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Abstract

We consider the Poisson-Boolean model with unit radius in the hyperbolic
disc H?. Let A be the intensity of the underlying Poisson process, and let
N¢ denote the number of unbounded components of the covered region. We
show that there are two intensities A, and A,, 0 < A, < A, < o0, such
that No = 0 for A € (0,A.], No = oo for A € (A, Ay), and No = 1 for
A € [Ay,00). Corresponding results, due to Benjamini, Lyons, Peres and
Schramm, are available for Bernoulli bond and site percolation on certain
nonamenable transitive graphs, and we use many of their techniques in our
proofs.

1 Introduction

We begin by describing the unit radius version of the so called Poisson-Boolean
model in R?, arguably the most studied continuum percolation model. For a detailed
study of this model, we refer to [15]. Let X be a Poisson point process in R? with
some intensity A. At each point of X, place a closed ball with unit radius. Let
C' be the union of all balls, and V' be the complement of C'. The sets V and
C will be referred to as the wacant and covered regions. We say that percolation
occurs in C (respectively in V) if C' (respectively V') contains unbounded (connected)
components. For the Poisson-Boolean model in R?, it is known that there is a critical
density A\, € (0,00) such that for A < A, percolation occurs in V' but not in C, and
for A > A., percolation occurs in C' but not in V. Furthermore, if we denote by N¢
and Ny the number of unbounded components of C' and V respectively, it is the
case that (Ng, Ny) = (0,1) a.s. for A < A\, and (N¢, Ny) = (1,0) a.s. for A > A..
It is also known that (N¢, Ny) = (0,0) at A.. This means that if there is some
unbounded component in C or V, it is necessarily unique. All these results are also
valid for the Poisson-Boolean model in R? for d > 3.

It is possible to consider the Poisson-Boolean in more exotic spaces than R?, and
one might ask if there are spaces for which several unbounded components coexist
with positive probability. The main result of this paper is that this is indeed the
case for the hyperbolic disc, H?. We show that there are intensities for which there
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are almost surely infinitely many unbounded components in both the covered and
vacant regions. It turns out that the main difference between R? and H? which
causes this, is the fact that H? has a positive linear isoperimetric constant. This
means that the ratio between the circumference and area of a ball goes to some
strictly positive constant as the radius goes to infinity. In R? however, this ratio
goes to 0.

In many aspects, the proof is similar to a proof by Benjamini, Lyons, Peres and
Schramm. They showed that for a class of nonamenable planar transitive graphs,
there are infinitely many infinite clusters for some parameters in Bernoulli bond
percolation. We will give the proper definitions below.

The rest of the paper is organized as follows. Section 2 gives a short review of
uniqueness and non-uniqueness results for infinite clusters in Bernoulli percolation
on graphs, including the results by Benjamini, Lyons, Peres and Schramm. Then in
Section 3 the most elementary properties of the hyperbolic disc are given. Finally,
we give our proofs in Section 4.

2 Discrete percolation

Let G = (V, E) be an infinite connected graph with vertex set V' and edge set E. In
p-Bernoulli bond percolation on G, each edge in E is kept with probability p and
deleted with probability 1 — p, independently of all other edges. All vertices are
kept. Let P, be the probability measure on the subgraphs of G' corresponding to
p-Bernoulli percolation. (It is also possible to consider p-Bernoulli site percolation
in which it is the vertices that are kept or deleted, and all results we present in this
section are valid in this case too.) In this section, w will denote a random subgraph
of G. Connected components of w will be called clusters.

Let C' be the event that p-Bernoulli bond percolation contains infinite clusters.
One of the most basic facts in the theory of discrete percolation is the following
theorem, a proof of which can be found in [12].

THEOREM 2.1 There exists a critical probability p. = p.(G) € [0,1] such that

0, p<npe.
Pp<0>={1 pen

A natural question to ask is: How many infinite clusters are there? The answer
obviously depends on GG and p. We will consider only transitive graphs.

DEFINITION 2.2 Let G = (V, E) be an infinite graph. A bijection g : V. — V such
that [g(u), g(v)] € E if and only if [u,v] € E is called a graph automorphism. The
graph G s called transitive if for any u,v € V there exists a graph automorphism
mapping u to v.

For a transitive graph, the degree of the graph is the number of edges incident to
each edge. The set of graph automorphisms of GG is a group under composition and
we denote this group by Aut(G). In the case of transitivity, the following theorem,
see [12], gives the possible answers to the question preceding Definition 2.2.



THEOREM 2.3 If G is transitive and w is a p-Bernoulli bond percolation on G, the
number of infinite clusters in w is an almost sure constant which is either 0, 1 or
00.

Theorem 2.3 gives reason to introduce another quantity of interest, alongside p..
We let p, = pu(G) be the infimum of the set of p € [0,1] such that p-Bernoulli
bond percolation has a unique infinite cluster a.s. Schonmann [16] showed for all
transitive graphs that for all p > p,, one has uniqueness. In view of Theorem 2.3
this means there are at most three phases for p € [0, 1] regarding the number of
infinite clusters, namely one for which this number is 0, one where the number is oo
and finally one where uniqueness holds.

A problem which in recent years has attracted much interest is to decide for
which graphs p. < p,. It turns out that whether a graph is amenable or not is
central in settling this question:

For K C V, the inner vertex boundary of K is defined as Oy K :={y € K : 3z ¢
K, [z,y] € E} and the edge boundary is defined as Og K := {(z,y) : [x,y] € E,z €
V,y € V\ K}. The vertez-isoperimetric and edge-isoperimetric constants for G are
defined as

.o OvW . |0gW
ky(G) == 1‘1;1Vf \‘IjV\ | and kp(G) = 1‘1;1Vf \?/V\ |

where the infimum ranges over all finite connected subsets W of V.

DEFINITION 2.4 A bounded degree graph G = (V,E) is said to be amenable if
ky (G) =0 (or equivalently kp(G) = 0). If instead vy (G) > 0 we say that the graph
15 nonamenable.

