is zero. Repeating this argument we obtain X*e™ = 0.
Hence dim L(m) is the smallest positive integer n such that X} X™e™ = 0. Using
induction it is easy to deduce the formulas

n—1
Xy X! = XU XXy 4 Y € ok (),
k=0
n m—1
(6.3) xixt =] (gmx,)q +y gmflf’cak(h)).
m=1 k=0
Applying both sides of this equality to the vector e™ gives
n m-—1
(6.4) xpxrem= [ D& FoF(h)em.

m=1 k=0
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Using that e™ is a weight vector of weight m and formula (5.2) we have
ok (h)e™ = oF(h)(m)e™ = h(m — k)e™
Substituting this into (6.4) we obtain

X X"e™ = - fm khm k)e
+
1 k=0

The smallest positive n such that this is zero must be the one such that the last
factor is zero. The claim is proved. O

Corollary 6.4. If m,mg € G where h(mg) =0, then
dim L(mp + m) = dim L(m) = dim L(m + my).
Proof. Note that (5.5) implies that h(n+mg) = h(n)r(mg) and h(mg+n) = I(mg)h(n)

for any n € G, recall that r and [ are invertible and use Proposition 6.3. O

6.2. Dimension and highest weights. The goal in this subsection is to prove
Theorem 6.17 which describes in detail the relationship between the dimension of
a finite-dimensional simple module and its highest weight.

We begin with a few useful lemmas. Recall that r = r r_ and [ = [;]_. For
brevity we set 7y = (1) and I3 = [(1). Since 74, l+ are grouplike so are 7 and [ and
thus rq,l; are nonzero scalars.

Lemma 6.5. We have

(l) €2T1l1 = 1

b) h(—=k) = —r FI7"h(k) for any k € Z,

¢) for any k € Z and m € G we have

(6.5) €h(m + k) + € Fh(m — k) = ((€r1)* + (¢r1) 7" )h(m).

Proof. For a), multiply the two equations in (3.6b) and apply the multiplication
map to both sides to obtain

o(lyl_ryr ) = €140 ryr_.
Evaluate both sides at 1 to get
1=1r(0) = Ir(c™1(1)) = o(Ir)(1) = &1r(1) = &1
Next (5.5) gives for any k € Z,
0= h(k — k) = h(k)ri " + ITh(-k),
hence b) follows. Finally, using (5.5) again, we have
gh(m + k) + € h(m — k) = ¢*h(m)ry + £FI(m)h(k)+
+ & h(m)r + €M (m)h(—k) =
= h(m)((&r1)" + (&)™) +
+ Um)h(E)(€" — € r M),

In the last equality we used part b). Now the second term in the last expression
vanishes due to part a). Thus c) follows. O
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In what follows, we will treat the two cases when h(1) = 0 and h(1) # 0 sepa-
rately. The algebras satisfying the former condition have a representation theory
which reminds of that of the enveloping algebra U(hs) of the three-dimensional
Heisenberg Lie algebra, while the latter case includes U(sl,) and other algebras
with similar structure of representations.

6.2.1. The case h(1) = 0.
Proposition 6.6. If h(1) =0, then

(6.6) & =r2=1, o(h)=rh, o(r) =rir, and o(l) = ryl.

In particular, (X4, X_,h) is a subalgebra of A with relations
(X4, X_] = h, [h,X1] =0, fe=1,1r=1,
(X4, X_]=h, (h,X:} =0, fe=1,m =1,
(X, X_} =h, [h, X4] = 0, fe=—1,r =1,
(X X_}=h, (h,X:} =0, fe=—1,1 =1,

respectively, where {-,-} denotes anti-commutator.