Benjamini and Schramm [6] have made the following general conjecture:
CONJECTURE 2.5 If G s transitive, then p, > p. if and only if G is nonamenable.
Burton and Keane [7] solved one part of Conjecture 2.5:

THEOREM 2.6 Assume that G is transitive and amenable. If w is a p-Bernoulli
percolation on G with p > p., then w contains a unique infinite cluster a.s.

In fact, they only proved Theorem 2.6 in the case when G is the graph with vertex
set Z2 and whose edge set is all pairs of vertices at Euclidean distance 1 from each
other, but their argument was quickly realized to work for all amenable transitive
graphs. To illustrate the role of amenability, we include the main ingredients of the
proof. For full details we refer to [12].

Proof. By Theorem 2.3, it is enough to rule out the case of infinitely many
infinite clusters, so suppose for contradiction that the number of infinite clusters is
infinite. We may assume without loss of generality that the degree of the graph is
at least three. A vertex v € V is said to be a trifurcation if

1. v is in an infinite cluster;

2. there exist exactly three edges incident to v in w; and



3. the deletion of x and these three edges splits the infinite cluster into exactly
three disjoint infinite clusters and no finite clusters.

Let ¢ be the probability that a given vertex is a trifurcation (by transitivity, ¢ is inde-
pendent of the choice of vertex). Since there are infinitely many infinite clusters we
may choose a vertex v and W > v so big that W with positive probability contains
at least three vertices belonging to three disjoint infinite clusters. Conditioned on
this, there is positive probability that all edges of W are closed except three disjoint
paths in w leading from three such vertices to v. But then v is a trifurcation. So
t> 0.

Next suppose A is a finite set of trifurcations belonging to the same infinite
cluster K. A member of A is said to be an outer member if at least two of the
disjoint infinite clusters resulting from its removal contain no other member of A. It
is not difficult to show that A must contain at least one outer member. We will now
show by induction on |A| that the removal of all trifurcations in A will divide K into
at least |A| 4+ 2 disjoint infinite clusters. The claim is trivial for |[A| = 1. Assume it
holds for |A| = j and suppose A is a set of j + 1 trifurcations in the same infinite
cluster. Let v be an outer member of A. The removal of all vertices in A\ {v} splits
the infinite cluster into at least j + 2 disjoint ones. Since v is outer the removal of
it gives one more infinite cluster, completing the induction.

Hence an infinite cluster with j trifurcations in a finite set W C V must intersect
OW in at least j + 2 vertices, and therefore W cannot contain more than |0W| — 2
trifurcations. Denote by T'(WW) the number of trifurcations in W. Then, by the
transitivity of G, E[T(W)] = |W|t. Since T(W) < |0W| — 2, this gives

By the amenability of G, we may choose W so that the right hand side of the above
becomes arbitrarily small. Thus ¢ = 0, a contradiction. O

The other direction of Conjecture 2.5 has only been partially solved. Here is one
such result that will be of particular interest to us, due to Benjamini and Schramm
[5]. This can be considered as the discrete analogue to our main theorem. First,
another definition is needed.

DEFINITION 2.7 Let G = (V, E) be an infinite connected graph and for W C V let
Ny be the number of infinite clusters of G\ W. The number supy, Ny where the
supremum is taken over all finite W s called the number of ends of G.

THEOREM 2.8 Let G be a nonamenable, planar transitive graph with one end. Then
0 < p(G) < pu(G) < 1 for Bernoulli bond percolation on G.

We will not discuss the condition that G can only have one end in Theorem 2.8
further. However, a homogeneous tree has infinitely many ends and p, = 1.

We now review some of the results used in the proof of Theorem 2.8. In Section
4 we will prove continuous analogues to several of them.

The study of a certain kind of dependent percolation has produced results that
have been of great help in the study of independent (Bernoulli) percolation.
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DEFINITION 2.9 A random subgraph w of G = (V| E) is said to be an automorphism
invariant bond percolation on G if w has the same distribution as gw for each
g €Aut(G) and the vertex set of w is V.

Clearly, usual Bernoulli bond percolation is included in this definition.

A powerful tool for handling automorphism invariant percolation is the so called
mass transport principle.

Let m(u,v,w) be a nonnegative function with three arguments; two vertices u
and v and w a subgraph of G. Also suppose m(u,v,w) = m(gu, gv, gw) for all
u, v € V, all subgraphs w and all ¢ € Aut(G). One should think of m(u,v,w) as
the amount of mass transported from u to v when the percolation results in w. We
present the mass transport principle for a certain class of transitive graphs only,
namely Cayley graphs, since the proof in this case is simple, and will later be more
easily related to the proof of the continuous analogue, Theorem 3.4.

DEFINITION 2.10 Let ' be a finitely generated group and let S = {gi', ..., g} be a
finite symmetric set of generators for I'. The (right) Cayley graph of T' is the graph

G = (V,E) where V :=T and [g,h] € E if and only if g 'h € S.

Note that for each pair of elements u, v € ' there is a unique element g € I' such
that u = gv. Therefore, all Cayley graphs are transitive, and I' can be identified
with a subgroup of Aut(G).

THEOREM 2.11 (THE MASS TRANSPORT PRINCIPLE) If G is a Cayley graph, w an
automorphism invariant bond percolation on G, then for any u € V.

ZE (1, v, w) ZE (v, u, w)].

veV veV

Theorem 2.11 and the proof we present below is due to Benjamini, Lyons, Peres
and Schramm [3]. The same authors [4] prove the mass transport principle for a
wider class of transitive graphs. The first version of the mass transport principle
was proved by Haggstrom [11], for homogeneous trees. In words, the mass transport
principle says that the expected amount of mass transported out of the vertex v is
the same as the expected amount of mass transported into it.

Proof. Using the automorphism invariances of w and m and the remarks
following Definition 2.10 we get

ZE[m(u, v,w)| = ZE[m(u, gu,w)] = Z E[m(g 'u,u,g 'w)]

ueV ger ger

_ -1

= g E[m(g "u,u,w)] E E[m(v, u,w)],
gelr ueV

completing the proof. O

Choosing the function m in different ways, the mass transport principle is used in
the proofs of the following theorems from [3].