Proof. Suppose h(1) = 0. Then, by Lemma 6.5b), h(—=1) = 0. This means that
he —-1=0"10) = o !(kere). Thus e(c(h)) = 0. Using (2.2), (3.4a) and (3.5a)
we deduce
o(h) = (e ®1)(A(a(h))) = (e @ 1) (0 @ 1)(A(h)) =
=¢(o(h)) @r+e(a(l)) @h =e(o(l))h.
Analogously one proves o(h) = e(o(r))h. Hence (o(r)) = e(o(l)). But
e(o(r)) = o(r)(kere) = o(r)(0) = r(-1) =1’
and similarly for [. So 71 = [;. From Lemma 6.5a) we obtain (£r1)? = 1. Now
S(o(h) = S(ryth) = —r;th, and o '(S(h)) = o (=h) = —rih,
so (3.4b) implies that r? = 1. A similar calculation as above shows that o(r) =
rl_lr =rir and o(l) = ll_ll =rl. O
We leave it to the reader to prove the following statement.

Proposition 6.7. All finite-dimensional simple modules over an algebra A(R, o, h, &)
satisfying (6.6) and one of the commutation relations above are either one- or two-
dimensional.

Remark 6.8. The algebra U(h3) is an ambiskew polynomial ring, as shown in
Section 4.1. For this algebra we have h(l) =0 and { =7 = 1.

6.2.2. The case h(1) # 0. In this section, we consider the more complicated case
when h(1) # 0. We prove Theorem 6.17 which describes the dimensions of L(m) in
terms of m. The following two subsets of G will play a vital role:

(6.7) Go ={m € G | h(m) =0},

(6.8) Gij2 ={me€ G |h(m—1)+&h(m) = 0}.
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The reason for this notation is that when A = U(sl,) as in Section 4.2.1 then we
have Go = {(H — 0)} and G1,» = {(H — 3)}. From (5.5) it is immediate that G
is a subgroup of GG. By Proposition 6.3 we have

(6.9) Go={me G| dimL(m) = 1}.
The following analogous result holds for Gy /5.
Proposition 6.9.

(6.10) Gijo ={me G| dim L(m) = 2}.

Proof. If m € G2, then by Proposition 6.3, dim L(m) < 2. But if dim L(m) = 1,
then h(m) = 0 so using m € G/ we get h(m — 1) = 0 also. Since Gy is a group we
deduce that 1 € Gy, i.e. h(1) = 0 which is a contradiction. So dim L(m) = 2. The

converse inclusion is immediate from Proposition 6.3. 0
Set
(6.11) N = order of &7y if (57“1).2 # 1 and &rq is a root of unity,
otherwise.

We also set
N, if N is odd,
N’ =< N/2, if N is even,
00, if N = 0.

The next statement describes the intersection of G and G/, with Z.

Proposition 6.10. We have

(6.12) GO N Z — {Q}? Zf N :'007
N'Z, otherwise,

and

) if N = oo,

6.13 GijaNZsg =1,
( ) 1/2 11 &>0 {{QGZX):N{Qn—l}, otherwise.

Remark 6.11. The set G/ N Z<o can be understood using (6.13) and Lemma
6.14a).

Proof. We first prove (6.12). Let n € Z. The right hand side of (6.12) is invariant
under n — —n. By Lemma 6.5b) so is the left hand side. Moreover since h(0) = 0,
the ideal 0 belongs to both sides of the equality. Thus we can assume n > 0.

Using (5.5) and that r and [, viewed as functions G — K, are multiplicative
homomorphisms it follows by induction that

n—1

h(n) = h(1) Y rifp =

=0
By Lemma 6.5a), 71 /11 = (£r1)?/(€2r111) = (€r1)?, so we can rewrite this as

n—1

(6.14) h(n) = h(D)IF ™ > (6r)™.

=0
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If N = oo and (¢7r1)? # 1 then by (6.14) we have n € GoNZ iff (¢r1)?™ = 1, which is
false. If (€r1)% = 1, then (6.14) implies that n ¢ GoNZ. If N < oo, then (£r1)? # 1
so by (6.14), h(n) = 0 iff (£r1)?" =1 i.e. iff N|2n. This is equivalent to N’|n.
Next we prove (6.13). Suppose n € Z~¢. By definition, n € G/, iff
h(n — 1) + &h(n) = 0.