THEOREM 2.12 Let G = (V, E) be a nonamenable Cayley graph with vertex degree d
and w an automorphism invariant bond percolation on G. If Ple € w] > 1—kp(G)/d
for all e € E, then w contains infinite clusters with positive probability.

THEOREM 2.13 Let G be a nonamenable Cayley graph and w a p-Bernoulli bond
percolation. If p = p.(G) there are almost surely no infinite clusters in w.

Later in Section 4, we will see that Theorems 2.12 and 2.13 are similar in spirit
to Theorems 4.8 and 4.16 that in turn are major parts in the proof of our main
theorem, Theorem 4.2.

3 The Hyperbolic Disc H?

The hyperbolic disc H? is the open unit disc in C equipped with the hyperbolic
metric. The hyperbolic metric is the metric which to a curve v = {v(t)},_, assigns
length

_, [
v =2 || T

and to a set E assigns area
u(B) = [ do(2)
JE

where do(z) = 4% and z = x + iy. The linear isoperimetric inequality for

H? says that for all measurable A C H? with L(0A) and p(A) well defined,

L(0A)
1(A)

Denote by d(z,y) the hyperbolic distance between the points = and y. The closed
hyperbolic ball of radius r centered at z is the set S(z,7) = {y : d(z,y) <r}. In
what follows, area (resp. length) will always mean hyperbolic area (resp. hyperbolic
length). The formulas for the area and circumference of S(0,r) are given by

> 1. (3.1)

L(0S(0,7)) = 2r sinh(r) and u(S(0,7)) = 2r(cosh(r) — 1). (3.2)
Note that

L(9S(0,7)) = 27r +o(r®) as r — 0 (3.3)
and

w(S(0,7)) = 7r? + o(r*) as r — 0. (3.4)

Thus, at small scale, hyperbolic length and area are close to Euclidean length and
area. For more elementary facts about H?, we refer to [8].
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3.1 Mass transport

Next, we present the mass transport principle for H?, due to Benjamini and Schramm
[5]. Tt is essential for our results, thus we include a proof. First some preliminary
definitions are needed.

DEFINITION 3.1 A bijective mapping of H? onto itself that preserves (hyperbolic)
distances s called an isometry.

The set of isometries of H? forms a group under composition, and we denote this
group by Isom(H?).

DEFINITION 3.2 If A is some random subset of H?, we say that the distribution of
A is Tsom(H?)-invariant if gA has the same distribution as A for all g €lsom(H?).

For example, a Poisson process in H? has an Isom(H?)-invariant distribution.

DEFINITION 3.3 A measure v on H? x H? is said to be diagonally invariant if for
all measurable A, B C H? and g €lsom(H?)

v(gA x gB) = v(A x B).

THEOREM 3.4 (MASS TRANSPORT PRINCIPLE IN H? ) If v is a positive diagonally
invariant measure on H2 x H? such that v(A x H?) < oc for some open A C H?,
then

v(B x H*) = v(H* x B)
for all measurable B C H?.

In all our applications of this theorem, it turns out that v is absolutely continuous
with respect to p x pu. Below we present a proof using this assumption. It turns
out that the condition v(A x H?) < oo for some open A can then be dropped. For
a € B2, let go(2) :== (2 — a)/(1 — @z). The set of functions {g, }aemz is a subset of
Isom(H?). Our proof requires only the diagonal invariance of v under this subset.
Note that g, 0 g o(2) = 2. The full proof of Theorem 3.4 is more involved, and we
refer to [5].

The intuition behind the mass transport principle can be described as follows.
One may think of v(A x B) as the amount of mass (or, in the case that v is an
expectation, the expected amount of mass) that goes from A to B. Thus the mass
transport principle says that the amount of mass that goes out of A equals the mass
that goes into A.

Proof. Suppose v < p x . By the Radon-Nikodym theorem there is f such that
v(Ax B) = [, ,fd(ux p) for all measurable A x B C H* x H*. By Fubini’s
theorem,

vaxB) = [ [ fanauwo).
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Also for any ¢ € Isom(H?) we have, by Isom(H?)-invariance of y,

v(gA x gB) = //fabdu Jdpu(a //f dp(b)dp(a).

Since v is diagonally invariant, it follows that f(z,y) = f(g(x),9(y)) a.e. for all
g € Tsom(H?). Also, using Isom(H?)-invariance of p again,

/bedu /fbg Dij(e) and [ f(r.b)d(a /f (x)

for all b € H? and g € Isom(H?). Therefore,

fb, x)dp(x) = [ f(0, gp(x))dp(z) = [ f(0,z)du(x)

J H2 J H2 J H2
[ 1(0:(0) gulo)nto) = /W F-a,0)duta) = [ 0)du(a)

[ Has@).g-s0)dta) = [ lo4(a) / f (o Dy

Using Fubini again we get

B x8) = [ [ oaau@ant) = [ [ ndut)au = o8 «5)

completing the proof.O

4 The Poisson-Boolean model in H2

DEFINITION 4.1 A point process X on H? distributed according to the probability
measure P such that for k € N, X > 0, and every measurable A C H? one has

D) (Au(A))F
P[X(A)| = k] = ¢ <>%

is called a Poisson process with intensity A on H*. Here X(A) = X N A and | - |
denotes cardinality.