Using (6.14) on both terms and dividing by h(1)£I7, this is equivalent to

n—2 n—1
e Y ()P 4 Y ()P =0,
k=0 k=0
But §_1lf1 = ¢ry by Lemma 6.5a) so this can be rewritten as
2n—2
(6.15) > (&)t =o.
k=0

Thus (£r1)? # 1 and multiplying by &rp — 1 we get (£r1)?"~! = 1. Therefore
N < o0 and N|2n — 1. Conversely, if N < oo and N|2n — 1 then (¢é71)? # 1 and
(ér1)*"=1 = 1 which implies (6.15). This proves (6.13). O

Proposition 6.12. Suppose h(1) # 0 and G5 # 0. Then

a) éry # —1, and
b) G12 is a left and right coset of Go in G.

Proof. Let my/5 € Gy/2. To prove a), suppose that &ry = —1. Then
0=h(my,—1)+&h(my) =
= h(myp)r(=1) +1(my/2)h(=1) + &h(myyz) =
= h(myo) (17" + &) +U(my2)h(=1) =
= —I(my ;2)ry M7 h(D),

where we used Lemma 6.5b) in the last equality. Since [ is invertible we deduce
that h(1) = 0 which is a contradiction.
To prove part b), we will show that

G1/2 = GO +m1/2.

One proves Gy /3 = my /2 + Go in an analogous way. Let m € Gy be arbitrary. Then
using (5.5) twice,

h(m+my s — 1) + Eh(m +myj9) = I(m)(h(my /2 — 1) + &h(my ) = 0.

Since 1 is invertible we get m +my /3 € Gy 2.
Conversely, suppose m € G/3. Then

h(m — 1) + {h(m) =0,
h(m1/2 —l) + fh(ml/g) = 0.

Multiply the first equation by r(—m, /3) and the second by —r(—my2)I(—my 2)l(m)
and add them together. Then we get

((h(m)ri !+ 1(m)h(=1))r(—my/2)—
T(—m1/2)l(—m1/2)l(m) (h(l’“1/27"1_1 + l(ml/Q)h(—l)) +&h(m — m1/2) =0,
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or equivalently,
h(m)ry ' r(—my o) — r(—my 2)l(—my 2)l(m)h(my j2)r7 " + Eh(m —my j9) = 0.
Using (5.5) this can be written
rl_l(l +&rp)h(m —my9) = 0.

Since {ry # —1 by part a), we conclude that h(m —m;/;) = 0. This shows that
me Gy + my/o. O

The following lemma will be useful.

Lemma 6.13. Let j € Z. If my € Gy, then

(6.16) mp +j € Go <= j € Go,
and Zf h(l) # 0 and m1/2 € Gl/g, then
(617) my /2 +_7€G1/2<:>_]€G0

Proof. (6.16) is immediate since Gy is a subgroup of G. If j € Go, then my /5 +j €
G1/2 by Proposition 6.12. Conversely, if m;/; + j € G2 then by Proposition 6.12,
Goomyp+j—mym=j. U

The next statements will be needed in Section 8.

Lemma 6.14. Suppose h(1) # 0 and let m,n € Gy/5. Then
a) 1—me Gy, and
b) m+n—1¢€Gy.

Proof. Part a) follows from the calculation
h(L—m—1)+&h(l—m) = —I(- ) ( m)h(m) — &L —m)(r(L —m)h(m —1) =
=—l(— —m)(h(m) + &rylih(m — 1)) =
= *l(*m)r(* )6~ (§h(m) +h(m — 1)) =0.

For part b), use that dim L(1—n) = 2 by part a), and thus m4+n—1 = m—(1-n) € Gy
by Proposition 6.12b). O

The formulas provided by the following technical lemma are the key to proving
our main theorem.