In the Poisson-Boolean model in H?, just like in the corresponding model in R?, at
every point of a Poisson process X we place a ball with unit radius. More precisely,
we let €' = [J,cx S(x,1) and V' = C¢ and refer to C and V' as the covered and
vacant regions of H” respectively. For A C H? we let C[A] := U, cx(4) S(2, 1) and
VI[A] := C[A]°. For z,y € H?, let dc(x,y) be the length of the shortest curve
connecting x and y lying completely in C' if there exists such a curve, otherwise let
de(x,y) = oo. Similarly, let dy (xz, y) be the length of the shortest curve connecting x
and y lying completely in V' if there is such a curve, otherwise let dy (z,y) = oo. The
collection of all components of C'is denoted by C and the collection of all components
of V is denoted by V. Let N¢ denote the number of unbounded components in C
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and Ny denote the number of unbounded components in V. Next we introduce
critical densities as follows. We let

Ae :=1inf{\ : N¢g >0 as.},

Ay =inf{\ : N¢c =1 as.},
Al =sup{A : Ny >0as. },

and

Al =sup{\ : Ny =1as. }.

u

Our main result is:
THEOREM 4.2 For the Poisson-Boolean model with unit radius in H?
0< A <Ay <00

Furthermore, with probability 1,

(0,1), A€ [0,A]
(Nc,Nv) = (O0,00), A E ()\c; u)
(1,0), A € [Ny, 00)

A first step towards Theorem 4.2 is given by the below lemma.
LEMMA 4.3 For the Poisson-Boolean model in H?, A < oo and A, > 0.

Proof. Let I' be a regular tiling of H? into congruent polygons of finite diameter.
The polygons of I' can be identified with the vertices of a planar nonamenable
transitive graph G = (V, E)). Next, we define a Bernoulli site percolation w on G.
We declare each vertex v € V to be in w if and only if its corresponding polygon
I'(v) is not completely covered by C[I'(v)]. Clearly, the vertices are declared to be
in w or not with the same probability and independently of each other. Now for any
U?

lim P[v is in w] = 0.

A—00
Thus, by Theorem 2.8, for A large enough, there are no infinite clusters in w. But if
there are no infinite clusters in w, there are no unbounded components of V. Thus
Ap < 00.

To show A. > 0 we adapt an argument due to Hall [13]. Construct a branching
process, whose members are points in H?, as follows. The individual in the 0’th gen-
eration is taken to be the center of a ball with unit radius. Without loss of generality
the center can be taken to be the origin. Given individuals 7,1, Z,9, ..., Z,n, in the
n:th generation, the (n + 1):th generation is defined as follows. For [ =1, ..., N, let
X, be a Poisson process with intensity A, independent of the previous history of the
branching process and also of X, , for [ # I'. At each point of X, center a ball of unit
radius. The progeny of Z,, is then taken to be the points of X,,; whose associated
balls intersect that of Z,;. The number of descendants of Z,,, clearly has a Poisson



distribution with expectation Au(S(0,2)). Therefore, the expected number of in-
dividuals in generation n is given by A"u(S(0,2))™ and consequently, the expected
number of individuals in the whole branching process equals > 02 A"u(S(0,2))™
Thus if A < u(S(0,2))"! =~ 0.0567, the expected total number of individuals is
finite. However, the expected number of individuals in the branching process is
greater than or equal to the expected number of balls in a component of the covered
region in the Poisson-Boolean model. Thus A. > 0.056. O

4.1 FKG inequality

As in the theory for discrete percolation, a correlation inequality for increasing and
decreasing events turns out to be very useful. If w and w' are two realizations of a
Poisson-Boolean model we write w < w' if any ball present in w is also present in w’.

DEFINITION 4.4 An event A is said to be increasing (respectively decreasing) if
w =W implies 14(w) < 14(W') (respectively 14(w) > 14(w")).

Here we present the FKG inequality for the fixed radius version of the Poisson-
Boolean model in H?. The proof is very similar to the proof of the corresponding
theorem in R?, Theorem 2.2 from [15], but requires a minor modification.

THEOREM 4.5 (FKG INEQUALITY) If A and B are both increasing or both decreas-
ing events, then P{[AN B] > P[A|P[B].

Proof. Let {G,}5°, be a sequence of tilings of H? into cells of equal area such that
(G, is obtained by splitting the cells of G,,_; into smaller cells, and

lim (sup{diam(Z) : Zis a cell in G, }) = 0.

n—oo
We may take (G; to be the same as in the proof of Lemma 4.3. For each cell = in
Gn, let N, (2) = 1 if there is a Poisson point in = and 0 otherwise. Let F, be the
o-algebra generated by the random variables { N, (Z) : Z is a cell in G, }. Then, for
any event A which is defined in terms of the Poisson process, {E[14|F,]}>°, is a
martingale with respect to the filtration {F,}°,. Set Fu := o(U | F,). Clearly
A is measurable with respect to F,.. Now Lévy’s upwards theorem gives

lim E[14]7,] = E[14]Fx] = 1, as. (4.1)

n—o0

It is clear that for any n, any w < w', and any increasing event A, E[14|F,](w) <
E[14|F,)(w"). Also it is obvious that the random variables N, (C) are all indepen-
dent. Therefore, for any two increasing events A; and A,, the usual (discrete) FKG
inequality (see Theorem 2.4 in [10]) gives

E[E[14, | F]E[ly|F]] 2 E[E[Ly | F]EE[14,|F,]]
= E[]‘Al]E[lAQ]'

10



The dominated convergence theorem and (4.1) give

lim E[E[14, |7, ]E[14,|F]] = E[14,14,],

n—oo

completing the proof. O

We will also use the following simple corollary to Theorem 4.5, the proof of which
can be found in [10].

COROLLARY 4.6 (THE SQUARE ROOT TRICK) If Ay, Ao, ..., A, are increasing
events with the same probability, then

P[A]>1-(1—PU",ADY™.

The same holds when Ay, A, ..., A,, are decreasing.

4.2 The number of unbounded components

The aim of this section is to determine the possible values of (N, Ny). The first
lemma is an application of the mass transport principle. First, some notation is
needed. We write H € § if H is a union of elements from C and V such that its
distribution is Isom(H?)-invariant, and let H denote the collection of all components

of H. For h € H# and sets A, B C H? we write A « B if & intersects both A and
B.

LEMMA 4.7 If H € § contains only finite components a.s., then for any measurable
A

E[u(AN H)] < E[L(ANJH).

Before the proof we describe the intuition behind it: We place mass of unit density
in all of H?. Then, if h is a component of H, the mass inside A is transported to the
boundary of A. Then we use the mass transport principle: the expected amount of
mass transported out of a subset A equals the expected amount of mass transported
into it. Finally we combine this with the isoperimetric inequality (3.1). Proof. For

A, BCH? and H € $, let

u(B k) L(AN k)
L(oh)

n(Ax B, H)= >

heH: ALLB

and let v(A x B) := E[n(A x B, H)]. Since the distribution of H is Isom(H?)-
invariant, we get for each g €lsom(H?)

v(gA x gB) = E[n(gA x gB, H)] = E[n(gA x gB, gH))]
— E[§(A x B, H)| = v(A x B).
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Thus, v is a diagonally invariant positive measure on H? x H?. We have v(H? x A) =
E[u(AN H)] and

vAxE) =E| Y “(h)LL((;h;‘ M| < B[4 nom)]
he : AT

where the last inequality follows from the linear isoperimetric inequality. Hence, the
claim follows by Theorem 3.4. O

We remark that obviously Lemma 4.7 holds for many other objects, that have a
distribution which is Isom(H?) invariant.

LEMMA 4.8 Suppose H € §. If P[0 € H| > (1 +1/e)/(—=1+ €) =~ 0.796 then H
contains unbounded components with positive probability.

Note that Pz € H] is the same for all z € H? since H € §. Proof. We assume that

H contains only finite components almost surely and use Lemma 4.7. Obviously we
have

liH(l)P[S(O,E) NOH # @] =0
and

lim P[S(0,€) € H] = P[0 € H].

e—0

Therefore, using (3.4), we conclude
E[1(S(0,¢) N H)] = P[0 € H]me® + o(e?) as € — 0. (4.2)

In the same way, for small € > 0, the probability that S(0, €) intersects more than
one component of H is small compared to the probability that S(0, €) intersects one
component. Also when e is small, conditioned on the event {S(0,¢) N 0H # (0},
S(0,€) N OH will be close to a straight line such that the distance from its middle
point to the origin is uniformly distributed between 0 and e. Thus

E[L(S(0,¢)NOH)|S(0,6) NOH # 0] =
[

dx + o(e) = ge +o(e) as e — 0. (4.3)

Using the independence of the Poisson process, the obvious fact that 9H C dC and
formulas (3.2) we get

P [S(0,¢) NOH # 0] < P[S(0,¢) N IC # 0]

< PHIX(S(0,1+6)\S(0,1 —€))[ > 0} N {[X(S(0,1 —€))[ = 0}]
= P[IX(S(0,14+ e)\S(0,1 - €))| > 0] P[|X(S(0,1 — €))| = 0]
— (1 exp (- Au(S(0.1+ O\S(0.1 — €))) exp (- Au(S(0,1  €)))
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= exp (—27A(cosh(1 — €) — 1)) — exp (=27 A(cosh(1 +¢€) — 1))
= 4exp (2A1 — 2Aw cosh(1)) A sinh(1)e 4 o(€?) as € — 0. (4.4)
Hence, by (4.3) and (4.4),

E[L(S(0,¢) NOH)] < 2exp (2A1 — 2Aw cosh(1))Ar? sinh(1)e*+0(€?) as € — 0. (4.5)

By Lemma 4.7, E[u(S(0,¢) N H)] < E[L(S(0,¢) N dH)], so by (4.2) and (4.5) it
follows that

P[0 € H] < 2exp (2A\7 — 2Aw cosh(1)) A7 sinh(1). (4.6)

By straightforward calculations, the right hand side in (4.6) is at most (1+1/e)/(—1+
e) for all A\. This completes the proof. O

LEMMA 4.9 N¢ is an almost sure constant which equals 0, 1 or oco.

Proof. First we show, following [12], that N is an a.s. constant. For n €
{0,1,2,...} U {oo} let D,, be the event that No = n. Assume for contradiction
that there is n such that

0<P[D,] <1 (4.7)
and fix such an n. For a point z in H? and a positive integer k, let

L [0 i PDX(S(z k)] < 1/2
nyzk i= { 1 if P[D,|X(S(z, k)] > 1/2

Thus 1, is the best guess of 1p, given the configuration of the Poisson process
in S(z, k). By Lévy’s 0-1-law (see [9], page 263) we get for fixed z that

lim 1, ,, =1p, as. (4.8)

k—o0

Let 21, 23, ... be a sequence of points such that for each k, S(z, k) and S(zx, k) do
not intersect. Since (1p,, 1, ., x) has the same joint distribution as (1p,, 1, ,x), we
get from (4.8) that 1, ,, x converges in probability to 1, as kK — co. Thus

lim P[lnvzkvk = 1n,z,k = an} =1. (49)

k—o0

But since S(z, k) and S(z, k) are disjoint, 1, , x and 1,, ,, ; are independent random
variables. Thus, using (4.7), we get

lim P[ln,zk,k =1=1- ln,z,k] = lim P[ln,zk,k = 1]P[1n,z,k = 0}

=P[D,|(1 - P[D,]) > 0.

This contradicts (4.9), thus the assumption (4.7) is false, and there is n such that
P[D,| = 1. Next, we show that this n must be in {0,1,00}. Suppose 2 < n <
o0o. Since n is finite, it is possible to pick a large R > 0 such that the event
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{S(z, R) intersects every unbounded component of C'} has positive probability for
x € H?. With this R, we can then pick € > 0 small such that the event

A :={S(x, R+1— ¢) intersects every unbounded component U of C[S(x, R)‘|}

has positive probability. Let E := {S(z, R+1—¢) C C[S(z, R)|}. Clearly P[E] > 0.
Since A depends only on X (S(z, R)¢) and FE depends only on X (S(x, R)), they are
independent. Hence, P[AN E] > 0. But on AN E, there is only one unbounded
component of C, a contradiction. Therefore, n € {0,1,00}. O

COROLLARY 4.10 For the Poisson-Boolean model in H?, )\, < 0.407.