Lemma 6.15. Let m € G and j € Z>g. If n =25+ 1 then

(6.18) Zg” kh(m — k) = r;7h(m i (€rp)¥
k=0 k=0
and if n = 25 + 2 then
n/2-1
(6.19) Zf” “Fhm—k) =Y (h(m—j — 1) + éh(m—5)) Y (&r)**
k=0

Proof. If n = 2§ + 1, we make the change of index k — j — k, then factor out &7
and apply formula (6.5):

Zg% Fh(m — k) = Z§7+kh(m—l+k) h(m — J)Z (&r)*

k=—j k=—j



16 JONAS T. HARTWIG

Factoring out (£r1)~7 and changing index from k to k — j yields (6.18).
For the n = 2j + 2 case we first split the sum in the left hand side of (6.19) into
two sums corresponding to odd and even k:

J J
D 7 h(m =2k — 1) + > 9 h(m — 2k)

k=0 k=0

Then we make the change of summation index k — —k + j/2 in both sums

jl2 J/2
g Y PFhm—j—1+2k)+ ¢t Y Fh(m—j+2k)
k=—j/2 k=—j/2

and use (6.5) on each of them to get
/2
(h(m—j—1)+&h(m—7)& > (&r)*

k=—j/2

If we factor out (£71)~7 and change summation index from k to k — j/2 we obtain
(6.19). O

We now come to the main results in this section.

Main Lemma 6.16. Assume that h(1) # 0 and let m € G. Then
a) dimL(m) < N,
b) if dimL(m) = n < N then m € Gii 4 j where n = 2j +1i, i € {1,2},
Jj € Zxo, and
c) ifi€{1,2},j €Z>0,2j+i<N andm e G% then

(6.20) dim L(m + j) = 2j +i.
d) If N' < oo then dim L(m + N'j) = dim L(m) for any j € Z.

Proof. Part a) is trivial when N = oo. If N is finite and odd, Proposition 6.3
and (6.18) imply that dim L(m) < N. If N is finite and even, then (£r1)Y = 1
and (£r1)% # 1 so ZN/2 '(¢r1)?* = 0. Hence Proposition 6.3 and (6.19) implies
dim L(m) < N in this case as well.

Next we turn to part b). Suppose first that dim L(m) =n =25+ 1 < N. Then
by Proposition 6.3 and (6.18) the right hand side of (6.18) is zero. The definition
of N implies that h(m —j) =0, i.e. m € Gp +j. If instead dim L(m) =2j+2 < N,
Proposition 6.3 and (6.19) similarly implies that m € G2 + j.

To prove (6.20), we proceed by induction on j. For j = 0 it follows from (6.9)
and (6.10). Suppose it holds for j = 0,1,...,k — 1, where k£ > 0 and 2k +7 < N.
We first show that dim L(m + k) <2k +4. Ifi =1 then by (6.18),

2k
Zs% 'h(m+k— 1) =r*h(m) Y (¢r1)' =0
=0 =0

since m € Gy. Similarly, if i = 2, then (6.19) gives

2k+1

k
Z gzkﬂ*lh(m—kk—l) — Tl_k(h( — 1)+ &h(m) Z 57’1 =
1=0

=0
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since m € G/ in this case. Thus dim L(m + j) < 2j + 4 by Proposition 6.3. Write

dim L(m+ k) = 2k’ 4+ 4’ where k¥’ > 0, ¢ € {1, 2} and assume that 2k’ 4’ < 2k + .

By part b) we have m+k € G _, + k' which implies that dim L(m+k — k') = i’ by
2

(6.9) and (6.10). This contradicts the induction hypothesis unless &’ = 0. Assuming

K=0weget m+keGy_,. If i =4 then from Lemma 6.13 follows that k € Gy.

2

Since 0 < k < @ < N/2 < N’ this contradicts 6.12. We now show that ¢ # ¢’
is also impossible. If i = 1 and i = 2, then m € Gy and m 4+ k € Gy, so by
Proposition 6.12b), k € G1/2 N Z=o. By (6.13) we get N‘Zk: — 1 which is absurd
because 0 < 2k —1 < 2k+1 < N. If i = 2 and i’ = 1 then m € Gy, and
m +k € Go. By Proposition 6.12b) we have =k = m — (m + k) € G;/5. By
Lemma 6.14a), 1 +k € G2 so (6.13) implies that N|2(1+ k) — 1 = 2k + 1. This
is impossible since 0 < 2k + 1 < 2k +2 < N. We have proved that the assumption
2k +1i’ < 2k + ¢ is false and hence that dim L(m + k) = 2k + ¢, which proves the
induction step.