Proof. Since P[0 € C] =P[|X(S(0,1))] > 0] =1 — exp (—27A(cosh(1) — 1))
> 2exp (2Am — 2Aw cosh (1)) Amsinh(1)

if A > 0.4063, the desired conclusion follows from (4.6) and Lemma 4.9.0

The next Lemma is proved in the same fashion as Lemma 4.9.

LEMMA 4.11 Ny is an almost sure constant which equals 0, 1 or oc.

Proof. If D, is the event that Ny, = n, it follows in the same way as in the proof
of Lemma 4.9 that there is n such that P[D,] = 1, and it remains to show that this
n € {0,1,00}. Suppose 2 < n < oc is an integer and Ny = n a.s. Pick R > 0 such
that the event

A :={5(0, R) intersects all unbounded components U of V'}

has positive probability, which is possible since n is finite. Removing finitely many
points from X and associated balls does not increase the number of unbounded
vacant components. Thus

B :={S5(0, R) intersects all unbounded components U of V[S(0, R + 1)°]}.

also has positive probability. Let D = {|X(S(0, R+ 1))| = 0}. Since B and D are
independent and D has positive probability, B N D has positive probability. But on
B N D there is only one unbounded component of V. This contradicts the initial
assumption, completing the proof. O

LEMMA 4.12 For H € $, H and/or H° contains unbounded components almost
surely.

Proof. Suppose H and D := H® contains only finite components, and let in this
proof Hy and Dy be the collections of the components of H and D respectively.
Then every element h of H is surrounded by a unique element h’' of Dy, which in
turn is surrounded by a unique element h” of Hy. In the same way, every element
d of Dy is surrounded by a unique element d’ of Hy which in turn is surrounded by
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a unique element d” of Dy. Inductively, for j € N, let H,,1 := {h" : h € H,;} and
Djiy:={d" : d € D;}. Next, for r € N, let

T

A, = U({hE’HU csup{i : he H;} =j}U{d € Dy : sup{i : d € D;} = j}).

J=0

In words, H; and D; define layers of components from H and D. Thus A, is the
union of all layers of components from H and D that have at most r layers inside
of them. Obviously A, € § for all r and

lim Pl0e A4,] =1.

T—00

Hence, by (4.8), there is R such that for r > R,
P[A, has unbounded components] > 0.

But by construction, for any r, A, has only finite components. Hence the initial
assumption is false.O

LEMMA 4.13 The cases (N¢, Ny) = (00, 1) and (N¢, Ny) = (1,00) have probability
0.

Proof. Suppose Ngo = oo. First we show that it is possible to pick R > 0 such that
the event

Az, R) :=

{S(z, R) intersects at least 2 disjoint unbounded components of C[S(x, R)‘]}

has positive probability for 2 € H?. Suppose S(z,r) intersects an unbounded com-
ponent of C' for some 7 > 0. Then if S(z,7) does not intersect some unbounded
component of C[S(x, )], there must be some ball centered in S(x,r+2)\S(z,r+1)
being part of an unbounded component of C[S(z,r + 1)°], which is to say that
S(x,r + 1) intersects an unbounded component of C[S(z,r + 1)¢]. Clearly can find

R such that
B(x,R) :=

{S(x, R) intersects at least 3 disjoint unbounded components of C'}.

By the above discussion it follows that P[A(z, R) U A(z, R + 1)] > 0, which proves
the existence of R such that A(x, R) has positive probability. Pick such an R and let
E(z,R) :== {S(z,R) C C[S(x,R)]}. E has positive probability and is independent
of A so AN E has positive probability. By planarity, on AN E, V contains at least
2 unbounded components. So with positive probability, Ny, > 1. By Lemma 4.11,
Ny = oo a.s. This finishes the first part of the proof.

Now instead suppose Ny = oo and pick R > 0 such that

A(z, R) := {S(z, R) intersects at least two unbounded components U of V'}
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has positive probability. Let
B(z, R) := {C|[S(z, R+ 1)°] contains at least 2 unbounded components}.

On A, C\S(0, R) contains at least two unbounded components, which in turn implies
that B occurs. Since P[A] > 0 this gives P[B] > 0. Since B is independent of
F(z,R) := {|X(S(xz, R+ 1))| = 0} which has positive probability, P[B N F| > 0.
On BN F, C contains at least two unbounded components. By Lemma 4.9 we get
Ne =00 as. O

LEMMA 4.14 The case (N¢, Nyv) = (1,1) has probability 0.

Proof.  Assume (N¢, Ny) = (1,1) a.s. Fix # € H2. Denote by A%(R) (respec-
tively AL(R), AL(R), AL(R)) the event that the uppermost (respectively lower-
most, rightmost, leftmost) quarter of S(x, R) intersects an unbounded component
of C\S(z, R). Clearly, these events are increasing. Since No =1 a.s.,

Jim P[AG(R) U AL(R)UAL(R) U AL(R)] = 1.

Hence by Corollary 4.6, limg_,o P[AL(R)] =1 for t € {u, d, r, }. Now let A%(R)
(respectively AL (R), A7.(R), AL.(R)) be the event that the uppermost (respectively
lowermost, rightmost, leftmost) quarter of 9S(x, R) intersects an unbounded com-
ponent of V\S(z, R). Since these events are decreasing, we get in the same way as
above that limp_, o P[AL(R)] =1 for ¢t € {u, d, r, [}. Thus we may pick R; so big
that P[AL(R;)] > 7/8 and P[AL (Ry)] > 7/8 for t € {u, d, r, I}. Let

A= AL(R) N AL(Ry) N AL(Ry) N AL (Ry).

Bonferroni’s inequality implies P[A] > 1/2. On A, C\S(z, R) contains two disjoint
unbounded components. Since No = 1 a.s., these two components must almost
surely on A be connected. The existence of such a connection implies that there are
at least two unbounded components of V', an event with probability 0. This gives
P[A] =0, a contradiction. O

PROPOSITION 4.15 Almost surely, (No, Nv) € {(1,0), (0,1), (oc,00)}.