Finally, part d) follows from Corollary 6.4 and Proposition 6.10. (]

Theorem 6.17. Let m € G.
o If N =00, then
(6.21) dim L(m) < 0o <= m € (Go + Z>0) U (G1/2 + Z>0)

and
(6.22) dim L(mg +j) =25+ 1, formg € Go and j € Zxo,
(6.23) dim L(my o +j) =25 +2, formy € Gyyp and j € Zxo.
e [f N < oo and N is even, then
(6.24) dim L(m) < co <= m € (Go +Z) U (G2 + Z)
and

(6.25) dim L(m + (N/2)j) = dim L(m), for any m € G and j € Z,

and for mg € Go and my 5 € G1/3 we have
(6.26) dimL(mo+j) =2j+1, if0<j<N/2,
(6.27) dim L(my o+ ) = 2j +2, if0<j<N/2.
o If N < oo and N is odd, then
(6.28) dimL(m) <oco<=me Go+2Z=Gyp+7Z
and
(6.29) dim L(m + Nj) = dim L(m), for anym € G and j € Z,
and for mg € Go and my ;3 € G1/3 we have
(6.30) dim L(mg + j) = {;j i 1’_ N, Z‘ (@];Nﬁ\}’
2j + 2, if0<j< 8=

6.31 dim L(my /o +j) =
(6.31) im L(my 2 + j) {2j+2—N, if L <j<N.
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Proof. When N = oo, relations (6.21)-(6.23) are immediate from Lemma 6.16b)
and c).

Suppose N is finite and even. The = implication in (6.24) holds by Lemma
6.16b). And (6.25) follows from (6.12) and Corollary 6.4. Assume that m € (Go +
Z)U(Gq/2 +7Z). Using (6.25) we can assume that m = m’ + j where m’ € Go UG /5
and 0 < j < N/2. Then, if i € {1, 2} we have 2j+4i < N and Lemma 6.16¢) implies
(6.26)-(6.27) and therefore dim L(m) < oo so (6.24) is also proved.

Assume that N is finite and odd. By (6.13) we have (N +1)/2 € G /5. Therefore
Go+Z=Go+ (N +1)/2+Z= Gy, +Zsince G5 is a right coset of G in G by
Proposition 6.12. As before, Lemma 6.16b) implies the = case in (6.28) and (6.29)
holds by virtue of (6.12) and Corollary 6.4. If m € G + Z we can assume by (6.29)
that m € Go+ 7 where 0 < j < N. If j < %,then2j+1<N+ZSosinceN
is odd we have 2j + 1 < N. By Lemma 6.16¢c) we deduce that dim L(m) = 25 + 1.
If instead j > & then m = (N+1)/2+m — (N+1)/2 € Gyj2 + k where
k=j— % so0< k< % Thus 2k + 2 < N so Lemma 6.16¢) implies that
dim L(m) = 2k +2 = 2j + 1 — N. This proves (6.30) and the < implication in
(6.28). Finally (6.31) is equivalent to (6.30) in the following sense. Let 0 < j < N
and m1/2 S G1/2' Then

where j' = j 4+ (N +1)/2 and mg = my 5 — (N +1)/2. Now mg € G since G5 is
acoset of Gopin G. If 0 < j < %, then % < 7' < N so by (6.30) we have
dim L(my 3 + j) = dim L(mg 4+ j') = 2" + 1= N = 2j + 2.
And if £ < j < N, then 0 < j' — N < 2 and hence
dimL(my o +j) =dimL(mo+j —N)=2(' = N)+1=2j+1-N.

The proof is finished. O

Corollary 6.18. If N = oo and m € Go U Gy/2, then L(m + j) is infinite-
dimensional for any j € Z<g.

Proof. If the dimension of L(m + j) were finite and odd (even), then dim L(m +
j—k)=1(2) for some k > 0 by Lemma 6.16b). By Lemma 6.16¢), L(m) has then
dimension 2(j — k) + 1 (2(j — k) + 2) and thus j = k which is absurd. O

Corollary 6.19. Suppose N = oo and let m € Gy. Then L(m) is the unique
finite-dimensional quotient of M (m).

Proof. 1t is enough to prove that the unique maximal proper submodule N(m) of
M (m) is simple. By Theorem 6.17 we can write m = n 4 j where n € Go U G2
and j € Z>q. From the proof of Proposition 6.3 we have

Supp(L(m)) = {n+j,n+j—1,...,n—j}

Thus N(m) is a highest weight module of highest weight n — j — 1. So N(m) is a
quotient of M(n —j —1). But M(n — j — 1) is simple, otherwise it would have a
finite-dimensional simple quotient, i.e. L(n — j — 1) would be finite-dimensional,
contradicting Corollary 6.18. Thus N(m) is also simple. O
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Remark 6.20. We finish this section by remarking that there exist algebras in the
class studied in this paper which do not have even-dimensional simple modules as
for example the algebra B, from Section 4.4. Indeed, in this case we have {&r; = —1
and so N = oo by definition. By Proposition 6.12, G4/3 = () so by Theorem 6.17,
there can exist no even-dimensional simple modules.

7. TENSOR PRODUCTS AND A CLEBSCH-GORDAN FORMULA

As we have seen in Section 2 the existence of a Hopf structure on an algebra
allows one to define tensor product of its representations by (2.4). The aim of this
section is to prove a formula which decomposes the tensor product of two simple
A-modules into a direct sum of simple modules. It generalizes the classical Clebsch-
Gordan formula for modules over U(sl,). We will assume that A = A(R,o,h,¢§)
is an ambiskew polynomial ring and that it carries a Hopf structure of the type
considered in Section 3. We will also assume (6.1) and that N = co.

Lemma 7.1. Let V and W be two A-modules. Then
(7.1) Vo @ Wa € (VO W)min
for any myn € G. Hence if V and W are weight modules, then so is V@ W and
Supp(V@ W) ={m+n|m & Supp(V),n € Supp(W)}.
Proof. Let v € Vi, w € Wy,. Then for any r € R,
rlv@w) = Z r'v@r’w = Z r(m)v@r’(n)w =
() ()
= Z rm)r"Mvew=rm+n)vw
()
by (5.3), proving (7.1). Thus if V, W are weight modules,
VW =(&nVn) @ (@aWh) = BmaVn @ Wa = G Bmitmo=m Vi, @ Wany).
O

Theorem 7.2. Let m,n € Gy. We have the following isomorphism

(7.2) Lm)@ Ln) ~L(m+n) @ Lm+n—-1)d... & Lm+n—s+1)
where s = min{dim L(m), dim L(n)}.

Proof. Let e™, e" denote highest weight vectors in L(m), L(n) respectively and set

CHIES (X_)le™ for j € Z>¢ and similarly for n. Set V = L(m) ® L(n). By Lemma

7.1 we have

Vinpn—g = Gitj=rKe]" ® €]
for k € Z>p. Fix 0 <k < s—1. We will prove that
(7.3) dimker X[y, ., , = 1.

From the calculations in the proof of Proposition 6.3 follows that when j > 0, Xy e]'
is a nonzero multiple of e;‘_l. Let VJ‘-“ denote this multiple. Let

k
u= E el @ ep_;
i=0
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be an arbitrary vector in Vi4n—g. Then

=

Xyu=) N(Xjel' @rpep_;+ el @ Xyep ;) =

~
(=]

=Y Pifri(m—E+i+ 1)+ Nly(m - lel @ep .

e
=

<
Il
o

Setting

¢i =lp(m—ivp_,

C; = V?T‘_;_(H—E—I-i),
the condition for u to be a highest weight vector can hence be written as

Co Cll )\0

C1 0/2 )\1
(7.4) . . .| =o.