Proof. By Lemmas 4.9 and 4.11, each of N¢ and Ny is in {0, 1, oc}. Lemma
4.12 with H = C rules out the case (0,0). Hence Lemmas 4.13 and 4.14 imply
that it remains only to rule out the cases (0, 00) and (oo, (). But since every two
unbounded components of C' must be separated by some unbounded component of
V', (00, 0) is impossible. In the same way, (0, c0) is impossible. O

4.3 The situation at A\, and X}

It turns out that to prove the main theorem, it is necessary to investigate what
happens regarding N and Ny at the intensities A, and A%. Our proofs are inspired
by the proof of Theorem 1.1 in [3], which says that critical Bernoulli percolation
on nonamenable Cayley graphs does not contain infinite clusters. Notably, for the
Poisson Boolean model in R?, it is the case that (Ng, Ny) = (0,0) a.s. at A, (see
[1]). By Proposition 4.15, this is not possible in H?.
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THEOREM 4.16 At \., Nc =0 a.s.

Proof. 'We begin with ruling out the possibility of a unique unbounded component
of C" at \.. Suppose A\ = A. and that No = 1 a.s. Denote the unique unbounded
component of C' by U. By Proposition 4.15, V contains only finite components
a.s. Let € > 0 be small and remove each point in X with probability ¢ and denote
by X, the remaining points. Furthermore, let C; = Ugex, S(z,1). Since X, is a
Poisson process with intensity A, — € it follows that C, will contain only bounded
components a.s. Let C. be the collection of all components of C.. We will now
construct H, as a union of elements from C, and V such that the distribution of
H, will be Isom(H?*)-invariant. For each z € H* we let U.(z) be the union of the
components of U N C, being closest to z. We let each h from C.UYV be in H, if and
only if sup,;, d(z,U) < 1/e and U, (z) = U(y) for all z, y € h. It is now clear for
almost every realisation of the underlying Poisson process X,

lim P[0 € H | X] = 1.
e—0
Hence the Bounded Convergence Theorem gives

limP[0 € H] = 1.

e—0
Since H, is not a union of elements from C and V, Lemma 4.8 is not directly applica-
ble. However, as € — 0, (0CUJC,) | dC. By inspecting the proof of Lemma 4.8 (the
calculation leading to (4.4)), we see that this is enough to conclude that if P[0 € H/]
is close enough to 1, H, contains unbounded components with positive probability.
Suppose hq, ho, ... is an infinite sequence of distinct elements from C, UV such that
they constitute an unbounded component of H.. Then U (z) = U.(y) for all z,y in
this component. Hence U N C, contains an unbounded component (this particular
conclusion could not have been made without the condition sup,., d(z,U) < 1/e in
the definition of U(2)). Therefore we conclude that the existence of an unbounded
component in H, implies the existence of an unbounded component in C,. Hence
C. contains an unbounded component with positive probability, a contradiction.

We move on to rule out the case of infinitely many unbounded components of C'

at A\.. Assume Npo = oc a.s. at A.. As in the proof of Lemma 4.13, we choose R
such that for x € H? the event

Az, R) :=

{S(z, R) intersects at least 3 disjoint unbounded components of C[S(x, R)‘]}

has positive probability. Let B(z, R) := {S(z, R) C C[S(z, R)|} for x € H?. Since
A and B are independent, it follows that AN B has positive probability. On AN B,
x is contained in an unbounded component U of C. Furthermore, U\S(z, R + 1)
contains at least three disjoint unbounded components. Now let Y be a Poisson
process independent of X with some positive intensity. We call a point y € H? a
encounter point if

e ycyY;

e A(y,R) N B(y, R) occurs;
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o S(y,2(R+1))NY ={y}.

The third condition above means that if y; and y, are two encounter points,
then S(y;, R+ 1) and S(ys, R+ 1) are disjoint sets. By the above, it is clear that
given y € Y, the probability that y is an encounter point is positive. We now move
on to show that if y is an encounter point and U is the unbounded component of
C' containing y, then each of the disjoint unbounded components of U\S(y, R + 1)
contains a further encounter point.

Let m(s,t) = 1if ¢ is the unique encounter point closest to s in C, and m(s,t) = 0
otherwise. Then let for measurable sets A, B C H?

NAxB, X, V)= Y > m(s1)

sEY (A) teY (B)
and
v(Ax B)=E[n(Ax B, X,Y)].

Clearly, v is a positive diagonally invariant measure on H? x H?. Suppose A is some
ball in H?. Since Y, , m(s,t) < 1 we get

v(A x H*) < E[|Y(A)|]] < oc. On the other hand, if y is an encounter point
lying in A and with positive probability there is no encounter point in some of the
unbounded components of U\S(y, R + 1) we get >° >,y 4y m(s,t) = oo with
positive probability, so v(H? x A) = oo, which contradicts Theorem 3.4.

The proof now continues with the construction of a forest F', that is a graph
without loops or cycles. Denote the set of encounter points by 7', which is a.s.
infinite by the above. We let each ¢t € T represent a vertex v(f) in F. For a given
t € T, let U(t) be the unbounded component of C' containing ¢. Then let k£ be the
number of unbounded components of U(¢)\S(¢, R+ 1) and denote these unbounded
components by Cy, Cs,..., Cy. Fori =1, 2, ..., k put an edge between v(¢) and the
vertex corresponding to the encounter point in C; which is closest to ¢ in C' (this
encounter point is unique by the nature of the Poisson process).