/
Ck—1 Cg )\k

Since r4 and [ are grouplike, they are invertible and hence ¢; # 0 # ;. for any

i =0,1,...,k — 1. Therefore the space of solutions to (7.4) is one-dimensional.
Thus (7.3) is proved.
From the definition of Verma modules, it follows that for £k = 0,1,...,s — 1,

there is a nonzero A-module morphism
M(m+n—k)— L(m)® L(n)

which maps a highest weight vector in M(m + n — k) to a highest weight vector
in L(m) ® L(n) of weight m 4+ n — k. But L(m) ® L(n) is finite-dimensional so this
morphism must factor through L(m+n — k) by Corollary 6.19. Taking direct sums
of these morphisms we obtain an A-module morphism

p:Lm+n)dLm+n-1)d...dL(m+n—-s+1) — L(m)® L(n).

We claim it is injective. Indeed, the projection of the kernel of ¢ to any term
L(m + n — §) must be zero, because it is a proper submodule of the simple module
L(m+n—1).

To conclude we now calculate the dimensions of both sides. Write dim L(m) =
2j1 + i1 and dimL(n) = 2j3 + i3 where j1,j2 € Zi>o and i1,iy € {1,2}. By
Lemma 6.16b), dim L(m — j1) = 4; and dim L(n — ja) = 42. First note that

dimL(m — ji +n —ja) =41 +iz — 1.
When i; = iy = 1, this is true because G is a subgroup of G. When one of i1, i5 is

1 and the other 2, it follows from Proposition 6.12b). And if i; = iy = 2, it follows
from Lemma 6.14b) and Theorem 6.17.
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From Theorem 6.17 also follows that dim L(m+k) = dim L(m)+2k if dim L(m) <
oo and k € Z>¢. Hence, recalling that s = min{dim L(m),dim L(n)}, we have

s—1 s—1
> dimL(m+n—k) =Y dimL(m—ji+n—jo+ji+j2—k) =
k=0 k=0
s—1
= (i1 +ia = 14201 +j2 — k) =
k=0
= s(i1 +i2 — 14251 +2j2) — s(s — 1) =
= s(dim L(m) + dim L(n) — s) =
= dim L(m) dim L(n) = dim (L(m) ® L(n)).
This completes the proof of the theorem. O

Under some conditions it is possible to introduce a *-structure on A. In this
connection it would be interesting to study Clebsch-Gordan coefficients and the
relation with special functions. This will be a subject for future investigation.

8. CASIMIR OPERATORS AND SEMISIMPLICITY

Arguing as in the proof of Lemma 4.2, it is easy to see that any finite-dimensional
semisimple module over A = A(R, o, h,§) is a weight module. In this section we will
prove the converse, that any finite-dimensional weight module over A is semisimple.
Note that in general not all finite-dimensional modules over our algebra A are
semisimple. The corresponding example is constructed in [6] for the algebra from
Section 4.3. A necessary and sufficient condition for all finite-dimensional modules
over an ambiskew polynomial ring to be semisimple was given in [8], Theorem 5.1.

In this section we assume that A = A(R, o, h, £) is an ambiskew polynomial ring
with a Hopf structure of the type introduced in Section 3 such that (6.1) holds. We
also assume that N = co.

Let V be a finite-dimensional weight module over A. We will first treat the case
when Supp(V) C m + Z where m € Gy is fixed. Define a linear map

CvtV—>V

by requiring
Cyv =ol(t)v, forve Vintj and j € Z.

Here o denotes the extended automorphism (2.8). More explicitly we have (if j > 0)

j—1 Jj—1
Cvv = od (ty = (fjt + Z{koj_l_k(h))v — &+ hm+ k4 1)
k=0 k=0

and similarly when j < 0. It is easy to check that Cy is a morphism of A-modules.
Hence it is constant on each finite-dimensional simple module V' by Schur’s Lemma.
Moreover if ¢ : V' — W is a morphism of weight A-modules with support in m + Z,
then pCy = Cw .