Next, we verify that F constructed as above is indeed a forest. If v is a
vertex in F, denote by t(v) the encounter point corresponding to it. Suppose
Vo, U1, ..., Up = v is a cycle of length > 3, and that de(t(vg), t(v1)) < de(t(vr), t(va)).
Then by the construction of F' it follows that de(t(v1),t(ve)) < de(t(va),t(vs)) <

- < de(t(vy_1),t(vg)) < de(t(vg), t(v1)) which is impossible. Thus we must have
that dc(t(v;), t(vig1)) is the same for all i € {0,1,..,n — 1}. The assumption
de(t(vg), t(v1)) > de(t(vr),t(ve)) obviously leads to the same conclusion. But if
y € Y, the probability that there are two other points in Y on the same distance in
C to y is 0. Hence, cycles exist with probability 0, and therefore F' is almost surely
a forest.

Now define a bond percolation F, C F' : Define C, in the same way as above.
Let each edge in F' be in F, if and only if both encounter points corresponding to
its end-vertices are in the same component of .. Since C\ contains only bounded
components, F, contains only finite connected components.

For any vertex v in F' we let K(v) denote the connected component of v in F,
and let 0p K (v) denote the inner vertex boundary of K (v) in F'. Since the degree of
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each vertex in F'is at least 3, and F' is a forest, it follows that at least half of the
vertices in K (v) are also in x K (v). Thus we conclude

Pz eT, v(zx) € 0pK(v(x))|lz € Y] > =Plx e T|z €Y].

DN | —

The right-hand side of the above is positive and independent of €. But the left-hand
side tends to 0 as € tends to 0, since when € is small, it is unlikely that an edge in
F'is not in F,. This is a contradiction.O

By Proposition 4.15, if No = 0, then Ny = 1 a.s. Thus we have an immediate
corollary to Theorem 4.16.

COROLLARY 4.17 At A., Ny =1 a.s.

Next, we show the corresponding results for A,. Obviously, the nature of V' is quite
different from that of C', but still the proof of Theorem 4.18 below differs only in
details to that of Theorem 4.16. We include it for the convenience of the reader.

THEOREM 4.18 At \,, Ny =0 a.s.

Proof. Suppose Ny =1 a.s. at A, and denote the unbounded component of V' by U.
Then C contains only finite components a.s. by Proposition 4.15. Let € > 0 and let
7 be a Poisson process independent of X with intensity e. Let C, := UzexuzS(z,1)
and V, := C¢. Since X U Z is a Poisson process with intensity A, + € it follows that
C. has a unique unbounded component a.s. and hence V, contains only bounded
components a.s. Let V, be the collection of all components of V,. Define H, in the
following way: For each z € H? we let U(z) be the union of the components of UNV,
being closest to z. We let each h € CUV, be in H, if and only if sup,, d(z,U) < 1/e
and Uc(z) = U(y) for all z, y € h. Then,

limP[0 € H] = 1.
e—0

As in the proof of Theorem 4.16 this is enough to conclude that for e small enough,
H, contains an unbounded component with positive probability, and therefore V,
contains an unbounded component with positive probability, a contradiction.

Now suppose that A = A\, and Ny = oo. Then also No = oc by Proposition
4.15. Therefore, for x € H?, we can choose R > 1 such that the intersection of the
two independent events

Az, R) :=

{S(z, R) intersects at least 3 disjoint unbounded components of C[S(z, R)|}

and B(xz, R) := {|X(S(z, R))| = 0} has positive probability. Next, suppose that ¥’
is a Poisson process independent of X with some positive intensity. We call y € H?
an rendezvous point if

e ycyY;

e A(y,R)N B(y, R) ocurrs;
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e S(y,2R)NY = {y}.

By the above discussion,
P[y is an rendezvous point |y € Y] > 0.

If y is a rendezvous point, y is contained in an unbounded component U of V and
U\S(y, R) contains at least 3 disjoint unbounded components. In the same way as
in the proof of Theorem 4.16 an infinite forest F' in which every vertex has degree
at least three is constructed, the only difference being that the vertices in this case
correspond to the rendezvous points.

Again we define a bond percolation F, C F. Let V. be defined as above. Each
edge of F' is declared to be in F, if and only if both its end-vertices are in the same
component of V.. Then F, contains only finite connected components a.s. Now with
the same notion as in the proof of Theorem 4.16,

PlyeT, v(y) € 0rK(v(y))|ly € Y] > =Plye T|y €Y].

(NN

Letting € — 0 leads to the desired contradiction. O
Again, Proposition 4.15 immediately implies the following corollary:

COROLLARY 4.19 At A,, N¢c =1 a.s.

4.4 Proof of Theorem 4.2

Here we combine the results from the previous sections to prove our main theorem.

Proof of Theorem 4.2: 1f X < A, then Proposition 4.15 implies Ny, > 0 a.s.
giving A < A%, If A > A, the same proposition gives Ny = 0 a.s. giving A > A%,
Thus

Aw = A% (4.10)

By Theorem 4.16 No = 0 a.s. at A\., so Ny > 0 a.s. at \. by Proposition 4.15. Thus
by Theorem 4.18

Ae < Ay (4.11)
Hence the desired conclusion follows by (4.10), (4.11) and Lemma 4.3. O

Obviously, we can also consider the Poisson-Boolean model in H? with any fixed
radius R. However, the proof given here of Theorem 4.2 does not work for all R.
Consider the proof of Lemma 4.8. That proof gives that if H € § and H only
contains bounded components a.s, then

P[0 € H| < 2exp(2A7m — 2A7 cosh R) A7 sinh R.
Some calculus gives that this is bounded by 1 for all A only if

R > cosh '(1—2/(1 —e?) ~0.772.
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Thus if we consider a model with R < cosh™'(1 —2/(1 — e?)) there are intensities,
for which Lemma 4.8 does not give anything.

However, given R, we strongly believe it is possible to show that if P[S(0, R) C

H] is close enough to 1 for some suitable R, which would be the case in our ap-
plications, then H contains unbounded components with positive probability. The
proof would be more involved than the proof of Lemma 4.8, since, for example, the
probability that S(0, R) intersects more than one component of H is not negligable.

In R? there is a scaling argument for the Poisson-Boolean model with fixed radius

that makes it unnecessary to consider radii other than 1, see Proposition 2.10 in [15].
This is not the case in H?.
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