Proposition 8.1. Let j1,j2 € Z>o. If Cr(m+j1) = CL(m+4), then ji1 = ja.
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Proof. By applying O (m4;) to the highest weight vector of L(m+j), (j € Z>o) we
get

j—1

(8.1) Crimsj) = 2 E"h(m+k+1).
k=0

We can assume j; < j2. By assumption we have

Jj2—1 ji—1 jo—1
0=> &hm+k+1)—> Fhm+k+1)=> Fhim+k+1)=
k=0 k=0 k=j1
Jj2—j1—1
=& Y h(mt gy — (o — 1) + k1)
k=0

By Proposition 6.3 this means that dim L(m + j2) < jo — j1. But this contradicts
Theorem 6.17 which says that dim L(m + j2) = 2j> + 1. O

Theorem 8.2. Let V be a finite-dimensional weight module over A with support
in Go+7Z. Then V is semisimple.

Proof. We follow the idea of the proof of Proposition 12 in [10], Chapter 3. Writing
V = ®meco( ©jez Vintj)

and noting that @ ez Vin4; are submodules, we can reduce to the case when Supp (V)
is contained in m + Z for a fixed m € Gy.

Let A1,..., A\r be the generalized eigenvalues of the Casimir operator Cy, i.e.
the elements of the set

{A € K| ker(Cy — A1Id)? # 0 for some p > 0}.

Then each generalized eigenspace Zp ker(Cy — A\; Id)P is invariant under A, hence
they are submodules. It suffices to prove that each such submodule is semisimple.
Let V be one of them. Let V7 = {v € V| X v = 0}. Then V; is invariant under R
and since V is a weight module, V1 = ®nea(Vi NV4). Now if 0 # v € Vi NV, then
v is a highest weight vector of V' and generates a submodule isomorphic to L(n).
Hence if V1 NV, # 0 for more than one n € G, Cy will have two different eigenvalues
by Proposition 8.1 which is impossible. Here we used that the restriction of Cy
to a submodule W coincides with Cyy. Hence V; is contained in a single weight
space, say V,. Let v1,...,v; be a basis for V3. Then each v; generates a simple
submodule isomorphic to L(n). We will show that the sum of these submodules is
direct. Vectors of different weights are linearly independent so it suffices to show
that if

k
D> A(X ) ™Mp =0
i=1
then all \; = 0. Assume the sum was nonzero and act by X, m times. In each
step we get a nonzero result because we have not reached the highest weight n yet.
But then, using (6.3), we have a linear relation among the v, — a contradiction.
We have shown that V' contains the direct sum V' of k copies of L(n). Now X
acts injectively on V/V’. This is only possible in a torsion-free finite-dimensional
weight A-module if it is O-dimensional. Thus V' is semisimple. (]
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We now turn to the general case. Assume now that A has an even-dimensional
irreducible representation. By Lemma 6.16b), Gy /5 # (). We fix my,5 € G. Then
G1/2 = Go +my /9 by Proposition 6.12.

Theorem 8.3. Any finite-dimensional weight module V over A is semisimple.

Proof. By Corollary 6.2 and Theorem 6.17,
Supp(V) € (Go + Z) U (Gy/2 + Z)

Thus we have a decomposition

(@ 1) (@ V)

meGo meGo
where Viiz := @jezVat; for n € G are submodules. It remains to prove that a
weight module V' with support in m +m /5 + Z is semisimple. By Lemma 7.1,

Supp (V®L(m1/2)) §m+m1/2+m1/2+Z:m'+Z

where m’ := m +m; /5 + my3 — 1 € Gy by Lemma 6.14b). Hence V ® L(m,3)
is semisimple by Theorem 8.2. By the Clebsch-Gordan formula (7.2), the tensor
product of two semisimple modules is semisimple again. Therefore V @ L(m; /) ®
L(1 —my/y) is semisimple, where dim L(1 — m;/5) = 2 by Lemma 6.14a). On the
other hand, by (7.2) again we have

V@ Lmys)®@LL—myp)~V®(L0)®Lm)) ~(VeL0)a (Ve Lm)).

Finally, it is easy to verify the isomorphism V ~ V ® L(0), v — v ® e where
0 # e € L(0) is fixed. Thus V is isomorphic to a submodule of the semisimple
module V' ® L(my/2) ® L(1 — my ;) and is therefore itself semisimple. O
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